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MY  purpos«?  in  this  text-book  ih  to  set  before  the  student 
the  views  held  at  the  pi-eaeiit  titne  as  to  the  claiisificatiou 
crystals  and  the  principles  of  symmetry  on  whicli  the 
InsBiticAtion  ijs  based ;  to  describe  the  *  forniH '  which  arc  a 
nsequence  of  the  symmetry;  to  determine  the  geometrical 
lations  of  the  forms;  and,  finally,  to  explain  the  methods  by 
hich  the  crystals  are  dmwn  and  their  forms  represented 
graphically.  The  treatment  has  been  as  far  as  possible  geo- 
etrioal,  and,  with  the  exception  of  the  fonniilse  of  plane  and 
spherical  trigonometry  necessary  for  the  solution  of  triangles, 
very  little  analysis  has  been  iutrtxlucod  into  the  main  discussion. 
tJeeing  that  grKKl  figures  are  iinportjint  aids  to  the  iinderst-Jinding 
f  the  geometrical  relations  of  crystals,  and  that  practice  iu 
wing  crystals  develops  the  student's  power  of  solving  crystal- 
phic  problems,  I  have  throughout  given  prominence  to 
.be  methods  used  in  making  diagrams.  The  principles  of  pro- 
jection followed  iu  the  construction  of  such  tigurcs  arc  there- 
fore explained  at  an  early  stage.  Hence  it  is  necessary  iu 
certain  parts  of  Chapters  VI  and  VII  to  presuppose  some 
knowledge  of  the  crystals  of  the  different  systems:  and, 
accordingly,  those  articles  which  refer  to  a  given  system  should 
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be  read  with  the  corrt;s|KUnliii^  chiipter,  uud  \vith  thti  examples 
which  it  contains.  A  britf  wketch  of  the  methixta  depending 
on  analytical  geometry  suitable  for  the  treatment  of  eryHtallo- 
graphic  pmblema  has  been  given  in  Chapter  XIX. 

It  is  now  generally  held  that  each  of  the  thirty-two  poHwible 
classes  of  crystals  is  a  detinito  group,  the  forms  in  whieh  are 
a  direct  consequence  of  the  '  ele  meats  of  symmetry'  (p.  21) 
present  in  it.  Some  of  these  classes  have  cei'tain  geo- 
metrit^l  and  physical  relations  in  common,  and  form  larger 
groups  called  systems.  In  diseuusiug  the  classes  seriatim,  I 
have  taken  first  the  crystals  which  have  no  symmetry;  and, 
in  passing  fi^m  one  cltiss  to  another,  I  have,  in  general,  pi-o- 
ceeded  to  that  which  involves  the  least  addition  to  the  sym- 
metry of  its  predecessor,  or  follows  from  it  on  the  addition  of  a 
centre  of  symmetry.  When  no  ftirther  classes  can  be  obtained 
by  this  processj  a  fresh  start  is  made  with  a  cIilss  which  haa 
the  least  symmetry  of  a  new  kind.  Thus,  for  instance,  the 
acleistous  tetragonal  class,  which  has  4)nly  a  single  tetrad  axis, 
comee  third  in  Chapter  XIV,  whilst  the  two  preceding  classes 
of  the  tetragonal  system  have  been  derived  from  particular 
combinations  of  dyad  axea  The  geometrical  characters  of 
rhoniboht'dral  and  hexagonal  crystals  require  special  treat- 
ment, and,  accordingly,  their  systems  have  been  placed  last. 
The  general  order  of  diaciiasion  has  involved  some  repetition; 
and,  unfortunately,  in  almost  every  system  it  entails  discussing 
at  the  outset  a  class  in  which  the  geometrical  relations  do 
not  lend  themselves  readily  to  elementary  treatment.  The 
beginner  will  therefore  do  well  to  read  through  the  general 
discussion  of  all  the  classes  of  a  system  before  endeavouring 
to  master  the  geometrical  relations  between  the  face-sjmibols 
and  the  intcrfacial  angles 

It  is  not  easy  to  find  distinctive  and  appropriate   names 
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lor  the  aeveral  closHeH.  TIiobc  wbicli  I  havt:  a(loplt<l  are, 
vith  one  or  two  exceptionn,  intended  to  indicate  the  9ha]>e 
dC  the  •genoml  form'  i>f'  the  class.  Naint^s  biisod  on  phynical 
charactor>j  fiul  Uj  bring  clearly  belbre  the  mind  the  shape  of  the 
ciyv.tal,  or  to  indicate  the  elements  of  symmetry  present;  and 
theme  based  on  particular  subatance-s  may,  with  gre-ater  know- 
ledge, have  to  be  changed,  if  the  name-mibstanco  has  to  be 
Lranflferretl  from  one  claas  to  another. 

The  simple  notation  iar  the  crystal-forms,  iuid  the  elegant 
method  of  geonn^trieal  treatment  by  the  utereu^raphic  pro- 
jection and  the  anharmouic  ratio  of  four  tuutozonal  faces, 
with  which  Miller's  name  is  indissolubly  associated,  have  been 
adopted  threiighout.  In  the  scivlenoht'dral  class  of  the  rhom- 
bohodral  s^'stem  Nanmann's  aynibols  are  so  expressive  of  the 
^{eomotrical  relations  of  the  various  rhonibohedra  and  8cah.*no- 
hedra,  that  I  have  used  his  notation  bh  well  as  Miller's  in  the 
representation  of  these  forms. 

Free  use  has  been  mmlo  of  the  works  of  previous  writers — 
Naumaun,  Haidinger.  Miller,  JStoiy-Maskelyue,  Groth.  and 
others.  From  the  late  Professcjr  W.  H.  Miller  and  Professor 
M.  H.  N.  Stury-Maskelyne  I  received  my  training  as  a  crystallo- 
grapher.  ac  that  my  debt  to  them  is  of  a  very  special  and 
personal  nature.  1  have  drawn  largely  on  the  stores  of  informa- 
tion in  Professor  E.  S.  Dana's  System  of  Mineralogy,  1892 ;  anti 
I  am  indebted  to  him  and  to  his  publishers,  Messrs.  Wiley  of 
New  York,  for  cliche  of  several  of  the  figures  in  that  work.     I 

I  have  to  thank  Professor  Groth  and  his  publisher,  Herr  Engel- 
mann,  for  cliches  of  several  of  the  figun^s  in  the  PhyMalische 
Krystallographie ;  Mr.  Hilary  Bauermau  fur  the  loan  of  the 
blocks  of  several  of  the  figures  in  Miller's  works  ;  and  Dr.  J.  H. 
Pratt,  of  the  Geological  Survey  of  North  Carolina^  for  aeveral 
figures,  the  cliche  ol  which  were  kindly  supplied  by  Professor 
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Dana,  the  editor  of  the  American  Journal  of  Science.  Profeaaor 
Miers  of  Oxford  has  permitted  the  use  of  the  figure  of  th«' 
student's  goniometer  designed  by  him;  and  Herr  Fuess  of] 
Berlin  generously  placed  at  my  disposal  cliche  of  his  cele-| 
brated  instruments.  I 

I  have  had  valuable  help  from  numerous  friends,  to  each 
and  all  of  whom  I  give  my  hearty  thauks.  I  am  speciallj 
indebted  to  Mr.  L.  Fletcher,  Keeper  of  the  Minerals  of  the 
British  Museum ;  to  Mr.  L.  J.  Spencer,  also  of  the  Minera 
Department  of  the  British  Museum ;  to  my  colles^e,  Mr.  A 
Hutchinson,  Fellow  of  Pembroke  College,  Cambridge ;  anc 
to  my  sister,  Mrs.  G.  T.  Pilcher;  who  have  all  been  gooc 
enough  to  read  the  proof-sheets,  and  some  parts  of  tht 
manuscript.  To  their  care  and  the  valuable  suggestions  made 
by  them  the  book  owes  much ;  and  it  is  hoped  that  few  errors 
of  any  kind  have  escaped  detection.  The  very  fiill  index  is 
the  work  of  Mr.  Spencer. 

I  have  much  pleasure  also  in  expressing  my  obligation  tol 
Mr,  Edwin  Wilson  for  the  care  exercised  in  the  preparation  of 
the  diagrams  needed  to  illustrate  the  text. 

W.  J.  LEWIS. 


Cahbridoe, 

28<A  September,  1899. 
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CHAPTER  I, 


CRYSTALB    AND    THEIR    FORMATION. 


1.  Crystals  are  homogeneous  solid  bodies  Ixkunded  by  pUiie 
surfaces  arrun(,red  according  to  d«fmite  laws  of  symmetry  :  their 
physical  pn>pertics,  Huch  an  cohesion,  claHticity,  optical  and  thermal 
characters,  are  intimately  connected  with  the  symmetry  of  the 
ext-enial  form.  The  plane  surfaces  are  called  the  foG^  of  the 
crystal. 

2.  Examination  of  a  few  crystala  of  common  mibstAnces,  such 
JLs  calcit«  (CaCO,),  quartz  (SiOa).  gypsum  (CaHO^.  SH^O),  and  soda 
(Na^OO,.  lOHjO),  brings  to  our  notice  two  important  charaoteriBtirs 
of  the  external  fonn.  They  are:  (1)  the  parallelism  of  the  planes  in 
pairv,  and  (2)  the  arrangement  of  them  in  ««»*«*, 
i.e.  in  sets,  the  planes  of  each  of  which  intersect 
one  another  in  parallel  edges.  A  straight  line 
drawn  thnmgli  some  tixe<l  point,  called  the  ofrigin^ 
parallel  to  the  edges  of  a  set  is  called  a  sonc-oajw. 
In  Fig.  1,  the  planes  marked  6,  m,  m,  and  those 
parallel  to  them  fonti  a  zone  with  a  vertical  zone- 
axis  ;  the  faces  marked  6,  \  and  /'  foi*m  a  second 
zone. 
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3.  The  connection  of  the  physical  properties 
with  external  form  is  strikingly  manifested  in  the 
case  of  the  cleavage,  i.e.  the  projierty,  characteristic  pjQ,  i, 

many  crystals,  of  splitting  along  plane  sui-faoes 
a\nng  certain  directions.     It  is  well  shown  in  calcite,  ftuor  and 
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CHARACTERISTICS  OF  CRYSTALS. 
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gypsum.  Tbus  in  the  latter  there  is  a  good  cleavage  parallel  to  the 
plane  marked  b  in  Fig.  1,  The  cleavage-planen,  Rhortly  called 
cleavages,  are  always  pjirallel  to  actual  or  possible^  (Chup.  iv.  Art.  9) 
faces  of  the  crystal.  They  often  enable  us  to  get  fniguient-e,  com- 
pletely bounded  by  cleavages,  which  differ  from  the  original  crystals 
in  no  respect  except  in  their  mode  of  formation.  Such  cleavage- 
fragments  as,  for  instance,  those  of  calcite  and  rock-salt  are 
soroetimea  hard  to  distinguish  from  true  crystals.  Experience  in 
the  criticism  of  the  character  of  ■  the  crystal-faces  will  in  moat 
cases  enable  us  to  distinguish  between  them  and 
those  resulting  from  oleavaga  For  the  natural 
faces  often  show  coarse  or  fine  markings — striie, 
pittings,  *feo. — which  accord  with  the  symmetry 
of  the  face,  and  are  an  important  characteristic 
of  it.  Thus  the  cubes  of  pyrites,  Fig.  2,  are 
frequently  striated  in  the  manner  shown  in  the 
diagram.  A  perfect  cleavage  should  be  smooth  ; 
and  markings,  perceived  on  a  cleavage-face  of  a  simple  crystal,  ariae 
from  the  accidental  interruptions  in  the  continuity  of  the  cleavage. 

Imitations  of  crystals  iji  glass,  or  by  the  cutting  of  artiHcialj 
faces  on  fragments  of  crystals  or  metal,  such  as  gfild,  can  generally' 
be  easily  distinguished  from  true  crystals.  False  faces,  liowovor, 
sometimes  occur  in  Nature,  and  may  be  duo  to  several  causes : — 
as,  for  instance,  to  the  growth  of  the  crystal  being  hampered  by 
the  surface  of  some  other  body,  just  as  that  of  a  crystal  growing  in 
a  reaael  is  hindered  by  the  sides  and  bottom ;  or  to  accidental 
cleavage  followed  by  corrosion,  as  may  have  occurred  in  some 
oiystals  of  «alcite. 

True  crystal-forms  are  also  found  in  which  the  internal  structure 
is  not  correlated  with  the  external  form.  In  such  cases  the  originally 
fonnod  crystal  has  undergone  a  change  in  its  internal  structure  with, 
or  without,  change  of  substance.  Such  altered  iKKJies,  in  which  the 
substance,  or  the  internal  structui^,  or  both,  no  longer  correspond 
with  the  external  form,  are  called  pneudomorphs ;  and  are  not*  to 
be  included  amongst  crystals:  as  instances  of  such  transformations 
we   may   mention   the   brownish    translucent   crystals    of    sulphur 
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'  By  a  possiblo  Uco  or  edge  of  a  oZTataU  ii  me&nt  one  which  satisfies  the  law 
of  developmeut  uf  the  crystal.  A  lu>e  potnible  on  uuo  cryBtol  may  actually 
exiit  on  another  crystal  of  the  same  flubst*nce. 
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,lorm«d  by  fusion,  which  after  the  lapse  of  a  day  or  two  change 
iato  aggregateH  of  yoUow  salphur,  and   the  brown  psoudumorphs 
after  pyrites  (FeS,)  reeolting  from  tlie  conversion  of  the  iron  disul- 
i  phide  into  a  hydroxide. 

I  4.  Crystalli/ation  is  a  property  oommon  to  almost  every  sul> 
*  stance  of  which  the  structure  in  not  the  result  of  organic  growth. 
Instances  of  cryatallization  arc  familiar  to  everyone :  cy.  salt  and 
sugar.  The  crystalline  fomi  is  characteristic  of  the  Hu1»tance,  ojid 
courersely,  each  chemical  compound  has  a  distinctive  and  charac- 
teristic crystalline  form,  subject  however  to  the  modifying  principles 
of  isomorphism  and  pulymorphism. 

Crystallography  18  the  science  which  treats  of  the  diKtril>ution 
r>f  the  faces  on  a  crystal,  of  the  geometrical  relations  to  which  their 
positions  are  subject,  and  of  the  classification  of  crystals  in  groups 
depending  on  the  distribution  of  the  faces.  It  applies  equally  to 
the  natuml  bodies  known  as  minerals  and  to  the  crystals  manu- 
factured in  the  laboratory. 


formation  of  C^yetnla. 

5,  Crystalfl  are  formed  during  ihe  passage  of  their  substance, 
ixndor  favourable  conditions,  from  a  fluid  to  a  solid  state.  Thus, 
snow  is  the  result  of  the  rapi<l  cooling  of  aqueous  vapour,  and 
oonsists  of  numerous  minute  crystals  of  ice  aggregated  together. 
Crystals  of  phosphorus  have  been  funnetl  by  volatilizing  the 
substance  in  a  hermetically  closed  tube  heated  at  one  end  and 
cooled  at  the  other.  Liquid  bismuth,  on  cooling,  gives  six-faced 
crystals  of  bismuth.  In  the  larger  number  of  cases  crystals  are 
formed  from  siJutions,  in  which  the  liquid,  which  serves  as  solvent, 
contains  one  or  sevenil  suijstances.  The  quantity  of  a  subntanoe 
which  a  given  quantity  of  liquid  can,  under  ordinary  circumstances, 
hold  in  solution  at  a  definite  temperature  is  limited.  At  this  limit 
the  solution  is  said  to  be  saturated.  The  higher  the  temperature 
the  greater  the  quantity  which  can  as  a  rule  \te.  hold  in  solution ; 
consequently  a  solution  sjiturated  at  a  high  temperature  will  deposit 
crystals  as  the  teniperacura  falls.  Thus  a  solution  of  niire  (KNO,) 
saturated  at  30'  C.  deposits  crystals  when  it  is  allowwl  to  cool  freely. 
Crystals  are  also  obtained  by  the  evaporation  of  a  solution.  They  are 
likewise  formed  by  the  mixture  of  two  non-saturated  solutions  of 
different  substances  which  react  on  one  another  chemically;  thus, 

1—2 


1 


QBOWTH  OF  CRYSTALS. 


for  instance,  if  dilute  Holutiona  of  Epflom  salte  (MgS04 
calcium  chloride  (CaClg)  bo  mixed  together  crystals  of  gj 
formed,  because  gypsum  is  less  soluble  than  eitlier  rtf  the 
Crystals  can  also  be  formed  as  a  result  of   the  chemica 
wliich  ft  Bolutioii  undergoes  during  tlie  pittwage  of  ati  t^lettri 

6.     Crystals  may  grow  whilst  suspended  in  a  fluid   ra 
is  more  or  less  mobile,  and  wliich  at  the  same  time  au 
material    fur    their   growth ;    or   they   may   be   deposited 
attached  to,  a  solid   base,  when   tliey  can  only  grow  oa 
which   is  directed  towanls   the  freely  opt^n  space.     Sno" 
caaionally  hailstones  are  instniices  of  the  fonner  mode  of  ! 
Sugar,  crystallizing  rapidly  from  a  mass  of  syrup,  is  anot 
imbedded  crystals  uf  leucite  ho  often  found  in  Vesuvian 
those  of  pyrites  in  slate,  are  possibly  instances  of  the  h^ 
The  attachf^d  crystals  of  calcite.  quartz  and  orthoclase  (K 
found   in  crevices  iu  limestone  and  granite  are  instance* 
second  kind. 

Imbedded  cryst^ila,  which  owe  their  origin  to  the  first  m 
conditions,  are  generally  completely  developed  on  all  sides,  e 
perfect  individuals.  Such  completely  developed  crystals  wi 
subjects  of  our  consideration.  When  a  substance  is  only  ! 
attached  crystals,  which  arc  nftturfilly  incomplete,  we  di 
their  complete  form  by  induction  from  examimition  of 
number  of  differently  attached  crystals.  i 

In  the  laboratory  attached  crystals  are  those  most  o( 
obtained,  for  the  growth  is  impeded  by  the  sides  or  bottoi 
dish .  In  many  cases  the  incompleteness  can  be  preve 
frequently  turning  the  crystals  so  that  they  rest  on  the  aj 
for  only  a  short  time.  In  this  way  very  perfect  r»ctal 
alum  can  be  made  by  the  evaporation  of  a  concentrated 
Another  way  of  getting  almost  perfect  crystals  is  by  a 
II  small  crystal  of  the  substance  to  a  fine  thread  and  sui 
it  in  a  solution  which  is  depositing  similar  crystals, 
method  is  to  add  glue  or  other  viscid  body  to  the  solution, 
method,  however,  soinotimes  introduces  restraints  in  the 
orientation  of  tlie  particles  which  are  passing  into  t 
state,  as  is  manifested  by  the  formation  of  c-omplex  inr 
called  twins,  which  are  often  distinguished  by  re-entran 
(Chap.  XVII.).  Another  method  of  obtaining  completely  d 
crystals  is  by  flt>ating  the  solution  on  a  liquid  of  greater  dend 
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found  that  the  uiore  slowly  the  substance  is  d(*i)ositc<l,  and  therefore 
as  a  rule  the  more  sluwly  evaporation  taken  place,  the  more  perfect 
the  cryKtaU  formed.  It  has  not  been  found  possible  to  form  in 
the  lalxiratory  crystals  of  all  substances,  and  those  of  the  raineralH 
common  in  Nature  have  in  many  oases  not  been  obtained  artificially, 
and  rery  little  is  known  of  the  conditions  under  which  the  latter 
have  been,  and  are  being,  produced, 

7.     Crystals  have,  in  many  cases,  the  aame  form  at  every  stage 

their  growth  from  tiie  smallest  to  the  largest.  The  gi-owth  here 
»usists  8iu]p]y  in  the  uniform  deposition  of  the  substance  which 
[actses  from  the  fluid  to  the  solid  state.  This  gives  rise  to  a 
ftructure  in  which  the  layers  parallel  to  a  particular  face  are 
:umpletely  similar  and  similarly  orientated  to  each  other,  for  the 
[arger  crystal  has  its  faces  and  edges  parallel  to  those  of  the 
(lucleus.  There  aeema  in  this  case  to  Iw  uo  essential  difference  in 
Ihe  growth  of  the  crystal  at  different  periods. 

In  certain  cases  there  is  a  tendency  to  grow  more  rapidly  in 

brticular  directions  or  places,  as   is  evidenced   by  the  fact  that 

,omc    crystals    are    flat    tablets,   others   long    and   columnar,    &.C. 

*hi«   tendency  affects   the   general    aspect   of   the   crystal   and   is 

lescribed  by  the  word  habit.     The  crystals  of  some  substances  have 

fairly  constant  habit ;— as,  for  instance,  sulphur.    The  habit  in  other 

iubstancosis  often  very  variable  : — as  in  quartz,  barytesand  calcite; 

.nd  this  variableness  of  habit  is  one  of  the  greatest  difficulties  a 

iginner  has  to  encounter.     It  may  depend,  as  is  generally  the  case 

in  quartz,  on  the  exceptional  development  of  particular  faces  at  the 

expense  of  others ;  the  faces  present  being  the  same,  or  very  nearly 

so,  in  all  tlie  crystals.     Or,  as  is  often  the  case  in  calcite,  it  may 
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depend  on  the  different  faces  present  on  the  crystals ;  thus 
crystals  occur  as  stout  six-faced  priKriis  ending  in  two  faces,  Fi 
or  in  very  flat  rhombohedra,  Fig.  4,  or  again  in  crystals  bound* 
twelve  equal  scalene  triangles,  Fig.  13,  These  crystals  arc  disci 
and  drawn  in  Chap.  XV.  section  (iii).  The  cause  of  the  diversitj 
habit  is  unknown,  but  it  is  connected  with  the  conditionn  un 
which  the  crystals  have  been  formed.  The  habit  is  not  subj 
to  crystallographic  law,  and  a  full  appreciation  of  it  is  only  to 
acquired  by  considerable  familiarity  with  crystals. 

Another    remarkable   property   of    a   crystal    is  its   pow« 
repairing  itv«*elf.     Thus,  if  a  portion*  l>e  irregularly  broken  froi 
crystal,   and    the  specimen    be    then    iuuiierHed    in    a    crystaUij 
solution  of  the  substanco,   the   deficiency  caused  by  the  ft 
is  made  up  and  a  complete  and  perfect  crystal  re-formed. 

8.     During  tho  growth  of  a  crystal  considerable  transfoi-raal 
sometimes  take  place.    Tlie  first  kind  of  change  consists  in  the 
rapid  deposition  on  one  part  than  on  another.     Thus,  if  rt 
octahodra  of  alum  (Fig.  5)  be  allowed  to  grow  with  certain 
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more  exposed  to  the  solution  than  others,  the  crystals  b< 
irregular  in  appearance,  as  shown  in  Fig.  6.  Tlie  faces  in 
uneijuably  developed  crystals  may  bo  the  same  in  number 
the  equably  developed  crystals.  Occasionally  some  of  the 
may  be  completely  oltliterated.  Tlie  relative  position  of  the  f« 
the  same  as  in  the  regular  forms,  i.e.  the  angles  between  the  ae" 
faces  remain  cout;tant. 

Other  changes  consist  in  tho  appearance  of   new  faces, 
the  disappearance  of  old  ones.     In  this  way  transformations 
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which  result  in  a  completely  new  form.  Crystals  of  alum  (Fig.  6) 
under  certain  circumstances  develop  new  faces, 
replacing  the  edges  and  corners.  The  six 
corners  may  be  cut  off  and  replaced  by  squares 
as  shown  in  Fig.  7.  In  some  exceptional 
I    c&ses  the  change   may  be  so  extensive  as   to 

jompletely    obliterate    certain    faces.      When, 

Lowever,  new  faces  appear  during  the  growth 

*i  a  crystal,  they  always  come  (allowance  being 
'iiade  for  accidental  irregularities)  in   such   a 

k'ay   as   to   modify   all   similar  corners   and    edges   in    the   same 

iianner.    Further,  in  the  disappearance  of  faces,  like  ones  disappear 

together.     The  growth  of  crystals  consists,  therefore,  partly  in  the 

"cleposition  of  layers  of  uniform  thickness  on  each  face  so  as  to 

iretain  the  parallelism  of  the  earlier  and  later  planes ;  and  partly  in 

,he  development  of  new  faces;  or  in  the  obliteration  of  old  ones, 

n  such  a  way  that  the  symmetry  is  retained. 
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CHAPTER  II. 

THE   LAW   OF   CONSTANCY   OF   ANGLE. 

1.  Observations  made  on  the  growth  of  crystals  show  that  tht 
faces  when  once  formed  can  undergo  considerable  modifications  ir 
their  development,  but  that  their  relative  positions  remain  th< 
same.  Hence,  many  crystals,  which  seem  strikingly  dissimilar,  ar* 
found  on  close  inspection  and  measurement  of  the  angles  to  bt 
bounded  by  similar  faces  similarly  orientated  with  respect  to  out 
another.  Thus  Figs.  8  and  9  represent  two  crystals  of  garnet.  The 
only  difference  between  the  two  figures  arises  from  the  fact  thai 
in  the  latter  the  vertical  planes  meet  in  edges  whilst  in  the  formei 
they  meet  in  points  where  two  other  faces  inclined  to  the  vertica 
also  meet. 
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2.  The  relative  position  of  ^  two  faces  is  determined  by  the 
dihedral  (i.e.  between  two  faces)  angle  which  they  make  with 
one  another.  This  angle  is  that  between  the  two  lines  in  which  8 
plane  perpendicular  to  the  edge  of  intersection  meets  the  faces— 
the  angle  ABC  in  Fig.  10.  We  may  however  take  the  angle  to 
be  IfiO^ij  the  angle  between  the  two  perpendiculars  ON^y  ON^. 
drawn  from  a  point  within  the  crystal  to  meet  the  faces.  For  the 
angles  NfiN^  and  ABC  are  supplementary,  as  can  be  seen  froa 
the  fact  that  the  lines  ON^t  ON^,  AB  and  BC  all  lie  in  a  planr 
perpendicular  to  the  edge,  which  is  supposed  to  be  perpendicular  t« 
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the  piiper.  The  figure  Nfi^Ji  can  be  divided  into  two  tii&ogles 
Vf)1i,  NpH.  But  t.hci  interior  angles  of  a  triangle  nmke  up  two 
Hght  itngleH.  The  uD^jles  of  the  figure  NfiN^  are  therefore 
gether  equal  to  four  right  angles,  and 
hose  at  jV,  and  N^  are  each  90°.  LTence 
,OX+^5C=1SO*.  And  AB  losing  pro- 
oed  to  E,  AJiC-^EBC^  180".  Therefore 
ON^=^EBC.  The  lines  ON,,  ON.j,  drawn 
ugh  an  arbitrary  point  within  the  crystal 
called  the  n&miaU  to  the  faocfl.  Simi- 
Uie  inclination  of  BC  to  a  third  plane  CD  in  the  zone  is  given 
CD  or  by  A,0*V,.  The  uoruial-angle  between  the  faces  AB 
d  CD  is  then  cle;irly  A\ON,=^  N,0^\^  NfiN,. 

The  angles  given  in  most  modern  works  on  Mineralogy  and 
ystallography  are  those  between  the  normals,  and  nonual-angles 
ill  Ije  given  in  thU  book  when  the  contrary  is  not  suited.  When 
"ecision  of  statement  is  needed  to  avoid  ambiguity,  the  phrase 
irmal^ngle  will  be  used  in  contradistinction  to  that  of  /ace-anff/e 
«1  to  denote  the  Euclidean  angle  such  as  ABC.  French  mine- 
dogistfi  Htill  employ  the  face-jingle,  and  also  Levy's  moditication 
Haiiy's  notation  to  represent  the  faces. 

H8.     The  first  investigation  into  the  values  of  tlio  dihedral  angles 

ff^rystala  was  made  by  Nieolaus  Steno,  whoee  work'  was  publifihed 

n  Florence   in   1669.     He  cut  a  series  of   crystals  of   quart/,   of 

Uflerent  habits  one  of  which  is  given  iu  Fig.  11,  in  two  directions 

ft  right  angles  to  eAch  other,  (i)  perpendicular  to 

he  edge  [»»mj,  and  (ii)  perpendicular  to  one  or 

rther  of  the  edges  [mr],  [wj^3'],  [w^.t'.J  of  the  figure. 

a^y  placing  the  sections  on   paper  and  drawing 

ines  carefully  parallel  to  the  edges  he  was  able 

•/o  measure  the  EucUde^in  angle.    In  the  first  set 

jf  sections  he  found  that  all  the  angles  between 

^he  faces  t/*  on  the  same  crystal  were  equal  to  1 20% 

md  that  this  was  also  the  angle  between  similarly 

placed  faces  on  other  crystals.     The  normal-angle 

mm/is  therefore  CO'.  In  the  second  series  of  sections 

be  got  figures  which  were  not  equiangular  and  of 

>  An  English  traniilfltion  of  his  work  wm  pablishod  iu  London  in  1671.    It 
Is  bardljr  necoBsaiy  to  stato  thnt  the  figures  and  the  values  of  fi  and  y,  giren  in 
are  not  taken  from  Stono'a  work. 
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whitjh  Fig.  1 2  may  bo  taken  to  be  a  type.     Two  of  the  angles  »t 
tlie  vertices  had  the  stiwe  valuo  )3=7G''26'  in  all  cases-  the  foi 
others  had  the  same  value  y=  14  T  47'.     He,  there- 
fore,  inferred    tliat  in   all  crystals  of    quartz  corre- 
sponding piiirM  of  faceu  are  inclined  to  one  another 
at  constant  angles. 

4.     To  Rom6  de  I'lsle,  whose  *  Essai  de  Cnstnllo 
gi*aphie'  was  published  in  Paris  in  1772,  is  due  thfe 
ere<lit    of    e8tiiV>liRhing,    by    ari    extensive    serieH   of 
nieasurcmeuts,   the   fundamental    law   of    crj'stallo- 
graphy,  viz.  that  the  anodes  between  corresponding 
pairs  of  faces  of  similarly  orientated  crystals  of  one  and  the 
substance  are  always  equal.     This  experimental  law  wp  shall  deno 
an  that  of  Mtf  constancy  of  angles  Isetween  corresponiling  pairs  Jtnd 
faces.      ^  *^d. 

He  showed  that  the  numerous  suites  of  forms  on  rhcIi  Ti»inei-aV*f,) 
as  fluor  (CaF.j)  and  calcite  may  be  developed  by  the  modihcatio.tlie 
of  edges  and  corners  of  a  primitive  /orm,  which  he  assumed  in  t^  , 
former  case  to  be  a  cube,  and  in  the  latter  a  rhom).K>hedron  one  c  ^ed 
whoso  face-angles  is  105  5'.    When  an  edge  or  coign  of  the  priniiti\';  rm 
form  is  modified  by  the  introduction  of  one  or  more  faces  it  i!  ^e 
neoeesary  to  repeat  the  same  process  on  each  like  edge  or  coign ;  tn 
in  fact  to  retain  the  symmetry  characteristic  of  the  primitive  form.ne 
adopted.     It  was  seen,  however,  that  the  same  suites  of  forms  coulc  ugB 
be  derived  from  different  primitive  forms.    Tlius^  for  instanct^  thos«   ,    , 
of  fluor  may  be  derived  witli  equal  ejwe  from  either  of  t!ie  comnioi   lyl 
fonDB,  the  cube  or  the  regular  octahedron.     There  is  nothing  tc    le 
indicate   the   nature   of   the   primitive   form,  except   frequency  of   ly 
occurrence,    or   magnitude   of    development,   or   the   simplicity   ol    ^ 
character  of  the  form.  i 

6.     In  the  year  1784  the  celebrated  *E8sai  d'une  throne  sur  \^    ^ 
stnicture  des  crystaux '  of  the  Abb6  Haiiy  was  published,  which  ^    ^ 
fully  established  the  correctness  of  Rome  de  Tlsle's  law^  and  placed-    , 
the  science  on  a  firm  basis,  although  his  mode  of  interpreting  theo 
facts  has  long  since  been  abandoned.     Uaiiy's  attention  wiis  attract^d^, 
to  the  cleavage  of  calcite  by  an  accident  which  happened  to  one  of  e 
his  specimens,  which  led  him  to  try  a  aeries  of  experiments  on  the  a 
cleavage  of  crystals  of  ualcite  of  totally  different  sliapes.     He  found  e 
that  cleavage-rhombohedra  could  be  obtained  whicli  had  identiailly  t 
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jles,  however  (iifferent  might  \)e  the  Hhapes  of  the 
tal  crystals.  This  suggested  to  him  th«t  icltia  that  tlio  crystals 
built  up  of  small  naclel,  or  'constituent  molecules/  which  had 
ortu  of  regular  rhumixihedra  having  the  same  angles  as  the 
i^rhnmbobedron.  A  cleavage-alioe  from  a  hexa^nal  prism 
cite,  Fig.  3,  c^n  l)e  again  cleaved  in  directions  transverse  to  the 
ud  cleavage,  »o  that  the  fragments  from  the  middle  of  the  slice 

Imbohedra,  whilst  the  fragments  at  the  edges  are  not  rhom- 
Efor  they  have  one  face  of  the  original  prism  as  part  of  their 
ry.  It  is  necessary,  therefore,  to  assume  cither  that  the 
i  are  verj  small  and  that  the  secondary  face  is  of  tlio  nature 
■lope  produced  by  a  series  of  extremely  small  uniform  steps, 
e  that  the  secondary  planes  on  crystals  are  due  to  a  difference 
leir  nuclei.  Hauy  saw  that  the  former  assumption  gave  a 
e  solution  of  the  derivation  of  secondary  faces, 
lius  Fig.  13  shows  a  crystal  of  calcite  of  a  shape  frequent  in 
yshire,  and   Fig.    14    represents  a  model  (drawn  ou  a  larger 
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by  which  such  a  crystal  is  by  Haiiy  derived  from  the  cleavage- 
llxvhedron.     In   Fig.   14  a  large  rhombohetlrun,  whose  middle 
the  same  as  those  of    Fig.   13,  is  built  up  of   layers  of 
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regular]}'  dispiised  nuclei,  esu'h  n«cl*"HH  luring  fiiinilftr  and  similar] 
placed  to  this  lat'ge  rhoiubohedmu.  A  cjip  is  then  fonncd  of  thra 
plftU>8t  one  nucleus  tliick,  and  placetl  on  the  upper  faces  of  lb 
rliomboliedrmi.  Each  plate  is  a  rhoiubus  similar  U)  the  faoc  of  th 
rliumbulnidrou  on  which  it  rests,  but  it  has  one  nucleus  less  in  th 
edge  than  the  fac«,  and  consequently  two  rows  of  nuclei  in  the  fai 
are  left  uncovered.  Sucli  a  cap  can  easily  Iw  imitHtfyl  by  thrj 
equal  rhombuses  of  thick  card-l»oard  cut  with  angles  of  101°  55 
78°  5',  and  attached  to  one  another  along  the  edges  so  that  t! 
obtuse  angles  are  at  tlie  apex.  On  tliis  cap  a  similar  cap  of  th 
platf'B  v^  superposed  in  like  manner  so  as  to  leave  two  rows  of  nu< 
of  the  Hrst  uncovered.  Each  of  the  plates  in  this  cap  is  one  nudoi 
thick  and  has  one  nucleus  less  in  the  edge  than  the  first  cap.  T 
same  process  is  continued  until  tlie  apex  is  reache<i.  The  plates 
the  last  cap  must  clearly  consist  of  four  nuclei,  as  shown 
Fig,  14. 

If  now  a  series  of  ekactly  similar  caps  is  placed  in  succ 
on    the  lower  faces  of   the  large  rhombohedron,  the  model 
present  a  similar  aspect  at  the  two  ends. 

Suppose  now  the  nuclei  t-o  bo  very  small,  as  thn  ultimal 
molecules  of  bodies  must  be,  then  the  discontinuity  in  the 
joining  the  corners  of  the  caps,  which  is  .ho  conspicuous  in  1^ 
dotted  lines  of  Fig.  14,  becomes  imperceptible  nnd  we  liave  it 
cry.stal  shown  in  Fig.  13,  known  as  a  scalenohedron  of 
rhomlwhedral  system. 

Had  the  number.of  nuclei  in  the  edges  of  the  first  cap  placed  0 
the  large  rhomlx)hedrr>n  t^een  the  sime  as  in  its  edges,  the  lin<* 
joining  the  projecting  corners  would  not  have  converged,  but  wouIq 
have  been  parallel.  The  same  will  clearly  be  true  of  any  number  dm 
successive  caps,  for  in  this  case  they  have  the  same  dimensions.  Ic 
this  way  a  hexagonal  prism  {lOTj  terminated  by  the  primitive  rhom.^ 
bohedron  can  be  easily  obtained. 


tb 


6.  Crystals  of  galena  (EbS)  and  rock-salt  (NaCl)  cleave  along 
pianos  parallel  to  the  faces  of  a  cube.  We  can  in  these  cases  derive 
the  secondary  faces  from  a  square  plate  formed  in  one  of  two  ways, 
(i)  The  sides  of  the  cubic  nuclei  may  be  parallel  to  tlie  edges  of  the 
plate  in  chcsslicmrd  fashion,  or  (ii)  the  sides  of  the  nuclei  may  be 
diagonally  placed  to  the  edges  of  the  plate.  In  the  latter  the  edges 
of  the  plate  will  resemble  a  staircase  in  which  the  height  uf  the  step 
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Uet^tial  t-o  the  tread.  If  now  to  A  plate  of  this  kiiid  similar  plates 
uttscbed  on  both  sides  with  a  decrement  of  one  nucleus  on  each 
of  the  plate,  and  then  to  the  outer  Purfacos  of  these  plates 
]ikr  plates  vith  a  like  decrement  of  one 
icleus  are  attached,  and  the  procesB  ro- 
ibted  to  the  limit,  we  obt^tin  a  solid  like 
thfttin  Fiij.  15,  which,  when  the  nuclei  are 
Tery  small,  ia  the  regular  octahedron 
coonnoD  on  crystals  of  galena.  Now  the 
ibl  of  each  layer  ia  the  edge  of  the 
rbe,  0,  And  the  breadth  of  the  decrement 
Mcb  edge  is  clearly  one-half  the  diagonal 
th?  cable  face  =  n  -J-  J'2.     Hence,  the  in- 

itiou  of  the  face  to  the  plane  of  the  original  plate,  $j  is  given  by 
height-5-breadth^  1^2,  .'.<>  =  54' 44'.    The  Euclidean  angle 
cvei^n    the    faces    of    the    octahedron    meeting    in   an  edge  is 
M' 44' -109' 28'. 

The  result  of  a  decrement  of  one  nucleus  on  each  edge  of  a  plate 
the  arrangement   (i)   ia   shown   in    the   rhombic-dodecahedron, 
16,     In  tliitt  the  plates  are  shown  un- 
into  their  constituent  cubes,  and  the 
is  BQppo8ed  to  start  with  a  large  cube, 
with  a  plate  of  single  nuclei.     Tfic 
ench  face  of  the  secondary  form  makes 
tliat  uf  the  cube  on  which  it  is  raised 
>',  for  the  heiglit  of  each  layer  is  equal 
*lie  breadth  of   the  decrement.     Hence, 
hoes  meeting  at  an  edge  of   the  large 
coalesce   in    one    plane,    and    form    a 
ibus,     Had    we,   however,  taken   a   decrement   on   each   edge 
breadth  was  double  the  height  of  the  layer,  each  face  would 
ineUned  at  26' 34'  to  the  cubic  face,  for  tan  26"  34'  =  1 -^  2. 
^>  then  get  a  tetragonal  pyramid  on  each  face  of  the  culje,  and 
form  is  tltat  fully  described  in  Chap.  xiv.     Both  these  secondary 
19  are  found  on  crystals  of  rock-salt. 


'.     Id  the  manner  illustrated  by  the  preceding  examples  Haiiy 

nn  explanation  of  the  constancy  of   the  jingles  between  cor- 

mding  pairs  of  faces,  and  established  the  further  fact  that  the 

which  the  secondary  faces  make  witli  those  of  the  primitive 
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form  are  not  accidental  and  arbitrary,  but  depend  on  the  ratio  oj 
whole  numbers  involved  in  the  decrements.  Tbis  relation  of  whde 
numbers  is  now  expressed  by  the  phrase  'the  law  of  rational 
indices'  (see  Chap.  iv.  Art  9).  It  is  not  essential  to  Hatty's  theor 
that  the  nuclei  should  be  solid  pol^hedra  exactly  filling  the  8pao& 
It  suffices  to  suppose  that  his  nuclei  are  cells  each  of  which  contains 
a  similarly  placed  molecule. 

8.     The  difficulties  in  accepting   Haiiy's  theory   are   serioua, 

(1)  It  does  not  follow  that,  because  a  body  breaks  up  by  cleavage 
into  definite  polyhedra,  it  has  been  built  up  by  layers  of  theaa 
polyhedra.  (2)  It  has  not  been  possible  to  obtain  cleavago 
polyhedra  of  all  crystals.  Some  cr}'stals  cleave  only  in  one,  or  two^ 
directions,  and  some  not  at  all.  (3)  It  seems  reasonable  to  expeoi^ 
that  fairly  compact,  and  therefore  stable,  bodies  can  be  built  vsft 
when  the  cleavage  polyhedra  are  cubes  as  in  galena,  or  rhombohedzi^ 
as  in  calcite,  or  are  four-sided  prisms  terminated  by  a  pair  of 
parallel  faces  as  in  barytes.  For  in  all  these  cases  the  constitueiit 
polyhedra  can  be  arranged  so  as  completely  to  fill  a  definite  po: 
of  space.  But  in  fluor  the  cleavage  form  is  the  regular  octahedron 
and  the  nuclei,  when  arranged  in  like  orientation,  will  only  toiuft 
one  another  at  their  edges  and  will  leave  a  considerable  portion  of 
space  unoccupied.  Such  a  structure  would  probably  be  very 
stable  and  be  easily  deformed.  Furthermore,  the  facts,  (1)  thifei 
we  have  a  series  of  different  forms  all   connected   together,  ant 

(2)  that  the  secondary  faces  depend  on  whole  numbers,  would 
be  explained  if  any  other  simple  form  of  the  suite  were  takeUt 
as  primitive. 
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1.  Attbstion  boa  been  already  called  to  the  fact  that  the  faces 
cryBt&lA  usually  occur  ax  pairs  of  parallel  planes.  When  the 
'Ivo  boee  of  each  pair  are  coexistent  and  have  tlie  sama  physical 
Mncier,  «.«;  the  Hune  lustre,  atriation  or  other  marks,  the  crystal 
mid  to  l>e  centro-syinmetrical,  or  to  l>o  syuunetrical  with  respect 
•  point  within  it^  which  is  called  the  centre  of  st/mmetry.  Figs, 
I  Aod  2  are  diagrams  of  centro-symtnetricjil  crystals.  Professor 
expresses  the  relation  hy  saying  that  the  crj-stnl  Ih 
i.e.  tliat  every  face-normal  through  the  centre  terminates 
Qppoidte  sides  in  a  pair  of  faces  perpendicular  to  it. 

2.     There  are  crystals,  however,  like  the  tetrahedron,  Fig.  17, 
m  whi^-h   the  faces  do  not  occur  as  pairs  of 
If]  planes.     From  such  figures  it  is  easy 
derive  figures  having  parallel  faces.     Thus, 
kwiiig  planes  as  indicated  by  the  small  tri- 
the  octahedron,  Fig.  1 8,  can  be  obtained. 
irer»ely.   from    the    parallel-faced    figure, 
aa   Fig.   5,  it  is  easy  t»o  derive  a   non- 
figure  like  Fig,  17,  by  the  omission  of 
of  emch  piur  of  parallel  planes.     In  more  complex  crystals  there 
be  more  than  one  way  of  selecting  the 
to  b©  omitted,  so   that  wo  may   get 
it   non-central   figures.      Up  to   very 
Lt  times  it  has  been  usual  to  regard  tlie 
dlel-faoed  crystal  as  the  normal  one  and 
noo-oentral    figure   as  caused  by    some 
icj  in  the  symmetry.     Other  cases  of 
l^ooietrical  connection  between  different 
are  al«o  common,  such  that  the  form 
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haWng  fewest  faces  manifests  one-half,  or  one-quarter,  the  num 
observed  on  the  most  symmetrical  cognate  form;  the  faces  pr«?.-M  ; 
being  arranged  according  to  definite  rule*  and  not  being  due  to 
accident  in  growth.  The  most  highly  developed  form  was  denoted 
as  holohedraVf  whilst  tlie  partial  form  was,  and  still  is,  called 
hemihf.flraV  when  it  contains  half  the  number  of  facca  in  the 
bolohehral  form.  When  the  number  of  faces  in  the  lower  form 
is  only  one-fourth  of  that  in  the  holohedral  form,  the  partial  form  is 
said  to  be  Usiartofu^drdt* .  When  it  is  not  desired  to  express  the 
exact  numerical  relation,  the  partial  form  is  said  to  be  merohedral*. 
These  words  do  not  accord  with  modern  views  on  the  symmetr3'  trf 
crystals,  and  are  only  retained  for  the  sake  of  convenience. 

3.  From  what  has  been  said  in  Chapter  i.  as  to  tiie  gi-owtJi 
of  crystals  we  see  that,  if  the  particles  be  themselves  centre- 
symmetricAl,  and  likewise  the  forces  which  cause  them  to  cohere,  ft 
cr^'stal  growing  freely  in  a  liquid  will  grow  ofjually  well  in  opposite 
directions.  If,  however,  there  lie  a  laok  of  symmetry,  either  in  the 
particles  or  in  the  forces,  the  facility  of  growth  may  l>e  on  one  sido 
very  diir^rent  from  that  on  the  olher  side. 

It  has  been  already  pointwl  out  tfiat  accidents  of  various  kindi 
may  modify  the  regularity  of  growth  of  a  crystal  Hence  the 
opposite  and  panillel  faces  of  centro-Hyuimetrical  crystals  now!  not 
be  of  the  same  dimensions.  All  that  is  needed  is  that  the  physic 
chanictei's,  us  indicated  by  the  lustre,  atriation,  (&c,,  and  also 
resistance  to  corrosion,  should  be  of  an  exactly  like  kiiirl.  Furthi 
move,  it  is  clear  that  the  deposition  of  matter  on  the  oppi>sit€ 
must  under  like  conditions  take  place  with  etjual  facility. 

4.  Again  the  geometric  law  connecting  crystal  faces,  known 
that  of  rational  indices  (Cliap.  !V.  Art.  0),  shows  that  parallel 
fire  always  possible,  but  does  not  require  coexistence  or  identity 
cliaracter.  In  non-central  crystals  parallel  faces,  which  are 
parallel  to  an  axis  of  two-,  four-,  or  six-fold  symmetry  (Arts.  7  ai 
8),  have  to  be  regarded  as  quito  distinct  faces,  and  often  differ 
lustre,  striations  and  other  physical  properties.  The  minerals  fahl< 
and  boracite  give  good  instances  of  non-central  crystals  of  shi 
like  that  given  in  Fig.   17.     Crystals  of  (juartz  often  appear  to 

1  From  fiXsr  whole,  and  tipa  base.  ^  From  -iiiu-  half,  and  I6pa  base. 

*  From  r/ropror  nne-Fonrth,  and  l^pa  base. 

*  From  fidpoi  pari,  auil  t^pa  baHe. 
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itn>sjmnietncal,  fur  they  are  bounder!  by  pairs  of  piiniUel  facfs, 

r  aud  z,  but  the  physical  characters  of  fUl  uiitwinneii  crystals  of 

the  substance  and  also  the  development  of  certain  suVkordinate  faces 

on  8onie  cr^-^^tals,  »uch  as  the  faces  9  and  x,  iu  Fig,  11,  have  conclu- 

jrely  proved  them  to  have  no  centre  of  symmetry. 

In  simple  crystals,  such  as  are  represented  in  the  preceding 
ft,   certain    faces   are  observed   to  have  the  aanie  physical 
l^racterSf  and,  when  the  crystals  are  very  regularly  de\*eloped  as 
in  Figs.  1,  2,  5,  7  and  8  the  Himilar  faces  have  the  same  Khape  and 
magnitude.    On  quartz,  Fig.  1 1,  the  faces  m  manifest  this  similarity 
in  a  moat  striking  iiiauuer,  for  they  are  almost  invariably  all  striated 
in  directions  perpendicular  to  their  mutual  intersections.     Such  like 
faocs  are  found  to  be  symmetrically  arranged  with  respect  to  certaiu 
pl^w^  or  axes,  or  both,  which  are  parallel  to  actual,  or  possible, 
or   edges  of   the   crystal.      In    complicated   and    irregularly 
ped  crystals,  such  aa  Figs.  6  and  9,  the  similarity  of  shape  of 
fiuea  is  often  lost,  and  it  frequently  happens  that  the  physical 
r«  are  not  sufficiently  marked  to  enable  us  to  discriminate 
thoes  which  belong  to  the  same   set  of  planes.     The  symmetry 
becomes  obscured,  and  can  only  be  established  by  measurement  of 
the  angles  and    careful    criticism   of   the  development   of   several 
cryiitalB.       Dodecahedra    of    garnet    are    frequent    in    which    the 
ffjrmmetry  is  concealed   by  the  unequal  development  of  the  faces. 
Fig.  9  sliows  one  type  of  such  irregular  growth.     The  nature  of  the 
figurt)  can,  however,  be  generally   perceived   iu   such   crystals   by 
^Mrelul  inspection  of   the  physical  characters  of  the  faces  and  by 
^InDparison  with  a  regularly  grown  dodecahedron  like  Fig.  8,  and  is 
*t  once  eetablished  by  measurement  of  the  anglas  l}etween  adjacent 
6iOM  which  are  either  60°  or  90^ 

6.  By 'symmetry  with  respect  to  a  plane  is  meant  the  similarity 
of  position  of  like  coigns',  edges  and  faces  on  opposite  sides  of  the 
plane.  A  plane  of  symmetry  <livides  a  crystal  into  two  like  halves, 
which  are  to  one  another  as  an  object  is  to  its  image  seen  in  a 
mirror  occupying  the  position  of  the  plane.  It  thus  bisects  the 
aai^  between  corresponding  faces  and  edges.  We  shall  often 
cxpreee  the  relation  of   two  planes,  or  two  lines,  to  a  plane  of 

■  By  coign  is  meant  the  solid  angle  or  corner  at  which  thrM  or  more 
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sjTnmetry  bisecting  the  angle  botweeii  tliein  by  the  Rtatement  that 
they  are  reciprocal  reflexiorui  in  the  plane.     We  shall  also  use 
phrase  to  express  that  two  crystals  are  related  to  one  another  as 
object  in  to  iIh  iaiag<>  in  a  uiirror  in  tliuse  classes  of   crystaln  in] 
which  such  a  relation  exists.      ThuH  the  right  and  left  hands  ai 
when  held  out  palm  to  palm,  reciprocal  reflexions  of  one  another*.] 
Symmetry  doeH  not  refer    in   crystals  to  the  actual  position,  bill 
to  the  ^elati^'ft  angular  jKisition  of  corresponding  faces  atid  edges, 
i.e.    they   are  equally  inclined    to   a 
plane  of  symmetry  on  ofipoHit«  sides 
of    it.      In  a  regular   tij^iire,  such  as 
tliat  of  a  cryHtal  of  barytes  given  in 
Fig.  19,  corre.sponding  faces,  indicated 
by  the  same  lettei-s,  will  (if  produced) 
meet   in  stE'&ight  lines  lying  in   the 
planes  of  sNinmetry.     Tn  the  figure 
two  planes  of  symmetry  are  perpen- 
dicular to  the  paper:  the  one  bisecting 
the  faces  o,  c,  o  ;  the  otlier  at  right 
angles  to  the  former  and  bisecting  the  faces  u,  rf,  /,  c  etc.    The  6gure 
illustrates  the  re|}etition,  in  pairs,  of  foce.s  inclined  to  the  planes  ofJ 
symmetry,  and  also  the  fact  that  when  the  face  is  pei-pendicular  to 
the  plane  of -symmetry  there  is  but  one  face,  the  two  halves  of  whichj 
are    reciprocal    reflexions.      It    is    extremely   rare   to  find   crysl 
so  regularly  developed  aji  is  indicate<i  in  diagi'ams,  and  t!ie  presence 
a  plane  of  symmetry,  2,  is  proved  by  the  equality  of  angles  betwt 
faces  having  similar  physical  characters  and  lying  on  opposite  sid< 
of  2. 


7.  An  axis  of  symmetry  is  a  straight  line  about  which  tfa< 
faces,  edges  and  coigns  are  regularly  disposed,  so  that  if  tlie  crysl 
be  turned  about  it  through  a  definite  aliquot  part  of  a  complel 
revolution  similar  faces,  edges  and  coigns  are  interchanged ;  that 
any  pirticular  face  or  edge  in  the  new  position  occupies  exactly  tl 
place  of  a  similar  face  or  edge  in  the  original  position.  We  shall] 
generally  ejcpress  the  relation  by  sa5'ing  that  the  like  faces,  ed| 
and  coigns  disposed  about  an  axis  of  symmetry  are  interchangeabU 
or  vietasirophic^. 


tuToffipi^tv  to  torn  round,  to  ohauge. 
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leoat  angle  of  rotation  about  an  axis  he  180°,  the 
fes  and  coigns  are  associated  in  pair.%  and  it  is  clear  that  n 
otation  brings  the  crystal  back  into  its  original  position. 
axis  of  Hyiuinetry  will  l>e  called  a  dj/ad  axis.  The  line 
the  centre  perpendicular  to  the  paper  in  Fig.  19  is  a  dyad 
o  the  linen  joining  the  middle  points  of  the  opposite  edges 
golor  tetrahedron,  Fig.  17. 
t  least  angle  of  rotation  giving  interchangeability  of  like 
be  120",  then  the  faces,  edges  and  coigns,  occur  in  sets 
t,#.  in  triplets  or  triads.  The  axis  will  he  callwl  a  ttuad 
e  vertical  line  through  the  two  apices  of  Fig.  11,  and 
to  the  faces  m,  is  such  an  axis.  The  faces  r,  s,  s  and  x, 
each  end  in  sets  of  three  which  are  interchangeable  on 
About  the  vertical  axis  through   120". 

least  angle  which  gives  interchaiigeability  is  90°,  the 
PK  be  effected  four  times  l>efore  the  crystal  retuniR  to  its 
position.  The  axis  is  in  this  case  a  tetr'od  axis.  The 
line^  through  the  apices  in  FigB.  8  and  9  are  tetrad  axes. 
ynly  remaining  axis  of  symmetry  occurring  in  crystals  is  one 
Id  symmetry — the  hexad  axis.  The  least  angle  of  rotation 
md  a  crystAl  fuce  or  edge  can  occupy  in  succession  six 
positions.  Such  an  axis  is 
in  weJl  developed  crystals  of 
lad  is  shown  in  Fig.  20,  where 
id  axis  is  |»arHllel  to  the  Hues 

perpendicular  to  the  face  c. 
kxis  of  pentad  (five-fold)  sym- 
o  common  in  flowers,  is  not 
in  crystals;  that  is,  it  would 
associated  crystal-faces  in- 
th  the  laws  wliich  have 
,nd  to  regulate  tlie  positions  of  faces. 

of  these  axes  of  symmetry  of  the  same,  or  of  tlifferent, 
occur  tttgether  in  one  and  the  same  crystal  ;  and,  in 
axis  of  degree  n  is  often  associated  with  a  set  of  n  dyad 
lierpendicular  to  it, 

llagrte  of  an  axis  of  symmetry  indicates  the  number  of  Hko  thinga 
irouod  it.  or  the  number  of  times  rotation  giving  interohaugesbilitj 
be/ore  tb«  original  position  is  regained.     TLus  a  triad  juds 

2—2 
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9.     For   the    purpose    of    itlustration    the   following   table 
Angles  on  the  crystal  of  baryt^^  Fig.  19,  is  given;  we  shall 
the  angles  useful  at  a  later  stage. 


roX 

92°  10' 

Xm 

17     1 

mk 

38   84 

kb 

32   15 

ill  V 

bk' 

22   15 

(11) 

k'm' 

28  84 

fiiX 

17     I 

X'a' 

22   10 

'az 

45°  41' 

'y 

18    IB 

("> 

26      1 
26      1 

y'l' 

18    18 

_t'a* 

43    41 

-rtu 

31= 

Stf 

ud 

19 

dl 

55 

ic 

66 

rV 

5A 

I'd' 

16 

55 

d'u' 

19 

19 

tt'a' 

31 

50 

(^) 


"mi 

25» 

rr 

18 

(iiij 

re 

40 
46 

r"r" 

18 

Li"in" 

36 

h. 

56»18' 

ru 

34    42 

vx'" 

34   42 

«"'6' 
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The  angles  in  the  columns  connected  by  a  Htraight  Uontl  are 
measureci  in  one  zone  and  this  inetliotl  of  giving  the  angles  betw( 
a  nuNiher  of   tautozonal   faces  will  \je  fn^quently  used   thniughoal 
the  book.      For  the  saki*.  of  brevity',  the  equal  angles  bctwoen 
pairs  of  faces  parallel  to  those  shown  have  been  omitted. 

The    Hyinmetry  manifest^id   in   tfiH  drawing,  and  infi'vred    fr 
inspection  <tf  tin?  ciystjil  witli   respect  t<»  the  central  planes  pan 
bo  a  and  A,  is  now  conriiined  by  the  e<juaUty  of  tlie  angles  on  oppoiii 
Rides  of  these  planes.      Measurement  of  one  zone,  such  as  (i),  is 
enough  to   establish   this  symmetry,   for   in   a  centro-symmetri< 
crystal  this  zone  will  only  show  that  there  is  at  least  one  plane 
synimntry  parallol  to  a  or  t<^  A,  and  one  dyad  axis  perpendicular 
the  plane.     But  t!ie  equality  of  angles  between  corresponding  paii 
of  faces  in  zones  (i)^  (ii)  and  (iv)  is  only  consistent  with  a  plane 
symmetry  parallel  to  face  a.     Again  the  equality  of  angles  in  zoi 
(i)  and  (v)  entaih  a  pUno  of  symmetry  pHrallel  to  b  and  at  rigl 
angles   to  the   former   one.     We   shall   see  later   on  tliat  (1) 
lines  of  intersection  of  these  two  planes  and  (2)  the  perpendicul 


^  In  actual  meaHureiticnt  of  a  zone  tho  student  shoald  always  meaRuro  evfl 
angle  and  go   oompletely  round   until   he  reaches   the  face  from   wliioh 
started.     The  flecond  reading  on  this  face  should  he  recorded,  for  it  will 
to  Dontrol  the  aocuracy  of  the  angles.     Any  accidental   displacement  of 
oryatal  dnrinR  the  obaervationa  will  probably  be  indicated  by  a  defect  in 
JQStmcnt,  and  also  by  a  considerable  diTergenee  from  the  first  reading. 
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them  from  the  centre  arc  aJiea  of  dyad  symmetry.  That  the 
le  through  the  centre  perpendicular  to  the  paper  is  an  axis  of 
dyad  symmetry  is  clear  from  the  figure,  and  is  confirmed  by  tlie 

ality  of   angles  on  opjKtsite  sides  of   it  in  zones  (ii)  and   (iii). 

the  crystal  has  parallel  faces  the  piano  of  the  paper  occupies  the 
jiosition  of  a  plane  of  symmetry. 

The  student  should  bear  in  mind  that  the  two  halves  into 
which  a  crystal  is  divided  by  a  plane  of  symmetry  cannot,  aH  a  rule, 
be  broiij3;ht  into  the  same  position.  They  are  relaUvl  to  one  another 
in  a  manner  similar  to  that  of  the  right  and  left  handHf  and  may 
l>e  s/iid  to  be  antUtrophic\  Similarly  the  corresponding  faces  and 
edges  may  be  said  to  be  antistrophic. 

10.  Planes  and  axes  of  symmetry  have  been  found  to  satisfy 
the  followiug  conditions:  (I)  They  must  lie  parallel  to  possible 
faces,  or  zone-axes,  of  tlie  crystal.  (2)  A  plane  of  symmetry  must 
be  perpendicular  to  a  possible  zone-axis  i  and  an  axis  of  symmetry 
jrpendicular  to  a  possible  face  of  the  crysUil.  (3)  When  lliere 
several  plane*  of  symmetry  in  a  crystal  the  angles  between  any 
of  them  must  lie  one  of  the  four— 90",  60",  45',  or  30".  The«o 
fie*  owing  to  their  importance  in  determining  the  si/Hietn,  or  type 
iyramotry,  of  a  ci-}'.stal  have  been  called  the  cri/ntalfumetric  antjies. 
(4)  The  anglea  of  rotation  possiVile  about  an  axis  of  syinmetry  are 
180*.  120°,  90",  or  60'.  This  may  be  state<l  otherwise:  that  axe«  of 
symmetry  can  only  have  the  degrees,  2,  3,  4,  or  6.  The  above  and 
nther  relations  Itetween  Ou'  fltittwufg  nf  gyminrtry — using  this  phnuie 
denote  generally  planes,  axes  and  centi*e  of  symmetry — -form  the 
ibject  of  Chapter  u. 
The  fin4t  relation  has  been  found  to  be  true  in  iiU  the  cryatals 
ich  have  been  observed ;  but  in  the  ease  of  a  triad  axis  it  is  not 
kbie  of  deduction  from  the  purely  geometric  relations  resulting 
)m  the  rationality  of  indices. 

U.  The  set  of  like  faces,  edges  and  coigns,  which  are  connected 
Jther  by  the  symmetry  of  the  crystal  and  which  have  like 
lysical  characters,  will  be  calletl  hwiioloyoHJ^  faces,  Rdges  and  coigns. 
The  simple  figure,  whether  closed  or  not,  which  consists  of  one 
net  of  hoiuologous  faces  will  be  called  ti  form.  Many  of  the  figures 
Hi  far  given,  such  as  Figs.  2,  8,  17,  represent  single  forms,  whilst 

1  OMTirrpd^w  to  torn  to  the  other  side. 
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that  of  quartz,  Fig.  11,  represents  five  separate  forms,  whose  &Gei 
are  denoted  by  the  letters  m,  r,  2,  s  and  x.  The  same  letter  will  be 
used  to  denote  the  several  faces  of  a  form,  and,  as  a  rule,  dashes  or 
numerals  will  be  used  to  distinguish  the  one  from  the  other.  Hie 
dashes  of  parallel  faces  will  be  the  same  but  placed  at  the  top  and 
the  bottom  respectively.  Occasionally  some  of  the  faces  are  left  us- 
labelled  (as  has  been  done  in  Fig.  13)  when  no  confusion  is  likely  to 
arise  from  doing  so,  and  this  is  more  especially  the  case  where  retj 
many  like  faces  occur  together.  If  the  faces  of  forms  on  a  i^ryetel 
are  approximately  equidistant  from  a  point  within  it,  the  huon 
belonging  to  the  same  form  are  similar  in  size  and  shape;  and 
each  form  is  said  to  be  equably  developed.  Any  displaoBBMi^ 
outwards  or  inwards,  of  one  or  more  of  the  faces  will  clearly  distarb 
this  regularity  of  development.  In  the  pairs  of  figures,  Figs.  0  and  6 
and  Figs.  8  and  9,  we  see  that  the  irregular  figures  are  dedaeed 
from  the  regular  ones  by  the  displacement  of  some  of  the  ham 
whilst  they  retain  the  constancy  of  their  inclinations  to  the  ncOaoMit 
planes  and  therefore  the  parallelism  of  the  edges.  The  new  positiaM 
of  these  displaced  faces  are  respectively  parallel  to  those  they 
occupy  in  equably  developed  crystals.  In  theoretic  discusdons 
consider  the  forms  to  be  equably  developed.  The  crystal-i 
given  in  books,  as  also  crystal-models,  are,  for  the  most  part^ 
ideal  representations  of  natural  crystals. 


CHAPTER  IV. 
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Tub  rolative  positions  of  faces  on  a  crj'stal  can  We  givon  by 
1  method  of  geometry.  For  this  purpose  threp  planes — 
to  three  fzict%  of  the  crystal  which  are  inclined  to  one 
r  at  any  tinite  angles^  but  arc  nut  in  one  and  thn  saroo 
re  taken  9a  axial  platies.  The  lines  in  winch  they  intersect 
aires  of  reference,  and  are  &ometime8  called  the  crystallo- 
V%c  axi^ji  QY,  ahortJy,  the  axes.  Tho  axes  are  Hupposed  to  meet 
a  point  within  the  crystal,  and 
point  is  called  Uie  origin.  It 
y  denoted  by  the  letter  O, 
axes  by  the  letters  OX,  OY 
and  02.  The  projection  on  the  plane 
the  paper,  or  perspective  view,  of 
cb  a  set  of  axes  is  shown  in  Fig.  *1\. 
From  what  precedes,  the  axes  ar« 
Decewarily  parallel  to  three  edges,  or 
lone-Axes,  which  do  not  lie  in  one 
and   the   same   plane.     When   they 

are  shown  in  diagrams  they  will  usually  l)e  given  by  interrupted 
lines  consisting  of  strokoH  and  dots. 

2.     A  fourth  face  of  the  crystal,  taken  at  any  ari>itrary  distance 
m  the  origin  and  meeting  all  three  axes  at  finite  distances,  cuts 
from  them  respectively  lengths,  OA^  OH  and  OC,  wjiich  depend 
the  actual  position  of  the  face.     But  the  ratios  of  tliese  lengths 
'  all  planes  parallel  to  the  face  are  constant,  and  depend  only  on 
©  angular  relations  of  the  fourth  and  the  axial   planes  to  one 
ther.      Furthermore   the   angles  between   the   similarly  placed 
on  crystals  of  the  same  substance  are  constant  (Chap.    ii. 
4).      Hence    the   angles    between    the   axes   and    the   ratios 
)A  \  OB  :  OC  are  constant  for  all  crystals  of  the  same  sulxstance, 
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provided  the  faces  Bclectod  for  this  purpose  be  similarly  placed 
the  several  crystals,  or  be  (as  we  shall,  for  the  sake  of  brevity,  say) 
the  sanie  faces.     In  theoretical  and  general  diHcuBsioiis  the  thi 
lengths  OA,  OB  and  OC  on  the  axes  are  denotet]  by  a,  h  and  «] 
respectively,   aud   are   called   Uu  parariieiere   of   the   crystal, 
systeniatic   descriptive   treatises    on   minerals   and   chemical 
pounds,  one  parameter,  uaually  b,  is  j/iven  as  unity,  and  the  othei 
two  are  then  the  numbers  which  jjjivo  tho  fixwl  ratios  a  :  b  aud  c  :b. 
These  ratios  are  determined  by  trigonometries!  formulte,  which 
be  given  under  the  different  ayateuiH,  from  the  angidar  relatiom^ 
between  the  fourth  (parameiral)  plane  and  the  three  axial  plant 
to  one  another.     The  angles  between  these  several  planes  are  inj 
many  cases  determined   )>y  direct   measurement,   or  are  calculated 
from  angles  niejusured  between  other  fiu;eH  by  methods  depending  oi 
the  laws  of  crystallography. 

3.  In  crystals  wliicli  manifest  no  symmetiy,  or  only  ceni 
symmeti-y,  plane*  parallel  to  any  Lhroe  faces  of  the  crystal,  wbi< 
are  not  in  a  zone,  serve  equally  well  aa  axial  planes.  Such  erysl 
are  said  to  Ijelung  to  the  auorthic,  or  triclinic,  system.  In  oUm 
classcfi  of  crystals  the  faces  of  the  crystals  are  arranged  in  scte 
homologous  faces  (forms)  in  a  manner  dependent  on  the  element 
of  synmietry  present.  It  is,  therefore,  convenient  lu  select  thi 
axial  planes  in  a  manner  which  acooitlB  with  the  symmetry, 
which  enables  us  to  represent  the  s«t  of  faces  constituting  a  foi 
in  the  sitnplest  manner. 

4.  In  order,  however,  to  l>e  able  to  represent  pianos  on 
sides  of  tlie  crystal,  and  lying  therefore  in  any  one  of  the  etghl 
segments — commonly  called   octants — into   which  space  is  divi< 
by   the   axial   planes,   we   must   adopt    the   further  convention 
analytical  geometry,  that  lengths  measured  along  OX  are  positivi 
and    those  along  OX^  are  negative.     Similarly   length.s  along  0. 
and  0^  are  positive,  whilst  those  along  0/  and  0^^  in  the  opposlt 
directions  are  negative.     The  combinations  of  these  various  signs 
the  intercepts  enable  us  to  I'epresent  a  plane  lying  in  any  one  uf 
eight  octants.     Thus  a  plane  in  tho  upper  left-hand  octant  to  tii< 
front  would  in  Fig.  21  have  the  intercepts  on  OX  and  OZ 
positive,  that  on  0  T^  negative. 

5.  If,  as  is  frequently  the  case,  several  planes  Ije  so  situat 
that  they  meet  the  axes  on  the  same  side  of   the  origin,  one 
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C  in  Fig.  22  oun  be  aelected  to  give  the  tbttx)  para- 
hi«t«rB  IS,  6  and  c.  And  any  other,  8uch  as 
ETATZ  ill  the  samo  figure,  cuu  be  raprcsentod 
riiiU?rcepttng  Itrngths,  Ofl ^a~h,  OK  -  b  —  k 
)L  -  c  ~r  i,  on  the  axes  OX,  OY  and  OiT 
)ly.  Tho  numbers  /f,  A:,  /  depend 
»lAtive  position  of  the  new  face 
the  axes  and  the  parametml  plane 
They  are  called  the  indlcev  uf  the 
and  clearly  tix  its  position  when  the 
itiona  of  the  axes  and  the  nitiua  a  :  6,  c  :  6,  are  idl  known. 
If  the  intercepts  (a  -  A,  6  -  jt,  o~l)  on  tlio  axes  are 
plied  by  any  common  factor  r,  1.0.  are  increased  or  diminished 
common  ratio,  the  plane  ik  Himply  displaced  parallel  to  itaelf. 
t  HKL^  Fig.  23,  represent  a  face  making  inteix-epts,  n  -^  A, 
c-^lj  on  the  axes ;  and  let 
=~ra^h,  OK'^rb^k,  OL'  =  rc^L 
en  Oir  :  011=  OK'  :  0K\  and  by 
i  VI.  Pn>p.  4  the  line  //'A"  is  parallel 
line  II K 
wilarly,  OK'  \OK=OL'  ,0L\  and 
ne  K'L'  ia  parallel  to  A'Z. 
^uce,  the  two  planen  H' K' U  and 
have  two  lines  of  tho  one  parallel 
o  lines  of  the  other.  They  are  there- 
parallel  planoa  {Euclid  xi.  Prop.  15). 

face    can   be   et^ually    well    represented    by   a-/*,    6  -  A, 

;  or  by  ra  ^  A,    r6  -r  A,   vc-rl\   since    we   are   not  concerned 

\\»  actual  distance  from  the  origin. 

•fletici?  parallel  faces  on  the  crystal,  which 

thrrefore,  on  opposite   aidea   of   the 

can  l>e  deduced  the  one  from  the 

by  muitiplying  the  intercepts,  or  the 

ty  —  1,  ».«.  hy  a  simple  change  of 

all  the  intercepts  or  indices.    ThiH 

y  obvious  if  a  model  of  the  axes, 

to  Fig.   24,   be  made  in  cane  or 

,  uul  the  positions  of  the  two  planes 

indkc&ted  by  lines  of  Berlin  wool.     For 
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7.  Sappoee  a  face  to  be  parallel  to  one  of  the  axes^  OZ  (say] 
and    therefore  to  meet  tbia   axis  at  an  infinite  distance.     Such 
plane  can  be  represented  as  meeting  the  axes  at  ma^  ni,  ooc, 
at  a  -  A,  6  -  ^,  c  -  0,  accoi-ding  as  we  take  mnltiplefs  or  HubmultipU 
of  the  paraiuetera  to  give  the  intercept*.     The  sjTnbol  »  represent 
an  infinitely  large  nu tuber,  which  can  also  be  expressed  aa  I  -^  0. 

8.  We  have  alreiuly  pointwl  out  that,  in  the  case  of  plan< 
meeting  the  axes  in  octants  other  than  the  first,  the  signs 
the  intercepts  must  correspond  with  the  directions  of  the  ax( 
forming  the  edges  of  the  octant.  Thus  a  face  passing  through  liK^i 
of  Fig.  24  makes  on  the  axes  the  intercepts,  a  -  A,  -  b  ~  k\  c  ~  L 
face  passing  through  UKL^  lias  the  intercepts  a-rh,  -  b~ky  -«-*- 
The  face  through  UKL  the  intercepts  —  a-^A,  h  —  k^  c  —  l,  and  the] 
face  II ^KL^  the  intercepts,  -  a-^h^b-^k^  —c-^l.  In  the  two  romaii 
ing  octAnta  we  can  have  pianos  UKL  given  by  -o^/i,  -  6- A,  c-r/^ 
and  UKL,  given  by  -  a  -=-  A,  -h-^k^—c-^l. 

The  law  of  rational  i7\dices, 

9.  We  are  now  in  a  position  to  enunciate  this  law,  which  ii 
the  Hamo  as  that  of  decreiuenta  discovered  by  Haiiy. 

If  a  crystal  be  referred  to  thre^  axes  parallel  to  three  edges 
the  crystal,  which  do  not  all   lie  in  one  plane ;  and  if  a  face  bej 
taken    which    meet.s   all    the  axes  at  finite   distances  re,  6  and  a,{ 
respectively  ]   then  the  position  of  all  other  faces  possible  un  th( 
crystal  can  be  given  by  intercepts,  o  -^  A,  b-i-  k^  c  -^  ?,  where  A, 
and  /,  are  commensurable  (rational)  numbers,  positive  or  negati^ 
Amongst  these  commensurable  numbers  zero  has  to  be  included, 
The  three  numbers  are  called  the  iniHces  of  the  /ace. 

10.  A  plane's  position,  given  by  the  ratios  3a  -r  4  :  6  -r  2  T 
can  equally  well  l>e  given  by  rt  -  4  :  ^>  -i-  6  :  c^  1  ;  the  latter 
obtained  by  dividing  each  term  of  the  first  set  by  3.  The  latt 
representation  ia  convenient  for  the  following  reason.  Whewel] 
proposed,  and  Miller  brought  into  use,  the  convention  that  thf 
parameters  a,  6,  c  Bhoultl  always  occupy  the  mme  ordeTy  and  that 
the  ratios  giving  the  intercepts  should  h&  ao  arranged  that  thej 
consist  of  these  parameters  diWded  by  integers  which  may 
positive  or  negative,  or  one  or  tw^o  of  tbeni  but  not  all  three  ma] 
be  zero.  The  notation  can  then  bo  simpliried  by  oinitting  ti 
parameters  and  writing  only  the  integers  which  serve  as  divi&oi 
Oare  must  be  taken  in  wi-iting  these  latter  that  they  are  given  in  tl 
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order  lu  which  they  refer  to  the  axes  of  JT,  Tand  iT,  rMpeotiroly.    The 

sign  mast  also  be  placed  over  the  number  when  the  intercept  is 

uegative.     This  position  of  the  minus  sign  is  not  essential,  but  it 

has  the  advantage  of  condonsatioa  and  avoids  all  rigk  of  ambiguity. 

When  the  interceptt;  have  bet-n  arranged  in  the  manner  required 

the  convention,  so  that  for  the  intercepts  n-r-A,  b^k^  c-r-/,  the 

mbers  k,  k  and  /  are  integers,  the  face  can  be  represented  by  the 

{hkl),     A   simple   carved    bracket   is   used   to   inclose   the 

]>ers  if  there  is  any  likeliliood  of  their  being  confused  with 

er  sets  of  integers.     When  letterH  are  used  to  indicate  numl>ers 

gjenerai,  they  may  be  essentially  negative  although  this  is  not 

If,  however,  the  same  letters  apply  to  planes  meeting  the 

on  opposite  sides  of  the  origin  then  the  sign  must  lie  expressed. 

Thus   {hid)   is   tlie  symlxsl   of   the  face  parallel    to  (hkl).     When 

particular  numbers  such  as  I.  2,  3  &c.  are  involved,  the  sign  must. 

\i  negative,  be  always  indicated,  an  is  done  in  (121). 

Thus  on  a  ciysUd  referred  to  definite  axes  and  a  definite 
ainetral  plane,  the  parameters  a,  b  and  c,  being  therefore 
own,  the  following  are  possible  faces : 

(112)  with  intercepts  o,  6,  c-=-  2 

(121)  „             „           a, -6^2,  c 

(231)  „             „          a^2,  6-3,c 

(201)  „             „          a-2,  fe^O.c 

(100)  „            .,          a,  6-0.  c-s-0. 

Hafiy's  law  excludes  from  crystal  faces  such  planes  as  :— 
A,  c  -  3.  For  the  intercept  on  the  axis  of  A'  has  the 
iQcomiueusurable  surd  ^''2  for  the  divis<jr  of  the  parameter.  tS^y 
■kvd  can  be  the  index  (representing  the  submultiple  of  the  para- 
^^■||v)  of  a  crystal-face.  The  parameters  themselves  may  have  to 
^^^^^■kOtber  any  ratios  commeusurable  or  incommensurable ;  and  it 
Is  easy  to  show  that  the  lengths  cut  off  by  definite  crystal  faces  on 
lines  baviiig  different  directions  are  in  some  systems  tx3  one  another 
as  the  sunls  ^2  and  ^3. 

12.  We  shall  see  Later  on  that,  by  a  Judicious  selection  of  the 
axiftl  syBtem  and  parametral  piano,  the  indices  of  all  the  faces  of  a 
£orm  are  easily  determined  when  those  of  one  of  its  faces  are 
known.  Kxoept  in  the  case  of  certain  classes  of  crystals  having  a 
tingle  triad  or  hexad  axis,  all  the  remaining  fekces  have  the  same 
indices  au  the  given  one,  but  either  the  >>igns,  or  the  order,  or  both 
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Bigna  and  order,  most  be  changed.  When  the  rule  governing  thia 
cliange  is  known  it  is  clearly  sufficient  U»  give  the  symbol  of  one 
face.  In  order  to  make  it  clear  that  all  the  connected  faces 
are  included  we  shall  use  complex  brackets,  {),  to  denote  the 
form.  Thus  the  symbol  \hki\  denotes  the  whole  set  of  faces  con- 
stituting the  form  of  which  {hkl)  is  one  face.  Tn  the  exceptional 
cases  above  mentioned  some  of  the  faces  have  the  same  indices  la 
which  sign  and  order  may  both  be  changed,  whilst  other  faces  have 
a  second  set  of  indices  connected  with  the  first  by  a  simple  rule. 
When  we  discuss  these  classes  we  nhaU  use  symbols  such  as 
\hkl^  pqr\  to  denote  the  forn». 

When  the  faces  are  labelled  in  the  manner  descril^ed  in  Chap.  m. 
Art,  11,  wo  shall  often  refer  to  a  particular  fact?  or  form  by  the 
letter  serving  as  label  or  by  its  symbol  ;  and  we  shall  often  join  the 
two  together.  Thus  I*  (hkl)  denotes  the  face  labelled  r  whoee 
symbol  is  (hkl). 

13.  The  parameters  a,  b,  c  are  lengths,  which  can  bo  ©xp 
in  terms  of  the  units,  inches  or  millimetres.  The  paravv.iral  ratwt 
are  numbers  which  are  constant  for  the  same  crystal,  providecj  they 
are  deduced  from  the  same  axial  planes  combined  with  a  chjiuiu 
face  of  tlie  crystal  as  parnmetriil  plane.  In  most  ciises  this  latter 
face  is  selected  arbitrarily  with  a  view  to  assign  the  simplest 
indices  to  the  faces,  but  any  other  face  of  the  crystal  meeting 
all  three  axes  at  Hnite  UiMtances  may  Ijo  taken.  It  follows 
however,  from  tlie  law  of  rational  indices  that  the  parameters 
obtained  by  taking  a  new  parametral  plane  are  simple  commen- 
surable multiples,  fractional  or  integral,^  of  the  parameters  given 
by  tho  Krst  plane.  So  far  no  limitation  lias  been  placed  on  the 
possible  values  of  the  parametral  ratios,  which  will  be  beat  discussed 
when  we  cynsi<ler  the  several  classes  of  crj'stala. 

14.  ^y  the  aid  of  the  law  of  rational  indices  and  tlio  principle 
of  symmetry  the  faces  of  a  crystal  can  bo  represented  in  a  simple 
manner.  For  this  purjKJse,  the  nature  of  the  symmetry,  or,  what 
amounts  to  the  same  thing,  the  st/atem  and  its  suljdivision  must  be 
first  determined.  This  is  often  easily  done  by  inspection,  but  the 
inference  needs  contirmation  by  gouiometric  nieasureuient.  The 
angles  between  the  chosen  axial  planes,  when  these  are  not  already 
given  by  the  symmetry,  must  then  be  determined ;  and  tinally  the 
parametral  plane  must  be  selected  and  the  angles  it  makes  with  the 
axial  planes  determined.     Five  coustjiuta  are  thus  involved  in  the 
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kinplete  determination   of   the   character   of  a   crystal   as   above 

tdicated ;    ria.    the   three    angles   between    the   axial    planes,   or 

iwGen  the  axes — the  latter  being  deducible  from  the  former,  or 

fTice  versa — and  the  two  ratioH  a  ~  b  and  c  ^  b  deduced  from  the 

angular   relations   of    the    axial    and    parametnil    planes    to    one 

Another.     These   five  constants,   or  five  angles  from   which   they 

^^Can   be  determined,  constitute   th^  eienx^nta  of  the  crystal.     They. 

^■involve  measurement  of  five  of  the  angJes  between  the  four  planes. 

When  the  five  elements  are  known,  every  face  of  the  crystal  can  be 

represented  by  a  symbol  such  as  (hid),  and  the  corresponding  form 

I      by  the  symbol  jAXr/j, 

(Furthermore,  the  angles  which  any  face  (Hkt)  makes  with  the 
nxial,  or  any  other,  planes  of  the  crystal  can  1m>  determined  by 
comparatively  simple  forraulie  for  all  possible  values  of  A,  k  and  /, 
The  converse  problem  is  tliat  of  finding  /i,  k  and  /  from  measurement 
of  the  angUw  lif^tween  the  faces  actually  present  on  the  crystal. 
The  Sijlution  of  these  problems  involves  some  knowledge  of  geometry 
and  of  plane  and  spherical  trigonometry.     If,  however,  the  zones 

■on  the  crystal  lie  well  marked  and  easily  recognised,  the  deter- 
Inination  of  the  nyiabols  of  the  faces  becomes  easy  without  the 
knowledge  of  any  angles.     In  such  determinations,  which  will  be 

K*|luf«trate<l  by  examples  in  the  following  chaptere,  the  angles  between 
he  axes  and   the  valu*»s  of   the  parameters   are  supposed    to  be 
known ;    and    it    often    happens    that    even    their  determination 
ivolves  only  the  measurement  of  two  or  three  angles. 


r 


The  eqimtions  of  the  normal. 

15.     The  connection  of  the  indices  of   face^^   with   the  angles 
between  tbe»n  will  be  the  subject  of  much  of  our  future  discus-sion, 
d  it  will  be  well  to  give  at  once  the  fundamental  relations  whiuh 
nnect  the  normal  on  the  face  (hkl)  with  the  axes. 

Let,  in  Pig.  25,  OX,  OY  and  OZ  be  the  three  axes,  the  para- 
meters on  which  are  «,  6,  c  respectively. 
!t  IIKL  be  the  face  (hkl)  meeting  the 
tea  at  the  points  H^  K  and  L  respec- 
and  let  OP  be  the  normal  on  the 
from  the  origin  :  and  let  P  be  the 
where  the  normal  meets  the  face. 
HP,  KP  and  LP.  These  lines,  . 
lown  by  interrupted  strokes,  lie  in  the  Fto.  2A. 


I 
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face  and  are  at  right  angles  to  OP;  for  the  perpendicular  on  A 
]jlane  is  at  right  angles  to  every  line  in  it.  Hence  in  the  righl 
angled  triangles  PO/I,  POK  and  POL  we  have : 

qp^ 

OH 

On^a^h,  OK^b^k,  OL^c^l 

a  cos  XOP_  5co8  TOP  __  cco^ZOP 


But 


_-P    OP  „„p   OP 

cos  XOP.     y:rj^=0OB   }  Or.     ^^rj 

Ok  OL 


OP^ 


cos  zap. 


(1). 


h  k  I 

The  length  OP  is  a  positive  length,  beuco  each  of  the  terms 
of  equations  (1)  is  also  positive.  But  OP  is  otherwise  quite  an 
arbitrary  length  and  depends  on  the  accidents  of  the  freedom  of 
growth  on  particular  portions  of  the  crystal.  Hence  equations  (1) 
give  us  only  two  detinito  oquiitions  which  regulate :  (a)  the  angles, 
when  the  parameters  and  indices  are  known,  or  (A)  the  parameters, 
when  the  angles  and  indices  are  known,  or  (c)  the  indices,  when  the 
angles  and  parameters  are  given. 

16.  The  trigonometrical  ratias,  co**  XOP,  cos  70/*,  cos  ZOP 
are  cal!e<l  tlie  dirtiction-cosines  of  the  lino  OP.  They  are  connected 
together  by  a  constant  relation,  independent  of  the  parametera  and 
indices,  which  is  to  be  found  in  all  treatises  on  Analytical  Solid 
Geometry  (e.g.  Fi-ost  and  Wolsteiihohne,  Eil.  i.  p.  ID).  In  the  systems 
in  whicli  rectangular  axes  are  eniployod  (viz.  the  cubic,  tetragonal, 
and  prismatic)  the  relation  reduces  to  the  very  simple  one ; 

co8«  A'O/*  +  cos'  YOP^-c^^ZOP  ^\ (2). 

Equation  (2),  or  itti  equivalent  when  the  axes  are  not  reofc- 
angular^  and  the  two  definite  equations  obtainod  from  (1)  enable 
us  to  completely  determine  the  angles  and  therefore  the  direction 
of  the  normal  when  a,  6,  c  and  /«,  k^  I  are  known. 

That},  if  P  be  tlie  face  (111)  of  oassiterite  (SnO^)  iu  which  tho  axes  are 
rectangular  and  a  =  h; 

,VD  vn  ^D    ^Joo^XP  +  co«»TP  +  coe»ZP  1 


since  co8*A'P+ooa'  rP+00B'ZP=l. 


2       1 
a'     c* 


\/,^+^ 


*  When,  as  \b  UBaally  the  case,  angles  are  measured  at  the  origin  we  ne«d 
not  insert  the  letter  O.  XP  may  he  taken  to  be  the  arc  of  a  cirale  Bubtendiog 
tho  angle  at  tlie  origin. 

t  This  term  and  the  Bimilar  one  in  p.  81  are  obtained  by  adding  the  BqnarM 
of  the  numcTAtors  and  denominfttorw  of  the  preoedinR  tcrnnft  after  they  have  un- 
dergone a  lili^lit  modification  and  then  oxtractLng  the  square  root  of  tho  aume. 
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Wbeoc*  ooi  XP = eoa  YP 


Szmilarljr  for  t  (391)  of  ihe  s&me  mineral 


ftod  eoaZP: 


s/2c»- 


a  eoB  X«  _  accwrx  _  eoosZt  _  ^^Joo^  Xm  +  coft''  1':  +  cob*  Zt  _        ae 


eoflXc: 


^/|;j«s  +  rt= 


Kr: 


coi  Zs: 


It  might  aecm,  at  first  sight,  aa  if  in  extracting  the  nquare  root  we  might 
eqaallj  veil  take  the  negative  sign.  But  in  the  above  instances  OP  and  each 
term  of  equations  (1)  are  positive  and  therefore  the  angles  mntit  be  all  less  than 
00^  and  their  cosinE's  positive. 

17.  Ho  fftr  (psqufltioTis  (1)  have  only  been  shown  to  holrl  for 
positive  values  of  A,  k  and  /.  They  nre,  however,  true  ^-nerally 
whateTer  be  tbe  values  of  the  indices.  Suppose  the  face  in 
F\g.  26  to  be  parallel  to  one  of  the  axes,  OZ 
(say),  and  to  pass  through  tbe  same  points  // 
and  K  aa  before.  Then  the  intercept  o  -i-  /  on 
the  axis  of  Z  is  infinite,  and  I  is  xero  The 
denomiuator  in  the  last  term  of  (1)  becomes 
Now  each  term  of  equations  (1)  is  equal 
OP,  a  finite  positive  length.  But  if  the 
denominator  of  a  fraction  becomes  zero,  the 
term  can  only  remain  finite  when  the  numerator  is  also  zero. 
mce,  cos  ZOP  -  0,  and  ZOP  -  90'.  This  is  seen  to  be  true  from 
fact  that  any  number  of  lines  can  be  drawn  in  the  face  parallel 
to  OZ.  But  every  line  in  the  iaoe  is  at  right  anglcH  to  the  normal 
OP,  Hence,  OPL^  is  90".  3ut  the  interior  angles  ZOP  +  OPL^ 
are  together  equal  to  two  right  angles  (Euclid  i.  29).  Hence 
ZOP  -  90%  and  cos  ZOP  =  0.  When  therefore  the  face  is  (hkO)  the 
'ons  of  the  normal  are  given  by 


Fiu.  2G. 


OP 


aco&SOP     b COS  rOP 


(3). 


If  the  face  is  parallel  to  a  second  axis,  OY  (say),  then  k  is  also 
and  TOP -90''.  Then  both  the  numerator  and  denominator 
of  tlie  term  in  (1)  involving  the  axis  of  V  vanish  together^  and  the 
term  has  an  indeterminate  form.     The  normal  is  then  given  by 

a  cos  XOP 

h  


OP^ 


(4). 
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18.     It  18  clear  that  as  the  inclination  of  the  plane  to  the 
of   Z  varies,   the  distance  at  which   OZ 
]s  met  by  it  varies  also,  and  that  in  the 
case  just  discussed  we  have  come  to  the 
limit  possible  on  the  positive  side  of  this 
axis.     If  the  plane  be  tilted  beyond  tliis 
limit  it  niuKi  cut  the  axis  on  the  negative 
side  as  in   Fig.    27.     But  when   the  face 
was   parallel   to  OZ  the   angle  ZOF   had 
exactly  reached  90°  and  the  additional  tilt 
has  made  it  exceed  90\     But  the  cosine  of  an  angle  greater  thaaj 
90"  ia  negative  though  equal  in  ma(.(nitude  to  the  cosine  of  the 
supplementary  angle.     Hence  both  numerator  and  denominator  l»av( 
bi;eoiiie  negative  at  the  same  time  and  the  ratio  remains  positive. 

The  proof  can  be  easily  given  by  the  elementary  geometry 
Fig.  27.     For  in  the  right-angled  triangle  LPO,  OP  -  OL^  cos  LflP^, 
Here  OL^  ia  a  length  o^l^  without  taking  into  oonsideration  tl 
dii-ection  in  which  it  is  measured,  and  L>pP  is  less  than  90*,     Bo| 
LOP^  ZOP^\m\  and  cos  A  (>/»r.  cos  (180°  -  iTO/^)  =  -  cos^O?. 

cco&ZOP 


Hence 


OP^-OL.co^ZOP  = 


The  index   in   the  denominator  must  therefore  be  negative  wh< 

zap  >  9o\ 

The  same  holds  for  the  other  axes,  and  therefore  equations  (1] 
give  the  position  of  all  possible  normals. 

19.     Equation  (4),  which  is  all  that  ia  left  of  (1),   when  the 
normal  is  perpendicular  to   the  axial   plane  YOZ^  i.e.  to  the 
[100),  8e^^'es  only  tu  indicate  that  the  normal  to  (100)  makes 

fie  less  than  90°  with  OX.     This  normal  we  shall  denote  by  OAl 
"The  normal  OA^  to  (lOO)  must  make  an  angle  greater  than  90'  witl 
OX :   for  OA  and  OA^  are  in  tlie  same  straight  line,  lieing  hot 
perpendicular  to   tlie    plane    YOZ.     The   exact   value  of  XOA 
obtained  fi-om  the  general  expression  mentioned  in  Art.  16  wh< 
YOA  and  ZOA  are  made  90"  and  therefore  cos  AY  ~  cos  AZ—  0. 

The   same   reasoning    applies   to    the    normals    OB  (010) 
OC  (001). 

Tlie  normals  OA,  OB,  OC  do  not  coincide  with  the  axes  OJ 
OY  and  OZ^  except  when  the  axes  are  at  right  angles  to  oi 
another,  and  the  student  should  therefore  be  careful  to  &t( 
confusing  the  two  sets  of  lines. 


CHAPTER  V. 


ZONE-INDICES    AND    RELATIONS   OF   ZONES. 


1,  Ik  the  preceding  Chapters,  we  have  remarked  that  cryBtal- 
iaoes  are  arranged  in  zones ;  it  is  clear  that  the  direction  of  an  edge 
belonging  to  a  zone,  and  tlierefore  of  the  zone-axis,  i.s  knowii  if  tlie 
podtioQs  of  the  two  faceH  meeting  in  the  edge  be  given.  It  in 
a1bk>  clear  that  a  limitation  is  placed  on  the  position  of  a  plane 
when  it  has  t^  pass  through  a  known  line,  or,  as  it  may  \ye  expressed 
crystallogiaphically,  has  to  lie  in  a  known  zone.  This  limitation 
gives,  as  wo  »ltall  sec  in  Art.  8,  a  siinple  relation  between  the 
indices  of  a  face  and  tlie  indices  of  a  zone. 

2.  As  a  simple  case  of  the  intersection  of  two  faces,  let,  in 
Pig.  28,  the  face  ABC  (111) 
intersect  the  face  BLM  (012) 
in   the   lino   BM,      The    two 
points  B  and  M,  common  to 

th  faces,  are  easily  found, 

d  the  line  is  then  known. 
Bat  the  line  of  intersection  of 
two  faces  cannot  always  be  so 
eaaily  found.  The  general 
method  of  finding  the  direction  of  a  zone-axis,  07\  is  to  consiruct 
with  edges  along  the  axes  a  parallelepiped  of  which  OT  is  the 
diagonal.  This  involves  the  detenuinaLion  of  the  lengths  of  t!ie 
edges  of  the  parallelepiped.  We  shall  illuHtrato  the  method  by 
finding  the  edges  of  the  parallelepipeds  OGAfLB  and  OCANT^  of 
which  BM  and  the  zone-axis  OT  are  the  diagonals. 

The  first  face  meets  the  axes  at  ^,  ^  and  C,  where  OA^a, 
OB  =  b,  OC=c.  The  second  meets  OY  at  B,  0^  at  i,  where 
0L=^c~2;  it  also  meets  the  plane  SOZ,  or  AOZ,  in  the  line  L^f 
parallel  to  OA.  But  the  line  AC  is  also  in  the  plane  A'O^.  Hence 
J^iToud  AC  meet  at  M.     The  edges  of  the  parallelepipefl  OGMLB, 
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of  which  BM  is  the  diagonal,  can  Iw  now  found.  The  edge  OO  =  Mi 
ia  obtjiined  by  Euclid  vi.  4  frum  the  similar  triangles  MLC,  AOi 
For  ML'.AO-^LCiOC^l  :2;  /.  00'  =  M/.=a-2.  The  edge* 
the  parallelepipetl  are  therefore  a  -=-  2,  6,  c  -^  2. 

Tlie  same  direction  is  given  if  the  edges  of  the  parallelepiped 
are  all  doubled.     The    line    IJAf   is   then   also   duubltnl    in    lengtld 
but  not  altered  in  direction.     The  direction  ia  also  ^ven    by  an^ 
similar  parallelepiped  having  its  edges  parallel  to  and  in  the  same 
i-atios  as  those  of   the  original   one,  provided   the   diagonal  joii 
corresponding  corners.     The  required  zone-axis  OT^  parallel  to  tl 
edge  BM,  is  the  diagonal  through  0  of  the  parallelepipe<l  havii 
edges  \OA  =  a,  OB^^^  -  20B  =  -  26,  OC  =  c,    The  numlwrs  muUiphjiu 
a,  6,  and  r,  are   called  tite  imlices  of  tJie  soHe-ttxi*,  or  shortly 
zoixe-i^idicea^  and  OT  is  represented  by  the  symbol  [121]. 


3.     Let,  in  Fig.  29»  the  two  fiices  {hji\li)^  {^*^'Jt)  meet  the 
the  points  //,,  A*!,  L^  and  //|,  A's,  L^f  respectively.     It  is  recjuii 


Fio.  39. 


to  tind  the  zone-axis  through  the  origin  parallel  to  the  Ime  of  ini 
section  /ijB, 


The  actual  position  of  the  face,  ou  which  its  dimensions  di 
is  imniat^'rial,  provided  the  angles  it  makes   with   the  axial 
other  planes  remain  constant.     If  then  a  fact*,  be  shifted,  rei 
parallel  to  its  original  position,  the  line  of  intersection  with  an 
plane  remains  parallel  to  the  original  Line  ia  which  the  planes 
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Suppose  the  face  (/i^i^l^)  t-o  be  Hhifted  parallel  to  itself  until 
poAsen  through  the  origin,  and  let  itA  position  l)e  then  ^ven 
Uy  the  plane  Ok, A,  of  Fig  30.  The  face  in  its  new  jM.»siii(in  may 
ije  denoted  as  an  originplauG  of  the  cryBtal.  The  lineH  Ok,,  0\^  are 
parallel  to  B^K^  and  //,Z,  uf  Fi^.  29  ;  for,  hy  Euclid  xi.  IG,  pamllrl 
plmaea  intenject  a  third  plane  in  parallel  lines.  In  Fig.  30  construct, 
with  lengths  OE^  OF,  00  on  the  axes  aa  pdgp«,  the  pHrallel*»pij>ed 
)£,yFT;  and  let  0£  =  nu  a  (jt,/,  -  /A).  OF^hv  =  h  (/,/*,  -  A,/,), 
=  cW  =  c  {h^kg  -  A,Aj).  If  the  ByinbolH  of  the  two  faces  are  known, 
differences  of  the  pnxiurt**  of  the  indic<»a  given  alxivp  are  easily 
Icolated,  and  the  lengths  OE,  OF  and  OH  are  then  known. 
Let  now  the  lines  Ox,,  OX^  meet  the  edges  EM  aitd  ED  in 
"It,,  X,  respectively.  Join  *(]X,,  and  pi*nduce  it  to  meet  MT.  Tho 
lin«  it,A,  lies  in  Uie  plane  DEAfT  of  the  pundlelepipei),  and  is  the 
intersection  of  this  plane  and  the  origin-plane  panillel  to  H^K^Ly. 
If  then  ic,A,  can  l>e  shown  to  paw*  through  T^  the  origin-plane  Ok^\^ 
through  the  diagonal  07\ 
Now  the  triangle  OEk^  in  Fig.  30  is  sinular  to  07/,/;,  in  Fig.  29. 
OJFic,  to  li.OKy     Henoe,  by  Euclid  vi.  (, 


Eb 

EG 


OL, 

OK, 
Oil, ' 


E\,^-aUr^  = 
Ek,  =  -aUr  -   - 


tu 


bu 


,.(2). 


When  the  values  of  0//j.  OK^,  OLy  are  intnxluced,  attention 
must  be  paid  to  the  directions  in  which  the  Tines  are  measuretl. 
the  figures,  it  is  clear  that  Ek,  and  OL,  are  nieasure<l  in 
>po«ite  directions;  as  are  also  Ek,  and  OK,.  Hence  the  intro- 
duction of  the  negative  signs  in  equations  (1)  and  (2).  If  we 
denote  the  directions  of  measurement  by  the  order  in  which  the 
letters  are  written,  we  can  regard  Ek,  as  negative,  and  k^A'  as  the 
same  length  measured  from  k,  in  the  pof*itive  direction.  We 
express  this  shortly  by  the  equation  k,K  =  ~  Ek,, 

A. 


Hence 


KtE^bu 


^■i 


(2»). 


Suppose  the  line  k,X,  to  meet  the  edge  ^f7'  in  a  point  S„  the  point 
.f  of  Fig.  30.    Then  from  the  similar  triangles  *C|i?X,,  tc,MS,  we  have 


SM     KE 


H^M 


E 


(3). 


3—2 
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Here  the  lengths  on  parallel  lines  are  measured  in  the  same  direction 
and  the  two  ratios  have  the  same  sign. 


\E     OL.     ck.        .         .  ... 

Now    -^=  ^jj^  ~  T7-»  and  no  change  of  sign  is  needed  ...  (4). 

•  ;^=w; ■<®)' 

But  K,A£=K,E+EM  =  bu^  +  bY (6). 

.-.  ^.if=^^(fttf^  +  6K)=^M  +  V) (7). 

But  Ajtf  +  k^y  =  h^  (k^l^  -  lik^)  +  ki  (/jAj -  hj.^)  --= 


SM- 


jl^W  =  -  CW 


(8). 


.-.  MS,=-S^M^cw  =  MT  (9), 

For  the  edge  AfT  was  made  equal  to  cw.  Hence  Sj  coincides 
with  T,  and  the  plane  OkjXi  contains  the  diagonal  0T\ 

To  prove  that  the  origin-plane  Ok^A,,  parallel  to  the  face  (A^A/,), 
contains  the  diagonal  OT,  we  proceed  in  exactly  the  same  way,  and 


'  The  stadent  will  find  it  advantageous  to  get  a  tinman  to  join  together,  at 
right  angles  to  one  another,  three  pieces  of  tube,  and  to  fit  tightly  into  thaie 
tubes  sticks  of  bamboo.  These  will  represent  the  three  axes,  and  the  jointed 
tubes  may  be  called  axial  brackets.  Eight  sets  of  them  will  be  needed  to  form 
a  {Mirallelepiped.  By  fastening  strings  of  differently  coloured  wool  or  thread  to 
the  sticks,  models  can  be  made  to  represent  the  diagrams  in  this  and  the 
following  Chapters.  Or  a  set  of  axes  may  be  made  by  sticking  rusty  knitting- 
needles  into  corks.  If  the  needles  are  smooth  the  threads  slip.  The  axee  in 
the  text  are  supposed  to  make  any  arbitrary  angles  with  one  another,  but  it  is 
difficult  to  get  the  sets  made  accurately  at  angles  which  are  not  right  angles. 
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obtein  ttXAcily  similar  (Kjuations.  These  equations  can  be  deduced 
from  thoee  given  for  the  first  face  by  changing  the  suffix  1  and 
replacing  it  by  2.  Lengthu  of  line«  and  ratios  exactly  similar  to 
those  referring  to  {h^kji)  are  obtained.  The  sole  diflei*ence  is  that 
A,,  kff  4  ^^^  ^^  place  of  A,,  Aj,  4  reiipectively.  Employing  letters 
with  soffizeB  2  to  denote  the  correflponding  points,  and  starred 
reference-numbers  to  denote  corresponding  equations,  the  fixial  re- 
latiooa  are : 


■(^•); 


(6*); 


/.  iS;jr-^(A^+v) (7»). 

.'.  IfS,=^yl^W  =  €W^JfT (9*). 

[once  the  origin-plane  Ok^,  parallel  to  the  face  (A^^)*  contains  the 

lai  or. 

4.  The  direction  of  the  zone-axis  of  the  two  faces  {A|Jt-/,),  (hJ'Jj)^ 
ia  therefore  given  by  the  following  construction.  AVith  the  origin 
as  vertex,  and  lengths  nu,  bv,  cw  along  the  axes  as  edges,  construct  a 
prtmllelepipctl.  Then  tlie  diagonal  through  the  origin  is  the  direction 
requiixHJ.  The  numbers  U,  K,  W  are  called  the  sone-ituiicest  and  are 
^KbCained  by  the  following  rule  : 


u    r     w 

XX  X 

A, 

k,      I,      lu      k. 

I, 


(10). 


of  the  numbers  u,  K,  w,  is  the  difference  of  the  products  of  the 
face-indices  joined  by  the  amis  of  the  cross  Ijelow  it.     It  is  only 
nooeasary  t4j  subtnict  in  each  case  the  product  of  the  [Miir  joined  by 
the  faint  arm  from  that  of  the  pair  joined  by  the  thick  arm  to  Hpcui*e 
at  the  signs  are  correct. 
The  values  of  the  zone-indices  may  be  either  positive  or  negative, 
one  or  two,  hut  not  all  three,  may  in  particular  cases  be  zero. 
on  in  the  example  given  in  Art.  2  the  second  index,  referring  to 
e  axi»  of  T,  was  negative. 


ZONB-SYMBOL. 

5.  Again,  if  in  (10)  the  orclcr  of  tho  two  faces  be  altered  the 
signs  (if  all  the  zone-iiulicc^  arc  chauj^l ;  thus 

If'  =  Mi  -  KK  =  -  <^A  -  *jAi)  =  -»•'. 

The  parallesli'pipt.'d  is  clearly  conatructed  in  the  opposite  octant,  but 
with  efjual  edges.  Tlie  diagonal  ih  the  sanie  straiglit  line  produced 
through  the  origin.  It  fullowu  that  the  direction  of  the  tint:  of 
intersection  of  the  faces  iu  independent  of  the  order  in  which  the 
face»  are  tikeu  wheu  tlie  parallelepiped  is  constructed ;  as  is  ftliio 
obvious  from   the  geometry. 

6.  The  numl>er8  tf,  K,  ir,  are  necessarily  integers,  for  the  indices 
of  the  faces  are  integral.  They  are  employed  as  miiUipiiern  of  a,  6 
and  c  respectively;  and  as  the  p^irameters  are  supposed  to  be  known, 
it  suffices  to  give  Uj  V,  W  to  enable  us  to  construct  tlie  parallelepiped. 
They  must  be  carefully  distinguiahKl  from  face-indicei^,  which  are 
divuors  of  a,  6,  and  c.  For  this  purpose  it  is  usual  to  enclose 
thein  in  croichets  [  ].  Hence  the  above  zone-axis  Is  denoted  by  the 
symbol  [WKM'].  Whnn  tlie  zone-indices  hiive  not  IxHin  determined, 
the  zone  is  often  denoted  by  enclosing  the  letters  denoting  two  or 
more  of  the  faces  in  crotchets,  and  sornetiiues  their  symbols  are 
introduced.  Thus  if  l\  Iw  {h^lcj^)  and  /\  be  (/l^/,),  the  zofi^-f^mM 
uiay  be  given  by  [PJ*-^^  or  by  [hjcj^,  hjc^^^  or  by  [uyw\  The  xone- 
symbol  t»f  the  example  in  Art.  2  is  [121]. 

The  distinction  between  face-indices  and  zoue-indices  must  be 
carefully  kept  in  iiund.  The  points  on  tlte  axes  given  by  the 
former  are  points  in  the  face,  and  the  three  lines  joining  them  are 
thr-ee  lines  in  the  fiice.  The  points  on  the  axes  given  by  the  zone- 
indices  tix  the  edges  of  the  parallelepiped,  the  diagonal  of  whicli 
from  the  origin  is  tho  direction  of  tho  edges  of  intersection  of  the 
taatozo^nal^  faces.  Thus  (321)  indicates  the  face  meeting  the  axes 
respectively  at  distances  a  -^  3,  6-^2,  and  r.j  from  the  origin.  A 
parallel  plane  is  obtained  by  taking  points  at  six  times  the  diHtance 
from  the  origin,  t.*^.  with  intercepts  2a,  36,  and  6c.  The  lengths 
'  From  ToiVA  "the  same.*' 
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[321],  «re  3c*,  2b,  c  respectively,  which  form  the  edges 
epiped,  the  cliagouiU  of  which  froiu  the  origin  is  the 
zone-axis.  And  althoagh,  in  coniiequence  of  the  equations  established 
ChAp.  IV.  Art.  15,  we  shall  aliH»  use  the  face-indices  to  denote  the 
normal,  equations  (1)  of  that  article  are  very  different  from  the 
reUtions  of  the  diagonal  to  the  edges  of  a  parallelepiped.  Tn  the 
Chapter  in  which  the  relations  of  faces  and  Z4:>ne-axeM  are  treated 
anul^'tically^  It  will  bo  bhown  that,  except  iu  speciul  catteH  ami  in  the 
bic  system,  a  sone-axiM  cannot  be  perpendicular  U*  a  pOHsilile  face. 

7.  If  the  zone-axis  lies  in  one  of  the  axial  planes,  XOY  say, 
then  clearly  MT  =  cw  =  Q.  Hence  ^  =  0,  and  the  symbol  of  hucIi  a 
zone^xis  is  [i/rOJ.  The  axis  is  the  diagonal  OT  of  the  parallels- 
gram  OEFT,  Fig.  31,  the  edges  of  which  are  OE^aU,   OF  =  h¥. 

If  r  becomes  zero  at  the  same  time  as  w^  then  the  length  hv 
oC  the  side  of  the  parallelograni  mea^ 
aared  oJong  OY  becomes  zero,  and  KT  \ 

becomes  xero.     The  point  T  tlien  \g 

cides  with   E^   and   the  Kone-axis 
UOO]  is  the  line  OE,  i.e.  the  axis  OX. 
In   thid   case    it    is    immaterial    what 
length  is  taken  on  OX,  and  the  zone- 
is  may  e({ual!y  well  he  given  by  the 

bol(100]. 

If,  however,  the  second  index  to  become  zero  is  U,  then  OE  and 

parallel  side  TF  fiecoine  zero,  and  the  zone-axis  [OkO]  or  [010]  is 

axU  OY. 

Similarly  a  zone-axis  lying  in  the  plane  XOZ  Is  [wOiv],  and  thu 
is  OZ  ii*  [OOif]  or  [001].     If  the  zone-axis  lies  in  YOZ^  its  symljol 
is  [OrH']. 


sure 
^»l»o 
^B[nn 


Fio.  81. 


Wei$»*9  totie-kiw. 


r  8.     Suppose  a  tliird  face  (AJt/) — not  parallel  to  either  of  the  first 

f     pair— t4j  lie  in  the  same  zone  with   (AiA-/,),  {hjcj.^.     When   it   is 
shift'ed  parallel  t*:*  itself  so  as  tn  pass  through  0,  it  must  contain 
the  sone-axis  OT.     It  is  required  to  find  the  relation  l^etween  the 
ribols  which  corresponds  to  this  geometrical  fact. 
We  may,  as  before,  represent  the  linn  in  which  the  transposed 
mectM  the  plane  TME  by  TKk  (using  no  suffixes).     We  shall 
fcriy  obtaiji  ratios  similar  to  those  already  given  in  (5),  (5*),  Ac, 
(/i,X/,),  (fiJcJ^)  in  which  the  suthxea  are  now  omitted. 
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Thus 


TM     XE     ck 
kM'»^E~  bl 


(5»»). 


also 


KM^KE  +  £M  =  buT  +  b¥ (6"), 


But  7*M=  -  MT~-cw  by  coustruction, 


j(/i^  +  Ak)  =  -cM' 


hence 


hu  +  kY  +  iw^O (11). 

This  iniportitnt  relfttion  wliich  connects  the  mdices  of  any  face 
in  a  zone  with  the  zone-indices,  as  detenuiiied  fixrni  any  known  jiair 
of  faccH,  we  shall  cixii  }Veise^8  zone-law.  For  the  distinguished 
crystallograplier,  C  S.  Weiss,  was  the  first  to  call  attention  to 
the  rehitions  discussed  in  thiH  Chapter.  Tlii»  he  did  in  Ids  tnuib- 
lation  into  German  (1804-6)  of  Hatiy'a  Mlneraht/ie,     Woias  used 

the  intercepts  as  the  Bymbol  of  a  face — e.g.  «  :  „  :  c — so  that  hi« 

expression  for  the  law  was  not  in  the  fomi  given  in  (11).  His 
analysiH  of  the  relations  is  given  in  a  memoir  puUiithed  in  the 
Abh.  iL  Berlin  Akmi,  1820-1. 

The  equation  juat  given  may  be  written  out  in  full  as  follows : 
h{k,l,-l,k^)  +  k{lji.,-h^f^)-\rl{h,k^-k,k,)^0 (11*). 

This  may  also  be  rearranged,  so  as  to  make  the  indices  of  any  one 
of  the  faces  tiic  factors  multiplying  expressions  of  the  form  of  zone. 
indices.     Tlius  (11*)  is  equivalent  to 

h,(kl,-lk,)  ^k^{U^~hl,)  ^k{hk,-kh,)^0 (11*»). 

It  may  also  l>e  given  in  the  determinant  form  ; — 

h    k    I 

K  K  k  =0 

To  ft  student  Familiar  with  mathematics  this  lattt"*!"  form  is  far 
the  most  convenient  one,  for  a  glance  is  usually  sufficient  to 
show  whether  the  determinant  is  zero,  and  whether  therefore  the 
three  faces,  the  HymlK>1.4  of  which  have  been  introduced,  are  tauto* 
zonal.  It  also  enables  him  to  prove  that  the  indices  of  any  face  {hkl) 
in  the  zone  can  be  given  by  the  following  equations : 

/*  z=  wiAj  +  nh..  \ 

k-mki  f  7iA-,  [  (13); 

/  -  mf-g  +  «/a  I 
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e  n»  and  »  are  whole  numbers.     The  student  can  eaaily  see 
the  values  given  by  (13)  satisfy  tho  condition  by  introducing 
them  into(n»*). 

9.  It  is  clear  from  the  analysis  that  any  two  no9irparalld  faces 
in  the  zone  can  be  employed  to  determine  the  zone-flymbol ;  and  like- 
wise Uiat,  when  the  xone-synilwl  is  once  known,  any  other  face 
whatever,  which  lies  in  the  zone,  muxt  have  indiceu  which  satisfy 
the  equations  given  in  (11)  or  (12).  Thus  we  can  show  tluvt  the 
following  faces  are  Uutozonal :  (321),  (112),  (433),  (2ll),  (103). 
From  any  pair  (say  the  first)  we  find  *  tfu  -  3,  y„  =  -  5,  ir„  =  I .  The 
equation,  which  a  face  (iJcl)  in  this  zone  must  satisfy,  is 

3A-5ifc  +  /  =  0 (14). 

It  is  easily  seen  that  the  indices  of  the  faces  (433),  (2lT),  (103) 
will,  when  Hubstituted  for  A,  k,  I  in  etjuation  (14),  reduce  the  left 
aide  to  zera     The  faces  are  therefore  tauU)Zf)nal. 

But  attention  should  be  directed  to  the  fact  that  different  pairs 
of  £acea  will  not  give  exactly  the  same  values  for  y,  k,  *f,  but  only 
valuer  in  the  name  ratio.  Thus,  if  the  third  and  fourth  faces  (433) 
and  (211)  are  taken,  we  obtain 

W«=-6,  K«=10,  Wu^-'^- 

"la  *^ii  ^11 
The  variation  in  the  values  of  u,  K,  W,  means  no  more  than  that  the 
of  the  parallelepiped  ift  altei'ed,  and  that  the  length  of  OT  given 
one  pair  of  faces  is  a  multiple,  or  submultiple,  of  the  length  given 
by  another  pair ;  and  likewise  that  it  may  be  taken,  as  in  the 
example  just  given,  on  the  other  Ride  of  the  origin.  We  have 
already  seen  in  Art.  5  that  the  signs  of  the  indices,  and  the 
direction  of  OT  as  viewed  from  the  origin,  are  clianged  by  revei-sing 
the  order  in  which  the  two  faces  arc  taken  in  the  tahle. 

10.  Let  [Wja  CiB  IVia],  and  [//„  v^  W^  be  the  zone-syniboly  of 
the  name  zone  deduced  from  two  different  pairs  of  non-parallel  facew 
in  the  zone,  it  is  required  to  prove  that 

tf la  _  |^^  _  5!*?  (\^\ 

"m      ^m      ^m 
•  When  there  aw  Bcv^ral  Tiicea  in  a  zone,  it  ih  convenient  to  indirate  the  faces 
to  give  the  zone-indtcefl  hy  attachiug  snffixea  to  tho  zone-iudices.     Thus 
Ac,  iodioAt«  that  thv  indices  of  the  first  oud  second  face  are  introduced  in 
ler  in  the  table  (10)  of  Art.  4. 


[But 


ir. 
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Fiu.  32. 


hf, 


M* 


Now  the  jtairs  of  faces  iu  a  zone  tnuHt  moot  in  linon  all  panillcl  to  the 
£uue-axif).  Ilcnoo  the  direction  of  tho  iliiigoual  of  the  [»irallcJc[»ijkeil  which 
givcH  the  zone-axis  cannot  tlt^iwiid  on  the  i>air  of  faced  selected.  But  tbs 
only  variables  are  the  lengths  of  the  edges  of  the  i)anillelc|>iijcda,  and 
tbeae  remain  proportional  tu  one  another  if  the  diagonals  lie  in  the  same 
tttraight  Ujie.  The  diret:tiotiA  in  which  the  edges  are  measured  from  the 
origin  may,  in  some  cases,  be  on  opiKwitc 
sides  of  it,  but  it  will  suffice  tu  prove  the 
pro(Mjititioi)  for  the  caAc  in  which  they  lie, 
aa  in  Fig.  32,  on  the  same  side  of  it;  for  by 
taking  the  second  i>air  in  the  reverse  order, 
we  revei"»e  the  directions  of  the  edges  of 
the  parallclcjnped  (Art.  f)).  Let  OETF  be 
the  parallelepiped  obtoiued  by  means  of 
(A,i'|/i),  (AM%  and  OETF'  that  obtained 
by  another  (lair  of  faces  in  the  same  isoue 
(Wj)i  {f'A^k)-  The"  ^''5^  '"J«^  ^?"  '^re  co- 
linear.    X\mOE^au^^,0F=bv^^,MT^0a=cWxt\  OE'=aUM^OF 

But  if  a  plane  bo  drawn  thnmgh  OG  and  07*7*',  it  will  contain  the  etlgn 
MTy  U'T  iMirallol  to  OO.     The  jH«nts  M  and  M'  must  thereff)ro  lie  on  a 
Hence  wc   have   the   similar   triangles  OTM^ 
**, 

MT  _  OM 

M-r~OM'' 

Again,  from  the  similar  trtangU*^  OEM,  OE'M'  wo  have 

OE      EM  _0M_  _  MT 

OE'  ~  E'M'  ~  OM' ~  M'T'' 

Hence,  introducing  the  values  of  the  edges,  wo  have 

w«~K54~irs4 

The  three  ratios  given  in  (16)  are  each  equal  to 

hu^-^-'ir^-^lW:^ ^  '^' 

where  A,  it,  /,  are  any  three  numbers  whatever.  If  they  be  com- 
mensurahle  they  may  1>e  the  indices  of  a  fju.'e.  If  this  face  do  not  lie 
in  the  yxiue  lUnyviWiili  the  ratio  has  some  definite  commenaur&ble 
value.  It  is  clearly  umo1os.s  to  take  for  h,  I,  /,  the  indices  of  a  face  in  th< 
9H>ne,  for  the  numerator  and  den(>miuat'>r  then  Iwth  become  zero  by' 
Woiss's  law,  Art.  8.  That  the  tonus  in  (10)  arc  equal  to  that  given  iii| 
(17)  is  proved  as  follows. 


siraight   line   through   0. 
OT'M\  and  by  Euclid  vi. 


And 


(!«), 
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[jet  each  term  iii  (16)  ~  r ; 

.-.     tfw=ri/,4,  Vxt^rf^,  Wit^rwM- 

together  the  left  siden,  as  alw)  the  right  nideH,  w«  huvo 

the  value  given  in  (17). 
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/*a£«  eotnmoti  io  two  zoi%e». 

U.      Wc  can  now  show  that  a  plane  whicli  c^jntaiiit*  two  xoiie- 

is   parallel    to  a  possible  face  of   the  crystal,  aud  that  the 

irct'pts    this   £aco   makes  on   tJ»e  axes  are  comnienaurable  sub- 

Itiples  of   the  parameters.     The  face  La  clearly  common  to  the 

zones  of  which  the  indices  are  given. 
Lt»t  the  two  Eones  have  the  symbols  [WiKikf,],  [w^KjITa];  thon,  from 

ttiou  (II),  the  face  {hkl)  lies  in  [(/,1'iH',]  when 

Ai/i  +  *K,  + /»y,  =  0 (18), 

and  in  order  that  it  should  also  lie  in  [UiV,w^  we  mast  have 

hu^  +  kYi+lw,=  0 (19). 

If  (18)  be  multiplied  throughout  by  W,  and  (19)  throughout  by 
.,  and  if  the  one  equation  be  then  subtracted  from  tlie  other,  we 

IVB  h  (UtWj-  WtU.)  +  k{Y^Wi-  iy,K»)  =  0  (20). 

Similarly,  by  multipl>-ing  (18)  and  (10)  by  K,  and  Vi  respectively,  and 
then  sabtractingi  we  have 

A(tf»r,-tf,i',)  +  ?(w,K,-Hr,rj)  =  0 (21). 

Hence,  tranaforraing  the  equations  (20)  and  (21),  we  find 

fiW^-WiV,      WiUj-UiWi      tfi^-Kjtf, ""'' 

vw  1/,,  r,,  Ac.,  are  all  ooramensurable  numlwrs  and,  if  derived  by 
>le  (10)  from  face  indices,   they  are  int4»gers.     Hence  /*,  A,  l^  are 

commensurable   numbers  and   may  be  expressed   by  integem. 

fiaoe  {hkl),  having  commensurable  indices,  is  therefore  a  possible 

of  tlio  crynUii. 
Dhe  relation  between  the  indices  h,  k,  I  of  the  face  coiumoD  U) 
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two  zones  and  their  zono-indice.s,  given  by  equations  (22),  can  \a 
expressed  by  a  table  (23)  similar  in  all  respects  to  table  (10).     Thu» 

h       k       I 


(23). 


I'Sl 


Y,       W,       Uj       ¥i 

XXX 

I/,   ¥i     Mr,     I/,     ft 
Tlie   indices   of   a   face   common    to  two  zones,   viz.   h=  V^W.-  W^V. 
k  =  WiUt  —  UiWit   l=Ui¥^-  ¥iUi,  are   obtained    in    a   manner   exactlj 
similar  to  that  by  which  zone-indices  were  by  (10)  obtained  from 
the  indices  of  two  faces  in  the  zone.     Tlie  siirne  precaution  must  be 
taken  in  both  cases,  and  the  product  of  tiie  ijidices  joined  by  a  faint 
arm  must  be  subtracted  froco  the  product  of  those  joined  by  th 
tliick  jirui. 

As  an  example  let  ns  find  the  faco  (hkl)  commoa  to  [351]  and  to  [102]. 

h      k     I 
By  Ubie  (23)  as      1      A     5 

I  XXX 

1  I  0      2      1      0 

.'.  hss-lO,ks:l'G=  -5, 1  =  6,  and  rojecting  the  common  measure  &,  the  fbeS 
haB  the  symbol  ('Jll).  Had  wo  however  tnken  the  zone  [102]  first,  we  should 
have  fonnd  /i  =  10,  k  =  S  and  1=  -5,  and  the  face  to  be  (311).  These  two  Eaoet 
are  parallel,  and  the  first  is  neoeuaril^  common  to  every  xone  to  vhioh  ihs 
seoond  belongs. 

12.  Tlie  equation  hu  i^kv  -i-lw  =  0,  involving  as  it  does  the  faoo- 
iiiflices  A,  kj  Ij  and  the  zone-indices  i/,  K,  w,  in  precisely  the  same 
nmiinrr,  serves  erjualiy  to  connect:  (1)  all  the  faces  lying  in  the  zone 
[ui/w],  and  (2)  all  the  zones  to  which  a  particular  face  (hki)  is 
common, 

13,  By  the  aid  of  Fig.  33,  similar  in  some  respects  to  Fig.  30,  and  the 
expressions  given  in  ArL  3  with  reference  to  the  lines  in  the  latter  figure, 
wc  can  give  ft  direct  pMof  of  the  proposition— that  a  iilaiio  puiriillel  to  twflf 
/^ue-axGs  is  a  i>ossible  face. 

Let  OT be  the  zoiie-ttxih  [u^'w]^  iiml  0S7\  the  zone-axis  [UiViVfiX  and  lei 
TOk\T,  be  the  origin-plane  determined  by  them.  We  can  find  the  rattotf 
AV  :  EOf  and  SX  :  /CO  ;  and  ciin  then,  by  a  compari?*oti  with  Fig.  29,  find 
the  intercepts  on  the  axes  of  a  parallel  pUiue  which  will  yive  the  indices. 

From  the  similar  triangles  AVX,  kMT  we  have 

£i:_^__jti|^         K£-^b¥ 

EX"  MT~     MT^'      cw       ^     ^ 

Let  the  second  zone-axis  OS — the  diagonal  of  the  i>arallolopiiK)d  OFSi 
with  edges  cfu,,  bf^y  cm',— be  i»ioducod  to    meet    the   hue  kT  in    T. 
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Dnw  r.ilA,  aiul  OyXf^.     Tlio  Heoond  mue-axiH  it*  ©qimny  woll  given  as  the 
dingoniil  of  the  ^KiraUelepiitcd  OEM,T,.     But  from  llio  two  imirs  of  simiW 
Irioii^eH,  OT^M,,  0S\%  aud  OM,E,  ONFy  we  have 
MJ,_UJi,OH     EM, 
Jrs  ~  oy'oF^  FN' 


Fto.  33. 
fWim  the  sixnil&r  triaiiglctfi  £kX,  T^kM^  we  have 


J5«      J(^ 


kAT. 
MT. 


kE^EM, 
MT, 


itE  +  hu-^ 


cU 


.(26). 


[ii&tmg  the  right  aides  of  (24)  and  (26)  wc  have 
KE-\-bY     u^ 


CU 


Hi 


nE'^hu 


UWx  -  WU. 


Subntituting  this  value  of  kE  in  the  right  sulo  of  (24).  wo  have 


Ek 

EX 


But, 


,     ¥,W  -  ¥W, 


UWt  ~  WUi_b¥{UWi~  WUi)  +  u{YiW-  ¥Wi) 

_  6  U¥i-  ¥U^ 

~c  UWi-  w'Ui 


(27). 


.(Sfl). 


OK 

in  a  manner  fiimilar  to  that  given  in  Art.  3,  ^jj-  (of  Fig.  SO) 


^  (of  Fig.  33X  if  the  two  planefl  II EL  and  OtXT  oro  parallel. 

OE^b^ii-UYi 

OL     c  uWi~WUi 


(29). 
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And  aiinilarl.v,  ^-^  (of  Fig.  29)  =  ^.  (of  Fig.  33), 


ftnd  (from  27), 

Hence  from  (29)  nnd  (30) 
nif 


OK 

on 


rt  UWx ' 

■YW, 
-WUi 

OK 

OL 

J_ 

c 

....f30). 


.(31). 


wv^  -  yWi     uwi  -  wuj     vui  -  uvi 

The  iiiteivcptH  on  the  axes  nimlc  hy  the  iilanc  IJKL  parallel  to  the  two 

zone-axsH  aro  intognd  HiibTuii1tiple»  of  the  parainctors,  and  the  plane  is 

therefore  a  poHsiUe  face  of  the  cr^^tal. 

14.  The  geometrical  relations  of  a  cryntal  may  hence  be  given  in  a 
now  way  iis  foUdWa.  Take  axe»  pjirallel  to  three  stone-osea,  not  all  in  one 
plane,  and  a  fourth  xone-axis  not  in  a  plane  with  any  jmir  of  the  lirst  three 
zone-axea.  Form  a  jviralletepiped  with  edges  along  the  axes  and  having  the 
fourth  zone-axis  for  diagonal.  Denote  the  lengths  of  the  edgcn  by  a,  b  and 
e  roHpectively.  Then  a,  &,  and  Cj  ore  the  juirametent  of  the  cryntal; 
and  every  other  sone-axis,  or  edge,  poesible  on  the  cryHtal  is  given  by  the 
diagonal  of  a  i>arallelepi|>ed,  the  edges  uf  which  are  in  the  axcH  and  have 
the  lengths  ay,  tK»  cWt  where  tf,  y  and  Wt  ^^re  integers.    Furthermore,  eveiy 

face  <M^mmon  to  two  zoncfi  in  given  hy  y,  j,  j,  where  A,  k  and  /  are 

integers  deduced  from  the  zono-indicea  by  the  rule  given  in  table  (23). 

15.  Example.    We  may  now  apply  tho  propoaitiona  in  Chapa.  iv.  and  v.  to 
the  Aolation,  as  far  as  the  priiiciplcji  already 
ostabliahed  permit,  of  the  cryHtul  of  barytes 
shown  in  Fig.  34- 

The  lines  of  intersection  of  planes, 
parallel  to  a,  b  and  c  in  the  figure,  drawn 
through  a  central  point  are  taken  as  axes, 
HO  that  face  a  is  parallel  to  OY  and  OZ^ 
face  h  to  OX  and  OX,  and  face  c  to  OX  and 
OY.  Those  Istter  axes  are  shown  in  Fig.  37 
whiah  gives  the  faces  m  and  c  unly.  The 
indices  of  these  faces  are  therefore  st  once 
known— a  ia  (100),  «'  (iOO) ;  6  (010).  h'  (OiO| ; 
e  (001)  and  the  parallel  (ace  below  the  paper 
wUl  he  c'  (OOl). 

The  faoo  z  is  taken  as  parnuietral  face, 
and  its  fiymbol  is  (111).  The  horaologouH  fokces  are  symmetrically  placed  with. 
respect  to  the  axial  pUnes  and  axefl.  Hence  t  and  z'  meet  in  a  line  in  the 
plane  YOJi,  and  their  intercepts  on  the  axes  OY  and  OX  mnst  be  the  same.  The 
axis  OX  is  met  by  e  at  a  diRlance  u  on  the  pouitive  side,  by  ;'  at  an 
distance  on  the  negative  side.    Uenoe  z'  meets  the  axes  at  distances,  -a. 
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be 


t,  revpectively.  ftnd  iU  vjmbol  is  (111).    SimiUrly,  the  Bymbol  of  i"' 
fhown  to  be  (111),  aud  tfaiit  of  t"  to  he  (111). 

A^&in.  tf  we  Dote  thftt  the  axis  Oi^  U  a  dyad  axiit,  and  that  Uiorvfore  the 
pair  of  faces  i  and  r".  and  also  Ihfi  pair  s\  t'",  interchange  plaoofl  when  the 
cryktal  in  turned  Ihrongh  180^  %\)0\ii  thia  axtf,  \re  perceive  the  fact  that  t)ie 
sjmboU  of  pain  of  faces,  ioterchanKcable  by  rotation  about  a  dyad  axiH  per- 
pendicular to  a  pair  of  aEe«  of  reference*  differ  in  having  the  ntgne  of  the 
indioea  referring  to  lhe»e  axea  both  ohaaged.  Hiis  in  olearly  neoeasary,  for  the 
rotation  about  OZ  interchanges,  un  each  line  perpendicular  to  it,  equal  lengths 
mcaetired  on  t^poeitc  sides  of  the  origin. 

Wa  can  now  determine  the  symbolii  of  the  homoloKOUs  faces  of  the  forms 
ihiBOted  by  the  letters  si,  u  and  o.  The  tacea  m  lie  in  the  Kone  containing  the 
Eaeesa  and  h  which  may  be  represented  by  [ab}  =  [100,  010]  =  [001}— the  latter 
synbol  being  determiued  by  table  (10).  Hence,  by  (11)  of  Art.  B,  the  lant  index 
of  «acb  face  m  is  zero.  This  ii  obTious  from  the  geometry,  for  the  faoea  m.  m\  Ao., 
an  all  paimllel  to  OZ.  But  m  and  m"  lie  in  the  soiio  [(^z]=[001.  lll}  =  (by  table 
(10))  [IlO].  Hence,  if  m  be  (/<U)).  we  have  from  equatiou  (11)  -h  +  k^H,  This 
eqoAtioD  is  satisfied  by  making  h=-\  and  A:  =  l;  or  by  making  ^  =  1  and  A-  =  l. 
The  former  value  giv<»  for  m  the  symbol  (110),  for  thia  toot  meets  both  the  axes 
of  X  and  V  on  the  positive  sides  of  the  origin.     The  seeond  set  of  valaes  gives 

0}  for  the  parallel  face  m",  which  meets  the  axes  on  the  negative  sides  of  the 
Similarly,  m'  ami  m'"  lin  in  (rr']  =  [110].  and  their  indices  (AJcO)  satisfy 

eqoatioo.  h^k  =  0.     Heuoe  m'  is  (IlO).  and  m'"  (110). 

The  face  u  ii  determined  in  a  similar  manner  from  the  two  zones  [arj  =  [010], 
and  [&i]  =  [i01].  From  the  first  it  follows  tliAt  the  middle  index  is  zero,  and  the 
lao«  can  be  leprcsented  by  {hUSl),  The  seeond  zone  proves  that.  -  A  +  1  =  0,  which 
U  Hkiificd  by  makiug  h  — /  =  1,  and  the  symbol  (101).  Or  we  may  Ufie  table  (28). 
thoa 


10     0     1 

XXX 

0      110 


1. 


u  is  (101).    Similarly,  from  [cu]  and  ['fi'],  u'  may  be  found  to  be  (101). 

From  the  xones  [bc]  =  [1001.  and  [a2]  =  (011],  the  face  o  is  Gxed  ami  its 
symbol  (Oil)  deU*nnined.  The  symbol  of  o'  is  fonnd,  from  [/«■]  nn-i  [fl:"]  =  [01 1], 
to  be  (Oil). 

The  symbols  of  the  remaining  faoca  will  be  determined  in  a  later  Chapter. 


CHAPTER  VI. 


^^^  CRYSTAL-DRAWINGS. 

L  Crystals  caii  Ije  represented  by  models  or  by  crystal-drawingBi 
which  give  with  sufficient  accuracy  the  relative  position**  of  the 
faces,  thoHo  of  the  same  form  l>eing  usually  equably  developed. 
Models  and  drawings  of  crystals  8cr^'C  mainly  to  indicate  their 
general  habit,  and  aid  us  to  distinguish  the  crystals  of  one- 
substance  from  those  of  another :  althougli,  as  already  stntoda 
the  habit  often  varies  greatly  in  cryHtalH  of  the  same  substance; 
and,  more  especially,  when  they  come  from  different  localities^  or 
arc  proiluced  in  the  labonitory  under  different  conditions.  In 
models  and  drawings,  irregularitiea  in  the  size  and  shape  of  facea 
of  a  form  are  only  admitted  when  they  are  needed  to  raider' 
manifeKt  some  peculiarity,  either  of  genei*al  habit,  or  of  a  particular 
crystal.  Drawings  and  models  fail,  however,  to  give  that  aid  in 
the  determination  of  symmetry  which  is  afforded  by  the  physical 
characters  of  the  faces,  fur  homologous  faces  on  a  crystal  possess 
the  samn  physical  characters  and  show  the  Eanie  marks,  such  aA 
strife,  pittings,  Ac,  which  can  only  imperfectly  be  represented  ia 
drawings. 

2.  The  crystal-drawings  to  be  found  in  scientific  works  are 
not  true  perspective  drawings,  for  the  paralleliam  of  the  erlges  of 
intersecting  tautozonal  faces  would  be  thereby  obscured.  A  crystal 
is  drawn  aa  if  all  the  rays  proceeding  from  the  coigns  to  the  eye 
were  parallel ;  that  is,  the  eye  and  crystal  are  supposed  to  be 
infinitely  distant  from  one  another.  The  crystal  is,  therefore, 
drawn  in  much  the  same  way  aa  it  would  appear,  if  viewed 
through  a  telescope  adjusted  for  a  very  distant  object.  The 
crystal  is  held  in  front  of  the  paper,  supposed  to  ]m  placed  ver- 
tically, so  that  one  of  its  zone-axes — usually  wiIUkI  the  vertical 
aseis — lies  iu  the  vertical   plane  through   the  eye  at  right  ang! 
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to  the  p^ier.  The  lines,  or  ray*,  which  join  the  eyo  to  the  coigns 
ftfp  all  parallel,  and  either  (a)  perpendicular  U*  the  paper,  or  (6)  in- 
clined to  it  at  a  fijced  angle  not  differinj^  much  fn»m  90°.  In  the 
former  case  the  figures  are  orOtogoftal  projeetioiu^  in  the  latter  they 
will  be  called  rUnoffraphic  dramlmjK.  The  points,  in  which  the 
rays  meet  the  paper,  are  juinftd  by  straight  lines  in  a  manner 
eorresponding  with  the  edges  of  the  crystal,  and  the  net-work 
of  lines  forms  a  crystal-drawing. 

Drawings,  which  are  orthogonal  projections,  may  be  divided  into 
two  claaaes :  phns  and  eUvalionHj  deacribod  in  section  (i) ;  and  orlho- 
yraphic  draitnivya^  treated  of  in  section  (ii).  In  the  fonner  an 
important  wjne-axia,  which  may,  or  may  not,  i>e  itself  perpendicular 
to  jui  important  face,  is  placed  at  right  angles  to  tlie  paper.  Strictly 
speaking,  in  a  plan  the  vertical  axis  siiould  be  ]>erpendiculur  to  the 
paper,  and  in  an  flevation  it  should  l>e  parallel  to  the  paper.  But 
ithall  always  speak  of  diagrams  of  both  kinds  as  plans^ ;  and  8hall 
fy  the  face  which  is  parallel  to  the  paper,  or  the  zone-axis  and 
which  are  perjMjndicular  to  the  paper.  In  orthographic  draw- 
tlie  important  edges  and  faces  of  the  crystal  are  inclined  at 
\me  arbitrary  angles  to  the  paper. 

In  cUnographic  drawings,  treated  of  in  section  (iii),  the  vertical 

,is  in,   or  pnraUil  lo^  the  paper,  but  the  crystal  has  in  oUilm* 

an  arbitrarily  selected  position  with  respect  t^)  tlie  ]>aiK*r. 

In    this    Chapter    some    knowledge    of    the    relations    which 

lohi   in   the  several  systems  is  presupposed,  so  that  the  student 

ihould   read  the  Articles  referring  to  each  system   together  with 

le   Chapter   on  that  system.     As  a  matter  of  fact,  an  accurate 

[rawing   of  a   crystal    is   only   ma<lo   after   the   cryst-al  h(VH  \wv\\ 

completely  detennineil.     For  working  purposes  a  freehand  sketch, 

which  will  enable  the  student  to  identify  each  face,  is  all  that  is 

led.    The  student  should,  however,  find  no  difficulty  in  following 

le  description  of   the  plans  given  in  the  next  Articleii  and  the 

[ample  worked  out  in  Art.  8. 


(i)     Plana  and  Eievatio^is. 

igure^  of  this  kind  are  largely  use<l  in  Bnioke  atid  Milh^rs 
edition  of  Phillips's  Mineraloyy^  1852.  The  <lrawings  are  easily 
executed,  and  give  a  fair  idea  of  the  end  of  the  crystal  tlireoted 
the  observer.  They,  howe^'er,  fail  to  nnidor  sensible  the 
A 
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inclination  of  the  faces  and  edges  to  the  line  of  sight,  and  they  aro 
deficient  in  the  appearance  of  solidity. 

If  a  very  simple  crystal,  auch  as  a  cube,  or  a  tetragonal  crystal 
of  apophyllito   bounded    by   three  pairs   of   rectangular   faces,  bo' 
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projected  on  it  plane  parallel  to  one  of  the  faces,  it  will  appear 
as  a  square,  Fig.  35  \  Similarly  a  hexagonal  prism,  like  Fig.  3, 
vrill,  if  viewed  endwise,  be  seen  as  the  hexagon,  Fig.  36. 

4.  A  simple  crystal  of  barytes,  resembling  a  diamond-Hhaped 
lozenge,  give»  the  plan,  shown  in  Fig.  37. 
TIliB  crystal  in  bounded  by  four  Himilur  faces, 
I>erpendicular  to  the  paper  and  denoteti  Vjy 
the  lines  m.  They  are  parallel  to  good  cleav- 
ages. The  rhombic  face  marked  c  is  parallel 
to  the  paper,  and  is  alao  parallel  to  a  good 
cleavage.  Two  axes,  OX  and  f  }',  are  taken 
along  the  diagonals  of  the  rhombus  ;  the  third, 
OZf  is  perpendicular  to  the  paper. 


5.  Fi^.  3S  shows  a  dit^tragonal  prism, 
terminated  by  planes  parallel  to  the  paper 
and  at  right  angles  to  the  prisnx-edges  through 
the  points  F  and  K.  Such  a  figure  is  readily 
made,  if  one  of  the  face-angles  F  or  A'  is 
known.  If  one  be  known  the  other  is  also, 
for  ^+/r=270*,  To  make  .such  a  diagram, 
two  lines,  OX  and  OYj  are  drawn  at  right 


o 
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'  Figs.  35«  3G,  3t(-i4«  and  Rotne  others  used  in  later  Chapters,  are  print 
from  Miller'n  original  blocks  wlnoh  have  beon  kindly  placed  at  my  disposal 
Mr,  H.  BftOPTTnaT),  F.fi.S.     Millor  pl&ced  the  axes  X,  y,  Z,  in  a  diiTerent  ord< 
to  that  adopted  in  thia  book,  and  hie  symboU,  which  have  been  left  uadisiurbedj 
differ  from  those  which  are  given  in  other  diagrams. 
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ind  equal  lengths,  OK,  are  marked  off  on  them  starting 
from  the  origin.  Lines  KF  are  then  drawn  making  with  the 
_Axes  angles  equal  to  A'-f-  2. 

Fig.  39  repres«ut«  %  ditetragonal  pyramid  having  eight  similar 
meeting  at  an  apex  on  a  tetrad  axis,  whicli  is  taktrn  to  ho  OZ 
l»erpenflicuUr   to  the  paper.     To   construct   thi*»   plan,  the 
angles  between   the  Himilar  edgi.'v,  lalielled  Lt 
have   to   be   foand,  and    then    the   ditetragon 
is   drawn   as   in   Fig,  38,      The   linens  joining 
the    comers   to   the   centre   are    then    di-awn. 
Tliose  labelled   K  are  similar  edges,  and  are 
interchangeable  by  rotation  through  90"  about 
OZ.     The   pxlges    F   are    also   nimilar    to   one 
lotber,  t.«.  they  are  interchangeable,  and  the  Fio.  89. 

igles  over  theni  are  all  equal.  The  angles  over  the  edges  L 
all  equal  to  one  another.  But  the  angles  of  one  of  the 
ve  Bets  are  never  equal  to  those  of  either  of  the  other  KOts. 
Two  tetragonal  pyramids,  belonging  to  the  same  class  of  crystals, 
shown  in  Figs.  40  and  41.  In  Fig.  40  the  axes  of  X  and 
are  in  the  directions  of  tho  diagonals  of  the  square  fonned  by 
edges  L ;  in  Fig.  4 1  they  are  parallel  to  the  edges  so  marked. 


Fio.  40. 


i'l..  U. 


pre  has  two  distinctly  different  8et«  of  angles,  those  over 
Ik  A'  and  L  in  one,  and  those  over  F  and  A  in  the  other. 
The  angles  L  of  the  one  pyramid  differ  from  those  of  the  other. 

In  the  preceding  diagrams  the  distriVmtion  of  ffvces  at  the  Iwick 

of  the  crystal  i.s  supposed  to  bt'  exactly  like  that  fihown  in  front, 

the  paper  i.s  .supposed  to  be  parallel  to  a  plane  of  symmetry. 

clear  also  that  the  three  last  figures  will  be  the  same  whatever 

the  diHtance  at  which  the  axis  OZ  in  met,  for  thi«  axis  is  pro- 

in  the  central   point.     The  figui-es  fail,  therefore,  U)  show 

er  the  pyramids  are  steeply  inclined  to  the  paper  or  not 

4—2 
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PLANS  OF   RHOMBOHEDBAI.  CRYSTALS. 


6.     Figs.   42-44  show  three  simple  rhoinbohedraJ  crystals' 
wliicli  the  plane  of  the  paper  is  pcrpeudicular  t-u  the  triad  axia.j 
The    first    wpresentw    a   rhoiubohedron^    and    serves   equally   wel 


Fia.  42.  Fia.  48.  Fio.  44. 

wliether  the  rhombohedron  is  an  acute  one  or  an  obtuse  one,  ie. 
whether  the  apicea  are  far  apart  or  the  reverse.  If  we  suppose  it, 
however,  to  represent  a  crystal  of  caleite,  the  symbols  on  the  faces 
imply  that  the  faces  are  steeply  inclined  to  the  paper.  By  placing 
on  the  faces  the  symbols  on  the  upper  faces  of  Pig.  4,  the  plaui 
serves  equally  well  for  this  obtuse  rhombohedron.  There  is  another! 
objection  to  the  plan.  Tlie  hexagon  iKiunding  the  figure  represents 
edges  wliich  cross  the  paper  and  are  not  parallel  to  it.  Tlie  paralh 
lines  in  Fig.  42  are,  however,  all  inclined  to  the  paper  at  the 
angle ;  and  so  indeed  are  all  the  edges  of  the  figure. 

Fig.  43  rejjresents  a  rhombohedron  in  a  ditferent  azimuth.     Itsj 
symbol  may  be  {100[.     From  the  fact  tlmt  symbols  are  attached  toj 
the  sides  of  the  bounding  heuigon,  we  are  informed  that  prism-fc 
perpendicular  to  the  paper  are  also  present,  opposite  pairs  of  which 
are  in  a  zone  with  two  faces  of  the  rhoralK>hedron  and  with  thai 
faces  below  the  paper  parallel  to  them.     All  the  wlges  of  this  figui 
are  also  equally  inclined  to  the  paper. 

Fig.  44  may   be  taken   to  represent   the   same  rbombuhecirQCil 
but  a.ssociated  with  a  diffei^nt  hexagonal  jjrism,  the  faces  of  wl 
truncate'  the  edges  of  the  prism  in  Fig.  43.     The  alternate 
of  the  hexagon,  labelled  211,  T21,  112,  in  which  tlie  faces  of 
prism  meet  each  only  one   face  of   the  rhombohedron,  are 
parallel  to  the  paper.     Each  of  the  remaining  three  sides  repreaesil 
two  edges  equally  inclined  to  the  paper. 

Such  diagrams  seive  to  show  the  development  at  one  end  of 
ci-ystal  fairly  well,  and  the  method  will  be  employed  in  Chup.  xvi. 
iUuNtrate  the  dissimilar  ends  of  a  crystal  of  tourmaline. 

>  A  Tttoe  situfticd  in  a  zone  with  two  faoes  aud  equally  inclined  to  Ihfa 
said  to  trnneaU'  ttieir  edge. 
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7.  In  the  oblitjue  syBt^ni  plnns,  or  olcvAtioos,  on  tlio  plane  of 
symmetry  are  frequently  employe*!  Iiy  Miller.  They  are  rearlily  made 
when  a  few  angles  in  tlie  plane  uf  symmetiT  and  the  symlx)ls  of 
the  faees  are  known. 

Occasionally  a  plan  of  an  oblique  crystal  is  made  on  a  plane 
perpendicular  to  a  zone-axis  lying  in  the  plane  of  symmcti-}'.  An 
instance  of  this  kind  is  given  in  the  plans  used,  in  Chapter  xviii., 
in  the  discussion  of  twins  of  orthoclase.  Similar  plans  are  also 
occasionally  employed  for  repretsejiting  anorthic  cr)-«ta1s ;  an,  e.y. 
the  plan  of  oligctolaae  given  in  Chapter  xi.  The  paper  is  not  in 
^^ese  cases  parallel  to  a  possible  face  of  the  crystal 

^^^   8.     Example.    Fig.  43  affurd*  a  good  fllxistration  of  the  use  and  method 
I      of  wmHtrtK'tion  of  complicated  plana.     It  gives  the  mure  important  funua 
I     oo  barytee,  which  arc  not,  however,  orten  found  associated  together  ou  the 
I     same  cryittal.    The  pa{)cr  is  paralk'l  \a> 
the  >>&»e  c(Wl).     The  faces  a.  A,  m,  k,  b 
are  all  perpendicular  U>  the  paper,  and 
their  projections  are  given  by  the  line« 
1a  belled. 

Two  lines  are  drawn,  as  in  Fig.  37,  at 

tt  angles  for  the  axes  of  X  and    F. 

ktA  li  and  /i,  fill  0  y  are  taken  arbi- 

tmrily  at  any  convenient  distance,  such 

i>B^i)B=b,    From  B  and  B,  lines 

&c.  are  drawn  inoliiieit  to  OV  at 

of  39' I  r  =  78' 22' -J- 2.     (For  this 

other  angteii  see  Chap.  ui.  Art.  9.) 

Wethus  find  iwiots  A  and  xi^  on  O.V,  where  OA^OA^^a.     The  comers 

J,  Bf  Ac,  arc  then  truncated  by  lines  a  and  h  parallel  to  the  axes, 

represent  faces  jiarallul  to  them  and  to  OZ.     The  comerH  between 

lines  and  the  intermediate  m'»  are  now  uiodilied  by  lineH  k  and  X, 

k  makes  with  OX  the  angle  2*2^  15'  and  X  makes  with  (t  Y  the  angle 

IC.     The  length  of  tliese  linos  depends  on  their  distance  from  the 

oeotro.    They  should  be  drawn  so  ;vs  fairly  U*  represent  tho  mtios  of  the 

brMMiihs  of  the  several  faces  to  each  other.    The  zones  [yoc],  [y"'  o'  /^  are 

introduced   by  drawing  line^^  parallel  to  01'  and   syraraetrically 

iiatod  on  both  Hides  of  it.     Their  dJHtauccs  from  one  another  should 

in>xini»tc  to  the  impression  of  tho  width  of  the  fat-os  when  the  crynt^d 

looked  at  entlwise.     The  edges  [»./),  [dl\  &c.,  are  drawn  in  the  same 

IMrallcl   to  <)Y.     The  edges  [iu\  [dr\   \rif\   \co\   &c.,  are   drawn 

tl   to   OX;    for  \ivz"'\  Q/rt/..],  &c.,   are   kouos  symmetrical   with 

:t  to  the  plane  of  symmetry  jHirallel  to  the  face  b.     The  edges 

[rV],  Ac.,  are  parallel  to  m,  m\  &c. ;  for  //i,  s,  r,  c  are  tautozonal. 
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So  far  the  symbolH  of  the  faces  have  not  been  needed.  But  to  get  the 
edges  [zd],  [ro]^  and  [Ir]  the  indices  of  the  faces  are  required.  In  Chap.  t. 
Art.  15,  the  Hymbok  of  the  faces  were  determined  as  far  as  they  could  be 
hy  the  relations  of  zones,  and  in  Chap,  vil  those  of  the  remaining  faces 
are  found  by  the  method  explained  in  that  chapter.  Hence,  we  may 
suppose  all  the  indiceH  to  be  known.  The  symbols  are :  2  {111},  <'(10S), 
^{104},  o{011},  y{122},  and  r(112). 

The  zone-axis  [zd]  is  [111,  102]  =  [2ll].  Now  in  the  diagram,  the  aziB 
02  and  every  length  upon  it  are  projected  in  the  point  0.  Hence  the 
jw-rallelepiped  with  edges  2a,  -  6,  -  c,  is  projected  in  the  parallelogram 
having  sides  2a  and  -bon  OX  and  OV.  The  diagonal  through  the  origin 
of  this  parallelogram  is  the  direction  of  the  edge  [zd\.  The  homologous 
edges  are  jmrallel  to  the  diagonals  of  similar  parallelograms.  The  re- 
maining edges  can  be  obtained  in  a  similar  manner,  and  the  figure 
completed. 

The  student's  attention  is  directed  to  the  fact  that  the 
parameters  a  and  b  were  obtained  by  simple  constracticm  from 
the  measured  angles.  The  length  OB  taken  on  OY  was  arbitrary, 
and  the  line  m  was  then  drawn  making  39'  11'  with  OT,  The 
point  where  it  met  OX  gave  the  point  A  at  distance  a  on  OX. 

Hence,  from   Fig.  46,    OA  ^  OB==a  ^  b  =  te^ABO  =  taxkAOMy 
where  OM  is   the  normal    to    the  face  w.      But  AOM—S^"  11', 
and,  if  OB  be  the  unit  of  length,  we  have 
OA  =  t&nSr  ir  =  *8151. 

In  a  similar  manner,  if  the  angle  &o,  or  co,  be  measured,  the 
parameter  c  can  be  found.    If  OQ,  Fig.  47,  represents  the  normal  to 


Or 
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tlie  face  0,  and  if  BC  is  the  line  in  which  the  face  meets  the  plane 
containing  OK  and  0Z\  then  hCOQ=  NOBC^co,     But 

W-H  <?5  =  c-^6  =  tan  OBC  -^  tan  COQ. 

By  measurement,  00  =  52"  43'.    Therefore,  when  05=  1,  0C=  1'3I35. 


ORTHOGONAL  PROJECTION. 
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(ii)     OrUiographic  Dt^awings. 

9.     In  drawings   of   this   kind  the  rays  are  not  parallel  to  a 

zone  axis,  and  the  paper  is  not  parallel  to  a  possible  face.     We  Urst 

project  a   cube,  as  explained   below.     The  three  projected  edges, 

meeting  at  any  coign,  give  the  directions  and  lengths  of  three  equal 

riplit  angles  to  one  another,  which  can  nerve  as  rectangular 

ith   equal    parametertt,    i.*t.  for   cubic   crystals.      For   e(|ua] 

lengtha  on  all  parallol  lineii  are  projected  a8  equal  lengths ;   and 

unequal  lengths  on  the  same,  or  on  parallel,  linoa  in  any  given  ratio 

to  one  another  are  projected  aw  lengths  liaving  the  SHiue  ratio.     If 

the  parameters   are   unequal,  one  of   the   edges  is  left  unaltered, 

prefienilily  the  shortest  in  the  projection ;  the  other  two  are  then 

lukgihened,  or  nhortened,  in  tlie  ratios  of  the  parameters.     When 

llie  ax0B  &re  not   rectangular,  new  lines  of  unit  length  must  be 

ttninrl  making  the  required  angles  with  one  another  by  one  or  other 

iif  tlie  methixla  given  in  Alt*,  lo — 20. 

We  proceed  to  de«cril>e  the  principle  by  which  Mohs  obtained 
^  projection  of  the  edges  of  ti  cube.  The  cube  seen  with  face 
pttallel  to  the  pa|>er  is  projected  as  a  squart>,  Fig.  3D.  If  it  is 
then  turned  almut  a  vertical  edge  until  the  face  to  the  right  has  a 
'wHb  ono-tliird  (or  one-nth)  of  that  to  the  left,  the  cube  is  seen  as 
t*o  rectangles,  Fig.  48.  if  the  angle  of 
ntaiion  about  the  vertical  edge  be  p,  then 

\»iip-tATiC  AA^^  =  CA^^  ^  A  A"        (Fig.  49) 
=  DD'^~  CIJ"=  1^3;  or  generally.  1  -«. 

In  tiie  particular  case  when  n  =  3,  p  =  18'  26'. 

The  horizontal  faces  are  still  foreshortened 

lotv  Ktraight  lines.     To  see  the  upper  face, 

tile  crystal  has  to  be  turned  about  a  hori- 

(nntjil  axis,  which  may  be  supposed  to  go  through  the  nearest  bottom 

wuer  of  the  culx;.     During  this  rotation  the  vertical  edge  is  main- 

Itioed  in  the  vertical  plane  through  the  eye.     Mohs  and  Haidinger 

"      I  angle  of  inclination  to  the  horiz4jn,  such  that  the  vertical 

^'tween  extreme  points  on  the  upper  fac<»,  lus  seen  on  the 

was  one-eighth  of  the  total  breadth  of  the  projected  cube. 


Fio.  48. 


10.  Figs,  49 — 51  are  copied  from  Haidinger's  memoir  on 
Mobs*  method  of  drawing  crystals  {Mc7n.  W^'eruerian  ^'nt.  Hist. 
^pc  Sdifk,^  1^24).     The  first  represents  a  horizontal  plane  through 
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i)C^  of  Fig.  4«  after  the  fin*t  roUtiou.  ABDC  is  tho  bauie 
of  the  cube,  the  plane  of  pnyection  passes  through  D'^CA^^ 
aiid  the  rays  through  the  coignn  A^  B, 
/>,  are  A" A,  B'^B,  D^^D.  Through  the 
corners  of  the  base  draw  the  square  D"^A"y 
ha^'ing  two  sides  in  tho  rtiy&  A  A",  DD*'; 
aad  through  J,  Bj  O,  C\  draw  lines  paral- 
lel to  the  sides  of  J)"'A",  The  triangles 
CAA"^  CDD"t  are  equal  in  all  respects. 
Uence.  AA^^ ^CD^' =  ^CA'\  or.  generally, 

Let  the  cube  bo  now  tilted  about  D"A^' 
so  as  to  expose  the  top  to  tho  observer,  and  suppose  the  squaro 
D^A"  to  Ijo  carried  with  the  cube.  During  the  rotation  the 
coigns  Aj  Bj  D,  will  remain  in  the  vertical  plane*!  through  A"Af 
B"Bj  D"D  ;  and,  if  the  rotation  were  continued  through  90",  the 
square  £)"'A"  and  the  baee  ABDC  would  be  brought  into  the  plane 
of  projection.  If,  however,  the  rotation  is  stopped  when  the  ooigu 
B  is  projected  in  B',  where  B'^B^ ^  D^U"-^S  =  B"B^S,  then  the 
square  base  of  the  cube  is  projected  in  the  parallelogram  A'B'J^G 
of  Fig.  49. 

To  find  the  points  A^  and  D'^  suppose  BA  and  BD  produced  to 
meet  D"A^\  prolonged  both  ways,  in  M  and  A',  respectively.  We 
thus  obtain  two  similar  right-angletl  triangles  BB^^M  and  AA'^M. 
On  the  other  side  of  BB''  we  liave  a  second  pair  of  similar  right- 
anglf^d  trian;;le.s  B/i"X  and  DD'^N.  Now  during  the  rotation  the 
straight  lines  BAM  and  BDN  remain  straight  lines,  and  the  pairs 
of  similar  triangles  must  remain  similar.  Tlierefore  B'A^  passes 
through  ^f,  and  /?'/>'  through  TV.  Hence,  the  triangles  A'A"M, 
B^B'^Jf,  are  similar ;  and  (Euclid  vi.  4), 

A'A":B'B''  =  A''Af:B"M. 

Again,  from  the  similar  triangles  AA"JI  and  BB^'Af, 

AA'^.BB"  =A"M:B"M, 

.'.  AU"  I  B'B"  ^  AA^'  :BB". 

But,  J9'5"  =  -Bi5"-8;   .'.  A'A'^  =  AA" -■  S  =  3CA'' -^  S. 

From  the  pairs  of  similar  triangles  BB'^N,  DD"N;  and  B'B"^, 
I)'D"N,  wo  got  similar  proportions  and  find 

D'D"=DD"^S^OA^^^S. 


IL  The  l«»ngth  of  the  projection  of  the  ui'urly  vertical  e<ige  i)f 
the  cube  through  C  has  now  to  l>e  determined.  When  the  cube 
and  square  D"^A"  have  been  rotated  together  through  90",  the 
lines  in  Fig.  49  are  brought  into  the  plane  of  projection  and  one 
edge  of  the  cube  through  C  is  in  tlie  line  of  Hight.  Let  CC"  and 
CEf,  in  Fig.  50,  rqiresent  the  line  CC"  of  Fig.  49  and  the  edge  of 
the  cube  when  the  latter  is  in  the  line  of 
sig)it.  If,  now,  the  cube  and  Fig.  49  arc 
turned  bock  to  the  final  position  of  the  cul«, 
BB"  and  C^"C  are  shortened  to  li'B"  winch 
is    given   by  CL  of   Fig.    50.     During   this 

»tation  the  points  C'  and  II j  have  traversed 

»e  circular  arcs  C"^C*^'  and  II fi.    Draw  the 

!q>endicuiar8  C^^L  and  IIO  on  the  vertical 

»e   IICC".     Then   CL^B'B^' ^  CC"  ^S, 

id  CH  ia  the  projected  lengtli  of  the  cubic 
CG, 
If   the  angle   of  tilt,  OCH^^CC^^'L,  be 
denoted  by  cr,  we  have 

ain<7  =  (7i4-CC'"'=l-8;  andff  =  7"  U'. 

For  any  other  angle  of  tilt,  sin  <r  -  5'£"  -f  BB^^  -  1  ^  m. 

It  is  now  easy  to  find  the  value  of  CII  of  Fig.  50  in  terms  of 
le  unit  CA'*  of  Fig.  49;  for  CG  is  an  edge  of  the  cube  =  CA  of 
49  =. CA" y/TO,  and  CH^CGco&tr^ CffVl-sinV. 

.'.  CH^  CA'WWJT^^  =  CA"J^^Q  -  8  =  3'1376M". 

If  II\  Fig.  51,  l)e  the  middle  point  of 
""  of  Fig.  49.  then 


A'B'  =  A"H' '  A"A'  =  3-125C^". 
%  for  practical  purposes,  the  point  H' 
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lenoe, 


A— 

« 

1 

<- 

11 

D' 

^' 

^ 

A- 

iy    be  aulistituted   for  //,  and   the   cul>e 

ejected,  as  in  Fig.  51,  by  drawing  through 

lines  //'y,  h'fi,  parallel  to  CA'  and  AIT, 

lively.     The  remaining  edges  of  the  ^*"-  ^^■ 

are  then  drawn  through  ft  and  y.     Or 
lengths  Cy,  B'fi,   I/B,  each  equal   to  A'II\  nmy  be  raeaHured  oH* 
on  tlie  verticals  from  C,   B'  and   />'  by  means  of  a  pair  of   com- 
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The  lines  CA\  CD'  and  C-y,  produced  in  both  directions  give  iLo 
projections  of  a  rectangular  system  of  axes.  Furthemjore,  the 
length  CA'  gives  tho  unit  of  length  on  OX 
or  on  any  parallel  line,  CD'  gives  the  same 
unit  of  length  on  OY  ot  on  any  parallel 
line,  and  Cy — or,  more  correctly,  CM,  wlien 
theoretical  values  are  involved — gives  the 
same  unit  of  length  on  all  vertical  lines. 

The  student  will  find  it  convenient  to 
have  a  set  of  rectangular  axes  of  etjual  length, 
shortly  called  cubic  axes,  projected  in  the 
manner  just  described.  They  should  be  drawn  on  a  large  Ncale 
on  card-board  or  stout  paper.  He  should  notice  that  CA'  is  the 
negative  direction  of  the  axis  of  X  and  CD'  the  negative  directum 

on  or. 

13.  The  angles  yCD'  and  yCA'  can  be  easily  calculated  from 
the  data  of  Figs.  49-51,  and  also  the  actual  lengths  of  CA\  CD\ 
and  CH  iji  terms  of  any  scale. 

For  tan  ^'C'/)"  =  ^^  =  ^;  .■.i>'6'j9'^2''23',andyC/)'=87-37'i 


tan  A'CA"  = 


A'A 


3 
8' 


A'CA^^  =  20"  33'-3..and  yC-4' =  69'26'-7 


CA" 
Furthermore, 

CA' :  CD' :  C/f=  JtI  :  s^fm  :  s/oSO  -  85  :  24  :  251,  nearly 

It  is  easy  to  obtain,  in  the  same  manner,  the  projection  of  the 
axes  for  any  other  values  of  the  rotation  and  tilt.  Thus,  for, 
drawing  cubic  crystals,  Professor  von  Lang  (Lthrbnch  dfr  KryntaU 
lographie,  18G6),  uses  axes  in  which  D^^C  =  WA",  and  Bli" ^  9B^B", 
Hence,  if  we  assume  Fig.  51  to  represent  a  cube  projected  with 
those  numerical  relations,  we  have : 

sin  0-  =  1^9,  and  o-  =  6''23'-6. 

yC/)'  =  90'  -  V  33'-6,  yCA'  =  90*  -  23*  58'. 

CA'  \Cjy  \CH^  n/97  :  VI296  :  VFseO  =  1  :  3*65  : 3-74,  nearly. 

Having  obtained  a  projection  of  cubic  axes,  all  simple  cubi 
forms  win  be  drawn  as  will  I'te  shown  in  Chapter  xv. ;  and  a  Httl 
practice   will    then   enable    the   student   to  draw  combinations 
several  forms. 


AXES  OF  TETRAGONAL   AND   PRISiUTIC  CRYSTALS. 
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13.  To  odjipt  the  projected  cubic  axes  to  the  requirements  of  a 
tetragonal  cnrstal,  we  only  change  the 
length  of  the  vertical  axis,  aa  shown 
in  Fig.  52.  The  paninieter  c  on  the 
principal  axis  is  given  )>y  the  equation, 
c  -  a  can  £f  where  £  Is  the  angU; 
001  A  101.  Thus,  for  cossiterite  (SnO,), 
r--33'55';  /.  c=Cy  tan33'55',  or, 
correctly,  =  C//  tan  33"  55' ;  for 
is  the  unit  length  measured  on  the 
Lical.     If  07/  Ik?  Uken  to  be  25  1 

oif  lengtli,  then  c  is  16'88  units  of  the  aame  scale.    The  points 
A\  C  in  Fig.  52  are  at  the  pamnietral  distances  on  the  pro- 
KXQH  of  Xf  y,  and  £  respectively. 


14-     In  a  prismatic  crystal  the  length  CA'  of  Fig.  51,  measui-ed 
OJC,  has  also  to  V>e  changed  and  by  a  similar  rule.    In  Art.  H  it 
lown  that,  for  barytos  :  n  =  b  tan  39'  1 1',  and  c  =  b  Utn  52"  43'. 
ia  Fi£^  51,  CA'  along  OX  is  the  same  length  as  CD'  measured 
OT.     Hence,  we  have  to  mark  off  on  CA'  a  length 

=  C.r  t^mSO*^  W  =  CA'  %  -8151; 

sinularly,  along  Cy  a  length  =  C/7  tan  62'  43'=  CU  h  1-3135. 

Similarly,  for  the  axes  of  topaz,  take  a  length  CA'  tan  27'  50' 

OX,  CD  along  OYy  and  a  length  CZ/tan  43*  31'  along  02. 


16.     To  obtain  the  axes  of  an  oblique  crystal,  we  first  replace 

of  Fig.  TjI  by  a  new  line  OX^,  situat^l  in  the 

yCA'  and  inclined  to  Cy  at  an  angle  p. 

is  dune  as  foHow.s.     In  Fig.  53,  lot  Cy  and 

be  two  lines,  each  equal  to  CA  of  Fig.  49, 

let  yCA^  =  90*.     With  centre  C  describe  the 

it  of  a  circle  yQA^^  and  let  the  arc 

yii=^yCQ^p, 

CQp  when  projected  in  the  plane  yCA '  of  Fig.  5 1 ,  is  the  direction 
axis  OJC^  required:  and  CQ=CA/=CAy  is  the  unit  of  length. 
Qlf  and   Q^  parallel  to  Cy  and  CA^,  respectively.     Then 
CQ  Bin  MQC  =  CA^  sin  p ;  and  CN  =  CQ  cos  NCQ  =  Cy  cos  fi. 
\aw,  by  tlir  character  of  the  projection,  equal  parallel  lines  are 
ji  equal  parallel  lines,  and  lengths  in  the  same  line  are 
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projected  an  lengttiH  having  to  one  niiuthur  the  Ranie  ratio  aa  tht 


y\ 


\2 


y-U 


x/ 
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original  lengths.  Hence,  OA^^  OY^  OZ^ 
in  Fig.  54,  l)eing  tho  ilirections  of  CA\ 
CD'  and  Cy  of  Fig.  51,  conbtruct  in  tlitj 
plane  ZOA^  a  parallelogram  Onupi  equal 
and  similar  to  tliat  of  Fig.  53 ;  where 
Om=OA^tiiiiP 

=  CA' ainP,  of  Fig.  51, 
On=Cycosj9,     „       „     „. 
Join  Oq,  and  produce  it  on  both  aides 
of  the  origin.     Then  Og  is  the  direction 
OX^,  and  iH  the  unit  of  length  measured  in  tins  direction. 

The  lengths  Oq  and  Oy  have  now  to  be  changed  in  tho  mtioa 
a-r6  and  c-r6;  or,  as  Oq  is  the  shortest  length,  it  may  be  morft 
convenient  to  change  CD'  and  Cy  of  Fig.  51  in  the  ratio  of  6-;- a, 
and  c-ray  respectively.  When  such  computations  are  made,  the 
correct  value  of  C'y»  '^-  CH  of  Fig.  50,  is  used,  and  not  the 
approximate  value  A^H', 

Example,    To  obtain  the  axes  of  orthoclase  in  whioh  p=6A^6V,  and 
a  :ft:c=-658  :  1  :  -555, 
we  have  Om=C^'«in63°57'=8*6ain63°67'=7-ti37  units. 

f>n  =  C7  0oa68°57'  =  2B-lflOBG3°fi7'  =  lll>2mut8. 
The  parallelogram  Omqn  is  now  completed,  and  Oq  drawn.     Retaining  Oq, 
the   anit  length   on    O.V,  as   the   unit  parameter,  a  length   OD^  is  taken  OB 
Oi't=24-*--668  =  36-l7  units  of  the  scale.    Similarly,  OG  on  OZ  is  made  eijn&l 
S5*l  X  '555-^-058  ==21*17  units  of  the  scatc. 


16.  A  convenient  set  of  oblique  axes  can  be  expeditiouslj* 
obtained  as  follows.  We  start  from  the  position  in  Art,  9,  where 
the  cube  has  been  turned  through  the  angle  p  but  not  tilted^  T\m 
positive  cubic  axes  then  form  a  cross,  Fig,  60,  with  uneqTM 
horizontal  arms,  OD  and  OS;  where  OD  :  0£=  1  :  3,  or,  generally, 
1  :7i.  The  arm  0£  to  the  right  is  retained  as  the  axis  OY^  whilst 
the  cubic  axis  [>roject4jd  in  OD  has  to  be  replaced  by  a  new  lini 
in  the  vertioAl  plane  ZOX,  Tho  vertical  arm  OA"i&  retained  as  OZ^ 
and  its  length  Is  ODJIO^  or  OEJiO  -r  3,  or  generally,  0£y/\+n*~^ 
Hence,  in  Fig.  55,  DC  and  OB  are  drawn  intersecting  one  anoth< 

^  This  is  the  same  position  as  that  mentioned  in  ^rt.  23  before  Che  eye 
moved.    The  drawing?  are  orthographic,  for  the  rays  are  at  i>0^  to  the  papefi 
The  projeotioD  is  only  ndvnntageons  when  p  diScrs  appreciably  from  90°,  ai 
when  no  face  has  li>  be  shown  whioh  is  nearly  liorizontaL 
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at  right   angles,  and  any  arbitrary  length    OB   is  cut  off  on  the 
horixontAl  arm  to  tho  right.     This  repre«ente  the  unit  of  length  on 
OK,  ju»t  as  OE  does  in  Fig.   60.     Tlie   continuation   on  the  left-, 
ich  may  be  denoted  by  OD,  represents  the  cubic  axis  pei^pendi- 
Ur  to  OB,  and  \t»  len^jth  is  OR  ~  3.     With   sides  lying  in  OD 
and  tlte  vertical  construct  the  parallelo-  ^« 

OMXI^,  where  I 

M=0DanNOZ  =  ODsinP  *   /A^ 

=  OB  sin  p^Z,      M      1/    _    _ 

'S:.OA"oo%NOX^OBsJ\Ocosp~Z.  I     7\0 "? 

ile  diagonal  OX  of  the  parallelogram 
jives  the  unit  length  on  the  inclined  a^cis 
OX  of  an  oblique  crystal,  the  lines  OB 
Md  OC  giving  the  positive  directions  of 

tiie  axes  of   }'  and  X.     Fig.  55  gives  the  axes  of  orthoclase  from 
which   the  figure,  given  in  Chap,   xii.,  has  been  drawn.     Having 
obtained   the   directions   of   the   axes,    OA    is   now   taken  on  OX 
equal  to  OJT  x -658,  OB  is  the  unit  of  length  on  OY^  and 
f  OC=OA" X  -555  =  OB  VlO  x  -555 ^Z^OBx  -585. 

The  parameters  are  known  in  terms  of  the  arbitrary  length  OB, 

17.  In  tho  anorthic  system  the  angles  between  the  axes,  TOZ=a^ 
ZOX=^^  -rO>'=y,  may  have  any  valueH,  and  vary  with  the  subtttanec. 
Wc  first  find,  in  the  plane  A'CD'  of  Fig.  ftl,  two  lines  im-liued  to  one  another 
at  an  angle  ^  —\i)Ot\0W.  This  angle  between  the  vertical  faces  \»  not  to 
be  oonAi0ed  with  y,  aud  is  usually  obtained  by  direct  rneaHurement.  Tho 
obtuse  angle,  180"-^,  is  usually  placed  to  the  right  front. 

Su|)pose  CI/  of  Fig.  51  to  be  unmoved;  we  can,  by  the  prtKseHs 
employed  in  Art.  16,  find  a  line  O^  in  the  plane  A'CD'  incliaed  t<3  CD' 

K;le  ^.  Tho  aides  of  the  parallelogram  along  CD'  and  along  the 
on  of  CA'  to  the  front  are:  Crf=r/>'coa^,  Cm^CA'^inylr. 
nal  C^  lies  in  the  plane  D'CA',  and  itn  length  Ih  the  unit  length, 
■he  plane  yCD'  is  parallel  to  (100)  aud  yC$  to  (010).  aud  they 
oontoin  the  axes  of  V  and  X,  respectively.  In  the  plane  yCD'  we  form  a 
parallologram,  the  uides  OX'  along  Cy,  and  OM'  along  C/>',  being  given  by 
O.V'  —  f-y  cos  a,  OAf'  -CD'sina.  Tho  diagonal  gives  the  direction  of  OV 
and  the  unit  length  ou  it.  A  similar  i«indlelognim  (hVXX  is  formed 
in  the  pUue  yCf  in  which  /3  replaces  n,  and  t'|  rophices  CD'.  Tho 
diagonal  is  the  axis  OX  and  the  unit  length  on  it.  When  a  and  ^  are 
>90%  the  Hides  of  the  i»arallelograms  are  taken  so  that  yCV  and  yCX  arc 
>90*.  The  miit  lengths  on  OA'and  O^are  now  uiultiplitHl  hy  thomuubers 
rt  -^6,  And  e-rfr,  rosjiectively. 
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18.  Suitable  projectitiUH  of  the  suea  ot  miorthic  cry8taLs  can  be 
ubtHined  by  a  method  similar  to  that  given  for  oblique  crystals  in  Art.  1( 
in  which  the  cube  h/w  not  Vw?ien  tiltefl.  Starting  with  horizontal  anns, 
OEto  the  right  and  0D  =  OK-~-Z  to  the  left,  we  first  change  the  length  on 
the  loft  80  that  it  shoidd  represent  unit  length  Of  on  a  lino  making 
180*-  ^^  instead  of  90°,  with  the  axis  on  the  right.  The  direction  of  the 
line  is  still  the  horizontal  arm  to  the  left.  Then  '^£=fA'cofl(^  — p)-r3win^ 
where  ^  =  18"  26';  and,  as  before,  OA"  on  the  vertical  axis  is*  equal  to 
Oj&Vi0  4-3. 

In  the  plane  ZOB&  parallelogram  OM'Yy  is  made,  where 

(9i/"=0ii'»ina,aiid  O.V'  =  OJ"coaa. 
The  diagonal  OT  is  then  the  direction  of 
the  axis  of  T,  and  the  unit  length  on  it. 

Similarly,  in  the  plane  ZO^  the  paral- 
lelogram OAfXN  is  made,  where 
OJ/"=Of  8iuj9  =  0i:co8(^-p)8iu/9-^3sin/,; 
and  0iV=0^"co8/9.    The  diagoruU  OX  ia 
the  axis  of  X  and  the  unit  length  on  it. 

The  unit  lengths  on  two  of  the  axes  are 
then  easily  changed  to  correspond  with  the 
parametem  of  the  crystal  to  !«  (ira\vii. 

Hence  the  lengths  in  the  pa|icr  are  all  known  in  terms  of  the  orbitmij 
length  OE. 

Example.    As  an  illuBtration  let  ua  take  oyanite  (Al^SiO^)  in  which  we  knowj 
^=78"56'.  theanglw:  B  =  nO°6'-5,  ^  =  101°2'-25  ;  and  the  parametera 
fl:6  :  e  =  '899  :1  : -709. 

Then  O{=0£ooB65"30'-T-38inl8'='26'=OEx'6  (very  nearly): 
0^"  =  0£x  11  (very  nearly). 

T)ie  reotangnlar  cross  has  the  arms  0^  of  G  uniUt,  OF.  of  10  and  OA' 
11  nnita  of  length. 

Again,  since  a=90''5''5,  the  axia  OY  is  left  in  OE,  the  error  being  impez^ 
oeptible.     OA  is  found  from  tho  parallelogram  OMXN  with  sides: 

0.1/=0{»iu78'*58'  =  6-88.  and  0N  =  0.^"cob78°58'  =  2125. 

The  anal  lengths  on  OA*.  OY,  and  OZ,  are:  0-<  =6-27  x  •891»-3-6;i,  OB  =  \(ii 
and  tJC  =  OJ"x  •709  =  7-8  nnitB.  The  angle  A03/ can  aUo  be  calculatc-d  forth* 
above  values;  for  tan.YOJ/  =  O.V--0-U=21254-5-88.    Therefore  A'0*V=24*afi'. 

19.  To  draw  rhonibohedral  and  hexagonal  crystals,  a  regular 
hexagon,  8S^8'...,  Fig.  57,  is  projected  in  the  plane  A'CD'  of  Fig.  51 
which  contAitis  two  lines  of  unit  length  at  right  angles  to  ood 
auuther. 

Let  08^=  OB'  be  the  unit  of  length,  and  on  the  line  at  right 
angles  to  03  take  O.V  -  0.¥' =  OS,  tan  60' -  0^4  Vs,  when>  OA  oq 
Oi/,  is  the  unit  of  length.     Complete  the  rhombus  M^h'Jf'S^f  toA 


AXKS   OF  RHOMBOHEDRAL   AND   HEXAGONAL  CRYSTALS.      63 

hifccct  th«  sides  at  S.  S^,  S,  S".  Join  5^^,  and  S5",  and  produce  them 
and  tho  aides  of  the  rhombus  to  meet  at  M^  M^^y  «t:c.  Tlien  clejirly 
the  small  triangles  £^l^,S,,  8„3/S',  «1m^,  are  all  cquul  and  equilateral ; 
axmI  tt^*'SS^8  is  a  regular  hexagon,  each  of  the  sides  of  which  ih  the 
anit  of  linigth,  for  8S^^  is  parallel  to,  and  one-half  the  length  of,  8^&'. 
AIm,  0}f=OM  =&c.t=OJr  «0.^V3. 


Fio.  57. 

B«tt  in  porallel  projections  tho  ratios  of  lengths  on  parallel  lines 
an  unaltered   in  the  projection.     Hence,  let  CD'  and  CA'  of 
51  be  produced  hoth  ways,  and  let  the  origin  l*e  taken  at  C, 
CD'  Leaigths  =  CD'  aixj  measured  off  on  both  sides  of  C  and  give 
puinte  X8'  of  Fig.  57.     On  CA*  points  M^  and  J/'  are  then  taken 
•Anoe  CA'^Sj  and  these  are  joinofl  to  the  points  on  CD'  to 
I'^vie  the  rhotnbuK.     The  sides  of  this  rhombus  are  then  bisected 
ipointB  &,  8^  J,  S".    The  lines  SS^^,  SS"  are  then  drawn,  and  produced 
tocrt  the  aides  of  the  rhombus  produced  at  M,  J/^,  Ac.     The 
and  the  useful  points  jV,  J/ ,  Ac,  are  thus  all  projected. 
know  the  relations  between  lengths  along  the  lines  joining 
it«  to  the  origin,  for  the  sides  of  the  jtrojectetl  hexagon  give 
anil  of  lengtli  along  any  line  parallel  to  them,  and  the  projected 
^&jilia  OM,  OM ^  Aa  are  equal  to  the  unit  length  multiplied  by  v/3. 
Tbp  or'  '  '*n  the  vertical  axis  is  known  to  L>e  Cy  of  Fig.  51. 

JblA  T  ;  ^  '  (ion  t<i  any  particular  rhombohedral  or  hexagonal 
•I  aJl  that  is  needed  is  to  multiply  Cy  by  c,  the  linear  parameter 
e  cryvtAL 
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In  the  aU)ve,  one  of  the  diagonals  of  the  hexagon  coincided  wil 
CD\  and   tluH  is  a  positiun    often   selected.      If,  however,   it 
deaired  to  make  a  diagonal  coincide  with  CA\  we  need  only 
lengths   on   CD'  ~  CD'Jh,    and    cc»ruplete    the    projection    in    th( 
manner  described  in  the  first  oaHe.     Tl»e  sidea  of  the  two  hexagoi 
are  inclined  to  one  another  at  angles  of  30% 

20.  In  Art  1&  a  method  is  given  of  drawing  a  line  of  unit  length  in 
axial  plane  and  inclined  at  any  angle  to  one  of  the  ctihic  axes.  Uenc^ 
rectangular  unit  axes  can  Iw  drawn  in  the  plane  inclined  at  any  desired 
angle  to  the  original  ])rojected  axet*.  If  this  be  done  in  the  horizonUl 
plane,  A'CD'  of  Fig.  51,  and  one  of  the  nnit  lengths  be  then  iiicrea»ed  in 
the  ratio  Vs  :  1,  we  can  project  the  rhombus  M'A'M,A,  of  Fig.  57  in  anf 
desired  azimuth.  The  hexagon  of  Fig.  57  can  then  be  quickly  projectaL 
Such  a  projection  will  enable  uh  to  draw  the  jjyramid  T\hkl]^  and  tha 
rhombohodrou  tt  {hll]^  of  claaaea  (i)  and  (ii)  of  the  rhombohedral  system. 

We  shall  ufcte  the  method  of  Art.  15  to  find  the  rectangular  axes  of 
twins ;  as  «.y.  in  one  of  the  twins  of  ataurolite  described  in  Chap.  XTin 

21.  It  may  sometimes  he  necessary  to  find  a  line  making  a  definite 
;le  with  a  known  line  in  one  of  the  conspicuous  planes  of  the  crystali 

such  as  e.g.  with  one  of  the  axes  in  an  axial  plane.  If  the  projoctioQ 
two  linos  of  equal  length  at  90"  to  one  another  be  known,  the  line  can  be 
found  as  follows.  Let  us  8upi>06e  the  plane  to  be  yCD'  of  Fig.  61,  and 
let  the  line  required  make  an  angle  tf<90''  with  CD\  Now  the  triangles 
yCD'  and  VD'h  are  both  right-angled  i8oacelc«  triangles,  so  that  tbs 
anglcH  -yZ/Cand  D'Ch  are  both  the  projections  of  angles  of  45'.  If  th« 
lino  required  makes  on  angle  B  upwards  and  to  the  right,  the  triangle'}^/} 
is  used ;  if  upwards  and  to  the  left,  D'G^.     Let  us  take  the  first  cose. 

On  CD'  as  aide  construct  a  right-angled  iso.scele«  triangle  CD'V  in  th 
pUnoof  the  piiper,  so  that  (71'=  C/>', and  r/>'C=45";  and  through  iJ'draw 
D'T  nirtkhig  the  angle  6  with  CD',  and  let  it  meet  CV  in  T.     Through 
draw  Tt  parallel  to  Vy  to  meet  Cy  in  t.    Then  D't  is  the  iirojection  of 
a  line  inclined  to  GD*  in  the  required  direction  at  an  angle  6, 

From  the  constniction  CT^CD'tM\&,  and  GV  =  CD\ 
r.CT=CVi&n$. 

Again,  from  the  similar  triangles  TVy,  TCt,  we  have 

Ct  :  Cy  =  GT:CV==t&a0  :  1.    .•.C/  =  Cytanft 

Hence  D't  is  the  required  line,  since  D'Cy  is  a  i)rojected  right  angle. 

The  pnicess  is  applicable  to  any  plane  if  the  angles  of  a  definitA 
projectotl  triangle  lying  in  it  are  known,  but  it  is  not  often  needed.  Tbo 
particular  cose  taken  above  ia,  however,  of  constant  use  in  drawing  twiu^ 
for  it  is  the  rcndi(*-Ht  way  of  projecting  the  twin-axis,  and  thereby  of  pro- 
jecting the  axes  of  the  rotated  individual. 
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(iii)     CUtiographic  Dramngs. 

^.     Nuuiuuan  (Lehrbuch  tier  KryHallographie,  u.,    j).   4(>0  et 

1830),  prcijocted  a  net  of  i^ectangulur  axes  of  equal  length  in 

tllowing  way.     One  face  of  a  cube  ih  fii*st  place<l  in  the  paper 

of  its  edges  vertical.     The  cubo  is  then  turned  about  one 

verticAl  edges,  lying  in  the  pttper, 

angle  p,  so  that  the  width  <if  Z\ 

the  left  IB  n  times  that  to  the 
rif^t.  So  far  the  construction  is  the  same 
hi  that  of  Mohs  given  in  Art,  9.  If  the 
IpAper  be  turned  through  90"  until  it  co- 
i^iuades  witli  the  horizontal  plane,  OA  and 
'  OB  are  two  of  the  axes,  and  their  pro- 
s  on  the  horizontal  line  of  the 
ng  are  given  by  OD  and  OE  of 
58.     If  n  =  3»  then 

=  18*26'.     This  value  is  generally  convenient. 
Aomann  now  suppfiscf!  thp  eye  to  be  raised  above  the  horizontal 
to  as  to  luok  down  upon  the  t<:»p  of  the  cube.     The  vertical 
is   unaltered  in   length  and  position,  for  it  is  in  the  paper, 
extremities  of  the  horizontal  axes,  originally  projected   in   D 
E,   Fig.   58,  are  now  depressed  in  the  vertical  planes.     The 
t   of   depression   of    each   extremity   is   proportional   to  its 
0©  from  the  paper,  *uid  varies  with  the  height  t<:)  which  the 
IB  raised.     Let  the  depreusioii  DA'  of  the  extremity  A  on  the 
X  be  OD  ~  s,  and  let  o-  bo  the  angle  the  rays  make  with  the 
icnlar  to   the  paper.     The  depression  of   A    is   seen  from 
(rt),  which  gives  the  lines  in  the  vertical  piano  through  the 
and   DJ'  of   Fig.   58,  to   be 
;^  DA  tan  tr.      From  Fig.  5tt, 
DA  -  OE  =0D cot p; 
.'.  DA'  =  0E  tan  (T. 
hypothesis, 
DA'^OD^9=0E^ns, 

.'.  OE  ^  719  =0E  inn  a;  and  tan<r=l-rw. 
from   Fig.  59  (/>),  which  gives  the  lines  in  the  vertical 
(hnmgfa  the  eye  and  HE,  we  have  EJi'  ^EBt&na-;  and  fn»m 
EB  ==  OE  tau  p.      .-.  £8'  =  OE  tan  p  tan  a  =  0^  -  n' «. 
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The  depressions  DA'  and  EB'  are,  therefore,  given  in  terms  of 
the  arbitrary  length  OJS  and  the  numbers  n  and  s. 

We  can  now  readily  find  the  angles  DOA'  and  EOB\  and  the 
lengths  0A\  OB'. 

For  tan  DOA'  =  DA' ^0D=l-^8, 

tan  SOB'  =  EB'  ^  0^  =  Un  p  tan  o-  =  1  -  nU. 

Also,  A'O"  =  0/>*  +  A'D*  =  OD*  (l  +  p)  =  0^*  ^^-^- 


=  AO^sin 


inV(w^) 


^0» 


«»+l 


6^(n*+l)' 
^0*  =  ^-ff*  +  0^«  =  0^  (1  +  tanV  tanV) 

\       nV/  nV(l+n*) 

The  above  expressions  are  perfectly  general,  and  give  the  values 
for  any  rotation  and  elevation  desired  in  terms  of  OE^  or  of  OA  the 
cubic  ^^^^  in  the  paper. 

Naumann  employed  the  values  » = « =  3,  in  drawings  of  all 
systems,  and  these  values  are  adopted  in  this  book.  Hence, 
p  =  BOE=  IS"  26'. 

Also,  tan  EOB'  =  tan  p  tan  a  =  1  -  n^g  =  1  -=-  27  ;  .'.  EOS'  =  T  T. 
tAnD0A'=l~8  =  l^^;    .M)Ovl'  =  18' 26'. 

The  angle  cr,  given  by  tan  o-  =  1  -=-  9,  is  6*  20'. 

Furthermore,  A'O^  =  ^0' -  9  ;  .'.  A'0  =  AO-rZ. 


B'0^  = 


10 


(■4) 


AO' 
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AO^;   .-.  B'O  ^  AO  X  Un. 


23.     Naumann  gave  the  following  practical  rule  for  drawing 
the  axes.     Two  lines  OE  and  NOE,  Fig.  60,  are  drawn  at  90'  to 
one   another,   OE  being   vertical  and 
Oy=OE;    and    the     line    J^OE    is  y<" 

trisected  at  D  and  D'.     Lines  are  then  £ 

drawn  through  N,  />,  />',  E  parallel 
to  OE.  On  the  vertical  through  iV  a 
point  R  is  taken,  so  that  iVi?  =  ON  -?- », 
and  the  lino  HO  is  drawn,  meeting  the 
verticals  through  D  and  D'  at  the 
points  A' J  X^.  The  line  RO  is  the  axis 
of  X,  and  the  lengths  0A\  OX^  are  the 
unit  lengths  on  it.  It  is  clear  that 
DA'  :OD  =  NR:  0N=  1  :  s. 


4M 

n 

i 


Fig.  60. 
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:^h  A'  a  line  A'Q  is  drnwn  parallel  to  OiV,  and  OQ  is  then 
^»T)  meeting  DA'  in  T.     Hence 

B  DT  :  DA'  (or  XQ)  =  OD  :  OX^  1:3; 

or  generally  =  1  :  /t.     .*.  DT=  DA'  •»-  3  =  DA'  ^  n,  generally. 

The  line  TB^  ia  drawn  through  T,  parallel  to  SOE,  to  meet 
the  vertical  through  £  in  if.  The  liiie  JfOY^  iulereeptetl  between 
the  two  extreme  verticals,  gives  the  unit  lengths  OB"  and  OY^ 
OQ  tile  axis  of   T. 


tan  £0B'  = 


£B' 


OE 


DT 
OE 


DA' 
nOE 


tan  p  tan  tr. 


ITor 

^■b  find  the  length  OA'*  on  0^,  we  take  S  on  EB'  where 
^W- DO.  A  length  on  OZ^O^,  ia  the  unit  length  <9-i"  in  the 
I  TwticAl,  &8  la  evident  from  either  of  the  e<|ual  triangles  BOE^  AOD 

o(Pig.  58. 
'       From  a  set  of  cubic  axes  thus  projected  those  of  tetragonal  and 

otfaer  crystoia  can  be  obtained  in   the   manner  described  in  Arts. 

18—20. 

In   Fig.    60,  *   has.   for   the  sake   of    greater    clearness,   been 

tiken  =  3-2,  though  this  value  is  rarely,  if  ever,  used.  If  1  -?-*  =  0, 
^UA'  =  ^^  and  the  eye  is  not  moved.  The  cubic  axes  are  then 
JjB^jected  iu  OD^  OE,  OA"  of  Fig.  60,  and  form  the  irregular  rect- 
flkgiiUr  crtMB  from  which,  in  Arttj.  IG  and  IS,  Ihe  axes  of  obli4ue 

ud  anorthie  crystals  are  obtained.     The  drawings  are  then  par- 

tievkr  cases  of  orthographic   drawings,  for  the  rays  are  perpen- 
to  the  paper. 


24.  Tlie  drawing  of  simple  forms,  or  of  simple  combinations 
(D  4T.itrms  in  which  the  forms  to  ha  shown  are  not  closed,  offers 
fittle  difficulty.  But  in  drawing  combinations,  in  which  several 
Ibrms  occur,  a  good  deal  of  juelgment  and  practice  in  drawing  is 
needed  to  know  which  forms  should  be  drawn  first.  When  a 
Ikmoo  oh  tins  point  is  come  to,  the  simple  form  should  be 
laaefXeAiAy  drawn,  a  very  hard  pencil,  or  still  better  a  stout  needle 
toKMBted  in  a  convenient  handle,  being  used.  When  inLro<lucing 
Caoes  of  the  remaining  forms,  care  must  Iw  taken  to  cut  olf 
lengths  on  all  homologous  edges.  This  is  readily  done 
of  proportiunal  compasses.  No  general  rule  can  be  given 
I"  the  predominant  form,  i.«.  that  which  has  its  faces  most 

jL'l^d,  or  one  of  tlie  sulwrdinate  forms,  should  l)e  first 

5—2 
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drawn.  Thus,  if  we  desire  to  show  the  regular  tetnihcdron  « [II1| 
having  its  etigea  truncated  by  narrow  faces  JIOOJ  of  the  cube, 
is  beat  to  draw  the  cube  first ;  the  facfs  of  the  tetraliedron  are 
easily  inserted  by  drawing  lines  through  points  on  the  cubic  ed^ 
parallel  to  the  diagonals  of  the  cubic  faces  and  modifying  alteroj 
coigns  of  the  cube.  To  cut  oti*  equal  lengths  from  the  coigns  on 
cubic  e<Iges,  tlie  proportional  compasses  are  fixed  at  the  desii 
ratio — say  to  cut  off  one-tenth — the  long  legs  being  made  to  cpan 
Ige  in  turn,  the  short  Ifga  give  the  length  from  the  coign  on 
>dgc.  On  the  other  hand,  in  a  combination  of  « { 1 11  [  with  tl 
rhombic  dodecahedron  {UOJ  small,  the  tetrahedron  should  be 
drawn, 

25.     Until  some  skill  has  been  attained  it  is  be&t  to  project  th< 
axes  and  to  draw  the  orj'stAl  on  a  very  large  scale.     The  drawi 
can  be  reduced  either  by  photograpliy,  or  by  the  following  luetlu 


illustrated  by  Pig.  61.  AH  the  coigns  are  joinod  to  any  point  in  the 
paper,  which  may  V>e  either  at  the  origin,  or  at  any  point  without 
the  drawing.  The  proportional  compasses  are  then  set  so  ns  to  give 
the  required  reduction  in  the  length  of  any  line.  Thus,  if  the 
drawing  were  to  be  reduced  by  a-half,  the  conipas-ses  would  l>e  set 
to  bisect  each  line.  By  spanning  each  line  from  a  coign  to  tbd 
fixed  point  with  the  long  legs  and  rex-oi-sing  the  compasses  we  get* 
series  of  points,  as  shown  in  the  diagram,  which,  when  joined  by  lion 
parallel  to  tliose  of  the  original  drawing,  give  a  diagram  half  the 
dimensions  of  the  original  one.  In  the  diagram  one  of  the  smaller 
cubes  is  one-half,  and  the  other  two-lifths,  of  the  large  cul>e.    Thu^ 

Up  :  QB^tlp'  :  tlR^^pp'  \  RR'^\  :  2. 
Similarly,         Or  \  OR^Or^  i  OR' =  rf^  :  RR}  =  2  :  5. 

Clearly  the  process  can  be  reversed  and  a  small  figure  magnified 
in  any  required  ratio. 
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To  avoid  oonfuBion  the  interrupted  lines  from  O  are  not  carried 
through  the  large  cube,  and  the  back  edges  of  the  interior  cube  have 
been  omitted. 

26.  It  is  often  desirable  to  show  the  faces  at  the  back  of  a 
crystal.  This  is  usually  done  by  means  of  lines  of  dots  or  very  short 
strokes.  When  the  crystal  is  centro-symmetrical  the  edges  at  the 
back  are  very  easily  drawn  as  follows.  All  the  front  faces  having 
been  introduced,  the  coigns  are  pricked  through  on  to  tracing  paper 
and  the  figure  copied.  The  tracing  paper  is  then  inverted^  that  is  to 
say,  is  turned  half-way  round  in  its  plane,  so  that  the  edges  bound- 
ing the  figure  again  exactly  fit.  The  coigns  are  now  pricked  through 
the  tracing  paper  on  to  the  original  drawing  and  give  the  coigns  at 
the  back  of  the  figure.  It  is  clear  that  lines  through  the  centre 
of  the  figure  would  join  opposite  coigns  and  be  bisected  at  the 
centre,  and  that  the  process  therefore  gives  the  positions  of  parallel 
facee. 


CHAPTER  VII. 


LINEAR   AND   STEREOGRAPHIC   PROJECTIONS. 


(i)     Linear  Projection. 

1.  The  diagrams  given  in  plans,  orthographic  and  clinographic 
drawings,  aid  the  student  to  realize  crystal-forms,  and  to  recognin 
the  symmetry  and  habit  of  crystals  of  different  substances;  but 
they  do  not  enable  him  to  grasp  all  the  zonal  relations  of  a  crystal, 
or  to  determine  the  relations  between  the  dihedral  angles  and  the 
indices  of  the  faces.  For  these  purposes  diagrams  involving  a  more 
highly  abstract  representation  of  a  crystal  are  generally  used. 

2.  The  first  we  shall  describe  is  that  known  by  Gennan 
Crystallographers  as  linear  projection.  The  plane  of  projection  is 
parallel  to  some  important  face  of  the  crystal,  such  as  a  plane  (tf 
symmetry  or  an  axial  plane,  or  that  perpendicular  to  the  triad  axis 
of  a  rhombohcdral  crystal.  All  faces  and  edges  are  shifted  to 
parallel  positions  so  as  to  pass  through  a  fixed  point,  not  lying 
in  the  plane  of  projection,  which  is  called  the  centre  qf  projectum. 
The  straight  line  in  which  the  transposed  face  meets  the  plane  of 
projection  is  called  the  trace  of  the  face.  Parallel  faces  will,  when 
shifted,  coincide  in  a  plane  parallel  to  each  of  them,  an{l  are 
therefore  represented  by  a  single  trace.  Two  or  more  traces  meet 
in  the  point  in  which  the  line  of  intersection  of  the  corresponding 
planes  meets  the  plane  of  projection.  The  line  joining  this  point 
to  the  centre  of  projection  is  therefore  a  zone-axis,  and  the  point 
is   called   a  zonal  poi7it\     The  points,  in  which  different  traces 

'  It  may  be  denoted  by  enclosing  in  ci-otchcts  the  lettere  which  indicate  the 
traoBS  meetiug  in  it. 
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the  trace  of  auy  particular  face  P,  are  zonal  jjoints  wliich 
directioug  of  zone-axes  parallel  to  the  face  P;  and  all  the 
zones  to  which  this  face  is  common  must  give  zonal  poiiiUs  situated 
in  ita  trace.  Again,  the  line  joining  any  two  zonal  points  is  the 
trace  of  a  puftsible  face ;  for  the  plane  which  contains  the  two  zone- 
axes,  joining  the  centre  of  projection  to  the  zonal  points,  is  a  possible 
face 

The  projection  is  uaefnl  in  several  ways.  It  may  be  used : — (i) 
for  determining  the  directions  of  zone-axes,  or  edges  of  the  crystal ; 
(ii)  for  testing  whether  any  face  is  in  a  particular  zone,  for  the 
trace  must  then  pass  through  the  zonal  point ;  (iii)  for  det-ermining 
the  symbol  of  a  face  parallel  to  two  zone-axes.  It  can  also  be  used 
for  numerical  calculations,  but  its  suitability  for  such  computations 
is  so  inferior  to  that  of  the  stereographic  projection  that  we  shall 
not  use  it  for  the  purpose. 


n 


3w  ExampU,  We  shall  illustrate  the  projection  by  giving  the  steps 
ly  which  the  linear  projection,  Fig.  03, 
ift  made.  It  represents  tbo  cn-Htal  of 
horrtes  of  which  Fig.  62  is  a  plan.  A 
plane  |«arallel  to  e  (001)  is  token  for  that 
of  prctjection,  and  the  centre  is  taken  at 
point  C  on  the  xone-juiis,  OZ^  perjwn- 
ular  to  this  face  and  at  a  distauc-e  c 
(the  parameter)  fr!>m  the  \iA\>cr.  The 
C  ia  not  shown  in  Fig.  63,  for  all 
ts  OD  OZ  oro  projected  in  0,  whore 
aaeeta  the  paper. 

Tb«  fsces   a    and  a\  when  shifted 

1    to    themsel  ves    ho    oa    to    pass 

lUgh  Cf  coincide  in  a  plane  through 

which    meets  the  ^niper   in    I'O)'. 

is  trace  is  labelled  a  (100),     Similarly,  the  trace  in  which  the  plane 

-Migh  r»  parallel  to  6  and  6',  meets   the   pa^jer  is   given  by  the  axis 

At  right  angles  to  JT,. 
It  ia,  furthermore,  clear  that  every  face  parallel  to  the  zone-axis  OZ 
most,  when  it  is  transposed  so  as  to  pas^  through  C,  moot  the  paper  in  a 
which  1*08868  through  0.     Hence,  fnnn  a  knowledge  of  the  angles 
in  Chap.  III.  Art.  9,  wo  can  draw  the  traces  of  the  faces  m,  1%  X,  &c., 
means  <if  a  protractor.     The  tract-s  k  and  i-:  make  angles  of  22"  15'  with 
V;   whilst  the  iwirs  m,  m'  and  X,  A'  arc  inclined  to  OY  at  angles  of 
"  W  and  22'   1(.V,  respectively. 
Again,  the  trocm  nf  all  tautozoual  faces  meet  in  the  eonal  point.     If, 


Fio 
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moreover,  tbo  zone-axis  m  parallel  to  the  plane  of  projection,  the  zoniU  point 
is  at  an  infinite  dtHtouce,  and  all  the  traces  are  |>arallel.    Uenoe,  the  traon 


rf^Oi  — 


Fia.  63* 

of  i  and  z",  which  are  in  a  zone  with  the  facea  m  and  <•,  are  parallel  to  the 
trace  of  m^  and  make  anglcH  of  39'  1 1 '  with  I)  V.  The  trace  r  may  Ijo  drawn 
through  any  p<jirit  B  on  0}\  The  length  OB  ia  taken  art)itmrily  and 
gives  the  scale  of  the  projection,  and  the  diatauce  c  of  the  centre  of  pro- 
jection is  determined  by  the  length  OB  tjikeu  (Chiip.  vi.  Art.  8).  Again, 
from  the  triangle  A  OBy  which  the  trace  z  forms  with  the  axes,  we  have 

OA^0B^Un{0BA^Z^^  11'). 

Hence,  OA  is  known  in  terms  of  OBy  and  is  a  fixed  length.  The  face  f 
passes  through  /J,  and  A,  where  OB,=  -OB^  and  0A,=  -OA.  The 
homologous  traces  y  and  /"  are  now  drawn  tlirough  B  and  B,  parallel  to 
m\  and  clearly  pass  through  A,  and  J,  resivectively.  The  symbols  of  the 
faces  are  attached  to  the  traces. 

The  faces  a,  r,  y,  o,  y,  z\  a*  are  all  in  a  !5ono  having  CB  for  zone-axis, 
ainoe  B  is  the  point  in  which  the  traces  of  a  and  z  intersect.  That  a 
and  fi'  are  in  the  zone  is  obvious,  for  they  are  jiarallel  to  the  plane  of 
symmetry  wliirh  bisects  the  angles  y^,  fr',  and  is  [Wiriwndiciibir  to  o.  The 
fiice  o  is  |uirdlk<1  to  OXy  and  its  trace  must  be  tlio  tine  through  B  ])arallel 
to  OX.  Kor  a  ainiilar  reawon  the  truce  of  o  is  the  parallel  Hue  through  B,* 
Their  MymVtls  are  (Oil)  and  (oTl),  resjiectively. 
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«,  »,  /"'  are  in  a  zoue  with  the  faces  b  and  6',  which  arc 
to  the  plane  of  symmetry  biflecting  the  angle  z/".  The  face  u  in 
also  parallel  tn  O}".  Ucncc,  itH  traco  ia  the  line  u  dniwn  through  A 
pvttUd  to  or,  and  its  symbol  is  (101).  The  homologoufl  face  givoe  the 
parallel  trace  u'  (101)  paeaing  through  A^, 

The  tncea,  o,  m\  u  all  meet  in  a  point,  and  the  feces  are  therefore 

tauCnuinnl ;  and  siniilarly  for  the  other  hoIa  which  meet  at  tlio  comers  of 

the  rectangle  formed  by  the  traces  of  o  and  u.     Close  iuBpection  of  Fig.  62 

ihovB  that  the  edge  [ro]  in  parallel  to  the  edgca  into  whivli  m'  uud  m"  ura 

fomborteued;  and  it  is  clear  that  all  lines  in  these  latter  fucea  will  be 

projected  in  the  some  lines.     When  we  meet  with  such  edges  as  [ro]  in  a 

(lio,  ve  know  that  the  feces  r  and  o  must  be  in  a  zone  with  the  faces  m* 

tad  ffi"'.    Hcnoc^  the  trace  of  r  passes  through  the  zonal  point  in  which 

tR'  aod  o  intersect.    But  r  is  aLao  in  the  zoue  [i/urc].     lleuce,  its  truce  is 

IVille]  to  that  of  m.     It  must  meet  US  at  a  didtance  20J,  for  the  triaugle 

brOfid  by  the  traces  k,  r,  and  OX  is  similar  and  equal  to  BOA.    Similarly, 

4b  bittt  r  meetA  oy  at  20B.    The  face  r  therefore  intercepts  on  the  axes 

Idigths  iOA,  WUy  OC.     A  parallel  face  is  given    by   OA,  OB,  OC-i-i. 

Bectci^  its  symbol  is  (112).    The  traces  of  the  homologous  Sacoa  ore  now 

Mftlj  drawn. 

"Hms  edges  of  y,  r,  rf,  r*",  y"'  are  all  fiarallol  to  one  another  and  to  the 
liov  K  Uenco,  the  f/icea  ore  all  tauto^nal  Tliey  therefore  oil  pass 
^^tmgb  the  points  in  which  the  trace  r  meets  OX.  But  d  is  parallel  to 
(fT.  Its  trace  is,  therefore,  inserted;  and  the  face  has  the  Bymbol  (102). 
fidt  tbe  tmoe  d  meets  that  of  z  at  the  poiut  in  which  this  latter  mecttt 
thtt  of  o'.     Hence,  the  faces  s,  d,  o',  are  tautozonal. 

The  trace  and  Hymbol  of  y  are  now  eiisily  foiuid,  for  i/  ih  common  to 
ihe  wum  [syy]  and  [drtf].  Hence,  its  tnice  poaaos  through  B  and  through 
tbe  point  of  intersection  of  r  aud  d ;  and  the  intercepts  of  the  face  ore 
iOJ,  OB^  OC.  The  symbol  of  y  is  therefore  (122).  The  homologoiuj 
be  now  drawn. 

wing  line<^  through  A  and  B  parallel,  ros[>ectively,  to  \  and  /*,  the 
easily  prove  that  the  symbols  of  these  {ncaH  are  (210)  and 
130)^    The  tTHoe  of  X  is  seen  to  pass  through  the  iDtoraoctioii  of  those  of 
«od  f',  and  that  of  it  through  thoHO  of  /  and  t".    The  symbols  can 
be  obtained  by  Weiss's  zone-law. 
traoi!  of  /  (104)  has  not  been  inserted,  as  it  would  unduly  extend 
diAgranif  for  it  moots  the  axis  of  X  at  a  distance  AOA.     The  faoo  c  is 

el  to  the  paper  and  cannot  be  shown  as  a  trace. 
A  linear  projection  i»  sometimes  iuoouvciiiently  large ;  for  a  face,  inclined 
miail  angle  to  the  fxiiier,  moctt>  it  in  a  trace  at  a  corres^H^ndingly 
di^tAOoe  frum  the  origin.     In  practice,  this  is  a  serious  drawback, 
ihhoald  li©  noticed  that  a  knowledge  of  the  parameter  c,  or  of  the 
which  the  fece  *  makes  with  the  pa]>er,  bos  nut  been  needed.     The 
would  be  the  some,  exceiit  in  scale,  whatever  be  the  length  OC. 
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4.     Linear  projections  are  of  great  uasistauoe  in  making  pUm 
and  other  drawings  of  crystals.     Thus  the  pUn,  Fig.  62,  is  readily 
made  from  the  linear  projection.     In  the  preceding  Article  reference 
was  made  to  the  plan  as  standing  for  the  crystal ;   hut  in  actual 
practice   a   linear   projection    would   be  drawn   directly   from   the' 
crystal  after  such  measurements  and  determinations  of   sones  u 
were  needed  had  been  made,  and  the  plan  would  then  be  drawn 
from  the  linear  projection.     For  the  edges  in  the  plan  are  the  linei 
joining  0  to  the  zonal  points  in  which  the  corresponding  traoetj 
n;eet.     Tlie  edges  ai-e  parallel  to  the  traces  when  these  are  parallel] 
to  one  another,  for  the  zonal  point  is  at  an  infinite  distance.     It  it* 
also  clear  that  the  edge  of  intersection  of  c  (001)  with  any  face  is* 
parallel  to  the  trace  of  the  latter  face. 

Linear  projections  may  l>e  advantageously  used  in  order  to  get 
the  directions  of  the  edges  of  a  crystal,  when  an  orthographic  or 
clinographic  drawing  has  to  1>e  made ;  and  the  method  is  often  less 
laborious  than  that  given  in  Chap.  v.  Art.  4.     All  the  faces  ars 
transposed  parallel  to  theumclves  so  as  to  pass  through  a  point  on 
one  of  the  a.Yes  of  reference  at  a  distance  from  the  origin  equal  to 
the  parameter  on  this  axis;  as,  for  instance,  the  point  C  on  the  axis 
OZ^   where   OC  ~c.     The  traces  are   then  drawn  in  the  projected 
plane  XOY.     If  the  axes  of  X  and  Y  and  the  parameters  on  tbem 
have  been  correctly  projected,  the  traces  are  as  easily  drawn  aa  inl 
tlie  example  worked  out  in  Aj-t.  3.     The  directions  of  the  edges  am] 
given  by  the  lines  joining  C  to  the  intersections  of  the  traces.     Thai 
scale  of  the  linear  projection  is,  in  this  and  similar  cases,  determi 
by  the  lengths  of  the  projected  axes.  Or  we  may  suppose  all  the  faces  1 
pass  through  A  on  OJT,  where  OA  =a,  and  the  traces  to  be  drawn  in| 
the  plane  YOZ,     It  may,  occasionally,  l>e  convenient  to  use  partial 
linear  projections  in  more  than  one  of  the  axial  planes  in  drawing 
the  same  crystal.     Such  partial  projections  would  be  needed  to  gii 
a  few  edges  only.     Care  must,  of   course,  be  taken   not  to  ntakol 
mistakes  as  to  the  plane  in  which  the  traces  lie,  or  as  to  the  axisj 
on  which  the  centre  of  projection  is  taken. 


5.     Example,    Wo  shall  iUuBtrata  the  applicatioa  of  linear  prujectian  to  tb«] 
drawing  of  crj'fitals,  by  deBcribiiig  the  steps  involved  in  drawing  the  wmpll 
cryBtftl  of  anorthite,  given  in  Fig.  6'>. 

The   formB   to  be  represented  are:   M  {010},    P  J001|,    y  {^l\,    I  (llOJ, 
r  {ll0|,  p  |111].  0  \l\\\.    The  parameters  and  the  following   angles   ai 
known:   3/V*  =  010 A  100  =  87"  tt',  o='J3'=*  13'-».  )9=ll.=i"  55''6. 
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Projooting  iho  uca  by  the  method  of  Chap.  ti.  Art.  18.  we  dr&w,  in  FU.  64, 
JCJiT  aod  CC^  at  ri^ht  angles,  and  construct  the  parallelognuns  OA/A'.V  aud 
OJfT.V  with  the  sides  given  bulow.     OEi  or  0M\  being  any  arbitrary'  length* 


kr 


A)^ 


/ 


ir. 

Fio. 


C4. 


0oM8r6^8»a6')_         cob68^40' 
"*-^* Sain  16^  %"        -'^^aiiriB^'- 

=0£x-4e; 
«  OX  oofl  8^  1S''3  =  OS,  vaiy  nearly ; 

0A'=:O^ 'ainiT  13'-3  =  0£%/i0  8in3'=  13'*4-r-8 
_  =0£x'18; 

OA"^OEs/l0^9  =  OEyl-m. 
Thmx  OX  and  oy  are  unit  lengths  in  the 
of  X  and  y.    These  lengths  and  OA"  have  now  to  be  changed  in  the 
alios  of  the  pummetera,  -64  :  1  :  -65,  or  in  the  ratiofl  1  :  l~Ct4  :  -55-^  64, 
lbs  loglb  OX=OA  b«ing  anehangcd,  the  length  OY  is  divided  by -64  to 
gbs  OB,  and  the  length  OC  =  OA"x  ■:,o~(il  =  0£x'n. 

A  liocar  projection  ie  now  made  in  the  plane  XOY,  Fig.  6€,  all  the  Caoes 
W&f  shifl«d  tu  pass  through  C  on  OZ  at 
£atuoa  r.     The  trace  y  is  parallel  to  OY 
<id  bueota  OX, ;  the  trace  of  o  (111)  is  oo 
— Mint  ^«  s-x^  of  y  and  .Y  at  A,  and  X„ 
>«p«e(iteJy;  and  the  trace  of  t  (110)  is 
O^puallel  to  00.   Slmilarlr,  the  trnous  uf 
f  ^ad  T  are  /»p  throagh  H  and  .Y,.  and 
or  parallel   to   pp.     The  edges  of  the 
ajtUi  are  parallel  to  the  axes,  and  to 
ibe  lines  Joining  C  to  the  Konal  points. 
Tb* parallel spiped  PM^'  is  first  druwu 
ej^es  parallel  to  tlic  axes  of  A'  and 
3  to  the  line  joining  C  to  the  point 
bierMction  of  OX,  with  the  trace  y. 
hinsy  hare  any  dimensions;  but,  if  it  is  to  reprenent  a  crystal  of  pariicolar 
Unl,  the  edges  shoold  approximate  in  length  to  those  in  the  cr^'stal.  when 
IIk  other  faces  are  neglected, 
Faea  p.    Eqoal  lengths  (one-fifth,  say)  arc  now  cut  off  by  proportional 
at  opposite  ends  of  the  up[>er  and  lower  edgtis  [Pj/V     Through  these 
|Wit»  the  edgos  [Pp]  and  [P,p']  art*  drnwn  parallel  to  the  trooo  pp,  for  the  face 
'u|«rallcl  to  Xf'Y.    Through  the  ^auie  points,  edges  are  drawn  parallel  to  the 
lilt  jnning  C  to  the  zonul  point  [ypl];  of  which  [p'tf']  is  alone  shown.     The 
•^[fj>l  and  [py]  meet  thu  face  M  in  points  on  the  edges  [MP]  and  [My], 
■bcfc.  «rhen  joined,  give  the  edge  [Mp].    The  parallel  edge  [Mjt']  is  determined 
tasame  manner.     Tlie  edges  so  obtained  will  be  found  to  be  parallel  to  the 
Joining  C  to  the  aonal  point  [/'A'/']- 

FMxm  «.     Equal  lengths  (one-fourth,  say)  are  now  cnt  off  at  the  other  ends 
Af  tam^  edgea  [Py\     Line^  parallel  to  the  iraoe  oo  give  tlie  edges  [Po], 
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[Pp'].  The  remaining  edges  of  tbo  face  o'  ore  obtoiDod  in  a  mimuor  similar 
to  that  given  for  p'. 

Prum-facet,  The  faces  /  and  T  are  easily  drawn  in  a  Bimilar  manner.  The? 
meet  P  in  edges  paraUel  to  Uiu  tracen  Of,  and  OT;  aud  e/'  in  edges  (mmUel  lo 
the  tinea  joining  C  to  the  zonal  points  [yip]  and  yio],  respectively.  The  last 
vertical  edge  [J/rj  haa  to  be  u<jual  and  paraUel  to  [M,T\,  It  in  moat  eaitily 
drawn  by  determining  the  diatonce  from  the  coign  of  the  parallelepiped  PMp^ 
intercepted  by  [M^T]  on  the  edge  [PM^],  and  measaring  ofl  thiH  length  from 
the  opposite  coign  of  PMy,  along  the  parallel  edge  [P,M].  The  vertical  line 
throngh  the  point  so  found  is  thu  edge  required. 

If  It  is  desired  to  show  by  dotted  Uoea  thu  parallel  edges  behind  the  popcTj 
the  drawing  is  covered  with  traciug-paper  aud  the  coigns  marked  on  it.  The 
tracing-paper  is  then  inverted,  and  the  coigns  in  the  edges  bounding  the  figure 
are  again  brought  into  strict  ooincidence.  The  positions  of  the  coigns  in  the 
tracing  give  the  coigns  behind  tlie  paper.  They  can  be  now  pricked  through  with 
a  needle-point,  and  the  lines  joining  tliem  to  one  another  and  to  the  ooigns  ia 
the  boonJing  edges  give  the  edges  at  the  back  of  the  figure. 


(ii)     The  SOireographic  Projection, 

6.  This  projection  wuij  introduced  by  F.  £.  Neuuuuia  a& 
oflfering  a  simple  way  of  representing  the  data  of  crystal  uieafiar&- 
meut,  and  whs  atlopted  by  Miller  and  used  by  him  in  the 
Treatise  on  Crysta/loi/raphi/,  1839 ;  and  in  Brooke  and  Miller's 
AfineraJogf/,  1852.  All  the  normals  to  the  faces  are  supposed 
to  pasM  thnjugh  the  origin,  and  a  sphere  of  convenient  nulius 
18  described  with  the  origin  as  centre.  The  points  in  which 
the  nonniila  meet  the  sphere  are  the  poles  of  the  faces.  In 
diplohedml  crystals  each  normal  is  perpendicular  to  a  pair  of 
parallel  faces  situated  on  opposite  sides  of  the  origin.  We  shall 
take  the  point  on  the  sphere  to  be  the  pole  of  the  face,  when 
the  two  lie  on  the  same  side  of  the  origin.  We  have  seen  that, 
by  ec^uatious  (1)  of  Chap.  iv.  Art.  15,  the  direction  of  the  normal 
is  fully  detennined  if  the  axes,  tho  parameters,  and  the  indices  of 
a  face  are  known  ;  and  that,  keeping  in  mind  the  relations  given 
in  (1),  the  indices  may  be  ^d  to  be  those  of  the  normal.  Clearly 
they  may,  in  a  like  manner,  be  applied  to  the  pole^  for  the 
angles  XOP,  *fec.,  are  the  arcs  of  great  circles  on  the  sphere 
between  the  pole — which  nmy  also  be  denoted  by  P — and  the  axial 
points  X^  r,  Z.  The  points,  whfirc  the  axes  OX^  0  F,  OZ  meet  the 
sphere,  are  not  necessarily  poles  of  possible  faces,  and  the  distinction 
between  the  axial  points  and  the  poles  of  Liiu  faces  pariillol  to  pairs 
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of  the  axes  roust,  as  was  indicated  in  Chap.  iv.  Art.  19,  be  care- 
fully borne  in  mind.  The  polea  of  the  axial  planes  YOZj  ZOX^ 
XOY  are  usually  denoted  by  the  letters  A^  B  and  C,  i-espectively, 
and  are  often  inscribed  in  diagrams  in  small  Italics  which  take  up 
l^t^s  iTjom ;  but^  even  in  this  latter  case,  capital  letters  will  often  be 
used  in  the  text,  in  order  to  avoid  confusing  the  poles  with  the 
pammetent. 

Again,  since  all  nonuals  are  drawn  through  the  centre  of  the 

S(khr!re,  and  thiHte  to  all  tautozonal  faces  lie  in  a  plane  perpendicular 

lo  the  zone-ftJKis,  the  poles  of  tautozonal  faces  must  lie  in  a  great 

circle.     But    we   know    that  a  zcme-axis   \_uvw'\   and   a   face   (hkl) 

parallel  to  it  are  connected  by  the  equation,  hu  +  k¥  +  fw  =  0.    Hence, 

tl  the  face-indices  be  used  to  denote  the  poles  of  the  faces,  we  can 

employ  the  zone-symbol   to  denote  the  great  circle  in   which  the 

polfs  lie,  provided  that  the  relation  implied  is  that  given  by  the 

above  equation,     There  wiU  then  be  no  ambiguity  in  stating  that 

tlw  pole  ihlcl)  lies  in   the  zone-<!i}rfff  [uvw].     It  is  luei-ely  another 

»«y  of  stnting  that  the  face  is  parallel  t^l  that  zone-axis. 

All   the    propositions    of    Chap.    v.    am,    now,    be    stated    as 
'  '  'IS  between  poles   and   zone-circles.     Thus,  the  point   of 
b  u  of  two  zone-circles  is  u  possible  pole;   for  the  ra<iius 

L  fe     (bTY)0£:b  this  point  is  perpendicular  to  both  the  zone-axes,  and  is 
■^k  (berefore  perpendicular  to  the  possible  face  parallel  to  the  axes. 

7.  For  the  purpose  of  representing  the  sphere  on  the  paper  the 
it-freogmpluc  projection  is  used,  owing  to  the  simplicity  of  the 
e^instru'.-iiou ;  for  eAery  circle  on  the  sphere  is  pr<>jcctcd  on  the 
paper  in  a  straight  line  or  circle.  The  reader  will  tind  proofs  of 
(Itii  (rtatrment  in  text-books  of  Spherical  Trigonon»etry,  and  in 
R  ReQscL's  Die  Sterf>.iMjrciiihi9che  Projf.ction\   Leipzig,   1861. 

Tbtf  plane  of  the  paper  is  supposed  to  pass  through  the  centre  of 

t^  -       *  and  the  eye  to  be  placed  on  tJt^.  aitr/fice  of  the  sphere  at 

fij  nity  of   the   diameter  perpendicular   to  the  pa[>er :   the 

oCber  extremity  of  this  diameter  wilt  l>e  called  the  opposite  point. 

Tb©  grpat  circle  in  which  the  sphere  meets  the  paper  is  called  the 

latv/ire  cirde^  or  shortly  the  primitive.     Th<^  projections  of  poles 

then  the  points  in  which  the  lines  joining  the  polos  to  the  eye 

the  paper.     It  is  clear  that  the  projections  of  poles  situated  on 

ibe  bamivphere  opposite  to  the  eye  will  fall  witliiu  the  primitive 

^xrhi ;  that  the  projections  of  poles  which  lie  on  the  primitive  circle 
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will  coincide  witli  the  poles  them&elves  ;  and   that  lines  to  polot, 
situatod  on  the  samo  side  of  the  paper  as  the  eye,  will  meet  the 
paper  outside  the   primitiTe.     To   illustrate   the  projection,   let  a 
terrestrial  globe  be  taken  to  represent  the  sphere,  let  the  equator 
be    the   primitive   circle,    and    let   the   North,  or   South,  Pole    be 
the  position  of  the  eye.    Suppose  Fig.  66 
to  represent  a  meridian-circle,  and  the 
eye  to  be  placed  at  Ej  the  South  Pole. 
The  line  £q  to  a  point  g  on  the  upper 
semicircle   meets   the   diameter  of   the 
equator   within   the  circle   at   Q;    the 
line  to   the   point   L   on    the    equator 
meets   the    diameter  at   L   itself,   and 
that  to  a  point  h  on  the  tower  semi- 
circle has  to  be  prolonged  to  meet  the  p,Q,  g^^ 
diameter  outside  the  circle  at  //.     It  is, 

furthermore,  clear  that  all  points  on  this  meridian  must  be  projected 
in  points  lying  in  the  diameter  OL :  and  the  same  must  be  true  for 
points  on  all  meridian-circles.  Similarly,  the  projections  of  the 
points  on  arty  circle  which  lies  in  a  plane  passing  through  the  eye 
must  be  a  straight  line.  For  the  lines  joining  the  points  to  the 
eye  all  lie  in  the  plane  of  the  circle,  and  two  planes  intersect  one 
another  in  a  straight  lina  If  the  circle  meets  the  primitive,  the 
straight  line  must  pass  through  the  two  points  of  intersection. 

8.  The  poles  usually  rHowti  in  st^rcogrnphic  projections  arc 
those  on  the  upper  hemisphere  oioiM  the  paper.  The  eye  is  there- 
fore supposed  to  bu  below  the  paper.  The  positions  of  the  projected 
poles  are  usually  indicnt<^(l  by  dots.  Any  other  points  which  may 
be  needed,  such  as  those  of  the  extremities  of  zone-axes,  may  be 
indicated  by  a  small  cross  or  other  mark.  When  it  is  desired  to 
indicate  the  |H)sitions  of  poles  below  the  ])aper,  and  this  is  often 
desirable  wlien  the  crystal  is  not  centro-syranietrical,  the  convention 
is  usually  made  that  the  position  of  the  eye  is  changed  to  the  end  of 
the  diameter  above  the  paper,  tind  the  positions  of  poles  on  the 
lower  hemisjjhere  as  thus  seen  are  indicated  by  circlets, 

0.  The  next  point  to  be  considered  is  the  orientation  of  the 
crystal  with  respect  to  the  sphere.  The  crystal  is  invariably  placed, 
unless  the  contrary  is  specially  stated,  so  that  some  important  zone- 
•xis — often  an  axis  of  symmetry — is  the  diameter  through  the  eye* 
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Tlie  nonniUs  to  fiices  constituting  the  zone  are  all  at  right  angles  to 
the  Axis  Aod,  therefore,  lie  in  the  plane  of  the  paper;  consequently, 

j|ke  poIe>4  are  easily  placed  in  their  correct  position  by  means  of  a 

fn>tr»ctor,  when  the  angles  between  them  have  been  measured. 

In   many  cases   the  zone-axis   through   the  eye  is  an  axis  o£ 

■ninietry,  or  perpenHioular  to  a  plane  of  symmetry.     Tn  these  cases 

Hk  zune-axia  meeU  tiie  sphere  in  possible  poles,  and  the  centre  is 

the  projection  of  a  possible,  or  actual,  pole.     Zone-circles  can,  then, 

be  drawn  through  the  axis  and  eacl»  pole  in  the  primitive,  aa  in 

Fig.  74.     Such  zone-circles  must  be  projected  in  the  diameters  of  the 

firimttive,  and  correspond  to  the  meridian-circles  in  the  illustration 

in  Art.  7.      Dinnietml  zotusy  as  they  may  be  called,  through  known 

poles  in  the  primitive  arc,  wlien  present,  a  great  aid   in  making 

[    tknofframSy  if  we  may  use  this  woiti  to  designate  the  stereographic 

I    prcrjecttoD  of  the  poles  of  a  crystal. 

I  10.     Problem  1.     To  determine  the  projection  of  a  point  lying 

I  ot  a  great  circle  through  the  eye,  when  its  arc-distance  from  the 

I  oppusiut  point  is  known. 

I  Suppose  a  hoctioti  tlirou^'ii   the  eye,  the  centre,  and  the  ifiven 

I  point  9,  Ui  be  shown   in   P^ig.  66.     This  section  can  be  compared 

■  riih  Uiat  made  by  the  plane  of  a  meridian-circle  on  a  globe.     Tlie 

■  ''-    oining  the  point  q  on  the  meridian  to  the  eyo  (at  the  South 

iieets  the  equatorial  diameter  in  a  point  Q.     All  great  circleft 

m  the  sphere  are  equal,  for  tliey  have  the  same  radius  as  the  sphere, 

U  tlie  lines  iu  the  me ridiaii- plane  were  (Ixed,  as  they  would  be  in  a 

Bittiel  in  which  the  meridian-circle  was  of  brass  and  the  lines  SJi^ 

'Jq  were  threads,  it  is  clear  that  the  figure  and  model  could 

_:aed  about  the  diameter  OQ  without  changing  the  positions  of 

poiiitA  in  this   line   or   their   relation   to   the   points  on   the 

-«rcle.     Tn    such    a    rotation    the    eye    moves    with    the 

and    retains   its    position   on    this    circle.     Suppose    the 

senduui,  and  the  lines  in  its  plane,  to  be  turned  about  OQ  until 

M    floincidett   with   the    equat^^r,    the    primitive   in   the   projection. 

yS|;    W   mjiy   now    be   Bup[H>sed   to    1)0  drawn    in   the   piimitive, 

asd   the  eye   to   be   in    the   paper   at   E^    the   extremity  of    the 

\jBT  perpendicular  to  OQ,     The  opposite  point  y  is  the  other 

lity  of  this  diameter.     Hence  we  have  the  following  rule: 

In  the  plane  of  the  primitive  draw  the  diameter  NOE  perpen- 

(o  the  trace  OQ  of  the  meridian-circle  containing  the  point 

be  projeoled.     Let  the  points  where  the  diameter  meets  the 
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primitive  he  E  and  JV.     Mark  off  by  a  protractor  Kq  =  a,  the  pve 
arc,  and  join  Bq.     The  point  of  intersection,  Q,  of  Eg  wiUi  t 
trace  OQ  is  the  projection  of  the  point  7  on  the  Bphere. 

11.  PitORLEM  2.  Given  the  projection  <?  of  a  point  7  on  th( 
sphere,  to  find  that  of  the  other  extremity  of  the  diameter  through  j 

By  Fig.  67,  and  considerations  similar  to  those  employed 
Prob.  1,  the  point  required  ia  easily 
found.  Draw  the  diameter  OQj  and 
produce  it  indefinil-ely  00  the  side  away 
from  Q.  Then  draw  a  diameter  OS  per- 
pendicular to  OQ  meeting  the  pnmitive 
in  E.  At  £  make  the  right  angle  QEtt^ 
and  produce  Ea  to  meet  OQ  in  .S',  The 
point  S  is  that  required.  The  angle  at 
JE,  being  a  right  angle,  is  the  angle  in 
a  semicircle.  Therefore  qOs  is  a  diameter. 
This  diameter  may  be  supposed  to  be 
drawn  in  a  meridian-circle  which  has 
been  turned,  in  the  manner  descril^ed  in 

Prob.  1,  about  the  ei^uatorial  diameter  OQ  until  it  coincides  with 
the  equator. 

12.  The  anorthic  ayst-em  is  the  f»nly  one  in  which  the  con- 
struction, given  in  Prob.  1,  does  not  enable  us  to  tix  a  number  of 
poles.  In  other  systema  a  number  of  faces  will,  as  a  rule,  lie  ia 
zones  the  axes  of  which  can  l:)e  conveniently  jihiced  in  tl»e  primitive; 
and  the  angles  the  ix>lea  in  sucli  zones  make  with  the  opposite  point 
can  be  determined  either  by  direct  mea'^urement,  or  by  extremely 
simple  calculation.  In  cases  where  a  con.siderable  amount  of 
calculation  is  needed  to  get  the  distance  of  a  pole  from  the 
opp*>site  point,  it  will  be  brst  to  apply  the  method  of  Art.  20  Uk 
determine  tho  position  of  the  pnjjected  p<>le 

AVhen  thp  projections  within  the  primitive  of  two  or  thre4 
poles  have  been  found,  those  of  other  poles  can  be  obtained 
by  dniwing  the  zone-circles  through  pairs  of  known  poles.  It  is 
clear  that  any  two  polos  fix  the  position  of  a  7/jne-circle ;  for  only 
one  plane  can  be  drawn  through  these  poles  and  the  centre  of  the 
sphere. 

13.  Problem  3.     Given  the  projections  If  and  Q  of  two  poh 
draw  the  projection  of  the  great  cirt;le  through  the  poles. 
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(a)  Determine  by  the  method  given  in  Prob,  2  (using  Pig.  67) 
the  projection  S  of  the  point  a  at  the  other  extremity  of  the  diameter 
through  one  of  the  given  poles.  It  is  moat  convenient  in  practice 
to  take  that  projected  pole  Q  which  is  furthest  from  the  centre. 
The  circle  required  must  pass  through  the  point  S;  for  all  great 
oirclefi  through  a  given  polo  q  have  the  same  diameter  and  contain 
the  point «  at  the  extremity  opposite  to  the  pole.  Hence  we  have 
three  points  in  the  paper  /^,  Q,  and  Sy  and  the  circle  through  them 
is  readily  drawn  by  Euclid  iv.  5. 

The  centre  of  the  circle  is  most  readily  found  as  folio wa.  Open  out  a 
pair  of  oompoasea  to  any  convenient  extent  and  with  each  of  the  thi*Ge 
poiuts  as  centre  deacrilK!  cin.'leH.  The  linets  joining  the  ]>oints  itt  which 
oufa  pair  of  uircles  intersects,  pass  through  the  centre  required. 

(6)  When  the  points  Q  and  J?  are  at  very  unequal  distances 
from  the  centre  a  more  rapid  method  is 
inostrated  by  Fig.  68.  Describe  with  any 
ooDvenienb  radii  two  circles'  through  the 
pven  points,  cutting  the  primitive  in 
points  If  and  rr^,  respectively.  Draw  the 
lines  It  and  rr^  to  meet  in  Xj  and  through 
X  draw  the  diameter  GOSx,  The  circle 
through  a  and  Q  meets  the  primitive  in 
the  points  G  and  S,  We  thus  have  at 
leASt  three  points  on  the  circle,  and  its 
•eatre  and  radius  are  obtained  in  the  manner  given  under  (a). 

14-  A  zone-axis  is  the  diameter  of  the  sphere  perpendicular  to 
tbe  plane  of  a  rone-circle.  The  point  in  which  the  zone-axis  meets 
tb«  «pliere  above  the  paper  i»  a  pole  of  the  zone-circle,  and  is  at  90" 
to  erery  point  in  it.     To  determine  the  arcs  on  a  projected  zone- 

I«,  the  projection  of  the  pole  is  required.  The  pole  of  a  zone- 
is  noL,  as  a  rule,  the  pole  of  a  possible  crystal-face. 

pROBLKM  4.     To  find  Pf  the  projection  of  the  pole  of  a  great 

le   wliich  is  projected  in  the  known  circle  GMH. 

Ijpt  the  known  circle  meet  the  primitive  in  G  and  H^  Fig.  69. 
the  arc  GH  at  M,  and  draw  the  straight  line  MO.  This 
iMiMc  121   the  trace  of   the  plane  of   ft  great  circle  through   the  eye 

*  To  atoiil  confustnK  Ihu  figure,  the  oroH  of  the  circles  IV  and  rr,  between 
B  soil  R  *r*  not  drawn.    All  that  is  needed  'va  lo  determiue  the  points  /,  /', 
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perpendicular  to  the  great  circle  which  is  projected  iii  OMU.     It 

is  also  cUtar  that  (*  and  H  are  the  poles 

of    the    gi*cat    circle    MOP,    for    the   two 

diameters  GH  and  MO  are  at  right  angles 

to  one  another.     HeAce,  P  the  projection 

of  the  pole  required  is  in  MO  at  90"  from 

M.     Draw  the  line  GM^  and  produce  it  to 

meet  the  primitive  at  m.     From  m  measure 

ofT  a  quadrant  mp^  and  join  Gpt  meeting 

MO  in  P.     If  the  figure  b  rotated  about 

the  diameter  MO  until    G  comes   to  the 

position  of   the  eye,  the  points  m  and   p 

come  into  the  meridian  projected  in  MOP  ^  and,  the  angle  mp  being 

90°,  the  point  p  is  now  in  the  extremity  of  the  zone-axis.    The 

point  P  is  therefore  known. 

15.  Problem  5.  A  zone-circle  and  a  known  point  in  it  being 
projected  in  the  known  circle  GUN  and  the  point  A,  respectively ; 
to  find  the  projection,  (?,  of  a  point  in  the  eone-circle  at  a  givea 
anji^ular  tlistance  from  the  known  point. 

The  projection  P  of  the  pole  of  tlie  zono-circle  is  first  found  by 
the  precwling  eonHtruction.  A  Htraight  line 
is  drawn  through  /*/r*,  Fig.  70,  meeting  the 
primitive  in  r.  From  r  an  arc  rq  -  a,  the 
given  angle,  is  measured  on  the  primitive  by 
a  protractor.  The  straight  line  qP  meets 
the  circle  GUti  in  the  point  Q  required.  For 
a  proof  of  thi.s  the  reader  is  referred  to 
works  on  Spherical  Trigonometry,  or  to 
ReUBch'a  Stereogr.  Projection. 

CoH.  1.  Conversely,  the  angle  a  between 
two  projectetl  poles  can  be  determined  by  reversing  the  preceding 
construction;  that  ia,  the  pole  P  of  the  great  circle  through  thtt 
poles  having  been  found,  straight  lines  PP  and  PQ  are  drawn  and 
continued  to  meet  the  primitive  in  r  and  q.  The  arc  rg  is  then 
moosurod  by  a  protractor. 

16.  Problem  6.     To  draw  the  projection  of  a  zone-circle  vrhi 
the  projection  P  of  the  extremity  of  the  zone-axis  is  known. 

It  is  clearly  only  necessary  to  reverse  the  construction  given 
Problem  4  for  finding  tbe  point  /*.     Draw,  in  Fig.  69,  the  diainet 
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MOP  And  then  the  diameter  GOff  at  right  angles  to  it.  The 
circle  required  passes  through  G  and  //,  for  both  points  are  at  90°  to 
P.  Now  draw  GP  and  produce  it  to  meet  the  primitive  in  p. 
Mark  off  on  the  primitive  a  quadrantal  arc  »fp,  and  join  mG.  The 
point  J/,  in  which  mG  and  OP  intersect,  is  on  the  circle  required; 
vhicli  can  now  be  drawn  since  we  know  three  points  on  it. 

17.  Problem  7.  A  known  zone-circle  and  point  in  it  being 
projected  in  the  circle  \GRff\  and  if,  respectively ;  to  draw  through 
R  the  projection  of  a  great  circle  making  an  angle  p  with  the  known 
sone-<arcle. 

The  angle  between  two  planea,  and  therefore  between  two  iUDne-circl&s, 
is  the  same  as  that  )>ctwccn  the  two  linc8  jicr- 
pendicular  to  them.  Hence,  the  angle  0  ih  that 
between  the  two  |x)IeM  of  the  given  and  the 
required  circlea.  Let  /*,  Fig.  71,  be  the  point  of 
projection  of  the  pole  of  [GHir\\  if  wo  can  find 
Q^  that  of  the  required  circle,  the  construction 
can  be  completed  hy  the  preceding  problotu. 
Ccrtifctnict,  by  Prob.  6,  the  circle  [PQ]  of  which 
R  ift  the  pole.  (It  \a  not  .?howu  in  the  figure,  as 
it  would  needlessly  complicate  it.)  The  circle 
must  oontaia  both  P  and  Q\  for  R  is  at  (K)"  to 
every  point  on  tbia   circle.     Mark  oQ*  Q  on   it 

at  distance  ff  fn»m  P  (Proh.  5 J.  Then  construct  the  circle  LHM  of 
which  ^  i*t  the  p*»le  (Pn>b.  6).  Th^  imiblem  is  now  solved.  It  is 
oeoeeaary  to  know  on  which  aide  of  the  original  circle  the  required  one  is 
to  lie,  and  therefore  to  know  on  which  side  uf  P  the  arc  ^  between  P  and 
Q  i*  to  be  measured.    When  this  is  known  the  circle  i»  drawn  accordingly. 

18.  Pboblbh  8.     To  find  the  projection  of  a  small  circle,  which 
He  centre  at  a  known  point  on  the  sphere  uud  a  given  arc  a 

-radius. 
Draw,  in  Fig.  72,  a  diameter  OP  through  the  projection  P  of  the 
twn  point  The  small  circle  cuts  the  meri- 
ian  circle,  of  which  the  diameter  OP  is  the  pro- 
jection, in  two  points  at  angular  distancos  a  from 
the  centre  (proje^Jted  in  P)  of  the  small  circle. 
.Hirough  S,  an  extremity  of  the  diameter  per- 
pendicular to  OPf  draw  EP  to  meet  the  primitive 
«t  p.  Cut  off  on  the  primitive  two  arcs  pr  and 
pr^f  each  equal  to  a ;  and  join  Er,  Er^,  The 
.points  H  and  A,,  in  which  these  lines  meet  the 


Fio.  72. 


84 


PROJECTION   OP   ANY    mi,E. 


diameter  OP,  are  the  projoctionfi  of  pointa  on  the  i^mall  cirde 
Bisect  RR^  at  C,  then  C  is  the  centre,  and  CR  the  rafliuK»  of  the 
projection  of  the  small  circle  on  the  sphere. 


19.  The  prooodiiig  problem  giveH  an  easy  method  for  finding  th« 
projection  of  anj  iJole^  when  the  angular  diBtanccs  from  two  known  poloi 
are  given.  For  the  pole  must  lie  on  small  circles  drawn  \rith  the  givoi 
arc-radii  about  each  of  the  known  poles.  The  projoctionH  of  thoeo  small' 
circles  are  obtained  by  the  preceding  constniction.  The  Uco  points  of 
intersection  satisfy  the  data.  To  decide  which  point  is  that  required  is 
generally  easy  from  knowlwlge  of  the  crystal,  and  the  poaition  of  the  pole 
with  respect  to  other  |k>1o8. 

This  cotiHtniction  is  usually  applied  to  make  a  stereogram  of  an 
auorthic  crystal.  The  jwloa  in  the  primitive  arc  jilaoed  by  means  of  a 
protractor,  and  then  a  few  ix)les  are  projectetl  within  the  primitivu  hviua 
knowledge  of  their  angular  dintance  fntm  any  two  iwles  in  the  primitive 
which  are  not  the  extremities  of  &  diameter.  The  (Kiiuts  P  and  p  coincide 
when  the  |)olc  is  in  the  primitive.  Consequently  r  and  r^  are  marked  off 
on  the  primitive  at  the  required  angles  fron»  /*,  and  /f,  7?,,  and  C  are  then 
found  as  before. 


SO.  If,  however,  the  angles  from  the  unknown  pi^lc  to  those  in  tbo 
primitive  exceed  4.'»*,  the  above  construction  is  inconvenient,  for  the  line 
Er,  then  meets  the  diameter  at  a  very  distant  point.  In  such  a  case  it  is 
best  to  draw  the  tangents  at  r  and  r,  to  the  primitive.  The  ]>oint  of 
intersection  is  the  centre  C  of  the  small  circle.  For,  since  j?  the  centre  on 
the  sphere  of  the  nmall  circle  lieji  on  the  |)riniitive,  the  two  circles  cut  one 
another  at  right  angles,  and  the  rndiits  of  one  circle  at  the  point  of 
intersection  is  a  tangent  to  the  other. 

Example,  Thua,  in  Fig.  73,  the  jjoleti  J/,  J/,,  T  of  anorthito  arc  placed  io 
the  primitive,  and  the  point  n  ia  required, 
where  M,ii  =  AT  24',  and  rw  =  53*  U'b. 
Area  Mfl,  J/,o,  on  the  jiriniitive  are  mea- 
sured o9'  equal  to  J/,n,  and  the  tangents 
at  a,  a,  are  drawn  to  meet  at  C.  A  circle 
with  centre  C\  and  with  radius  Ca  (the 
length  of  the  tangent),  is  a  small  circle, 
points  on  which  are  at  47'  24'  from  J/,. 
A  similar  constniction  is  made  on  cither 
aide  of  T,  the  arcs  Tfi,,  T^,^  being  53'  14'rj. 
A  third  i)oint  ^  on  ZT  can  l>o  found  by 
joining  A/3,,  where  7'i;=90'.     The  circle 

with  niditis  Dfi  and  centre  />  cuts  the  circle  ao,  at  the  required  point 
within  the  primitive. 
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21.  ExampU,  We  profimd  to  describe  the  ooostruction  of  the  aterengram, 
¥v^.  "i,  o(  the  cfystal  of  bnr>*ltHf,  RlrendvdiiwuBeed  io  Art.  3  of  this  Chapter  and 
in  GhAph.  ▼!.  Alt.  8.     The  axis  O^,  parallel  to  the  faoes  d.  m,  b,  ia  t&keo  as  the 
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throdgb  the ejre ;  ooiuequently  the  poles,  ti,  \,  m,  Ac. ,  lie  on  the  primitive. 
Vm  (ole  a  in  placed  at  the  lowest  poiiit,  b  at  90'-^  to  the  ri^ht.  The  other  poles 
V",^Ae.,  are  pat  in  )>j  a  protractor  from  the  table  of  iingles  given  in  Chap.  m. 
iri,  9.  The  Eooes  [avdU],  [hoc],  [i»rc],  and  [cr's']  arc  tlien  drawn  aa  straight 
Vbm  Uuoiigfa  the  centre. 

The  poeition  of  a  polo,  o.  2.  or  r/.  on  one  of  these  tines  is  then  determined 
If  hob.  1.    Xjet  ns  take  o.    Then  angles  =:co  (53^  43')  are  measnred  on  the 
live  from  the  point  a,,  and  the  points  bo  obtained  are  joined  by  straight 
to  tlic  pule  a ;  for  the  points  a,  a,  are  at  90^  from  the  great  oLnJe  [hcb,]. 
points  of  intersection  with  [6c6J  ore  the  poles  o  and  o'. 

eircies  in  wliicb  the  zones  [ojyo],  [ao'al]^  arc  projected  can  then  be 
TIm  centre  of  the  circle  through  aoa,  is  easily  fonnd  by  drawing  oirelea 
than  the  primitive,  so  tliat  Uoea  of  construction  will  not  ooufuse  the 
tfVMgnuD)  altout  (I,  and  o,  as  centres.  The  line  joining  their  points  of 
iMKiaution  meeta  the  line  he  in  thu  eeutre,  x,  re<iuired.  The  oouipasscs  ate 
^toed  oat  to  the  extent  xa  an*!  the  circle  described.  The  centre,  r,  is  not 
ifctiwu;  it  is  merely  an  auxiliary  point  in  the  construction.  One  of  the  needle 
fti^t  of  the  rompaasea  ts  neit  placed  at  a.  and  the  centre  on  the  line  be  of  the 
■pbIs  «tf'd^  }s  foQud,  and  tliu  circle  itself  thun  drawn.  The  intersections  of 
%tm  eircJes  with  the  itoncs  [me].  [m,rj  fix  the  positions  of  x,  2',  :",  z"'. 

TKs  soue-circW  [bzu]  is  next  determined  in  n  similar  manner.  Its  centre  is 
itifl«  furtiicr  from  the  point  c  than  n\  and  the  conHtniction  can  be  easily 
The  homologous  circle  [&x'u']  is  drawn  with  the  same  radius.  The 
aaJ  u'  are  therefore  fixed. 
B;^  dnwing  tbu  zone  circle  [i/mo']  and  its  bomologues,  the  ]K)ints  r.  r'.  &o.. 
It  H  tlien  ^Miaible  to  draw  the  zune-circlee  {byrd\  and  [//^Vd'j.  which 
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by  their  inlaneetioiu  with  the  zones  [aso],  [aw]  fix  the  po&itioDs  of  y,  y',  A«. 
aud  of  d,  d'. 

The  student  will  find  that  the  foUoving  zooes  exut*  and  that  oirclei  throoghi 
the  poles  can  be  drawn;  via.  [kor"],  [Xni'J,  [iijf"],  [o'ly],  [Xdr'*],  one  of  which  I 
has  alone  been  drawn.  The  pofuibilitjr  of  drawing  a  circle  through  three  pola  | 
ealablishee  the  fact  that  the  correspoudiug  faces  are  tautozonal. 

22.  The  indicoa  of  the  faoeH  on  the  crystal  can  now  be  &U  determined 
by  the  zonal  relations  of  the  circles  and  poica  in  the  stereogram,  and  will 
be  found  to  be  thixie  given  in  Chap.  t.  Art.  15  and  in  Chap.  vi.  Art.  8. 

The  poles  a  (100),  6  (010),  c  (001)  of  the  axial  pUnes  coincide  with  the 
axial  points  X,  }\  Z  since  the  planes  are  at  right  angles.  The  face  of  which 
I  is  the  pole  is  the  paratnetral  plane  (HI).     The  homologous  polos  abovs- 

the  paper  are  £'(ill)f  ^'(111), '"'(111)- 

The  poles  m^  &o.,  in  the  primitive  are  those  of  faces  parallel  to  OZ,  aod 
the  last  index  is  zero.  The  polo  m  is  the  iutenectiou  of  the  zone  [001,  111] 
with  [u6J=:[00l].  Xlenue  f/i  is  (110).  The  homologous  poles  are  m'(llO)» 
m"(IUJ),  m,(110). 

Similarly,  the  ijoIo  o  is  the  intersection  of  [6e]«[100]  with  [<m]=[011} 
UoncQ,  0  hEks  the  symbol  (01 1),  and  o'  (Oll).    For  similar  reaauns  the  pokr' 
u  and  u'  are  (101)  and  (101). 

Again,  \  ;,  h  lie  on  the  same  circle  and  are  therefore  tautosooaL    Tilt 
symbol  of  the  zone-circle  is  [111,  i01]=*[12lj.     Honoe,  since  the  &oeX 
parallel  to  O^,  and  the  lost  index  zero,  it8  8yml>ol  is  (210). 

The  pole  r  lb  the  intersection  of  the  zone-circles  [7iic']=a[ll0]  and 
[»i^Mo]^[llI].  Combining  the  two  symbols  by  the  rule,  given  in  table  (S^ 
of  Chap,  v.,  we  find  for  r  the  symbol  (112)  or  (112).  The  polo_r  (U2)  lying 
in  the  first  octant  must  bo  taken.  The  opposite  pole  (112)  below  the 
paper  is  necessarily  iu  the  same  zone-circles. 

The  indices  of  d  and  y  can  now  be  found,  for  both  are  in  [6r]=[20T]. 
The  fiice  d  is  also  parallel  to  0\\  or  in  the  zone  [a<i]— [010].     Hence  rf  ia  _ 
(102),  and   d!  (103).    Furthermore,  ^  is  also  iu  the  known  Eone-<dnik<| 
[a£]=[0ll].     Hence  y  iii  (122). 

Again,  when  constructing  the  stereogram,  k  was  placed  by  the  protractor. 
It  will  be  found  to  lie  iu  the  cirt.-le  through  the  poles  r  and  o',  i.o.  in  [311]. 
The  pole  k  has  the  symbol  (130).  Again,  from  the  circle  [iy"]  =  [431], 
^  can  be  shown  to  be  (104). 

Generally,  the  nnmerical  values  ot  a  -.h  \  c  would  bo  now  determined. 
In  this  case,  they  have  already  l»cen  found  in  Chai>.  vi.  Art,  8  from  the 
mentary  geometry  of  the  crystal 

The  student's  attention  may  be  called  to  the  fact  that  the  indices  of 
pole,  situated  in  a  zone  between  two  known  poles,  are  the  sum  of  simp! 
multiples  of  corresiwuding  indices  of  the  known  jwles  (Chap.  v.  Art  J 
Equations  (13)).    Thus,  the  indices  of  I  are  the  sum  of  those  of  y"  added 
double  those  of  z. 
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CHAPTER  VIII. 


rHE    ANHARMONIC    RATIO    OF    FOUR  TAPTOZONAL  FACICS. 


L  Let  there  be  four  tautozonal  faces  /*,  (AjA:,/,),  I\{hjJt(.jf^)t 
'.(A,^/,),  i\{h^kj^),  no  two  of  which  are  piirallel.  L(^t  If^KJtA 
and  flJi'^Cy  Fig.  75,  be  the  two  p^anea  P^  and  I\;  and  let  OX, 
Of,  he  two  of  the  axes  of  reference,  so  that  07/,  =  a  ■;-  /tj ,  OiT,  =  6  -r  ^, , 
()H^»a-h^,  OK^^  b- k^.  We  proceed  to  estahliRh  the  relation, 
given  in  equation  (9),  between  the  angles  made  by  the  four  faces 
with  one  another  and  the  indices  of  the  faces. 

Ijet  the  piano  .rOy  of  the  figure  i)e  perpendicular  to  the  zonc- 
(JT,  and  meet  the  line  of  intersection  of  tlie  faces  /^,  and  P^ 
in  €,  Let  the  planes  througti  OT  and  each  of  the  axes  meet  the 
plane  xfhj  in  the  linen  Ox  and  Oy,  rosppctively.  In  the  planes  TOX 
and  TO  i\  draw  the  lines  //,j4  ,  U^C\  KJiy  A',/>,  parallel  to  the  zone-axis 
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OT',  and  let  them  meet  the  lines  Ox^  Oy  in  the  points  A^  C,  B  and 
D.  Join  AB  and  CD  ;  and  draw  ^.S'  parallel  to  CD.  From  0  and 
A  draw  0-Vand  JiVboth  perpendicular  to  CD,  and  let  them  meet 
C/>  and  ^.S'in  }f  and  iV,  reKpeciively.  I^t  tlie  angle  between  tho 
nurmaU  to  /',  and  P^  be  de»ioted  by  1^,3,  and  let  those  between  other 
irs  of  noruialK  be  indicated  in  a  similar  uianner  by  attaching 
[lis  to  indicate  the  facuh  invulved. 
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THE   ANHARMONIC  RATIO. 


Now  A  AeC  =  K  A  BN,  is  equal  to  the  angle  between  the 
normals  to  P-^  and  P,,  and  is  therefore  ^.  Hence,  from  the 
triangle  ABN^  we  have 

AN=ABsin4>^ (1). 

From  the  similar  triangles  OMCj  ANS^  we  have 

AN     AS     OS-OA  _  OS     OA 
OM 


oc 


00 


oc    oc 


(2). 


From  the  similar  triangles  OBS^  ODC,  -^  =  jrj. ;  and  from  the 


similar  triangles  OBK,,  ODK,,  ^  =  ^|  =  *  ^|«^. 


OS 
OC 


(3). 


5  - 


Fio.  76. 


Again,  from  the  similar  triangles  OAH^^  OCH^f  we  have 
OA_OH^_a^^a     A, 

oc'oH^'h,  a,"a; 

.*.  from  equations  (1),  (2),  (3)  and  (4),  we  have 


AB 
OM 


sin  ^13 


AN  _ki     h^  ^hikt  —  k^hi 


W. 


(5); 


denoting  by  tfj,,  Kij,  l^u,  the  zone-indices  of  [Pi^J  derived  by  taking 
ijhhk)  and  {Jhk^l^)  in  table  (10)  of  Chap.  v.  Art.  4. 

In  equation  (5)  the  angle  ^i,  and  the  indices  A],  k^^  A,,  A,  are 
involved  with  OM  (-p^,  the  normal  on  P^,  and  the  length  AB 
intercepted  in  P^  between  the  lines  Ox  and  Oy,  These  two  lengths 
are  arbitrary  and  indeterminate,  for  the  faces  may  be  at  any 
distance  from  the  origin.     They  must,  therefore,  be  eliminated. 


¥Ftf  An  HARMONIC   RATIO, 


2.  A  similjir  figure,  iind  an  exactly  similar  set  of  relations  to 
those  given  in  equations  (I) — (5),  are  obtained,  if  the  face  /',  is 
eombined  with  i',.  By  replacing  P^  by  /*,  we  do  not  change  the 
axes,  the  lines  Ox  and  Oy^  or  AB^  for  these  do  not  depend  on  the 
position  of  /*,.  But  ^„ha8  to  be  replaced  by  «^,  the  angle  between 
IP,  and  P„  and  p,  =  OM  hy  p»~  0J/„  the  normal  on  face  /*,.  It  is 
clear  also  that  the  indices  A„  k^  of  P^  replace  ?i^,  k^,  those  of  P^. 

By  comparing  the  present  procedure  with  that  followed  in 
Chap.  V.  Art.  3,  the  student  can  easily  write  the  five  equations 
in  which  the  face  P^  replaces  P^.  We  need  only  give  the  final 
equation  oorrespuudiug  to  (6).     It  is 

Hrhe  a 


=  pt W 


le  aone-index,  entering  into  this  equation,  is  w^^j  that  obtained  by 
table  (10)  of  Chap.  v.  Art.  4  from  faces  /*,  and  /*,. 

Dividing  equation  (5)  by  equation  (6),  we  eliminate  AB^  the 
indeterminate  length  depending  on  the  exact  distance  of  P^  from 

I  the  origin,  and  have 
j^  sin  ^x,  _  h^kj-k^h.j  _  H^ 


(7). 
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1^ 


3.  The  length  AB  has  been  eliminated  only  by  introducing  a 
new  indeterminate  length  p^.  But  the  two  indeterminate  lengths 
in  (7)  depend  on  the  distances  of  P^  and  P.^  from  the  origin  and 
not  on  Pi.  This  suggests  a  ready  nietho<l  of  aUminating  both  p^ 
p^»  It  is  only  necessary  to  take  some  fourth  face  P^  {htkj^  in 
the  tone,  which  is  not  parallel  to  any  one  of  the  three  already 
employed.  If  this  be  done,  and  faces  /'j,  P^  l>e  combined  with  Pt  as 
they  were  with  Pj^  it  is  clear  that  an  equation  exactly  similar  to  (7) 
will  be  obtained,  in  which  the  only  difference  arises  from  the  replace- 
ment of  Pi  by  /*4.  Representing  the  angles  which  P^  makes  with 
/*,  and  Pn  by  ^^  and  <^a,  and  replacing  A,,  A,  by  A^,  k^j  respectively, 
we  have 

//|  sin  ^^      /i^^a  ~  ^iK  _  ^*3 

/>,  ain^u     A4A1-A4A,      W43 

Dividing  e<)uation  (7)  by  (8),  we  have 


(8). 


sin  ^j,     sin  <l>^     A, A,  -  A, A.     A^A,  -  A^A, 


sin  ^j,     sin  ifi^     ^ii^»~  ^'1^     ^«A, -A^Aj     w 


**'l»^ '?'"...  (9). 


90  NECESSITY   OK    FOUK   NON-PARALLEL    FACES. 

This  important  relation  \  connecting  the  angles  between  l 
£aoea  in  a  zone  with  their  indices,  is  the  foundation  of  much  of  ^ 
fature  diBcuBsioii.  It  will  be  extensively  used  in  the  solution  of  ti 
problems  which  arise  in  the  determination  (1)  of  the  symbol  of 
crystal-face,  and  (2)  of  the  angles  between  faces  of  which  the  symbo 
are  known;  and  likewise  in  establishing  various  general  relatioos, 

4,  The  trigonometrical  compound  ratio  forming  the  left  %in 
of  the  equation  is  known  as  the  anharmonic  ratio  of  four  plam 
intersecting  in,  or  parallel  to,  a  couunon  straight  line,  and  clear 
depends  only  on  the  angles  between  the  planes.  The  namben 
the  right  side,  l>eing  zone  indices,  are  whole  numbers.  Hence, 
have  established  that  the  auhartnonic  ratio  of  any  fou/r  laulosxm 
faces^  no  two  of  which  are  parall^lj  ia  a  comme^natirahle  number. 

5.  If  any  one  of  the  angles  ^,y  ^.,  becomes  180*.  the  core 
sponding  sine  is  zero,  und   the  auliarmouic  ratio  bc^comes  zero, 
InBnite,    according    as    the    angle    appears    in    the    numerator 
denominator.     It  is  easy  to  see  that  the  corresponding  value  of 
on   the   right  becomas  zero  at  the  same   time,  for  the  indices 
parallel  faces  only  differ  in  sign.     Thus,  if  the  first  and  third 
are  parallel,  {h^k^)  is  (^*A0  J  ^^^  H^u^/ijA-a-XjiA,  = -/i,Ai  +  A,Aj  = 
The  equation  then  becomes  indeterminate  and  meaningless. 

We  can,  also,  show  that  the  equation  becomes  indeterminate 
the  faces  /*,  and  P^,  or  the  faces  K  and  Pg^  are  parallel.    Thus  let 
suppose  the  fac«8  P^  and  P^  to  be  parallel.     Then  ^4,=  180°-^ 
and  ^u  =  1 80"  —  ^13.     Also  A^^-/i^,  k^  =  ~ki,  l^  =  ~l^. 

Con&equentlyj  we  have  on  the  left  side 

sin  ^12     **i"  ^«     *'"  0i»     ^^^  {ISO" «-  ^,a)  ^  sin  ^,  sin  ^^     .  ^ 
sin  ^  '  sin  ^4}     ^^^  ^u      sin  (ISC' -^3)     sin  ^  sin  ^^^ 

and  on  the  right  side 
Wjs      W'^"  h^kg     ijAj     AiA^-A^Aa  ~  A,/:,- AjAj     -A,*,  +  A;,A, 

*  The  proposition  was  esUbliahed  and  tiret  publielied  by  Miller  in  the  Treatim 
on  CrjfKt.,  IH'S'J.     It  appears  from  manuscript   notpa,  bearing   the  d&te  18^ 
but  first  publiBhoil  after  his  death,  that  Gausu  uUu  had  diacovfred  that 
trigonometrical  compound  ratio  waa  rational  {Werkr,  it.  p.  308,  18G3).    He 
tho  proposition  as  a  relation  of  four  ^oneciroles,  and  bin  expresaiou  ia  eqoivi 
to  that  given  in  (27)  of  Art.  19  of  this  Chapter.     Tho  elegant  geometrical  pi 
given  iu  ArtB.  l^B,  ib  due  to  Cr.  Ccsaro  {Riiiata  lU  iUtu.  e,  Crist,  Ital.  v.  1889), 


OIIDER   IN   WHICU   THE   FACES   ARE  TAKEN. 
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We  have  thus  retained  no  angles  on  the  left  and  no  indices  on 
tlie  right,  and  the  equation  haa  reduced  to  the  meaningless  identity, 
1=1.  The  same  result  can  be  easily  shown  to  hold  when  faces  P^ 
mad  y,  are  parallel. 

6.     In  distinguishing  the  four  faces  as  /*,,  /*,,  /*,  and  P^,  nothing 
hju  been  said  to  limit  the  order  in  whicli  they  actually  occur  on  the 
orystaL     The  faces  may  l>e  ttiken  m  a»y  order  w/iatever^  and  the 
student  can  easily  prove  for  himself  that  there  are  six  diiferent 
poauible   arrangements  of  the  four  faces.     The  only  point  which 
muftt  bt*  carefully  attended  to  is  this  : — that  the  nuuilxTiJ  w  must  be 
caluuhited  from  the  indices  arranged  in  table  (10)  of  Chap.  v.  Art.  4 
in  exactly  the  same  order  in  which  the  faces  occur  in  the  angles  on 
th«  left.     The  student  will,  however,  IJnd  it  convenient  to  select 
the  extreme    faces   for    /••,   and    Z'^,   and    the   pair   occupying   in- 
termediate positioos  for  /*,  and   P^.     This  is  not  the  order  most 
commonly  adojited  in  mathematical  text-books.     The  advantage  of 
taking  the  faces  in  the  order  recommended  arises  from   the  fact 
tlut  the  anharmonic  ratio  is  then  positive ;   and  difficulties  as  to 
the  directions  in  which  the  angles  are  to  be  taken  and  as  to  the 
«i|pi  of  the  trigonometrical  ratios  are  avoided.     Errors  may  arise 
ia  other  arrangements,  when  an  angle  has  to  be  calculated  by  the 
•id  of  equation  (9)  from  a  knowledge  of  the  symbols  of  the  faces  and 
Mtain  angles. 

7.  If  we  take  a  stereograpliic  projection  of  the  crystal,  we  have 
(or  the  Eonc  a  great  circle  with  four  poles  in  it,  no  two  of  which  are 
U  the  extremities  of  a  diameter.  The  angles  0,„  i/>i3,  <kc.,  are  the 
•fa  intercepted  between  the  poles ;  aud  as  we  can  transfer,  by 
B^Bitions  (1)  of  Chap.  iv.  Art.  15,  the  indices  of  the  face  to  the 
^nontial  and  therefore  to  the  pole,  we  may  state  tlie  law  of  Art.  4  in 
iligbtly  different  form  as  follows: — the  anharmonic  ratio  of  any 
poles  in  a  zone-circle,  no  pair  of  which  are  at  180"  to  one 
is  rational  and  is  given  by  equation  (9)  of  Art.  3. 
Henoe,  if  the  poles  of  tautozonal  faces  are  projected  on  a  stereo- 
Jhic  projection,  we  have,  tvs  will  be  shown  in  Art.  10,  a  ready 
of  determining  the  sytubols  of  the  poles,  aud  thereiore  of  the 
when  those  of  at  least  three  faces  in  the  zone  are  known  and 
soglev  between  all  tlie  faces  have  been  measured ;  for  we  can,  in 
•K%  lake  each  of  the  unknown  poles  with  the  three  known  uues 
a  iutut  an  anliarmonic  ratio. 
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EQUIVALENT   EXPRESSIONS. 


8.  Agfiiu,  from  Chap.  v.  Art.  4,  we  see  tlial  A]^, -Xr,/4,=  tT],  tS 
the  zone-index  referring  to  the  axis  OZ  as  deduced  from  the  faces  P^ 
and  /\  ;  and  similarly,  for  the  other  numbers  w^y  ic.  The  two 
involved  in  the  proof,  given  in  Arts,  1 — 3,  were  OA"  and  OY,  AJsd 
the  auxiliary  lines  Ox  and  Oy  were  the  orthogonal  projections  ol 
this  pair  of  axes  on  the  plane  containing  the  normals  to  the  faoes. 
As  far  as  the  proof  is  concemod,  any  other  pair  of  the  axes  and 
their  projections  on  the  plane  of  the  normals  might  equally  well  bare 
been  taken.  Thus,  we  might  take  0  Y  and  OZy  and  the  projectiona 
would  accordingly  \ye  represented  by  Oy  and  Oz.  We  should  have 
similar  triangles,  like  those  in  the  Egure,  connecting  sin  ^  with 
the  intercepts  on  0  Y  and  OZ.  The  only  change  would  clearly  he 
to  introduce  the  indices  ^,,  /,,  Jirc.,  instead  of  K^^  hj,  3ie.  And 
similarly,  if  the  axes  OX  and  OZ  were  taken,  we  should  replace 
^  by  /  throughout. 

Taking  the  finit  of  the  two  pairs  just  given,  we  hare 

sin  <^ta  ^  6in0«, ^  lik,^-kJt  ^  ^^-^«^ 
sin  ^     sin  04J      ^^-^i^      '*^-*«^ 

-(changing  signs  throughout)  j^^^f^  •  ^^T/X 


(see  Chap.  v.  Art.  4). 


Similarly,  when  the  axes  OX  and  OZ  are  taken  together, 

sin  ^,j    sin  ^„  _  A|/,-/|Aa    hj^  -  IJt^ 

sin  0u  '  sin  ^„     hj^  -  IJi^    h^l^ 

''it  ^  ^ 
^is      •'a 


(changing  signs  throughout) 


(9«^ 


Hut,  since  in  each  case  the  angles  on  the  left  side  are  alwaya 
the  t»ame,  the  exi>ressions  must  have  the  same  values,  and  it  is 
immaterial  which  ]>air  of  axes  and  wliich  zone-indices  are  used. 

9.  The  identity  of  the  three  expressions  for  the  same  an- 
harmonic  ratio  can  be  proved  independently  from  the  relations  (16) 
and  (17)  given  in  Chap.  v.  Art.  10.  It  was  there  shown  that  for 
faces,  J\,  I\f  Pf,  in  the  same  zone 

UlM        yiZ        ^13       AWu  +  AK„  +  /iVw  ' 

where  f^  ky  I  are  any  numbers,  which  (if  rational)  may  be  the  indices 
of  a  pole  not  lying  in  the  zune. 
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Similarly,  for  the  same  sone  we  must  liave 

We  may  also  represent  the  above  ratios  by  the  oxpreRaions 


.  and  by  [^;] 


These  latter  are  convenient  ways  of  expi'essing  tho  ratios  when 
known  numbers  are  introduced.  They  m*»an  only  that  we  calculate 
the  zont^-i^dicea  l/„,  Cig,  <S:c.,  from  eacli  pair  of  face-inUicen  by  table 
(10)  of  Chap.  V.  Art.  4.  Now  some  of  the  zone-indices  may  be  zero 
but  not  all  three :  in  such  canes,  a  glance  at  one  piiir  of  face-indices 
in  the  expressionH  suffices  to  shuw  which  zone  index  hat^  a  finite 
value,  and  the  corresponding  zone-index  is  then  used  throughout. 
We  can,  therefore,  express  the  anhartnouic  ratio  by  tlie  equations 
(9),  (9*),  (9**),  in  which  the  zone-indices,  or  their  equivalents  given 
above,  are  introduced  on  the  right  side.  We  shall  fi*equeatly  write 
Ifae  anhannonic  ratio  in  the  form  last  suggested  ;  viz. 


siP»» 
ftin  ^,, 


sin  ^4, 
sin  ^^ 


(10). 


We  shall  also,  for  the  sake  of  brevity,  use  the  symbol 

A.R.  \P,P,P,P,\ 

bo  nfpreaent  the  anharmi>nic  ratio  of  four  tautdzunal  face^  or  of  four 
poles  ill  a  zone-circle,  and  we  shall  generally  suppose  /',  and  F^  to  be 
Ibe  extreme  faces  or  poles. 

10.  Since  the  indices  of  each  face  occur  in  the  first  degree  both 
in  the  numerator  and  denominator  of  the  right  side  of  equation  (9), 
or  of  the  equivalent  e<iuation  (10),  it  follows  that  an  equation  of 
the  first  degree  in  the  indices  of  any  one  of  the  faces  is  given  by 
itw  If  all  the  angles  and  tho  indices  of  three  of  the  faces  are  known, 
we  can,  using  the  expression  involving  m^h,  Ac,  obtain  an  equation 
erf  the  first  degree  connecting  Aj,  Aj,  for  tlie  face  P^  (say)  the  indices 
of  which  arc  requiretl.     For,  since  the  angles  are  known,  we  can 
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DETERMINATION   OF   FACE-SYMBOL. 


computo   the  left  side  of  (9).     Jj^t  the   computed   number  b*»  «*. 
Then,  from  (9), 


in~ 


hikg  -  ^1  A,     li^k^  -  A4A, ' 


where  n  is  easily  found,  Hince   the   numbers  on   the  right  are  all 
known. 

Hence,  A,{/iX4-*,)  =  Jt,(Tt/*, -AJ (11). 

But  /*3(A3/:j/,)  lies  in  the  known  zone  [UnYi^Wa], 

•'.  M„  +  A,K„  +  ;,H'„-0 (12). 

The  simplest  whole  numbers  satisf^'ing  equations  (II)  and  (12) 
are  the  indicea  of  Pg. 

From  equation  (11)  we  have 

h,  k,         ,^„_ __,       I, 


n*,-i.-^''y'y"'"'"""^U-'; 


(13). 


tiA,— A4 

These  equations  are  of  the  same  form  as  (13)  of  Chap.  v.  Art  8; 
and,  when  n  has  been  computed,  they  give  the  symbol  of  P^, 

But,  as  already  stut^Ml  iu  Art.  9,  the  faces  may  be  pflrallel  to 
a  zone-axis  lying  in  XOY,  when  the  zone-indices  Wm  w^y  ^'m  "W* 
all  zero.  In  this  case  equations  (II)  and  (12)  become  identtoili 
and  one  of  the  other  equations,  (9*)  or  (O**),  must  be  taken.  An 
equation  of  the  same  form  as  (11),  but  invoUang  a  different  pair 
of  the  indices  of  Z',,  is  then  obtained  wliich,  combined  with  (12}| 
gives  the  required  indices. 

Exiimpie.     ThuK,  in  the  crystal  of  iinorthite,  Fig.  76,  J/  is  (010),  P 
T'  (110),  and  .c  (101);  and  the  face  p  liea  in  the  xones 
[Jlfx]  =  [l(>lL    and    [rPT']  =  [110].     Therofore.    by 
WeiBs^s  zone*law,  the  Rymbo)  of  p  ib  (111). 

By  measurement  of  the  zone  [PpgT%  we  have 
Pp  =  64*>  ir,  iV  =  80''  1«',  /'r'  =  110°  40'.  Taking 
the  faces  in  order  to  be  those  indicated  in  the 
formuln  fay  safflxea  1,  2,  S,  nnd  4,  and  therefore 
taking  ^  to  be  (Agfcgf,)  or  (hkl),  sinoe  the  sabfloript, 
3,  is  no  longer  needed  to  indicate  the  particular 
fuse,  we  have 


Pio.  76. 


(K)l 

iio 

irin  Pp  .  sin  T'p 

Bin  Pif  '  sin  T'g  ~ 

ill 

001 

'   no 

hkl 

hkl 

IVSCrFFICIEyCY  OP  TWO  POLES. 


On dttfltmining  the  xone-indioDB  from  [Pp]  it  will  be  seen  that: 


1. 


Taking 
^  A  WB  find :  i/j,=  -  1,  «,j  =  -  *.  t;^  =  1  aud  u^,  =  /. 

Ifltnxlaciiig  the  values  of  the  angles  and  of  the  sone-indicet  into  the 
•SiaUoa,  ire  have 


Kin  Sr  17'     «in30°  22' 
Kin  80°  18'  **  sin  66'=  33' 


-1 


k     i^k 


L  tnn  o4^  17'  =  9-90951  L  sin  60°  IB*  =  9-99376 

L  «n  30"^  22'  =  9-7037!>  L  sin  oti«  23'  =  9-92052 

161326  1-91427 

i-6132g 
log  2=  -30101 
■  k-V,  which  is  B&ti«fied  by  making  A;  =  2  and  /  =  1, 
fiat,  fiinoe  the  face  jt  is  in  the  zone  [P7"]  =  [110].  A  +  ;k  =  0. 
flence,  the  ^mbol  of  g  is  (^*il). 

The  student  shoold  notioe  that  the  equation,  A  +  ii;  =  0,  is  tho  same  as  is 
obtnined  by  making  iy^=0;  and,  frinoe  all  the  zone-indices  w  are  zero,  this 
equation  might  have  been  thae  obtained  and  not  from  the  direet  application  of 
WaiM'a  Uw. 

tlL     When,  however,  two  poles  /*,  and  /*,  (say)  are  alone  known 
the  zone,  ecjuations  (9)  and  (10)  do  not  give  us  relations  limited 
poles.     All  they  tell  as  is  that,  if  either  P,  or  P^  is  a  pole,  then 
they  are  l>oth  poles.     But  if  P^  is  not  a  pole,  P^  is  not  one  either. 

Ke  can  easily  make  any  number  of  rational  an  harmonic  ratios  of 
lich  any  two  poles  /*,  and  P^  are  members  but  in  wliich  the  other 
points  are  not  poles.  Tliua,  whatever  be  the  angle  /*,/^a,  we  get  a 
rational  anhamionic  ratio  if  /',  bisect  the  angle  P^P^  and  /*,  be  at 
r  to  /*,.     For,  in  this  case,  the  left  side  of  equation  (9)  liecomea — 

Bini*,P,  ^  sinP*/',  _  sin  P,  P^  sin  P^P^ 


»  TO  (say) ; 


loe, 


aiaPjP,     sinP^Pt 

sin  P^P^  =  sin  90*  =  1,  and  /*,P,  =  2/*,P,. 

P,/*,  -  90^  -  P^P,  -  90*  -  AP, ; 

sin  2P,P,  =  2  Bin  P,P,co8  P^P^. 

sin  P,  P,  cos  P|  Pa        , 
~  2- 


2  sin  P^PjCO&PiPi 

The  value  of  the  anharmonic  ratio  is  therefore  1  -i-  2,  a  com- 
isnrable  number.  But  it  is  aKsurd  to  suppose  that  we  can 
re  a  pole  bisecting  the  angle  l>etween  any  ttoo  poUs  w/Mfever. 
were  this  the  caai*,  we  could  go  on  continually  bisecting  the 
[lo  until  at  last  the  angles  lietwcen  adjacent  facejt  made  infinitely 


J 
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EXAMPLE  (BARYTKS). 


small   angles  with    one   another,  and   this  is  only   true   of  can'edj 
surfaces  such  as  spheres.     The  assumption  contravenes  the  fundi 
mental  notion  of  crystalline  structure  and  form. 


U.     Example,     From  the  angles  of  the  erystAl  of  barytos  given  in  Chap,  m.] 
Art.  9,  the  gymboU  of  all  the  faces  c&u  now  be  easily  determined. 

To  the  faces  a,  b,  e  and  ;.  the  symbols  <100),  (010),  (001)  and  (lU)  hai 
been  aMigned.     Tbe  intei-fiectioDB  of  the  firitl  tliree  are  therefore  the  axes,  and 
gives  the  ratios  of  the  parameters  a  :  b  :  c.     Tbe  symbols  of  m,  o  and  u, 
then  found  by  the  intersections  of  known  zone-arcles  (Chap.  vii.  Art.  22)  to  bsl 
(110),  (Oil)  and  (101).  respectirety.     Wo,  therefore,  know  the  symbols  of  thx«*j 
faoes  in  each  of  the  measured  zones. 


(i)     lu  the  zone  [amb]  we  take  a  to  be  P,,  m: 
the  unknown  faees  with  flymbol  {hkO), 


Pj,  b  =  P4,  and  P,  to  be  one 


Henoe, 


■inaP, 


sinfrm 
■in  bP^ 


100 

010, 

no 

100 

no 

"^  ,010 

hkO 

hiO 

-A, 


The  student  will,  by  trial  with  the  symbols  of  a  and  m,  readily  find  thal^ 
tf  2=r„=0.  and  that  w,,=:l.     The  zone-indicos  »r,  referring  to  the  axis  OZ, 
must,  thorefore.  be  taken  throughout.     They  are:  ir„^fc,  *„=  -1,  w^ 
Furthermore,  sinoe  ab—W,  Bia2iM=oosam,  and  Bin&P,=ooBaP|. 

1      -1     fc 


tan  am -r  tan  aP,=  T^ — r 


If  now  Pj  is  made  to  coincide  with  \,  aPj=saX  =  22^  10'*5.  Introducing  this 
angle  and  ani  =  39°  IT'io  into  tbe  above  equation,  we  determine  b  -^  k,  and  tbe 
symbol  of  X. 

Thus,  L  tan  {am  =  Sg'*  11'  -26)  =  U  i)  1 127 

Ltan{oX=22°10'"5  ) ^961022 

log  2^   -30105. 

.-.  k  4.  Jk  =  3.  and  X  has  the  symbol  (210). 

If  Pj  ifl  made  coincident  with  the  face  k,  aP^  =  ak -BV  i5''5.  Therefore, 
introilucing  tliis  value  into  the  equation,  we  have 

Ltanam=  9-91127 

L tan  [ak ^ 67" 45'  5)  =  1088819 

log  (-3335)=  1-52306. 

Hence,  k-^k-l-~^,  which  is  satisfied  by  making  A=l,  and  &=8.    ThniOt, 

being  the  simplest  integers  in  the  required  ratio,  are  the  required  indices.     Tha 
symbol  of  the  face  k  is  therefore  (130). 

(U)  A  simiUr  formula  can  be  easily  obtained  by  the  stadent  for  the  zoM 
[nudt],  by  following  strictly  the  steps  AtU>pted  in  (i)  for  [nmb].  The  formula  il 
tan  nu  -^  tan  aP  =  h-i-t.    He  can  then  prove  d  to  be  (lO'i)  and  I  to  be  (104). 


RATIO  OF  TWO   TAJJTOENTS. 


07 


(lii)     The  sone  [niyo]  gives  a  similar  fonoula,  for  ao  =  Wi\    Thpa,  t&kioK  « 
r, .  y  to  be  P^ihkl),  x  to  be  P,  and  o  lo  be  i\,  wo  h»Te 


unay 
unoc 


Ain  oy 
ninot 


100 

on 

100 

'    on 

in 

111 

Bat.  an  oy  ^  sin  {90P  -  ay  )  =  COS  ay.  und  8inof  =  coa*«;  fcUo  Wi,=0,  k,j=  -/, 
A.    flence,  compating  the  c's  aud  w's,  we  have:  i',,=  -  I.  *„  =  !,«„  =  /- *, 
,=  *,  ir^=  -  A,  r^jsl,  tc^s  -  1.    And,  since  w^=0;  tf(3=/-  it  =  0. 
The  anharmonic  ratio  becomes. 

tan  ay       -l      k     I       .      *,  -    ,. 

T     rt-  ^  :ri  "^  i  ~  E  •  UMOg  the  zone-indiceA  if ; 

and  =  ^ ,  tuing  the  zone-indices  w, 

tnkiadncing  the  valueii  of  the  anglea  ay,  ai,  and  compnting,  we  have 
Z.lan(rty=63*'5U'    )  =  10*31150 
L  tan  (ai  =  45^  41''o)  =  10*01042 
log  a  =      '30108. 

Theae  eqaations  are  all  utiafinl  b^  mnking  ^  =  /=2,  and  h=l.    Beiug  the 
iplcat  ialegera,  they  are  taken  as  the  IndioeH,  and  the  aymbol  of  tj  is  (12*2). 
The  «}-mbol  of  r  itt  then  found  by  Weimt's  zone-law  to  be  (11*2).  and  the  angle 
it  makes  with  c  (001)  can  be  oompated  from  the  a.b.  \ertm],  when  r;  is  known. 

13.  Tlie  attention  of  the  student  is  directed  to  the  simplification, 
in  the  examples  just  given,  of  the  general  expression  involving  the 
irigonometricftl  ratios,  hy  itacfinversiiun  into  the  ratio  of  two  tangents. 
This  is  always  possible  when  two  of  the  poles  are  at  90°  to  one 
another,  for  as  was  seen  two  of  the  angles  arc  the  complements  of 

le  other  pair.     When,  therefore,  two  poles  at  90"  to  one  another 
be  found  in  a  »>ne,  the  student  will  lind  the  labour  (vi  com- 
putation much  reduced  if  these  two  poles  are  selected  as  a  pair  of 
entering  into  the  anhannonic  ratio.     Zones,  having  such  p*ile5 
90'   to  one  another,  are  of  frei|uent  occurrence  in  all  crystalH 
those  belonging  to  the  aiiortliic  system. 

14.  The   anharmonic   ratio   can,   likewise,   l>e   applie^l    to    the 
[otcnaination  of  the  angle  l>etween  one  of  the  poles  and  any  of  the 

others,  when  the  angles  )>etween  the  three  latter  poles  are  known  as 
*11  as  the  indices  of  all  the  poles.  To  avoid  trouble  with  ^^igns, 
ifie  anhnrmoDic  ratio  should  Ite  arrangerl,  as  already  reconmicntlcd 
in  Art.  6,  so  that  /',  and  /*|  ixrcupy  extreme  positions  whilst  P.j  and 
Pg  are  placed  between  them.  It  is  not  necessary,  however,  that 
ley    should    follow    one   another   in    tho    ortVr   nf   the    numbers ; 

L,  c,  7 
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nETKRMINATIOM  OF   ANGLES    FROM   A.R. 


Then 


m. 


although,  for  the  sake  of  convenience,  we  shall  assume  that  they> 
BO,  and  that  ^,,  is  less  than  ^„.    Let  F^  be  the  pole  of  which  the 
distance  from  the  others  is  re(|uirod  ;  and  let  P^  P^  =  i/»^j,  /*,  P,  ^ 
be  knowu  angles.     Then,  since  the  symbohi  of  the  foce^  are  knoi 
the  right  side  of  equation  (10)  can  lie  computed  ;  call  it  m. 

sin  ^1,     sin  ^4 

sin^u     sin  ^4 

,.«?4-  =  „1?.*u^ta„e(say) (14).l 

sm  ^4,         8in  ^4^  \    jf  \     f 

The  terms  on  the  right  are  known,  and  the  value  can  bo 
computed  by  means  of  logarithm-tables.  It  must  be  some  nami 
greater  than  zero,  for  by  the  arrangement  of  the  anbamionic  rat 
we  are  at  liberty  to  regard  all  the  tenns  as  positive.  Now,  ui 
number  greater  than  zero  can  1)6  represented  as  the  tangent  of  M 
angle,  $,  less  than  90°.  Furthermore,  on  computation,  the  expression 
on  the  right  will  be  found  to  be  greater  or  less  than  unity,  accordinfl 
as  the  angle  ^,2  is  greater  or  less  than  4^49.  If  it  is  less  than  untM 
the  equation  is  in  the  most  convenient  form  ;  if  it  is  greater  than 
unity,  an  expression  less  than  unity  can  be  obtained  by  iuvertu 
the  equation.  We  may,  therefore,  suppase  ^  <  ^4,,  and  that 
equation  is  in  the  required  form. 

1      »in  i»i3 


Now, 


And 


1  + 


sin  ^4 
sjn^i. 


=  1  "tand, 


1  +  tan  ^. 


sin  ^4, 
Dividing  the  former  by  the  latter,  we  have 

Sin  ^„  +  sm  ^,3      1  +  tan  & 
But,  by    well-known   trigonometrical   formulw   (Todhunter's 
p.  55,  1859). 


sin  ^4,  -  ain  ^| 


sm 


^«  -  Vh  ^„  V«  +  ^ 


006 


sin  «^4,  +  Bini^,  =  2  eoe^^*"  sin  ^[^  *^ 


Henoe, 


Sin        ,       cos  -■    ^ 


COS 


*. 


-^"sin^^'^'^^ 


=  tan(45*-tf), 


.    tan*^9*^-tan  *«±*»ten  (45--d). 


KXAHPLB  (ORTHOCLASE). 
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Bat  ^«i  +  ^s  =  ^  =  3a  (say),  is  a  koown  angle.  The  terms  un 
the  right  are  therefore  known,  and  the  value  can  be  computed  hy 
the  aid  of  logarithm-tnldftfl.  Tho  angle  ^45  — ^u^Sy  (nay),  is,  there- 
fore, determined. 

ThuH  we  have  ^«  +  ^  =  2a, 

*«  -  "^»  =  2y ; 
.'.  ^«  =  a  +  y,     t^„  =  a-y. 

The  same  tran^fonnation  of  equation  (10)  also  applies  when 
/*!  or  P|  w  the  pole,  the  angular  distaoce  of  which  from  the 
Others  is  onknuwD.  ThuH,  if  ^,  ^  are  both  known  and  i^„ 
is  needect  (equation  (10)  is  changed  to 


sin  ^,  Ain  <ft^ 

— — r-  -m    ,   ~- 
sin  ^,  sin  04 


tan  Hi  (say). 


By  tke  fyune  transformations  as  were  given  in  detail  in  the  first  case, 
we  have 


tan 


I 


Here  the  known  angle  is  ^a~4^,  =  <^. 


tan(45'-^,). 


tan 


^  +  ^u 


tan  *""^^^taD(46--g,); (16). 


ofi 


enoe,  ^^  +  ^,  is  determined. 

IS.  Example.  In  the  cr.V8t«t  of  orthoolase.  Fig.  77,  the  zone  [eyx]  in 
mouoxed.  and  the  indioea  c  (001),  r,  (001).  J  (lOl), 
|r  [Ml),  aiB  known.  It  is  required  £iom  the  given 
anglca,  c^-SO*  16'-6,  c,y  =  80°  18'.  to  Jctcnnine  the 
angle  the  laoe  a  (100)  makea  vrith  c  (001).  The  face  a 
and  iu  parallel  a,  (lOO)  are  uoi  present  on  the  ctyHtal. 
but  the  angle  ac  ii  au  important  element  of  the 
OiTStali  tIje.  the  angle  between  the  axes  OZ  and  OX^. 

Let  ns  take  a  (100)  to  be  /',,  i^  to  be  Pj,  j  = />,  and 
c^  =  P^  of  the  general  equation  (10). 


HUMM. 


tnn  ay      un  c,y 
lunor  '  sin  e^ 


110 


100 
901 

001 
201 

100 

ool 

lOl 

lOl 

l^  -21 

i ■  -i~2 


{c,y=eO°160 


sin  ay  _ 


tanff. 


/.rin50^16'-5  = 


■30103 
9'88600 
10-18703 


L  sin  80=  18'=  9-99375 


10-18703 
L  tan  32°  39'=  U'80C72. 


^=33=39'.  and  46°-tf=12°2r 


I — J 


100        DIFFERENT   ARRANGEMENTS   OF  TWO    KNOWN    ANOT.ESw 


Alflo  <w  -  rty  ^  xy  =  30°  I'o  ifl  known. 

.-.  •mploying  formula  (10),  tan  i  (oa-+ay)  =  Un  16**0'*75-M«n  12° 21'. 

rtftnl5«0'76=  U-42843 

L  tan  12°  21'     =  9-34034 

A  £taD4((Mr+ay)  =  10*08809  =  LUn50<*4fi'*96. 

.'.  ar  +  oi/=10r32'-5, 

ax~ay=  30**   V-5. 

A  ar=65°47'.     Hence,  afi,  =  aj+«;,  =  116°3''6.  and  flc  =  63°56'*6 

It  may  Iiappen  tbat  an  arrangement  of  tbe  four  poles  iu  taken  vrltich  leads 

to  diAftdvantagt'ous  angles.     Thus,  for  innlance.  if  the  above  poles  are  taken 

in  tlie  order  \rtiyr\,  ho  that  the  unknown  pultf  a  uconpiefl  a  middle  place, 

angle  6  of  eipresurion  (IS)  is  44*=  34'.     The  fln«le  45°-*  in  llien  2(i',  and 

error  of  a  few  secondii  cauHes  a  ounHideniblu  dilTerence  iti  the  lani^eat.     It 

for  thifi  reason  that  a  wan,  iu  the  example,  taken  an  one  of  the  extreme  poles. 

Very  email  arglea,  or  angles  of  nearly  90",  Khuuld  be  an  far  as  possible  avoided 

for,  in  suoh  rafies,  a  alight  error  in  the  observatiun  xnaj  become  multiplied  in 

the  ooursa  of  the  computation.     Wbeu  disadvantageous  angles  cannot  be  aroided 

in  a  direct  computation,  the  liability  to  error  may  he  minimised  by  taking  som 

intermediate  poMttible  pole  with  the  kuotvn  oneti.    The  position  of  this  pole  being 

determined  by  the  method  of  Art.  U,  the  pole  can  thcu   be  combined  with 

two  of  those  tirst  given  and  the  one  re^iuired.     An  angle  is  thus  obtained  whtdi 

gives,  by  addition  or  subtraction,  the  angle  required.     No  general  rale  for  auch 

artifices  cau  be  given. 


iken      , 
ibefl 

>leB.S 

i 

hT 


nownB 
caseafl 


16.     In    computing    tho    angle    between    a    face  with    kno 
symbol,  and  three  other  known  faces  in  the  zone,  five  difTereut 
may  l)e  met  with.     The  transformation  of  equation  (10),  npoessary 
to  compute  the  angle  which   the  face  makes  with  any  one  of  thi? 
others,  depends  on  the  arrangement  of  the  known  angles     For  thf» 
sake  of  brevity  let  the  poles  \ie.  itidicated 
by  the  points  1,  2,  3,  4  in  the  zone-circles 
shown  in  Fig.  78.     Suppose  t^i^  to  be  less 
than  180°,  and  let  the  known  arcK  he  those 
between   the  poles  joined   by   interrupted 
arcs ;  then  the  different  ciiaes  can  be  given 
as  follows : 

((*')     ^ui  0M  being  known,  t-o  find  ^^ ; 

(b)      <^,a,  4h3      "  .»         t»     *i     4hni 

(<^)     ^13.  4*M     M  T»        ».     If     ^; 

Cases  {ft)  and  (A)  txfo  discusseil  in  Art.  14,  and  cane  (ft)  nccu 
in  the  example  of  Art.  15. 


Fi«.  78. 
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17.  The  expression  for  the  auh&riuuuic  ratio  coii,  iu  caiMS  (a) 
ju&fl  (6),  be  also  transformed  into  an  expression  involving  cotangents 
aa  follows : 


sin  ^u     sin  ^^ 


Bin  9is     8in  ^43     m 


=  -  (»»y)' 


1   _  sin  ^4^  fiin  ^^  _  sin  i;^^,  sin  ^  —  ^ 
''^     sin  ^  sin  ^4,      sin  ^  sin  ^^  +  ^ 

sin  ^4,  (sin  ^1  co6  ^  —  sin  ^^  cos  ^3) 
sin  0u  (sin  0^  cos  ^  +  sin  1^  cos  ^4^) 

sin  ^^  sin  ^^  sin  ^  (eot  <^„  -  cot  1^,3) 
sin  ^1,  sin  ^^  sin  ^^  (co^  *^s  '*'  co^  *l>u) 
cot  ^  -  cot  <^ 


(17). 


cot  ^ja  +  cot  ^41 

If  then  P,  is  the  unknown  pole, 

(//*  -  1)  iXiiffi^  —  coti^^  +  moot  ^u (18). 

The  angles  and  number  on  the  right  side  are  known;  hence  ^^ 
rjin  he  fuuml  by  tbe  help  of  a  talile  of  natural  cotangents. 
SiuiiUrly,  for  case  (6),  cot  0«  is  unknown  and  all  tlie  other  numbers 
are  kno«^  ;  so  that  ^„  is  found  from  the  tables. 

118.     In  cases  (c),  {d)  and  (e),  the  unknown  angle  cannot   be 
ibtoined  by  either  of  the  transformations  given  in  Arts.  14  and  17. 
fbcy  can,  however,  be  all  dealt  with  by  one  and  the  same  process. 
for,   by   taking  in  (c)  the   pole  /',  opposite   to  /*i,  we  have  the 
known   arc  /*,  A  7*^  -  1^*0' -0].j,  completely  enclosing  the  arc  4*!n- 
le  case  becomes  thei'efore  identical  with  (il).     Similarly,  (d)  can 
transformed  to  the  arrangement  (e)  by  taking  the  pole  opposite  to 
with  the  others. 
ow  the  A.K.  ia 


sm  <^|2     sin  ^4t 
sin  ^u     sin  ^4^ 


(say). 


ii 


hftth  the  imgles  in  the  denominator,  in  (e)  both  the  angles 
in  the  nmnenitor,  and  in  (d)  all  four  angles,  are  unknown.      Now 

2RinJ8inB  =  cos(il-5)-cos(^  +  J?)  (Todh.  Trig,  p.  65). 

Applying  this  to  the  equation  given  above,  we  have 

1        cos  (^,3  -  «Au)  -  cos  {^,5  f  <^„) 


m     cos  (<f>^,  -  <^«)  -  cos  {<^,a  +  <^„) 


(19). 
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But,        ^1  -  <^«  ^  <Aix  +  ^  -  (<^  •*-  ^)  ~  ^«  -  ^« ; 

i>ii  +  ^tt  =  ^13  "^  ^  +  (4^  +  ^«)  =  2^  +  ^a  +  ^o  i 
^w  +  </»«-  ^a  +  ^4a  -  2*^- 

Hence,  in  cwse  (c),  we  have 

C08  (2^  +  ^x,  +  ^a)  =  wi  cos  (^ij  +  4»u) 

+  ( 1  -  to)  COB  (<^,  -  <^4,)  . , .  (20). 
In  case  («),  we  have 

m  cos  (<^  +  <^«  -  2i^)  =  (m  -  1 )  C08  (c^,  -  <^„)  +  cos  (^„  +  ^u) . . . (21 ). 

The  angles  and  numbers  on  the  right  aide  of  each  of  these 
equations  are  known.  The  cosines  can  be  extmcted  from  tables 
of  natural  couiuus.  The  uuuilxjr  m  is  usually  a  simple  one  so 
that  the  computation  is  not  lalwrious.  Hence,  the  value  of 
cos  {2<tKa  +  043  -t-  0^),  or  of  cos  (01,  +  04a  -  20m),  can  be  found  from 
the  tables,  and  the  unknown  angle  0^  is  determined. 

In  case  (f^),  the  equation  (19)  is  resolved  into  a  form  slightly 
different  from  that  given  in  (20)  or  (21).     For, 

^w-  0«  ^  ^  -  (^41  -  ^u  -  4^)  -  20a  -  0u  +  ^  i 

01,  +  04,  =  04,  —  0ai  i 

0U  —  ^4t=  ^1  —  ^41  =  20,,  -  041  +  0«  ; 

011  +  041  =  041  +  0S. 

Hence,  equation  (19)  becomes 
(m  -  1 )  cos  (20„  -  04,  +  0n)  -  ?n  cos  (0^,  -  0^)  -  cos  (0„  +  0o) . . .  (22). 

The  expression  on  the  right,  involving  only  the  known  value  of 
Uio  anharnionic  ratio  and  known  anglus,  can  therefore  be  computed. 
Hence,  the  cosine  on  the  left  is  found,  n.nd  the  unknown  angle  0i, 
can  be  obtained. 

Such  caseji  as  (c),  {<J)  and  (e),  do  not  often  occur  in  practice.  For, 
in  calculating  angles  from  known  indices,  we  generally  have  several 
angles  in  the  zone  either  known  or  to  be  uomputed  ;  and  the  calcula- 
tions can  be  done  in  a  scries  so  that  the  poles  used  can  in  each  c-aso 
be  brought  under  case  (a)  or  (6),  when  the  more  convenient  logarith 
mic  transformation  of  the  equation  can  be  adopted. 

Miller,  in  page  13  of  hia  Tract  on  Crystallography ,  1863,  points 
out  that  we  can  frequently  employ  cases  (c)  or  ((/)  when  one  of  the 
known  angice  is  a  right  angle.  Tlxus,  if  0,,  -  90"  in  case  (<r),  equation 
(20)  becomes 

ttiu (*20„  +  0„)  =  (2m -  l)sin04, (23). 
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If  in  case  {d)  ^f,  becomes  iJO"*  then  equation  {22)  becomes 

(m-  I)Eui(2^t,  +  0a)  =  (m+  l)sin^ (24). 

19.  The  axiliunuouic  ratio,  expreHsed  lu  terms  yf  the  Bines  of  the  rpcb 
beiwocD  the  jioleSf  may  be  replncvd  by  one  involving  tlie  angles  Itetween 
the  zone-circles  druwn  through  the  four  tautozooal  poles  and  any  polo  S, 
not  Ij^ng  in  the  xone. 

For,  fro!n  the  triftngles  P^SP^^  ''t*^'*3»  "^  ^»g-  ^9  *e  *>*'g 
ainPi Pj  _  frin  PiSP^     mn  P^P^  _  m\J\SP^ 
8in  PiS  ~ sin  PiP^'    sin  P^S  ~  sin  PiTV?  ' 
ftiu  /*,/*,     sin  /'t^P,  ain  P^P^ 

•"*Mn/',/'j,"sin/',.9/\  RinyVV^ 

Similarly,  fwuj  the  triangles  P^^J'^,  ^U^^n  we  have 
ain^P,  ^  Bin  /VSV,  sin /yv*' 

sin  /V^     Hin  /*,.S7',  «n  P^Pj^V ^^^* 

But  sin  P^P^~&m  P4P3SJ  and  sin  P^PfS~»^n  i\PfS.    Hence,  dividing 
by  (26). 

Bin  PfSPj  ^  sin  P^.SP^  _ 


Pifj^amPJ^ 


r^l\  ■  «n  P,/',     Hin  P,.SP,  ■  sin  7',5/',      u^^  •  «„     "''• 


.(27), 


where  (AjH)  is  the  symbol  of  iV  (see  Art.  9). 

We  shall  use,  as  an  altbroviation,  the  symbol   a.r.  {S.  1234}  for  the 
anharmonic  ratio  given  in  (27)  when  oxjiressod  in  terms 

the  angles  between  groat  circles  passing  tliruugh  a 
pole  N  on  the  sphere. 

Kach  of  the  terms  on  the  right  side  con  be  re- 
amoged  so  an  to  involvo  the  indices  of  two  zxines 
pAanng  through  S  snd  one  or  other  of  the  pairs  of  pole-s 
Pj,  P^;  or  /',,  P^,  Thiu*,  the  jwles  having  the  same 
symbols  as  before,  let  \w  tjike  [u^^^w^  ti>  be  the  symbol 
of  the  aooe  [SP^  and  [u^p^w^]  that  of  [.SPJ.    Then 

= Ai  (W-,  -  i-y +/-,  (A/j  -  W.j) + /i  (i-Aj  - /ijfcj) = A,u, +*ir, + ;,*»',. 
Similarly,  fttt^+tra^lw^^^h^u^^i^r^^l^w^ ; 

le  remaining    pair  of   expressions   can    be    transformed    in    a    similar 


Hence,  A.IL  {1234}-a.u.  {S.  1234J 

Vs+^i^  +  ^i^j  '  Va+^V^s  +  ^^a 

In  Fig,  79  the  polos  have  been  arranged  in  numerical  order,  but 
is  not  necessary  ;  and  they  may  be  taken  in  any  order. 
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Trat^fortnation  of  axes* 

20.  It  is  necessary  occasionally  to  transfer  the  reprcaontation 
of  the  forma  on  a  crystivl  from  one  set  of  axes  and  pararaetere 
to  another.  The  equations  I'equireil  to  give  the  new  synilxjb  of 
the  faces  are  very  simple;  and,  as  was  shown  by  Miller  (TVocf  on 
Ciyst.  p.  14),  they  are  easily  obtained  by  means  of  the  anharuiouic 
ratio. 


Fio.  SO. 

In  Fif;.  80,  let  the  zone-circles  [fi'C']=[u^y^Wl'],  f^''^']  =  [W:r-H'j], 
[A'/i']-[Uiy_iWs]^  in  the  original  ivprestmtation  become  [100],  [010], 
and  [001],  respectively.  Let  the  pole  G  have  the  known  symbols 
(c/S/)  "^"^  {^'J'9')  when  referi'ed  to  the  old  and  iipw  axes.  It  is 
required  to  find  the  new  symltol  {h'k'l)  of  a  j.M>le  /'  which  originally 
liad  the  known  symbol  (hkl). 

Draw  the  zone-circle  [6^^].  Ji'i"'  h't  it  n»et*t  the  new  axial  zones 
ill  />,  B^  and  F,     From  (28)  of  tlif  pruceding  nrticle,  we  have 

sin  PD     sin  GD 
AAi.\PDKG\  ^    "" 


AH,  \c:pd£o\  = 


sin  PJi 

hUi  +  kVi  +  lWi 


ain  GB 


(29). 


But  the  aiiliarmonic  ratio,  given  by  the  trigononietrical  ratios  on 
the  li^ft,  (leiieiuls  only  on  the  angles  Ijetween  the  four  poles.  Its 
value  cannot,  thei-efore,  vary  with  the  arbitrary  choice  of  axes  and 
parameters.  HL«nco,  the  rijjjht  sidfi  of  the.  equation  has  a  constant 
definite  vahie  iiidepeii<ient  of  the  axial  constants.  But  when  [//C], 
[C'A'l  becoiue  [100],  [010] ;  and  G  and  P  become  (e/y')  and  (A'A'T), 
re^|iectively,  we  liave 

h'      «'      /*'      W 


Hence, 


(30). 
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This  eqimtion  U  hutiatiod  by  making 


And,  hy  symmetry, 


«' 

«Uj 

+A- 

^9^1 

k' 

hu. 

+  kVt 

+  tw^ 

r 

«tt. 

^/U 

+  ffH'/ 

r 

Atf. 

+  kr^ 

^fw. 

9' 

«i/a 

^fv. 

+  !/M'i 

(31). 


Tlie  lattor  equation  can  be  also  deduced  from  a.r.  \PEFG\  - 
A.R-  |.-l' .  PEF(j\  in  the  .Mame  way  oa  th^  first  two  have  been  obtained. 
The  alwve  ecjuattons  (31)  give  k'k't'  in  terms  of  known  numbers ; 
and  since,  by  hypotheaiH,  (/j,  K|,  Wp  *Stc.,  are  zono-indices,  and  there- 
fore Lximmensur&ble  numbers,  the  valuen  of  h'k'f  are  also  com- 
mensumble. 

Thn  (X{uations  can,  however,  be  expressed  in  another  form.  It 
will  be  remembered  that  (/„  Y^,  M',,  «fec.,  are  usually  expressed  u» 
their  simplest  ratios  ;  and,  furthermore,  it  is  clear  that  any  common 
hctor  is  citncelled  in  the  anharntonic  ratio,  for  the  same  set 
o£  zotw-indicet«,  W,,  C,.  M^, ,  or  one  of  the  others,  occurs  in  both  the 
BBasflTstor  and  dcnonuuator.  We  are,  therefore,  at  liberty  t4>  assign 
to  the  icone-iDdioes  any  rational  values  we  choose  provided  their 
r%\vm  remain  unchanifed.  We  con,  therefore,  give  them  vtUuea 
■  hich  satisfy  the  following  ecjaatinns  : 

r=*u.+A+ffH'.»! (32). 

Then  A',  k',  (\  are  given  by  the  equations  : 

Ar' ^ /.tf,  +  JtK,  +  lw^\ (33). 

I'  =  hUj  +  *Kj  +  IwJ 

In  equations  (33)  the  values  of  </,,  K,,  H^j,  &c.,  which  satisfy  (32) 

be  introduced.     The  two  sets,  (^^2)  and  (33),  are  the  form  in 

the  solution  is  given  by  Miller.     In  many  ways  the  more 

rai  equations  (31 )  are  preferaMe,  for  the  numbers  actually  given 

»l»;m  can  I>e  at  imce  introduced  without  fear  of  error. 

J  ties  occasionally  differ  in  the  axes  and  parametral  plane 

-'I  for  crystals  of  all  systems  except  the  cubic.     In  a  tetragonal 

the  principal  axi«  is  always  OZ^  but  OX  and  OY  may  bo 

t  Xvatei^     In  a  prismatic  crystal  the  same  linos  are  always 

Lfl  AxeBf  bat  their  arrangement  as  the  axes  of  A*,   I'  and  Zt 
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EXAMPLE  (AXINITE). 


may  be  different.     In  the  oblique  system  the  axis  OY  \b  nlwAys 
right  angles  to  the  other  pair,  hut  OX  and  OZ  may  be  varied- 
the  anorthic  synteni  all  the  axes  inay  be  different.     In  the  rhonibo 
hedral   and    hexagonal    systems   the   parametral    plane    is    alwa; 
perpendicular  Uj  the  triad,  or  hexad,  axis,  whilst  the  Millerian  axi 
may  be  Vfiried.     An  instance  of  the  application  of  the  tran.sfonn 
tion,  in  the  case  of  the  hexagonal  crystals  of  apatite,  is  given  i 
Chap.  XVII. 

Example.     To  iUnstratpO  the  method  we  take  a  erystal  of  aiuiute,  belon^og 
the  anorthic  sy»tcm.     Miller  taken  for  axial  planes  p  (010).  v  (100).  m  (001} 
and  for  parametral  plane  z  (lit).      He  then  givea  the  foUovring:  I  (120),  t  (181) 
tj  (101),  r  (Oil).     In  Dana's  Mitifraiofjt/.  I  in  (100),  p  (tlO).  m  (001),  tj  (091) 
f  (311) ;    UHiug  Miller'ti  letters  to  indicate  the  faoe«.      It  is  required    to 
formnlfiB  of  transformation  from  the  one  notation  to  the  other. 

Dana*B  [100]  =  [rny]  is  Miller's  [OlO] 
..  [010]  =  [Iml  ..  ,.  [2lO] 
„       [001J  =  [/p]     ..         ,.        (OOIJ. 

Hence,  tokinrt  Siillcr's  axes  as  the  original  set  and  Dana's  symbols  to 
those  affected  witli    dashes   iu   the  eqaations  given  above,  and  rememberini 
that  i  (131)  of  Miller  beoomea  Dana's  (3ll).  wo  have  Crom  (81) 


k'^e'l^k 


**=/' 


2h-k 


-3 
=  1 


2/1 


If  the  two  sets  of  equations  (31)  and  (32)  are  used,  wc  have 

/'  =  rtfj+/l',  fc'  =  AUj+fcr, 

But  (e'/'i/O  U  (Sil)  and  {efg)  is  (131} ;  also  u^  :  r,  =  2  : 
Hence,  S^Sr, ;  .■  r^-l, 

K,(3-a)=r,, 


Jr.. 


Introdauing  these  valttes  into  the  second  set  of  equations,  we  have  finally 
equations  already  given 

h'  =  k 
k'^2h-k 
1=1 

Hence,  Dana*s  symbols  for  all  the  faces  given  can  be  immediately  deduced. 

The  formulic  (31),  or   the  equivalent  pair   (32)  and   (33),  ai 
nulfiuioutly  general  for  all  pi-actical  problems.     It  is  easy,  howei 
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?e  that  stQl  more  general  equations  can  be  obtained  in  an  exactly 
sinular  way  from  the  anharniouic  ratio  by  assuming  that  the  ^une 
[£/,r,ir,]  becomes  [u'  /  w']^  and  similarly  for  the  two  other  zones. 
Tlibre  is,  however,  nothing  to  be  gained  by  the  more  cumbrous 
foririulie  which  result  from  such  an  assumption.  As  illustrated  by  the 
example,  the  amount  of  variation  in  the  selection  of  axial  planes  and 
parameters  by  different  authors  in  always  very  slight  and  the 
formulse  required  are  extremely  simple. 


L 


21.  On  poge  15  of  tho  Tract,  Miller  givea  the  correlative  formulae  for 
ding  the  zonc-indiceR  c^>rmt[Mjn<Iing  to  a  change  of  axoo  and  porametorH. 
The  {irocesii  of  dcductiuu  from  the  nnhamiouic  ratio  ia  exactly  similar  to 
that  given  in  the  preceding  article.     The  eqwitioiut  are 

r'=Au  +  J[•K^-/H'   V (35), 

where  (*fy)  becomea  (100;,  {hJtl)  becomes  (010)  and  (mnp)  (001).  Also  the 
tsad  Dumerical  values  (>f  the  £)UH)-indices  liave  to  bo  obtained  £rom 

«'=;ii'+it5+//   I (36), 

[//I*]  and  [rsf]  being  known  zouo-iudices  in  the  two  repreaentatioua  of  the 
•aooe  xone-axis.  Prom  the  equations  (36)  the  exact  values  of  the  face- 
indices  to  be  uwd  in  (35)  are  obtained. 

In  thiA  |nY)poHitioii^  also,  the  earlier  intage  in  the  solution  gives  formulEO 
in  which  the  numerical  data  con  1>e  inserted  without  the  computation 
involved  in  (36). 


Thiifl, 


r=^s 


¥^^r 


mtf+wr+ptr 


.(37). 


CHAPTER  IX. 

CONDITIONS   FOK    PLANErf   AND  AXES  OF  SYMMETRY 
RELATION'S    BETWEEN    THE    ELEMENTS   OF   SYMMETHl 


1.  A  FARTICCLAR  and  importaat  case  of  anharmonic  trkii 
Uiai  known  as  fninnonic  ratio,  of  which  the  values  are  one  of 
oomuienaurable  numbers  2,-1,  and  1-2,  according  to  the 
in  which  the  planes,  or  poles,  are  taken.     Hence,   if   four  p 
having  a  comniun  line  of  iuU^rsection,  form  a  hannontc  ratio 
three  of  them  are  possible  faces,  the  fourth  plane  is  also  a 
(ace.     Harmonic  ratios  occur  very  fretjueutly  in  zones  of  crjra 
all  systems.     Thus  the  four  faces  (10(»),  (101),  (001).  (101)  fo 
hamionio  ratio  in  crystals  of  every  systeui,  quite  irrespective  of 
20ne-axes  selected  as  axes  of  reference  and  of  the  values  iLssigne 
any   two  of   the  angles    in%^olved    in    the    i*atio.     Similarly,   (lOU 
(131),  (021),  (121)  form  a  harmonic  ratio.     The  student  can  easi] 
prove  that  the  right  side  of  equation  (10)  of  Chap.  viii.  is  1  ^  2 
each  of  the  above  ca^es.     On  the  left  side  of  the  equiition  the  va 
of  two  of  the  angles  between  three  of  the  faces  may  he  introd 
when,  by  one  of  the  processes  given  in  Cliap.  viiI.  Art«,  14  —  18^ 
inclination  of  the  fourth  face  to  any  of  the  otiiers  can  be  calcult 

2.  A  very  special  case  of  harmonic  ratios  occurs  whea 
of  the  planes  are  at  riglit  angles  to  one  another,  and  one  of  1 
pianos    lies   exactly  midway    l>etween    the    remaining   pair. 

^  Id  matltematicul  text-books  tbtj  valae  of  a  harmonic  ratio  is  gem 
taken  to  be  - 1.  If  the  poles  aro  sitaated  as  ia  Fig.  78,  this  value  oorresp 
to  the  arranKomeat— 

Bin^,  •  iiHTi     LP.Pj     [P.P*]' 
U  the  reader  computes  the  right  aide  of  this  equation  for  the  two  aeta  of 
given  for  illustratiou,  he  will  fiud  the  value  to  be  -1.     We  shall  retuio  t 
arrangement  rooouuutinded  in  Cliap.  viii.,  which  correspouds  to  iho  value  I-^: 
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^,,  =  90  -«^,      '^a^'^M.      ^a~^4*vi 


cos  (^  sin  4>ix 


-J- 


Motion  can  also  bo  exproKsed  bj  stating  that  one  pair  of  planes 
bisects  the  angle  between  the  other  pair  internally  and  externally, 
ihe  UiisectorB  being,  ctjnsetjuently,  at  right  angles  to  one  another. 
trhus  we  may  .suppose  planes  /*!  and  P^  to  be  at  right  angles,  and  P^ 
io  bisect  the  angle  »^,  so  that  «/>55- t^^.  The  left  side  of  equation 
tllO)  of  Cbup.  viii.  haB  in  this  case  the  vultie  1  -2,  whatever  may  be 
^Kindxces  of  the  planes  and  the  value  of  the  unglo  ^.  For, 
flSing 

▼«have 

sin  ^,3      sin  <t>a      ^^^  ^n  ^^^  ^a  _ 

bin  ^u     £in  <t>^n  &iu  04,  2  sin  c^^,  cos  0„ 

TV  reUtion   is,  therefore,  true  of   any   four  planes  parallel  to  a 
'i  ••,  when  one  pair  of  the  plnnes  are  the  internal  and  external 
'  of  the  angles  between  the  other  pair.     Before  it  can  Ije 
■applied  to  a  crystal  we  must  know  that  at 
tkrte  of  the  planes  are  possible  faces', 
three  of  tbi?  planes  are  faces,  possible 
1,  then  the  fourth  is  ah;o  a  pos&ible 
of  the  crystal.     Thus,  if.  in  Fig,  yi,  a 
it«  i?  of  a  crystal  bisects  the  angle  between 
t^  iilher  faces  Q  and  *•? —  the  zone-axis  being 
perpeudicular  to  the  paper — the  plane  /'  in 
Ibe  wtioe  zone  and  at  right  angles  Ui  R  is 
*i»)  a  putssible  face.     It  bisects  the  supple- 

Bwnit  of  the  angle  QH.     Also,  if  7',  (^,  H  are  possible  faces,  PR  l>eLng 
90*.  then  »S'  makiiig  with  R  an  angle  (*qual  to  RQ  is  a  possible  face. 

On  the  other  hand  it  was  shown,  in  Chap.  viil.  Art.  11,  that  the 
pUtira  bisecting  the  internal  and  exteriud  angles  between  two  faces 
wr  not  as  A  rule  possible  faces.     Hence,  Q  and  H  being  faces,  if  R 
a  face  neither  is  /*  a  possible  face. 

Chap.   VIII,  Art.  7,  the  anharnjonic   ratio  was   stated    as  a 

between  four  tautozonal  poles,  and  the  ftame  must  be  true 

onic  ratius.     If,  then,  four  points  in  a  zone-circle,  no  two 

are  oppanite,  form  a  harmonic  ratio  and  three  of  them  are 

tbe  foorth  is  also  a  possible  pole  of   the  crystal.     Further, 

between  a  )>air  of  poles  is  bisected  at  a  possible  pole,  the 

at  ^O*  to  this  latter  pole  is  also  a  possible  pole  of  the  cr^'stal. 

r«  tkall  often  ffpeak  of  a  plane  through  any  poiui  or  line  as  a  face  when 
|afall#l  lo  a  poaaibto  (aec-  of  a  crj'stal. 


Fi».  81. 


►TAD   AXIS   IS   A   ZONE-AXIS. 


Ill 


the  cryatal-^lj;es  independently  of  the  first  condition.     The  edfJOB 
are  repeated  over  u  plane  of  ayinnietry  in  pjiirs,  which  are  reciprocal 
reflexioos,  such  that  lines  drawn  through  u  point   in  the  plane  2 
parallel  tu  the  edges  lie  in  a  plane  at  right  angles  to  S.     Hence,  the 
plane,  parallel  to  two  homologous  edges  which  aie  syumietrical  with 
rmpect  to  a  plane  2,  is  p^indk^  to  a  pOHsihle  face  and  is  perpendicular 
to  2.    The  same  in  necessarily  true  of  every  other  pair  of  homologous 
edgea.     Hence,  we  must  have  a  number  of  possible  faces  all  perpen- 
iBcuUr  to  the  plane  of  symmetry ;  and  their  lines  of  mutual  inter- 
section must  be  all  perpendicular  to  it.     The  plane  of  symmetry  is 
therefore  perpendicular  to  a  possible  zone-axis. 

4.     Prop.  2,     To  prove  that  an  axis  of  symmetry  is  a  poeatble 

lirt  the  line  OA  in  Fig.  83  be  a  dyad  axis.  Through  any 
pant  0  in  it  draw  a  line  OJi  parallel  to  any  edge  of  the  crystal 
»tiich  ift  neither  j>arallel  nor  perpendicular  to  OA,  and  suppose  the 
l«Uue  containing  0^  and  OB  to  be  that  of  the  paj>er.  Tlieii,  by 
Ifct  definition,  a  semi-revolution  about  OA  must  bring  OB  t«>  the 
pBStiou  OH^,  which  is  paiiillel  to  an  edge  of  the  crystal  similar  to 
tfa«  first  one.  But  0£^  is  necessarily  in  the  same  plane  with  0^ 
ud  OBf  for  a  second  rotation  of  180°  in  the  same  direction  will 
%nig  OB^  back  to  OH;  and  this  is,  clearly,  not  possible,  if  ffB^ 
Hud  out  of  the  paper  to  the  front 
ifflhe  back.  Hence,  OB  and  OB^  being 
no»«xes,  their  plane  is  parallel  to 
ft  prmible  face. 

iiftinilurly,  any  other  zone-axis  OA^ 
•fcicb  is  neither  parallel  nor  perpen- 
■fanUr  to  OA  and  which  is  not  in 
1^  plkne  OB^,  is  repeated  in  another 
itiiiN«xi8  OA^;  and  the  plane  AOXA^ 
contains  ^A.  As  the  plane  AOAA^ 
'^Uin«  two  zone-axes,  it  is  parallel  to  a  possible  face. 

Hence,  OA  is  pjirallel  U»  two  possible  faces,  and  is,  therefore,  a 

Blile  sone^xia. 

lOm.   1.      In  the  cane  of  a  tetrad  axis,  we  can  turn  the  crystal 

It   it   tiirough  90"  four    times   in    succession   until   the  crystal 

tn  the  original  poeition.     Hence,  the  edge  LM^  of  Fig.  84 

op   three    new   fiositions,    which    are    obtained    by  turning 
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the  crystal  about  the  tetrad  axis  through  90"*,  through  3x90*=18( 

and  through   3x90"  =  270*.     One  of  these 

positions,  when  the*  crystal  has  b«?en  turned 

thnmgh  l^iO",  is  clearly  LM'.     Hut  the  face 

parallel  to  the  edges  XJ/ ,  LM\  is  also  parallel 

to  the  tetrad  axis  OL.     Similarly,  the  plane 

OLM  is  pai-allol  to  a  possible  face.     Hence, 

a  tetrad  axis  is  a  possible  zone-axis. 

Cor.  t.  The  same  is  also  true  in  the  case  of  a  hexad  axis ;  for 
the  orystal  is  turned  thrice  in  the  same 
direction,  each  time  through  60",  a 
position  is  attaiae<i  which  is  the  same 
aH  that  given  by  a  single  rotation  of 
180°  about  the  same  axis.  Thus  the 
etf.lgi^s  VA  ,  VA\  Kig.  85,  are  coplanar 
with  the  hexad  axis  OV.  Similarly, 
the  planes  OAY,  OA^^V  contain  two 
edges  and  are  parallel  to  possible  faces. 
Hence,  a  hexad  axis  is,  also,  a  possible  zone-axis. 

The  same  argument  would  appl}'  to  any  axis  of  symmetry 
even  degree,  but  we  shall  see  in  Prop.  6  that  no  axis  can  ha' 
a  degree  higher  than  six. 

CoK,  3.     Suppose  an  axis  of  symmetry  of  odd  degree,  n,  to 
in  a  crystal,  n  being  >  3.     Let  the  . 

continuous    lines   VA^    VA\  &c.  of  /V 

Fig.  80  represent  the  polar  edges' 
of  a  jt^Tiuniil  formed  by  the  homo- 
logous and  iritrrchangeiible  faces  of  M 
such  a  crystal  when  it  is  projected 
on  a  plane  perpendicular  to  the 
axis  of  syrametiy  0  T. 

Produce  the  lines  AA\  A*A\  Ac., 
in  which  the  faces  meet  the  plane 
of  projection ;  and  let  alternate  pairs 

^  Several  olaftfles  of  crystals  Lave  u  single  axis  of  flymmetry  of  degree  highi 
than  2,  which  may,  or  may  not,  be  aRnoriat^d  with  planes  of  sj^imetry  ind  wil 
dyad  axes  porpoudioular  to  it.     Sueh  an  axis  will  be  called  a  principal 
Time,  ill  Figs.  81.  86,  OL  and  OV  are  principal  axes.     We  shall  also  denote  tl 
edftes  of  a  pyramid,  foniied  by  the  hDmologouH  faces,  which  meet  at  an  apex 
the  principal  axis,  snch  us  r  of  Fig.  85,  polar  edgeit. 
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of  these  lines  meet  in  the  points  M,  Jli\  Ac.     The  lines  V3f,  VAf*, 

Ac.,  clearly  bisect  the  angles  A'^VA\  A*VA\  Ac.    But  VAf,  VAf\  ic, 

iM^  the  orthojtjonal  projections  on  the  paper  of  tlie  possible  edges 

in  which  alternate  faces  of  the  pyramid  would  meet,  if  produced. 

Hence,  the   plane  cont-aining  the  opposite  possible  edges    \'A  and 

yji  al»o  cont&inH  01%  fur   VA  and    VAf  are  co-linear.     Similarly, 

the   planes   containiuj;   other    opi)OBite    pairs    VA*  and    VM\  tfec, 

absu  contain  OV,     (f  then  axes  of  odd  degree,  higher  than  three, 

were  possible,  thoy  would  lie  possible  zone-oxos. 

The  above  prtmfs  are  not  applicable  to  the  case  of  a  triad  axis. 

5.     Prop,  3.    To  prove  that  a  plane  perpendicular  to  an  axis  of 
lymmetry  is  a  putisible  face. 

Let,  in  Fig.  87,  OA  be  a  dyad  axis,  and  let  a  face  EFG  at  the 
eryiit«l,  not  parallel   or  perpendicular  t^j  the  axis,  meet  it  at  A. 
There   must    be    a    second    face 
/?/*//,   which    is    interchangeahle 

f^      vith  EFO   when   the   crystal    is 
ttirwd  about  0\  through   IbO". 
Ut  EF  Xm  the  line  of  intersection 
rcf  ibp   two    phmes.     When    tlie 
vyM.  ba»  been  turned  through 
180"  About  OA,  the  edge  FF  re- 
Ubs  its  direction,  for   the   two 
&CW  have  changed  places  :   the  only  difference  is  that  points  £  and 
F  cvjually  distant  from  A  have  changed  places.     Hence  the  edge 
£F  ifl  perpendicular  to  OA. 
_  ^imiUrly,  any  other  face  whatever,  not  parallel  or  i>erpendicular 

u>  OA,  and  not  in  a  zone  with  FFG  and  FFI/^  must  be  associated 
wHh  A  ^ecMnd  like  face,  so  that  the  two  faces  meet  in  an  edge 
perpendicular  to  OS. 

Heoce  OA  is  perpendicular  to  two  edges  which  are  not  parallel. 
It  !«,  therefore,  perpendicular  to  the  possible  face  which  is  parallel 
U»  these  edge& 

Colt.  1.  In  a  manner  similar  to  that  employed  in  Cors.  I  and  2 
of  Art.  4*  it  can  be  shown  that  tetrad  and  hexad  axes  are  perpen- 
i<rular  to  po*wihle  faces.  For  two  successive  rotations  in  the  same 
|£r«ctJuiL,  <^Ac-h  of  90\  about  a  tetrad  axis  interchange  a  pair  of 
'^tr*^  itttemeotiug  in  a  line  perpendicular  to  the  axis;  tind  similarly, 
9iii00eaiive  rotntioiis,  each  of  60^,  about  a  hexad  axis  inter- 
%    similar    pair    of    faces    wliiuh    intersect    in    an    edge 
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perpeodicular  to  the  axis.  Hence  a  number  of  non-parattel  e<J^ 
can  Iw  ]x*rp*?ndicular  to  tetnul  and  hexad  uxett.  These  axe-a  mu 
therefore  be  perpeniiicular  to  possible  faces. 

Cor.  2.  On  the  supposition  of  an  axis  of  symmetry  of  oddl 
degree,  n>3,  it  has  been  seen  in  Prop.  2,  Cor.  3,  that  VM,  VJf\  Jtc., 
would  be  possible  edges.  Then  VA/AP^  Ac,  would  be  possible  faces 
belonging  to  a  second  pyramid.  But,  from  Fig.  SG,  it  is  clear  that 
the  pair  of  opposite  possible  faces  VAA\  VAfM^  intersect  one 
another  in  a  straight  line  parallel  to  AA^  and  AfM^  and  f>erpen 
dicular  to  OV,  The  same  is  true  of  all  the  opposite  pairs 
possible  faces.  Hence,  OV  is  perpendicular  to  a  number 
possilile  edges,  and  is  therefore  perpendicular  to  a  possible  face. 

6.  It  IS  not  poKsiblo  to  entAblish,  as  a  consequence  of  the  law  of 
rational  indices,  that  a  triad  axis  ic,  when  alone^  a  possible  zone- 
axis,  or  that  it  is  perpendicular  to  a  possible  face. 

Let,  in  Fig.  88,  TO  be  a  triad  axis,  and  VAf  a  sone-axis  of  thi 
crystal  which  is  not  parallel  or 
perpendicular  to  (?r.     Let  J/0  ^ 

be  drawn  perpendicular  to  the 
triad  axis  and  u^eet  it  at  0. 
Rotation  of  the  crystal  about 
VO  through  120"  must  bring 
VAf  to  KJ/  and  OM  to  03/,, 
80  that  the  triangle    VOaM^  is 

not  coplanar  with  VOAf.     A  further  rotation  of  60°  is  requiixnl 
bring  OM^  into  the  continuation   Ofi  of    OAf.     But  this  is  not 
possible  angle  of  rotation  about  a  triad  axis,  nor  is  there  an  edge  V4 
associated    with     VM.     A   second    rotation   of    120°   in   the 
direction  as  the  first  brings  the  triangle  into  the  poeition   VOM^^ 
that  OAf,^  lies  as  far  beyond  Ofi  as  OJ/  was  short  of  it»     A  thi 
rotation  of  120"  clearly  brings  the  line  back  to    VM, 

The  proof  of  Prop.  2  depends,  in  the  case  of  an  axis  of  syni' 
metry  of  even  degree,  on  the  fact  that  two  homologous  xone-^x 
are  coplanar  with  the  axis ;   and  in  the  cat^e  of   an  axis  of  od< 
degree,  n>3,  the  proof  depends  on  the  fact  that  two  non-hom 
logouB  edges,  such  as   VA  and    TJ/,  are    coplanar  with    the  axt 
Here  the  homologous  zone-axus  form  the  edges  of  a  trigonal  pyramid 
and  no  pair  of  them  lies  in  a  plane  containing  the  tnad  axis.     Ni 
can  an  auxiliary  pyramid  be  formed  by  the  edges  of  alternate 

Again,  tlie  proof  that  a  possible  face  is  perpendicular  to  ac 
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of  syTnTnetry  depends  on  the  fact  tlmt  pairs  of  possible  ffices  interttect 
in  lioen  perpvndiouUr  to  tbe  axis.  Tlie  lioiuoJoguus  fuctss,  such  as 
J/r.V.  i/,  K.V,  in  Fig.  8«,  int^^rsect  in  VM,  which  is  not  at  90*  to 
tbt?  triad  axis,  for  OM^  is  at  90'  to  VO.  Hence,  we  cannot  prove 
^Uut  the  triad  axis  is  perpendicular  to  a  possible  face. 
^P  Bat,  although  it  is  not  possible  to  prove  that  a  triad  axis,  when  it 
ir  M  alone  or  associated  only  with  a  centre  of  symmetry,  is  a  Kone-axia 
[  perpeadicular  to  a  pos&ible  face,  we  can  prove  that  it  is  ao  when  it 
I  is  acBociated  with  a  plane,  or  with  axes,  of  symmetry.  It  is  also 
Iteiound  to  be  an  actual  zone-axis,  and  perpendicular  to  faces,  in  all 
^nihe  known  crystal8  in  which  triad  axes  exist.  Hence^  we  shall 
oMfttf^  that,  where  a  triad  axis  exists,  it  is  a  possible  zone-axis  and 
perpendicidar  to  a  possible  face. 

Hence,  generally,  an  axi^  of  S3miractry  is  (1)  parallel  to  a  {lossible 
aooe-axia,  and  (2)  perpendicular  to  a  possible  face. 

j^B       7.     Prop.  4.    If  a  crystal  has  any  two  of  the  three  elements 
^■of  »yrometry  -a  plane,  a  centre,  and  an  axis  of  even  degree  perpen- 
dicular to  the  plane — then  it  must  also  have  the  third  element. 

(a)     Let,  in   Fig.  89,   Alii'D  be  a  plane  of  symmetry,   2;   and 
let  O,  a  point  in  2,  be  the  centre  of  symmetry.     Let  OP  be  the 
normal  on  any  face  ABE^  and  OPi  the 
normal  on  the  corresponding  homologous 
face    ABF  on  the  opposite   side   of   the 
plane  S ;  and  let  OA   be  the  normal  on 

ttbe  plane  ABCD. 
The  plane  containing  OP  and  OP^^  is 
perpendicular  to  2,  and  must  contain  OA. 
No»\  since  the  crystal  has  a  centre  of  Kym- 
metry  there  must  be  faces  at  both  end»  of 
a  normal  continued  through  the  centre, 
enoe,  OP^  and  OP^^  the  continuationB  of  OP  and  Oi*,,  are 
rpt*ndioular  to  faces  FCD  and  ECD  which  are  parallel  to  ABK 
AHF  respectively  (Euclid  xi.  14).  The  four  faces  form  a  four- 
ed  prism,  like  the  roof  of  a  long  building  and  its  reflection  in  a 

jital  plAne  passing  through  the  cave^^. 
Jt  *»    clear    that  rotation  through    180"  about  the    normal   <9A 
robaog®"    OP  and   0/\,   0/*,  and   OP.^,  and  the  corresponding 
"For  O^  is  the  external   bisector  of   the  angle  POP^^  and, 
!bfl5equentJj,    bisects   the  angles  POP,  and  PfiP^ 
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sjrmmetrical  with  re-spect  to  ABC!)  and  the  centre  O.  Tli 
muHt  be  int«rehangeabl»  in  paim  about  the  nuruial  OA  on  A  BCD, 
Hence  rotation  through  180*  about  the  line  OA  iuterchan; 
homologous  faces.  But  OA,  being  the  nomiMl  ou  a  plane  of  syroinetryj 
18  a  zone-axis  perpendicular  t<»  a  possible  face  (Prop.  1).  Henc< 
OA  is  an  axis  of  Aymmetry  of  at  legist  twofold  rotation, 
possibility  of  rotations  through  60°,  or  9U°,  is  not  excluded.  Foi 
three  rtitaiions  in  the  same  direction,  each  of  60°,  alwut  OA  brin( 
OP  to  the  position  01*^ ;  and  similarly,  two  sucoeaaive  rotational 
each  of  90",  are  equivalent  to  a  single  i-otation  of  180"  about  th< 
same  axis.  The  axis  may,  therefore,  be  one  of  dyad,  tetrad,  oi 
hexad  symmetry  ;    Le,  it  is  an  axis  of  symmetry  of  even  d^reo,] 

(/>)    When  a  crystal  has  a  eentre  of  symmetry  0,  and  an 
of  synmieiry  of  even  degree  OA,   it  can,  by  the  aid  of  the   san 
diagram,  be  shown  that  the  plane  A  BCD,  pei*pendicu]ar  to  OA, 
a  piano  of  symmetry.     For  rot-ations  through   180'  about  0\  ai 
always  possible  and   interchange  pairs  of  normals   OP  and  OP^^l 
where  all  three  lines  are  co-planar  and  OA  bisects  the  angle  POP,* 
Owing  t<i  the  centre  of  symmetry  each  normal  is  diploheilral,  one 
the  facea  at  opposite  ends  of  a  normal  are  necessarily  pat^Uel.     But 
parallel  planes  intersect  a  third  in  parallel  lines  (Euclid  xi.   16), 
Hence  the  edges  AB  and  CO  are  each  parallel  to  the  edge  .^A,  in] 
which  the  faces  AB£  and  DC/;!  meet.     The  edges  are  therefore  aUj 
peri>endicular  to  the  plane  containing  0\  fU\  OP^^  and  theref<»re 
to  OA.     The  plane,  containing  the  edge  AB  and  the  line  through  0 
in  the  plane  POP^  wliich  is  perpendicular  to  OA,  bisects  the  angta 
POPn  and  therefore  the  angle  between  the  faces  of  wliicb  0/*»nd 
OPi  are  the  normals. 

A  similar  relation  can  be  found  for  every  other  set  of  twoi 
pairs  of  parallel  faces,  which  are  also  intcrchangcnlile,  iu  pain, 
rotation  through    180°  about  OA.     Hence,  the  plane  A  BCD  *U 
plane  of  symmetry ;  for  it  bisects  the  angles  Ijetween  horooh 
pairs  of  faces,  and  is  parallel  bo  a  possible  face  and  perpendicular 
a  zone-axis. 

(c)    If  a  plane  of  symmetry,  A  BCD,  and  an  axis  of  symmi 
even  degree,  OA,  perpendicular  to  A  BCD  coexist  in  a  crystal, 
parallel  faces  must  be  invariably  present,  i.e.  the  cryslnj  is 
symmetrical.     The  proof   is   obtained    from   the  diagram,   all 
used,  by  taking  the  relations  of  the  lines  and  faces  in  a  dij 
order.     (?/' and  OP^  are  symmetrical  with  re^spect  to  ABCi* 
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the  angle  between  tliem  and  is  perpendicular  to  their  plane. 
Hence,  the  plane  I\OP  contains  OA.  Ag/iin,  0\  hisectH  the  angle 
/*<>/*„  and  Ot*^  lies  in  the  plane  containing  OP  and  OA.  Hence, 
OF,^  OP,  OPt  all  lie  in  one  plane,  and  POP,  +  POP,  ^iHO\ 
»refnre  0P^  and  OP^  are  opposite  directions  on  the  same  straight 
The  faces  AHF  and  DC£  at  the  opposite  ends  P^  and  Pg 
must  therefore  be  parallel ;  and  similarly,  ABE  and  DCF  are 
pjtnilK*!  fjices.  Tlie  same  is  true  of  every  other  set  of  faces  which 
uv  homoluguuB  with  respect  to  ^  and  to  0^.  The  crystal  is 
jfore  centro-synnnetrical. 

Hence,   the   presence   of   an;/   tico   of    the   three    elements   of 
lunetry — a  centre,  a  plane  and  au  axis  of  ^vtn  degree  perpen- 
(licdljir  to  the  plane  of  symmetry — always  involves  tlie  presence 
<A  Uie  third  element. 

8.  CoR.     The  proof  given  above  also  establishes  a  very  im- 
portant relation  of  the  triad  axis  ;  viz.  that  in  a  centrostfrnntf^lrical 

itial  hatintj  an  axis  of  triad  symmetry,  thf.  plane  perprndicular  to 

tiTut  (sinuot  he  a  j^ane  of  symmetry.      For  the  axis  perpendicular 

tOttpUne  of  symmetry  in  a  centro-synimetrical  crystal  must  be  an 

wis  of  symmetry  of  rtwn  degree.     There  is  nothing  to  ejcclude  the 

ffldbility  uf  a  triad  axis  and  a  plane  of  symmetry  perpendicular  to 

occurring  together  in  a  crystal ;  but  in  such  a  case  the  crystal 

Ittttot  be  centro-symraetrical,  and  parallel  faces,  if  they  occur,  are 

l)e  regaixlpd  as  belonging  to  different  forms  and  will   often  be 

tingui*ihe<l  by  a  difference  of  character;  i,e.  such  parallel  faces 

uot  homologous. 

9.  We   shall    now    consider   the   limitiitions    to    the   number 
pUopH  of  symmetry  possible  in  a  zone.     We  shall,  thereby,  see 

the   arrangements   possible   are    such    that    the   least   angles 
Utveen  pUutw  of  symmetry  are  1)(V,  60",   \b^  and  30\ 

Pkop.  5.     To  prove  that  the  only  angles,  less  than  60°,  possible 

Wiwoen  pUnes  of  symmetry  are  45'  and  30'. 

Let,   in   Fig.   90,   /*  and  Q  l>e   the  poles 

plantt  uf  symmetry  such  that  no  pair  uf 

of  symmetry  in  their  xune  make  with 

another  a  le«»  angle  than  P(J  ~  f^{ivi\'). 

r,  P  timst  1m?  i-ejjeal-ed  on  the  other  i^ide 

^  in  a  similar  pole  /\  where  Z',^  =  (JP : 

aad  HimiLorly,  Q  must  be  repented  in  a  similar 

nc4**  Vj'     Hupptjse  the  planes  of  symmetry 
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to  be   per|»endicular  to   the   paper, 
Ac,   all    lie    in    the    primitive,    where    PQ  --  QP^  =  Pfi^  =  «fcc.  =  ^    i 
But,  fiiiice  P  and  Q  are  the  poles  of  planes  of  symmetry,  so  musw 
ftUto    the    poles   /*,,    §„   Ac,    1)0    poles   of    planes   of    symmetry.^ 
Let  the  successive  poles  be  inserted  in  the  zone  until   ft,  the  last 
pole   before    /*,   is    reached,   where  P  is   the   opposite   pole   to  P, 
Now  the  next  step  gives  either  /*,  or  a  pule  ^5   l>eyond  it     Bnt 
P  is  also  the  pole  of  a  plane  of  symmetry — that  first  taken — and 
RP,  SP,  are  both  less  than   HS  ^  ^.     This  contravenes  the  Limi-J 
tuition  on   the  poles   P   and    Q   iirat   taken ;    viz.    that   no    plane*" 
f>f  symmetry  in  the  zone  make  with  one  another  a  less  angle  than  ^ 
Hence,  in  proceeding  beyond  R  the  next  pole  must  be  P^  and  PP  =  ^. 
The  angle  <^  is  therefore  an  exact  submultiple  of  li50\     Call  the 
number  n,   then  n^  =  180'. 

If,  now,  n  is  greater  than  3,  there  must  l)e  at  le-ast  three  othei 
pole^i  between   /'  and  P,  and  we  can  apply  the  anharmonic  rat 
of  four  tautozoniil  poles  to  investigate  the  possible  values  of  n  and 
But,  if  (^  ia  60"  or  90",  the  anharmonic  ratio  is  inapplicable,  sinca] 
pairs  of  poles  are  at  180'  to  one  another.     Supposing  ^<6<)*,  wi 
have 

sin  PP^  .  BinQ^P, 
sin  ^3^ 

sin  PP,  sin  Q^Q  _  sin*  3^     4  sin"  ^  cos*  ^ 

sin^0 


Bin  PQ 
Then, 


m,  where  m  is  S4)me  positive  rational  number. 


m 


sin  PQ  sin  ^,/*,      sin*  ^ 

-  4  co»'<^  =  2(l  T  cos  24^) (1) 

Let2<^  =  *,  ..  n&  =  di}0' ;  and  cos  fi  -  cos2^  =  (m^2)- l...(2X 
The  problem  involven,  therefore,  the  determination  of  the  an^< 
less  than  120°,  which  have  rational  cosines  and  are  exact  sal 
multiples  of  360^  These  angles  are  90"  and  60**,  as  is  proved 
Art.  10.  In  these  cases,  cos  $  -  cos  90*  =  0,  and  cos  $  =  coe  60" » 1  ^ 
Hence,  when  6  =  90\  (^  ^  45'  and  n  =  4  ;  and  when  6  -  60\  <^  = ; 
and  n  =  G.  The  value  of  the  anharmonic  ratio  is,  in  the  former 
r»  =  2 ;   and  in  the  latter,  m-'S.  . 

10.  Proof.  Series  (3)  (Todhunter'8  7Vi^.,  p.  226,  1850), 
the  pro]>ertieH  of  equations  having  integral  coofficients,  enable  us 
prove  that  the  only  angles  <  120%  which  are  exact  submultiples 
360'  and  have  rational  cosines,  are  90°  and  60'. 

2  008  n^  =  (2  cos  tf)- -  Y  (2  cos  ^)»-*  +  ^^^^^^^^ 
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The  fth  term  ie 


<-ir 


n{n-r-  1)  (« -r- 2)...(n-2r  +  I) 


(2oos^)« 


the  coefficient  of  (2  co«  $)*''"  being  integral 

But,  when  ti5=360",  fxmnd=  I;  and  writing  x  for  2c(j8^,  we 
have  the  equation 


aj"-na*- 


w(n-3) 
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a!»-'-4c.  =  2. 


.(4). 


I na 

I 

^P       Further,  the  comnienHurahle  roots  of  an   equation  of  the  nth 

degree,  which  has  integral  coefficients  and  unity  for  that  of  the 

highest  term,  are  integral  and  exactly  divide  the  constant  term. 

I      It  follr)W8  that  the  pORsihle  values  of  j::  are  limited  to  +  3,  +  1,  and  0, 

^K      If  2co«fi  =  ±2,  ^  is  0*  or  180\     The  former  value  is  aljsurd, 

^^nd  the  latter   gives  <f>  -  90°.     This   is   a   possible   angle    between 

planes  of   symmetry,   but   it   is   not  admissible   as   a   dilution    of 

e<]Uiition   (1),  for  it  gives  a  meaningless  anliarmonic   ratio. 

If  2co8fl=:±l,   (9  is  60'   or  120%  and  </>  is  30"  or  6U".     The 
former  est&blishes  that  the  least  angle  pORsible  between  planes  of 
^H|^mmetr}*   in  30*,  and    that  we   cannot   have   more   than   sLx   such 
^^laned  in  a  zone,     Tlie  latter  value  (60°)  is  a  po^iblc  angle  between 
pUnes  of  symmetry,  but  it  is  not  admissible  as  a  solution  of  (1)  ; 
fur,  if  four  successive  poles  are  taken  at  60°  to  one  another,  the 
•xtreme  pair  are  at  180°,  and  the  anharraonio  ratio  is  rneaningless. 
If  2oos^  =  0,   ^  =  90",    ^  =  45'   andn  =  4.     This    is    the    only 
ler  solution  possible,  and  is  that  given  when  n  ia  even  and  the 
it  term  of  senen  (3)  is  2. 
It  follows  that  the  greatest  number  of  planes  of  Hyinmetry  in  a 
le  is  six  in  one  cjise  and  four  in  the  other'.     Crystals  niay,  also, 
tve  only   two,  or  three,  tautozonal  planes  of  symmetry. 


*  The  proof  of  this  imporUnt  proposition  given  in  the  text  ifl  tine  to  Proressor 

krr-UaAkelyne,  who  gave  it  in  a  ooufbo  of  lectureB  Httonded  by  the  author  iu 

Profeftsor  von  Lang  (Knjst.  p.  75,  1866)  gives  an  expression,  oquivftlont 

(1),  limiting  tbo  angles  of  i$vgonal  toiui^  i.e.  of  zoneH  in  which  equal  nngles 

sur.     He  (lointfi  out  that  30°,  46^,  VXf  and  aO°,  satisfy  the  equation  ;  but  ho 

not  prove  Uiem  to  bo  the  only  angleu  whioh  do  bo.     In  a  classical  memoir, 

pQbUahedin  Acta  Hoe.  Set.  Feitnicn,  ix.  p.  1,  1871,  but  read  on  19  March,  1867, 

ProlvMOf  Aiwl  Qodolin  Code  that  the  angles  of  rotation  about  axes  of  (.ymmetry 

are  aubject  to  otiuation  (2);  und  he  provea,  by  the  method  UBcd  in  Art.  10,  that 

W^  »ud  W^  are  the  leaMl  poeaible  augtee.    His  methotl  of  arriviug  at  equation  (2) 

^W,  howe^cf,  SOI  altogether  satisfactory;  for  it  is  not  applicable  to  the  caE>o  of  a 

**^r*A  AtM.    A  different  method  hafl,  therefore,  been  adopted  in  Art.  11. 
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OoR.  i.  No  crystal  can  have  five  tautozonal  planes  of  symmetry  ; 
for  the  least  angle  between  them  is  ^Q",  and  tliis  angle  does  not 
satisfy  equation  (2). 

Cor.  2.     Planea  of  symmetry  inclined  to  one  another  at  angh 
of  45\  and  also  at  30'.  cannot  coexist  in  one  and  tlie  same  zone.J 
It  is  clear  that  a  zone-circle  cannot  be  divided  hy  |mjIc8  at  distances | 
of  30°  to  one  another  and  also  at  dista.nceH  of  45'  without  some  ol 
the  poles  making  angles  of  less  than  30**  with  one  another. 

11.  Pbop.  6.  To  prove  that  tetrad  and  bexad  axes  are  the; 
only  axes  of  symmetry  of  degree  higher  than  three  which  are^ 
|»OBKible  in  crystals. 

8up|K)s*j  A^  to  be  an  axis  of  syininetry  of  degree  n  (>3)  oocor'^ 
ring  alone  in  a  crystal,  and  let  it  bo  placed  vertically.  By  Props., 
2  and  3,  ^^  is  a  possible  zone-axis  perpendicular  to  a  possible  face. 
If  then  a  face  meets  the  axis  at  a  point  K,  we  have  u  pyramid  of  n 
similar  faces  all  passing  through  the  apex  V  and  meeting  the  hori- 
zontal base  in  possible  edges. 

We  proceed  to  show  ihat  n  possible  faces  can  be  found  parallel, 
to  il^  and  inclined  to  one  another  in  succession  at  an  angle 
^=180'-«. 

When  n  is  even,  n  -^  2  faces  through  opposite  polar  edges 
possible,  each  of  which  contains  the  axis  of  symmetry.     Thus,  in 


Fio.  92. 


Fig.  91,  the  planea  Af,LM\  MLO,  both  containing  the  tetrad 
OL^  are  possible  faces  inclined  to  one  another  at  an  angle  of 
Similarly,  in  Fig.  92,  the  planes  A^VA\  AVO,  AVO,  couUining  th< 
hexad   axis   of  symmetry  OT,  are   |>088ible   faces  inclined  to  oni 
another   at   angles   of   60^     IJenerrtlly,    thert*fore,    we    have    n-i-1 
possible  tautozonal  faces  inclined  Ut  ont*  atudher  in  successive  pail 
at  an  angle  $  =  360*  ^  n. 


ISOGONAL  ZONES. 


121 


If  now  the  alternate  faces  of  the  pyramid  are  extonUed  to  meet 
one  another,  we  obtain  iu  Fig.  91  horizontal  edges  through  L, 
paraUel  to  OX  and  OY,  which  Itisect  the  angles  Mfl.M,  MOSf. 
Thn>ogh  the^M  edges  and  the  axis  OL  pt>sKihIe  faces  can  be  drawn  ; 
and  we  have  foiir  faces  through  the  axis  OL  inclined  to  one  anuther 
ia  ^accession  at  angles  of  45'.  In  the  general  case,  when  n  is  greuter 
thun  4,  we  i>btjiin  new  jKilar  edges,  suoli  as  FJ/^  of  Fig.  92,  throuj^h 
M'hich  and  the  axis  «-i-2  possible  laces  can  be  drawn  bisecting  the 
angles  l>etween  adjacent  faces  of  the  tirst  set.  ThuH,  for  instance, 
the  face  (JVM^  bisects  the  angle 
between  OVA  and  OVA^^.  We 
thus  have,  altogether,  n  tautozonal 
fHc«8  through  A^  inclined  to  one 
another  in  snccesAion  at  an  angle 
^=  180' -w. 

The  same  can  be  shown  to  be 
the  cane,  when  n  is  odd  and  >3. 
Thus,  in  Fig.  93,  the  face  through 
the  axis  and  the  possible  edge  VM 
bisects  the  angle  between  the  pos- 
sible faces  through  VA"^  and  K.I* 
parallel  to  the  axiEi. 

Fig.  90  may  now  be  taken  Uy  represent  the  pole^  of  the  n  tauto- 
zonal faces  through  the  axis  J,,  inclined  to  one  another  in  succession 
at  angles  *^,  where  nt^^lSO".  Forming  the  anharinonic  ratio, 
A.R.  \l*QFxQi\%  ^^  fou'"  consecutive  poles,  we  obtain  equations  (1) 
and  (2).  Hence,  as  proved  in  Art.  10,  the  possible  values  of 
^=2^  ore  restricted  to  60'  and  90  ;  and  the  axis  can  onl^*  be  a 
hexad  or  a  teti-ad  axis.  Hiuiilarly,  72'  not  being  a  |Kissib!e  value  of 
0,  a  pentad  axis  is  inadmissible. 

The  only  axes  of  symmetry  poasible  in  crystals  are  therefore 
thoee  of  two-|  three-,  four-,  and  six-,  fold  symmetry, 

13«  Itogonal  sonen.  Zones  in  which  one  of  the  crystalli>tnotric 
fiO*,  45"^  or  30",  recur  arc  common  in  cubic  crystiilK  and  in 
crystals  having  a  principal  axis.  We  can,  however,  show  that,  even 
when  the  faces  are  not  planes  of  symmetry,  no  pair  of  faces  can 
include  an  angle  of  30",  or  60^  in  a  zone  in  which  45"  recurs  in 
succession  ;  and,  vice  versfi,  that  45'"  cannot  occur  in  a  zone  in  which 
either  30',  or  60  ,  recurs  in  succession. 
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Thufl,  in  Fig.  94,  let  P^-x^P,=P,Q,==&c=^  where  ^  is  either  45"  c 
30^.  Take  any  possible  pole  R  in  the  zone,  and  let  ^PR=cu  Alw 
let  iS*  be  a  point  such  that  RS—<^^. 

Then  the  A.B.  {PRQP}  and  the  A.R.  {PSQP}  give  the  equati<Mis 

sin  PA  .  8inP,/C           sin  a              /       x-       i          ^    x  /„* 

-= — 5/i"^  ■ — W7\~  -• — 7^1 ^=»'*  (*  rational  number) (5), 

sin  i'iSr  ,  sin  P^S  sin(a+^,) 

sinPg  •  sin /',«'"  sin  (2<^-7j:0.)'~"^^^^ ^  ^' 

(a)     If  0  is  45%  then  (6)  gives 

sin  a  ,  ... 

iiS(90^„)  =**"'■='" ('>  = 

and  (6)  gives 

,      /    .   .  X  tana+tan  A 

^'  1  -  tan  a  tan  tf>, 

=  (by  substitution  from  (7))  ^™  t.^^  ...(8). 
^  "^  ^  "  1  -  m  tan  ^^     ^  '^ 

If  ^,  is  46°,  then  tan  0,^1,  and  n  is  rational 
Hence,  in  a  zone  having  46*  recurring,  we  can  have  ^'**"  ^*" 

a  pole  S  at  45"  to  any  other  known  pole  R, 

If,  however,  <^^=30°,  then  tan  </),=l-i-V3  J  *«id  fr*>™  W 

_  m\/3  + 1  _  (mx/3  +  l)(V3+Tw)  _  4ffi+(m«+l)s/3 

'*"  N^-m"  "S-m*  -         3-m«         ^^'^^ 

Hence,  n  contains  a  term  involving  the  surd  ^3,  and  ia  irrationAL 
Therefore  *S'  at  30°  to  jR  is  not  a  possible  pole  ;  and  it  is  not  possible  t 
tind  two  jwles  inclined  at  30°  to  one  another  in  a  zone  in  which  45*  recui 
in  succession. 

{b)  Equations  (6)  and  (6)  were  established  before  any  value  wa 
assigned  to  0.     Let  us  now  take  <^=30% 

1      sin  (60°  -  g)  _  sin  60°  COB  Q  -  sin  o  cos  60°     ^^  cot  g  - 1 
'  '  m ""       sin  a  sin  g  ~  2 

•■•-*-=;l(^+^)=^(-y) (!«). 

where  m,=2(-  +s)i  a  rational  number. 
'       \m     2/ ' 

Similarly,  from  (6),  we  have 

COt(-  +  0,)=A(l+l)=^(«,y) (11), 


where 


».-e*i) 


By  expanding  the  left  side  of  (11)  and  substituting  for  cot  g  from  (10 
we  have 

n,  _  cot  g  cot  0,-1  _  wi,  cot  0,  -  ^/3 

^^3~   cota  +  cot<^,  ~in,  +  v'3cot0, ^     '" 
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UMl 


^3; 


3 


(13;. 


^3     «B,+3^  m,+3 

Hence,  ».  And  n  ore  ratioiuLl,  and  a  |Kfln  .V  m  (KKwible  fit  30"  kn  luiy 
er  ]iole  A  m  a  zone  in  which  30"  rctmro  iu  Buocctuiun. 
It,  however,  ^,=45", .'.  oot^.^l  ;  and 

V3     W.+V3        ««-3    ^     ^' 

Hence,  n.  is  irrational,  and  therefore  n.     There  cannot,  therefore,  bo  a 

Ae  S  at  45'  to  a  pole  //  in  a  zone  in  which  30"  recurs  in  succefisiou. 
Bj  making  <f>,  ue^ativo  in  the  above  cquntioiis,  wc  can  obtain  similar 
itioua  which  hold  for  the  cohc  in  vhich  S  in  on  the  aame  side  of  H  as  P. 
Similatiy,  it  cah  be  proved  that  US'  and  60''  do  not  occur  u>gethor  in 

aooe,  in  which  one  or  other  uf  the  angloH  in  rojieated  in  succeaaion. 

13.  Prop.  7.  Enl^a  Tl^eftmn.  Given  two  axes  ttf  rotation, 
OA  ami  OB,  intersecting  at  0  within  a  \ioAy  :  it  i8  required  to 
prove  that  successive  rotations  alx>ut  them  of  2a  and  2j3  respec- 
tively are  equivalent  to  a  single  rottition  through  an  angle  2y  about 
a  third  axis  OCy  and  to  find  the  position  of  OC  and  the  angle  2y. 

Let  a  sphere  of  any  radius  be  described  about  tl»e  point  of 
intersection  0  aa  centre :  and  let  A  and  B,  Fig.  95,  l>e  the  two 
fsoints  at  which  the  axes  emerge  when  the  rotation  a1x)nt  each  of 
them  appears  to  the  observer  t<o  be  in  the  same  direction^  either 
both  with,  or  both  against*  the  hands  of  a  clock.  Let  AB  be  the 
arc  ia  which  a  great  circle  through  A  and  B  meets  the  sphere, 

Thmugh  B  draw  the  great  circkv  flC,  BA'  and  HC^^  where 
A  ABC  =  ^  CBA'  -  ^  A'BC,^  fi,  one-half  the 
angle  of  rotation  about  the  axis  OB.  On 
A'B  cut  off  an  arc  A'B  =  AB  ;  and  through 
A'  draw  the  great  circles  A'C  and  A'G^  on 
opp06ite  sides  of  A'Bj  and  each  making 
ith  A'B  an  angle  a,  one-half  the  angle  of 
station  about  A,  Then  OC  is  a  line, 
»tAtion  about  which  through  the  angle 
.'(=2y)  is  equivalent  to  succesHive 
ma,  counter-clockwise,  of  2^  about 
and  2a  a1>out  OA. 

The  three  (tpherica!  triangles  ABO,  CBA\  A'BC^  have  their 
and  angles  equal,  etvch  to  each.  For,  in  ABC  and  A'BC,  the 
two  sideH  AB^  BC  are  equal  to  the  two  sides  A'B,  BC ;  and  the 
included   angle  ABC  to   the  angle  ABC,     Ttence,  A'C  ^  AC;  and 


Fi«.  '.»5. 
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A  A'CIi=  A  ACB^  and  a  CAB  -  a  CAB.  Agiiin,  in  th«!  triiing 
A'BC,  A'BC^  two  ftnj^Ies  of  the  one  are  e<|ual  to  two  angles  of  t 
other,  and  the  adjacent  side  A' B  is  common.  Hence,  the  oth 
angleK  and  sides  ar«  equal ;  vix.  A'C  =  A'<\  and  BC  =  j5C,. 

If  the  Uody  and  sphere  (supposed  to  be  rigidly  connected  togeth< 
aif*  turned,  counter-clockwise,  abfjut  OB  through  2^,  A  is  brought 
A'  and  C  to  C^.  If,  afterwards,  the  body  and  sphere  are  turn 
through  2a,  again  oountcr-olockwise,  a1x)ut  OA'  (the  new  positic 
of  the  axis  OA)^  the  ptjint  6\,  where  C  had  been  left  by  the  fir 
rotation,  is  brought  back  to  C,  After  both  rotations  the  radius  0 
retains  its  original  position ;  and  the  body  is  in  t)ie  same  position 
it  would  Iw  in  after  a  single  rotiition,  count-er-clockwise,  about  (k 
through  the  angle  ACA' ;  for  A'  is  the  final  position  of  A. 

It,  however,  the  rotations  are  taken  clockwise  iu  the  same  orda 
a  new  point  (7^^,  situated  on  the  other  aide  of  AB^  is  the  extreuiit 
of  the  equivalent  axis  of  rotation  ;  where  C,,  is  the  vertex  of 
triangle  equal  and  similar  to  CABj  having  AB  for  base  and  tl 
angles  at  A  and  B  o<)uaI  to  a  and  p  respectively. 

If  the  body  is  tii*st  turned  about  OA  and  tlieii  almut  OB^  tl 
same  two  axea  OC  and  0C„  are  obtained.  The  former  is  the  oqa 
valent  axis,  when  the  rotations  are  clockwise  ;  the  latter,  when  th 
are  counter-clockwise. 

Hence,  A  and  B  l)eiug  the  points  at  which  the  axes  meet 
sphere  when  the  rotations  about  thern  appear  to  V»e  in  the  sam 
direction,  the  positions  of  the  equivuletit  axes  of  rotation  are  gi 
by  C  and  C„,  the  vertices  of  the  two  triangles  which  have  ^//  fu 
base  and  the  angles  at  A  and  B  equal  respectively  to  a  and  p^  oo« 
half  the  angles  of  rotation  about  the  axes.  The  angle  uf  rotali 
2y  is,  in  each  case,  double  the  external  angle  of  the  triangle  i 
the  vertex. 

The  proposition  has  only  been  proved  for  pure  rotations,  bat  l 
holds  true  for  axes  of  screw  rotiition. 

14.  Tt  is  now  clear  that,  if  there  are  two  ares  of  symmetry  i 
a  crystal  inclined  to  one  another  at  an  angle  other  than  ISO' — i 
latt't'r  angle  giving  only  two  ends  of  one  and  the  same  axis 
must  be  At  least  otio  otlier  axis  of  symmetry,  of  which  the  puoilifll 
atid  the  angle  of  rottttion  are  determined  by  the  alwve  thcore* 
Fur  suppose  the  axes  of  symmetry  to  be  pandlel  to  OA  and  OBoi  til 
preceding  proi>osition ;  and  let  rotations  of  2o  and  2^  about  0. 
and  OB,  respectively,  intorcluiugc,  in  each  case,  homologous  Uai 
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aiiH  edges.  Then  rotalion  about  OB  tbruugli  2/3  brings  OA  to  0A% 
and  interchanges  homologous  {aces.  The  crystnl  h&s,  tbenjfore,  tlie 
same  aspnct  as  at  first.  Rotation  in  the  same  direction  about  OA' 
(the  new  position  of  OA)  through  :2a  also  interchanges  Iioinologous 
faces,  &iu\  leaves  the  aspect  of  the  uryvtal  the  Kauie  as  at  tirst.  Hut 
the  tixial  position  of  the  crystal  can  be  obtained  by  a  rotation  of  2y 
in  the  same  direction  about  0C\  which  in,  therefore,  a  third  axifi  of 

metry.     It  is  necessary  to  prove  that  the  least  angle  of  rotatitin 

ut  00  in,  in  each  case,  an  exact  hubmultiple  of  360*;  and  that 
OC  8atistieK  the  conditious  for  axes  of  syiniuetry  given  in  Props.  2, 
3  and  6. 

The  same  is  true  of  the  other  equivalent  axis  00^^,  which  gives 
a  fourth  axis  of  Bymmetry  when  this  line  is  not  {as  is  often  the  case 
in  crystals)  in  the  continuation  through  the  centre  of  the  axis  Of'. 
The  new  axis,  or  axes—  when  C  and  f  are  not  extremities  of  a 
diameter — may,  when  combined  in  a  similar  umnner  with  each  of 

original  axes,  give  the  positions  of  new  axes  of  syuinu'tiT.  In 
der  to  obtain  all  the  axes  of  symmetr)',  the  process  has  to  be 
repeated  until  every  combination  is  shown  to  give  an  axis  already 
established.  It  has  thua  l:>een  shown  that  the  greatest  number  of 
es  of  symmetry,  which  occur  Itigether  in  any  crystal,  is  thirteen. 

16.    Prop.  8.     If  two  planes  of  symmetry  are  present   in   a 
il^    and   are  inclined    to  one  another  at    the  least  angle,   <f>, 
1>etwoen   planes   of   symmetry   in    tlieir  zone,    then   their   line   of 
itersection   is  an  axis  of  symmetry,   the  least  angle  of  rotation 
tut  which  is  2«^,  and  the  degree  of  which  is  n  ~  360'  -=-  2^ 

Let  the  two  planes!  of  sj-mmetrj'  meet  the  sphere  in  the  great  uircla-j  S 
.y,  Fig-  96,  and  let  their  line  of  intorsectimi  be  ixjqKJUcUcular  to  tlio 
primitive.  Then  over  S  the  plane  2  muHt  be  rG{»catc<l  in  a  bko  plane  of 
8ynmietr>'  2,.  Let  the  pninU  in  which  the  adjacent  planes  S,  2,  &c,  moot 
the  primitive  be  .1,  W,  -1,,  &c. 

Let  /*    /',.  y,.  /'j,  &e.,  be  the  pMJectii'iiH  nf  homnlngiiiiM  poles  sym- 
trical  with  resjwct  tn  2,  .V,  J^,  &c. ;  aud  lot  the  grejit  circles  thnmgh 
and  each  uf  these  [loles  meet  the  primitive  in  D,  D^,  D^j  />„  &c. 
Since  2  and  .S  are  |flaneH  of  symmetry,  they  are  parallel  to  p^wsible 
and  perpendiouhir  to  [Mifwiblc  zoiiu-axca     Hence  the  piano  of  the 
imitive  is  |>ar»lltil  to  a  [H>8»ible  face,  and  the  radiuH  through  ('  ih  a 
ible  sone-axis— the  line   of  interscution   of  2  and  X     It,  therefore, 
conditions  (Arts.  4—6)  for  an  axis  of  symmetry.     It  Ih  nirn- 
to  Hhow  that  rotation  about  it  through  a  definite  submultiple 
of  90U'  intorcbaoges  like  frbces. 
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Now  the  ftrt"  joining  a  pair  of  homologous  jwilee,  swch  as  /*, 
is  perpGudicular  U>,  and  bisected  by,  the  plane  of  symmetry  S  wiUi  n 
to  which  tliey  (irw  symmetriciil.  Heuce,  we  have  P^L  —  LP^^  and  i 
common  to  the  two  sphericAl  triangles  CLP^^  CLP^.  The  angle  CI 
ftlso  equal  to  CLP^^  each  l">eing  a  right  angle. 
The  two  trianglea  are  therefore  equal  in  all 
respects,  and  CP^  =  CP^y  and  A  PxCL  =  A  PtCL. 
But  theso  angUv  are  the  name  as  the  arc« 
BD^,  BD^  meaftured  on  the  primitiTc.  Heiioe 
fi/>i  =  BD^  Again,  for  a  similar  rea»on,C/'=  C/*,, 
and  the  angle  PCA  =  A  P^CA^  or  the  arc 
DA^BxcADy 

But.  J^^i^Ji^^Ac^^-ieO"^/*. 

Keuce, 

Also,  DJ)^^  Ti^D^-\-  D.^D^^i{Bn^-^  D.^A^)^2BA^^24^, 

Hence,  if  the  aphcro  is  turned  through  20  about  the  diameter  thr 
C,  the  imira  of  similar  points  J,  A^\  />,  D^i  B^^  B  ;  &c.,  intcrcl 
places  simultanouu-sly,  and  the  ame-circles  CAt  CA^ ;  CP^  CJ\i  CPg, 
change  places  respectively.  But  CP=CP^  —  CP^=&c  Uduw,  the  su 
planes  of  symmetry  and  the  homologous  i>oled  are  interchanged  al 
same  time.  The  line  of  inter&oction  of  the  two  planes  .S  and  Z  is,  l( 
fore,  an  axis  of  synmietry,  the  least  angle  of  rotation  about  whi< 
and  the  degree  is  n  =  3G0^-r2(^. 

Cor.  i.  If  the  le-ast  angle  bi'twccu  pairs  of  tautozonal 
symmetry  is  90',  the  line  of  intersec- 
tion is  a  dyad  axis,  and  the  distribu- 
tion of  homologous  faces  is  sucli  as  is 
shown  in  Fig.  19  and  in  Fig.  97.  The 
two  like  planes  %  and  %^  of  the 
genera]  proof  fall  into  the  same  plane, 
and  the  two  planes  S  and  2  are  not 
like  or  interchangeable.  In  Fig.  97, 
one  plane  is  XOZ,  the  other  is  YOZ. 

CoR.  ii.  If  the  least  angle  between  the  tautosonal 
symmetry  is  60',  the  axis  is 
one  of  triad  symmetry.  There 
are  three  planes  of  symmetry  in 
the  zone  which  ai-e  like  and  inter- 
changeable planes.  The  distri- 
bution of  homologous  faces  with 
reepect  to  the  planes  and  axis  of 
symmetry  is  shown  in  Fig.  98. 
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Cob.  iii.     If  the  least  angle  between  .f  unil  2i  is  45",  tliere  »re 
four  taut07'/>n»l  planes  of  symnjetry  consisting  of  a  pair  of  like  S 
planes   and  a  pair  of   like  5   planes.     The   like  planes   are   inter- 
chan^ealile  with  one  another,  hut 
those    of   ooe   set    are   not    inttr- 
changeable  with  those  of  the  other. 
Tlie  line  of  intersection  is  a  tetrad 
axis.     The  distribution  of   horoo- 
IcgODS  fiioea  ia  illnstrated  by  tlie 
fftces   meeting   at  the  apex   L   in 
Fig.  99.     The  planes  of  symmetry 
S  and  S'  are  LOM  and  LOM^,  the 
planes  S  are  LOB  and  LOJC'\  and 
the  axis  OL  is  the  tetrad  axis. 

Cor.  iv.  When  the  angle  4*  =  30*»  there  are  three  like  planes 
S  hi  60*  to  one  another  and  three  like  planes  2  also  at  60^  to  one 
another,  so  arranged  that  the  planes  of  one  Het  bisect  the  angles 
between  pairs  of  the  other  set.  The  ^'  planes  are  interchangeable 
with  one  another,  as  are  likewise  the  !&  planes,  but  thoHe  of  one 
triad  are  not  interchangeable  with  those  of  tlie  other.  The 
line  fif  intersection  is  an  axis  of  hexad  symmetry.  The  distri- 
bution of  homologous  poles  and  faces  is  given  in  Figs.  100  and 
101.  As  will  be  explained  in  Chap,  xvii,  two  sets  of  symbols, 
[Kkl]  and  i/>v'*},  »re  needed  to  give  all  the  homologous  faces. 
In  Fig.  100,  the  planee  of  symmetry  S  are  those  passing  through 
the  centre  and  the  points  X^    V  and  i?,  respectively,  on  opposite 
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Hi(l(*H  (if  which  pules  of  \hU\  are  symmetrically  placed  ;  ris  aUo 
are  the  poles  of  {/>9r}.  The  other  triad  of  planes  6'  bisect  the 
angles  between  planes  of  the  tirst  trim],  and  in  Fig.  101  pan 
througli  the  polar  edges  1'^,  ('8 ,  TS,^.  Thoy  have  a  pole  and 
of  the  set  \hki\  symmetrically  place^l  to  one  of  {pqr]» 

Cor.  v.  Hince  tW  is  the  least  angle  possible  between  planes  of 
symmetry,  it  follows  that  no  crystAl  can  have  an  axis  of  symmetry, 
in  which  planer  of  symmetry  intersect,  of  higher  degree  than  six. 
Moreover,  since  36°  is  not  a  possible  angle  between  planes  of 
sjmimetry  (Art.  10),  a  pentad  axis  cannot  be  the  line  of  intersection 
of  planes  of  symmetry, 

16.  Prop.  9.  Given  an  axis  of  symmetry  of  degree  n,  nol 
exceeding  G,  and  one  plane  of  symmetry  parallel  to  it,  to  show  that 
there  arc  (n  -  1)  other  pliiiu.^  of  symmetry  all  parallel  to  the  axis 

By  rotation  aljout  the  axis  the  given  plane  Z  is  brought  into  («-l; 
other  jHwitionH  which  must  l>e  thiwe  of  like  planes  of  Hvminetry  and  th« 
Anglo  between  which  ia  360'-M»«2^.     Hut,  when  n  i«  even,  wo  thus  gefc 
only  »-i-2  different  planes  of  symmetry  ;  for,  if  ni  =  n-r2,  the  result  of  m 
Buooeasive  nitntitms  of  2i^  is  to  turn  the  plane  of  Mymmetrv  thnnigh  \W 
when  it  agnin  ci^iuculeM  with  the  original  plane.     But  the  last  propoaitii>o 
has  shown  that  the  degree  n  nf  an  axis  of  symmetry,  which  is  the  inter- 
section of  planes  of  syiumctr)',  is  given  by  the  equation,  nB360°-r2^ 
where  2(^   Ih  the  Icjmt  juiglo  of  rot^itiou  about  the  axis  and  is  double 
thiit  between  iidJHcent  phmes  of  symmetry.     Hence,  since  n(^=lfWJ',  there 
must  be  «  distinct  ]ilaues  of  symmetry  all  iotersecting  in,  or  [karaUel  u 
the  axis  of  symmetry. 


17.  Prop,  10.  If  a  dyad  axis  B  is  perpendicular  to  an  axis 
symmetry  ^1,  of  dfgree  u,  there  must  be  (n  -  I)  other  axe«  uf  ev 
degree  all  perpendicular  to  ^^. 


If  the  axis  is  a  triad  axis,  rotation  about  it  brings  A  into  two  new 
diQ'eront  positions,  so  that  there  are  throe  like  dyad  axos  at  right  angle 
t*»  A,, 

In  the  case  of  an  axis  A^t  of  even  degree,  where  n^2m^  each  rotatioi 
about  A„  through  SOC-i-ii  brings  A  into  the  jMMition  of  a  like  dynd  axil 
But  the  mth  rotation  gives  no  new  clinvtion,  for  the  whole  mtAtiun  u 
7nx360"-r27/i  =  180',  and  the  axis  is  in  the  prolongation  across  the  origii 
of  the  original  axit*.  Uunce,  rotation  about  A^^  giveti  only  m  differeal 
dyad  axes.  But,  by  Euler's  theorem,  two  rotations — one  )il>out  .1,  throm^ 
Z^'f-z-n  followeti  by  one  of  IKO'  about  d — arc  equivalent  to  a  sing] 
rotjitioii  tiltout  A,  where  A  is  the  vertex  of  tlic  triaiiglu  shown  in  Fig.  lOSL 
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^TbeftDgle  At  A  is  clearly  a  rigbt  angle,  and  the  axis  ^  in  at  leaat  a  dyivd 
Mia  perpendJcuUr  to  J„.  The  same  is  tnie  of  a  combination  of  A^ 
Titti  each  of  the  d  axes.  There  are,  therefore,  m  like  dyad  axea  A,  each  of 
vfaioh  biaecta  the  angle  between  pairs  of  6  axes.  The  axea  A^  a,  xuaj,  when 
fte4,  be  tetrad  axes. 

18,     pRrtp.    II.     If    two   axes   of    aymmetry   of    even    degree 
si  to  a  certain  face  arc  inclined   to  one  another  at  the  least 
^=180*-r-n,   between  axe.s  parallel  to  the  face;   then  thei*e 
'■Vnaxee  of  even  degree  parallel  to  the  aame  face  inclined  to  one 
•nother  in  succession  at  the  anglu  <^,  and  an  axis  of  symmetry  of 
dt^ree  n  perpendicular  to  the  face  to  which  the  n  axes  are  parallel. 

Let  8  and  A  be  two  dyad  axea  inclined  to  one  another  nt  the  lea^t  angle, 
^«  1 80* -^  71,  between  axes  [parallel  to  their  plane.    Descriljc  a  sphere,  and 
tiire  two  diameters  ftd,  AA,  Fig.  102,  {mrallel  to  the  axea,  and  let  them 
Ik  in  the  plane   of  the   primitive  and   emerge  at  H  and   A.     Rotation 
Uirmigh  190'  a1x>ut  the  dyad  axis  A  brings  the  axis  d  into  a  position  in 
which  it  u  parallel  to  the  diameter  9,3,, 
so  that   we   need   only  consider  rotations 
about  the  diameters  of  the  sphere.    Simi- 
larly, a  semi -revolution  about  d,d,  gives  us 
the  diameter  A.  A.  parallel   to   an   axis   of 
symiuetry.     Repeating  the  pmccas,  a  dia- 
meter H  is  reached  such  that  at  the  next 
repetition  the  original  diameter,  but  in  a 
reversed  direction,  or  a  diameter  T  beyond 
it    is  attained.     But   if   rotatiou   about    H 
gives  r,  then  the  angle  between  li  and  T  is 
0.     But  the  original  diameter  lies  between 
them  and  is  also  |>ara1te!  to  a  dyad  axis. 

The  axea  It  and  Tare,  therefore,  inclined  to  the  original  axis  at  an  fingle 
]&m  than  ^.  But  this  contravenes  uur  firat  assumption,  vi^.  that  Lhu  pair 
inclined  at  the  ieasi  angle  was  selected.  Hence,  the  »th  rcj>etitiou  mvist 
give  the  original  diameter  reversed  in  direction.  The  numltcr  <.'f  distinct 
dyad  axes  parallel  to  one  piano  is,  therefore,  n  =  l8O'-rt^  =  3GO"-r20. 

Again  by  Enler's  theorem,  Art.  13,  Buccosaivo  rotationa  almut  adjacent 
dyad  axes  2  and  A  are  together  equivalent  to  a  single  rotatiou  about  the 
line  perjiendicular  to  their  plane  ;  for  the  angles  jIn^A,  A^AS  are  b«)th  90°. 
Furthermore,  the  angle  of  rotation  about  the  axis  emerging  at  A^  is  double 
i\w  su|»plenient  of  the  angle  a.l„A.  Ft  is,  tlioreforo,  2  ( 1 80"  -  0)  =  3G0"  -  20. 
But  such  a  rotation  fibout  the  diameter  through  ,-l„  bringH  the  sphere  and 
i-ryKtal  int*>  the  a.\mti  position  as  a  notation  of  3(|j  in  Lho  opposite  direction. 
Hence,  the  IcaKt  angle  of  n»tation  al>out  the  axi.s  i*arallel  to  the  diameter 
thn>ugh  y|„  is  2i^,  and  the  degree  n  is  given  by  36U°-r20. 
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The  SAiDO  proof  i^>pUQH  when  one  of  the  origiuAl  aim  ia  a  tetrad  &xia 
for  two  rotatioiiB,  euch  of  90",  in  the  same  direction  about  it  are  equir* 
lent  to  a  Kiiigle  roUtion  of  1A0\  For  the  piirponea  of  the  propotHlioa 
we  ueed  ouly  coiuiider  the  Utter  rutatiou.  Heiice,  the  propoaition  is  irm 
when  tlie  adjacent  pair  oonidst  of  a  dyad  and  tetrad  ajuH.  We  shall  aee 
later  on  that  it  ih  needlem  to  conHidor  other  arrangemeiitM  ;  for  uo  crjtAal 
can  have  more  than  one  hexad  axis,  or  have  two  tetrad  azea  without  « 
dyad  axih  midway  between  them. 


19.  Pbop.  12.  To  find  the  poRsible  arrangcmenta  of  like  aiea 
of  symmetry  inclined  to  one  another  at  finite  angles. 

Suppose  A I  and  ^|  to  be  like  luee  of  degree  n  inclined  U>  ona 
another  at  the  least  angle  ^  {>o»Hible  between  such  tixea.  A\jont  any  point 
in  JiOacentredMcribca  .sphere,  and  let  A^meet  it  in  a,,  Fig.  103.  Through 
the  centre  0  draw  a  line  parallel  to  .<,  nieoting  the  sphpre  in  ci,.  Then 
the  arc  a,a]=^.  Rotation  about  A^  through  'in-r-n  brings  A^  to  the 
poaitioD  of  a  like  axia  A^  and  the  radius  Oa^  to  a  radiiiR  (}aJ^  parallel  to  Ay 
Hcnoe,  a^a^'=.a^a^=^f  and  the  angle  OjajH, =2ir-fn. 

A  similar  rotation  about  A^  bringn  A^  into  a  (>o8ition  the  direction  of 
which  w  given  by  the  radiuB  to  a^  on  the  sphere,  where  a^a^^^a^a.^  and  the 
Battle a^a^ag=2v'7-n.    Proceeding  in  this  mamier  the  point  a,  in  uUiiiiateW 
reached  again  tind  a  cloned  |X)lygon  <»f  p  KJdee  is 
obtained. 

The  polygon  encloaea  no  point  at  which  a 
similar  axis  to  Ay  or  A^  emergen  and  hoH  no 
reentrant  angleH ;  for  it8  sides  are  the  least 
poKuible  l)etween  8uch  axes,  and  on  each  rotation 
the  interior  angle,  2ir-r»,  is  less  than  180%  ex- 
cept when  n  =  S.  In  the  latter  case,  the  angle 
a,a,a,— 180',  and  the  extremities  of  all  the  axes 
lie  in  a  great  circle. 

Now  the  area  nf  the  spherical  i>nlyg"n  is  that 
itf  the  p  triangles  funned  by  Joining  each  nf  its  angular  |K>inta  to  % 
point  within  it,  Huch  as  3f  the  middle  {loint.  Hut  the  area  <if  a  spherical 
triangle  ABC  ia 
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^^(A-^B  +  C-m-^) 
Henoa,  the  area  of  the  polygon  ofp  sides  ia 


(15). 


ISO' 


(a,a,a5+asasa4+&c. +300* -jt> .  1 80") 


180' 


iP 


360' 


44rr* 


where  iV  in  the  aiufaoe  of  the  sphere. 
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Tbe  uoft  of  the  pol^rgon  in  neMaaoril^  positive,  and,  conaeqaetiUj,  the 
'nJoM  of  p  are  Umitod  hy  the  expression 

fti-;»(ii-2}>0 (17). 

20.  If  the  Tcrticea  «, ,  cr^,  &c.,  of  tbe  polygon  aro  joined  by  ^reat  circlea 
Ibeniiddli*  (min^  J^,  then  a^M=^L^M=^&c.^$  (say);  and  we  can  roatlily 
fijki^  ami  ^.  Ejtch  of  the  trianglea  a^Ma^,  given  Boparutoly  in  Fig.  104, 
i*  Ad  uoMxIes  triangle,  of  whicti  the  angles  at 
«i  AOd  a,  are  180*— n,  one-half  tbe  angle  uf 
Madan  about  each  of  the  axes,  and  tbe  angle 
Ui^ia  360*4-/}.  By  Euler'a  theorem,  OA/  U 
ID  Alia  of  symmetry,  an  angle  of  rotation 
flf380'(I -2-i-^)  about  which  ia  equivalent  Ut 
ivemtationsof  2ir-r"  alK>ut  J,and  A.^. 
in  Fig,  104,  a  great  circle  MV  ia  drawn 
Jf  at  right  angles  to  ciiO,,  it  bisecta 
ivt^  f^^Jfa^find  tbe  arc  fijO,  at  the  point 
Heocc,  by  Napier's  rules, 


COM  dm  cot -cot - 
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(18), 
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If  1 
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P 


.(19). 


IL   We  shall  now  consider  the  valiicn  of  jp  given  by  expresuion  (17)  for 
wwal  poeaible  values  of  ». 

i.  Htsadaxi*,  If  rt  =  6,  exprension  (17)  becomes  12 -4jt>>0.  FTence, 
poisible  values  of ^  are  1  and  2.  The  value  p  =■  1  gives  no  reiietitioii ; 
polygon  has  only  one  side  and  ia  a  circle.  It  is  obWously  itindinis.siblo 
tnlution  of  tbe  problem,  for  wo  suppoiaod  two  axoa  Ai  and  A^to  occur, 
^ikeo  p»3,  the  polygou  is  a  lune,  ie.  the  segment  of  a  sphere  Iwunded 
two  gnat  circlea.     Tbe  sides  are  semicircles,  and  the  apices  are  the 

enda  of  one  and  the  same  diameter. 
Heoos,  no  crystal  can  have  more  than  one  boxad  axis.    The  value  /}— 2, 
that  tbe  distribution  of  faces  about  the  two  ends  is  similar,  but 
Utx»  may,  or  way  not,  be  interchangeable.    By  (16)  the  area  of  the 
it  8-7-6. 

Qi  Tetrad  aaxi.  When  n  »  4,  expression  (1 7)  becomes  8  -  2;>  >  0 :  and 
■1, 1,  or  3  are  possible  values. 

(«)   The  first  gives,  as  before,  no  repetition. 

(4)  The  value  2  gives,  as  licfore,  a  lune  but  with  area  =  5-r4.  We 
itherefoffi,  have  a  single  tetrad  axis  with  a  like  distribution  of  faces  at 
ftiraends,  which  may,  or  may  not,  be  intorohangeablc. 

m    Tbe  value/' =  3  gives  for  the  polygon  an  equilateral  triangle  the 
lof  which  is  S-tH,     From  equation  (19)  we  see  that  ^n90\     Hence, 

9—2 
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we  h&ve  throe  Like  and  iDtarvbAugeable  tetrad  Axes  mutually  at 
Anglos  to  one  another. 

Also  rotation  about  A^  in  the  opixwite 
direction  to  that  firut  adopted  clearly  gives  a 
similar  quadraut&l  triangle.  Hence,  the  now 
tetrad  axis  ia  the  opjMJBite  extremity  of  that 
through  a^.  The  middlo  {Kiint  Af  of  the 
spherical  triangle  is  also  the  extremity  of  a 
triad  axis ;  and,  by  Eulcr's  theorem,  the  point 
/>  of  Fig.  104  is  the  exti*emity  of  a  dyad  axis. 
The  whole  arrangement  of  axe«  of  symmetry, 
characteristic  of  two  classes  of  the  cubic 
system,  is  shown  in  the  6terG<tgram,  Fig.  105. 
The  throe  tetrad  axeis  are  indicated  by  letters 
7\  the  four  triad  axee  by  letters  p,  and  the  six  dyad  axes  by  li. 

iii.     Triad  axes.     When  n=3,  exprensiun  (17)  l>ocome«  B-p>% 
p  may  have  the  values  1,  2,  3,  4  or  5. 

(a)    When  /)=!,  there  is,  as  before,  no  repetition 

(6)     When  p=2,  the  j)olygon  is  a  lune  with  area  S~-Z.     A  single  trj 
oxia  is  therefore  possible  with  a  similar  distribution  of  foocs  at  both 
which  may,  or  may  not,  be  interchangoable. 

(e)  When  p  =  ^  tlie  i>o]ygr»n  is  an  equilateral  triangle,  the 
which  is  .V-i-4.  The  sphere  is  divided 
into  four  equal  triauglcs,  the  apices  of 
which  are  at  the  coigns  of  the  inscribed 
regular  tetrahedron,  Fig.  106.  Tlio  triad 
axes,  joining  the  coigns  ft  in  Fig.  106 
(coincident  with  the  points  Uj,  &c.  i>f 
Fig.  103)  to  the  centre  of  the  tctrahedrun, 
will,  when  continued,  pass  through  the 
middle  points  r  of  the  opposite  faces. 
£ach  of  these  continuations  corresponds 
to  an  axis  through  the  pcjint  M  of  Fig. 
103.  The  radii  in  opjK>site  directions 
along  the  same  diamett^rs  are,  therefore, 

to  be  rc^^arded  as  dissimilar  triad  axen  ;  and  the  distribution  of 
and  edges  at  the  opiKjsitc  ends  will  l»e  disaimtlar.  This  ch^iracter 
axis  of  symmetry  is  also  described  by  saying  that  it  is  uniterminal. 

The  angles  between  pairs  of  like  triad  axes  Op  and  Op„  and  bet 
adjacent  dissimilar  axes  Or  and  Op\  for  instance,  are  obtained  fr 
cqmitionH  (18)  and  (19),  for  n-~n  =  ir-i-p  =  BO'.  Hence  cos(tf=pV)«=l- 
Therofnro  pV>=^  Or«70''32'.  But,  since  opix>site  ends  of  an  axis  lil 
a  diameter,  p'Op_^=l80''-p,^6*r,«109'' j!8'.  This  is  the  same  result  w 
obtained   from   ( 19)  for   ctw  ^/2  =  cos  60°  coaec  60"  =  1  -j-  ^/3.     Tbcrol 
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^r,'a=.Vl'44',   and    fi,aj==p'0p„  =  UJ9'28*.      The  ammgemeiit   of  axes   is 
chaimctemtic  of  two  merobedrul  claasea  of  the  cubic  nyHtcin. 

[d)    When  ^=4,  the  polygon  ia  a  foiir-sided  one  having  an  area  of 
|tf-r6.     Each  of  its  sides  in  70' 32';  for  from  equation  (19) 

coe^/2«coe46*co«ec60'=V2-rs'3.     .*.  ^^2«=35' lO*. 
The  figure  inacril>ed  in  the  sphere  is  the  cube,  the  diagonal  of  which 
ipn  the  directions  of  the  four  triad  axea  p.    We  have  here  to  diHtingniHh 
bdw«cQ  two  possible  cases  according  an  A^  and  Aj  the  ^nos  &r«t  taken 
ttt  [a]  like  and   interchangeable,  Lt.  metastrophic,  or  (ff)  like  but  not 
uitervhangwble,  lc  autistrophic 
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In  this  case  the  complete  ft«semblage  of  axes  is  identical  with  that 

Nuiring  fpun  (ii  c),  and  is  shown  in  Fig.  107.     The  radii  OTy  &e.,  throngli 

tht  middle  points  M  of  the  fuur-aided  polygons  arc  rcsjKwtivcIy  jicqwn- 

dicular  to  the  faces  of  the  inscribed  cube,  and   are    throe    liku   and 

interchangeable  tetrad  axes,  rotation  about  any  one  of  which  through  90" 

interchanges  adjacent  angles  of  the  iwlygon,  i.e.  adjacent  coigns  L*f  the  cube. 

Kurthermore,  the  radius  to  the  point  O  of  Pig.  104  is  a  dyad  a^is,  and 

it  pAT&Uel  to  the  diagonal  nf  ono  of  the  faces  of  the  culw.      For,  by 

Euler^a  theorem^  aucceeaivc  rotationn  of  120°  about  the  triad  axi.s  A^  and 

v(  90'  about  tlie  tetnul  axiH  emoi-giug  at  M  are  equivalent  tu  a  single 

rotAtiou  of  180"  aliout  the  axis  emerging  at  />,  the  vertex  of  the  triangle 

a^D.     The  dyad  axes  are  the  lines  f7«,  Off,  &c.,  of  Fig.  107. 

^     From  the  method  of  derivation  adopted  in  Art.  19,  the  pairH  of 
J,  and  Af^,  A.^  and  .Ij,  are  nc<'4>ttMarily  interchangoablc  ;  but  tht'  pairs 
and  A^,  A^  and  /l^,  &o.,  though  like  axes,  may  be  antiHtrophic.     Again, 
iler's  theorem  requires  that  iT should  be  at  least  adyad  axis^  for  the  angleh 
a^Jfa^t*H'^*^it  *^M  '^^  each  90*.     This  does  not  militate  with  it;*  being  jt 
axis  aa  in  case  (o),  whou  A^  and  A^  arc  metastrophic.    Honco,  when 
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A^  find  Ay  are  anttfttrophic,  the  throe  lines  through  the  middle  (loiDU 
op{K>Hitc  cubic  Facoa  {Vkrallol  to  the  edges  are  only  djad  axes ;  and  it  a 
bo  proved  that  there  ore  uo  other  nxee  of  syiatuetry.  This  omuigcni 
of  axes  is  uharacteristiu  of  a  subdivisiou  of  the  cubio  fijatem  of  w! 
cry&tak  of  pjrites  give  a  good  instance. 

(e)  When  f)  =  5,  we  obtain  a  five-sided  polygon  the  area  of  whid 
iS-i-lfi.  The  iKjIyliedron  iiuicril>ed  in  the  sphere  is  the  r^ular  pentagon 
dodecahedron,  whioh  is  inadniidHiblc  amongst  crystal -fonnfi.  Ft>r  we  hi 
seen  in  Art.  20  that  M,  the  middle  point  of  the  polygon,  is  the  estremitj 
au  axis  of  symmetry.  Successive  rotations  about  A^  aikd  A^  are  equivall 
to  a  single  rotition  about  the  radius  OM  through  2(180"- 72'),  sinoe, 
this  {vuliculor  case,  the  angle  a,ifa)=-72*.  The  polyhedron  alwi 
presents  the  same  aspect  after  any  number  of  rotations  of  this  amou 
But,  two  rotations  give  au  angle  of  2x360" -4x72' -360"+ 72*. 
polyhedrou  is,  then,  in  exactly  the  same  }>osition  as  if  it  had  been  tun 
once  iu  the  same  direction  through  72"  =  360" -=-5,  for  complete  revolutii 
of  360'  cause  no  change  in  the  position  of  the  faces.  Heuce,  the  least  ai^ 
(if  rotation  about  the  axis  through  Af  is  3fl0°-r5,  and  the  axis  is  a  pen' 
axis.  But  this  has  been  shown  in  Art.  1]  to  ba  inadmisftiblc.  No  d 
of  crystals  can,  therefore,  show  the  arrangement  of  axes  of  this  paragra 

iv.    Ihfod  axat.    When  rt  =  2,  the  expres.'jion  (17)  is  iude|>eiidefiti 
/},  and  the  sohitiou  is  indefinite.     The  axes  all  lie  in  one  plane  and 
nrea  of  the  jwlygon  i.s  a  homiMphoro.    The  possible  nrrangonicnts  of  t 
dyml  axes  iiro  governed  by  the  relations  given  in  Prop.  11. 

It  is  important  to  note  that,  in  the  case  of  tetrad  axoe,  a  crystal  i 
have  one  or  three,  but  no  other  number;  similarly,  that  a  crystal  may  hi 
one,  or  four,  triad  axes,  but  no  other  number ;  also  that  the  angleii  betwi 
all  the  axes  of  symmetry  associated  together  arc  fixed  and  defiiiite. 

22.  So  far  the  elements  of  symmetry  have  been  discussed  i 
crystals  were  merely  polyhedra  the  faces  of  which  are  subject  to 
law  of  rational  indices.  In  recent  years  much  attention  ha&  be 
paid  to  theories  as  to  the  internal  molecular  structure  of  crystl 
It  is  interesting,  therefore,  to  find  that  the  uniformity  of  inter) 
structure,  which  such  theories  presuppose,  imposes  the  same  resti 
tions  on  tlie  elements  of  symmetry  as  those  established  in  the  p 
ceding  Articles.  Considerationa  of  this  nature  have  alao  justil 
the  acceptance  of  a  triad  axis  as  an  actual  zone-axis  tu  whid 
|)08aible  face  is  perpendicular.  Wo  shall,  however,  only  enter  il 
the  question  to  the  extent  needed  to  establish  two  propoeitia 
viz.  Props.   13  and  14. 

The  assumption  of   the  uniformity  of  internal  structure 
crystal  is  based  on  the  results  of  observation  and  experiment,  wfa 
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bmve  establisbed  that  a  crybtal  has  the  uaiiie  physical  properties : 
(1)  at  all  points  ou  the  same  straight  line,  (2)  fur  all  parallel 
directions,  and  (3)  for  all  homologous  directioriK.  Some  of  tlie 
phy^cal  characten;  have  a  liigher  Bynimetry  than  that  manifeattMl 
by  the  geometrical  relations  of  the  crystal-forms : — as,  for  instance, 
propagation  of  light.  Thus,  in  a  cubic  crystal  Hglit  i»  propagated 
th  equal  velocity  in  all  directions.  The  cohesion  is,  however, 
ditlerent  in  directions  which  are  not  homologous ;  as  is  indicated  by 
the  cleavages  being  limited  to  a  few  directions  which  are,  in  many 
cases,  parallel  only  to  homologous  fa(*e.s.  Further,  witluTi  the 
degree  of  precision  attainable  iu  estimating  the  perfection  of  a 
oleaTage  and  the  ease  with  which  it  is  obtained,  it  is  found  that  the 
cleavages  in  homologous  directions  are  equally  perfect  and  facile, 
but  that,  when  cleavages  occur  parallel  to  faces  of  diiFerent  forms, 
those  in  non-horaologoua  directions  generally  show  marked  differences 
in  their  characters.  The  elasticity  is  another  property  which  is 
only  the  same  for  directions  which  are  parallel  or  homologous.  The 
properties  of  cohesion  and  elasticity  are,  however,  identical  in 
opposite  directions  along  the  same  line,  though  the  facial  develop- 
nt  may  be  one  which  oxcludtw  symmetry  with  respect  to  a  ccnti-e. 
ence,  such  properties  do  not  enable  us  to  distinguish  between 
related  classee  which  differ,  inasmuch  as  in  the  one  class  certain 
elecnents  of  symmetry  occur  alone,  whilst  in  the  other  they  occur  in 
•esuciation  with  a  centre  of  symmetry. 

The  physical  characteristics  of  crystals  described  in  the  preceding 
paragraph  indicate  that  the  internal  structure  i^  the  .same  at  all 
inta  within  a  crystal.  Hence,  the  ari-angemeut  of  the  particles 
t  any  one  of  them  must  be  the  same  as  that  about  any  other, 
is  is  only  partially  true  of  the  particles  at,  or  very  near  to,  the 
rface,  but  the  sphere  of  action  between  neighbouring  particles  is 
so  Biuall  that  only  a  very  thin  layer  is  affected.  The  surface- 
relations,  known  oe  Hurface-tensions,  must  exert  a  most  important 
influence  on  the  growth  of  a  crystal,  and  muHt,  more  especially,  be 
the  determining  cause  in  the  development  of  the  faces.  M.  F.  Curie 
and  Professor  Liveing'  have,  independently,  diacussed  the  subject, 
and  have  endeavoured  to  estimate  the  relative  values  of  the  surface- 

>  **  Sur  la  formation  dee  cristftux  ul  Htir  Ice  oonstantM  CApillaircfl  do  leurH 
dlfferentes  raoM."    JittU.  Soe.  fran';.  de  Min.  viii,  p.  145,  1865. 

"On  Solution  and  Crystallization,"     7V«n*.  l\tmh.  Phil.  Sue.  Xiv,  p.  B70, 
3U4,  1«»^&;   XV.  p.  Uti,  16U1 
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tensions  of  the  facee  of  different  forms  i.u  the  same  crystAl  and  thun 
to  account  for  the  prtxlouiinauce  of  certain  forms. 

It  iH,  however,  unnecessary  for  our  purpose  to  eutor  luta 
the  questions  which  auch  considerations  raise,  and  we  need  only 
consider  the  consequences  involved  in  the  regularity  of  intemAl 
Rtructure.  We  shall  suppose  the  size  of  the  crystal  to  be  indefinitely 
great  in  comparison  with  the  distance  between  adjacent  particl 
or  with  the  sphere  of  notion  of  the  particles  on  one  another 

Prop.  13.  To  prove  that  no  crystalline  structure,  consisting 
of  particles  arranged  in  a  regular  manner  at  small  but  tiiiite 
distances  apart,  can  have  an  axis  of  symmetry  of  higher  degree 
than  six. 

The  arrangement  of  the  particles  about  any  one  of  them  being  the 
same  as  that  al)utit  any  other,  it  follows  that,  if  there  is  an  axis  of 
symmetry  A — whether  it  is  an  axis  of  pure,  or  of  screw,  rotation — 
related  to  one  set  of  particles,  then  every  other  similar  set  of 
particles  must  have  a  similar  and  pantllel  axis  A  similarly  related 
to  it.  Further,  the  distance  i>etween  tlie  nearest  parallel  axes  A 
oanjiot  be  mfide  indefinitely  small  in  comparison  with  the  distance 
between  adjacent  particles.  Henoe,  let  as 
assume  a  pair  of  similar  and  parallel  axes  of 
symmetry,  A^  and  A^^  of  degree  n  to  meet  a 
plane  perpendicular  to  them  at  the  points  a, 
and  rt,,  Fig.  108,  respectively;  and  let  ct^a^  be 
the  least  distance  possible  between  any  pair  of 
such  axes.  Now,  rotation  about  A^  through  the 
angle  2ir-ii  brings  the  axis  A^  to  the  position 
of  a  similar  parallel  axis  A^  which  meets  the  plane  at  a,,  where 
A^i'V*!-^*"^'^!  ^^^  aiOt^^t'h-  I^ra,w  the  perpendicular  a^d 
on  a^aJ.  Then,  from  the  right-angled  triangle  aic/n,,  wo  hav^ 
Oid^aia^minw^n.  Hence,  a,«,  =  2aja,sin  ir-^  7t.  But,  by  the 
selection  of  ^,  and  A^^  afO,  cannot  be  less  than  ijO,.  When  QjOi  ill 
made  equal  to  rtiaj,  sin7r-4-n=  l-i-2;  and  l80°-f»  =  30°.  Hence,  5] 
is  the  greatest  value  which  can  be  assigned  to  n. 

23.     From    the  same   considerations,   we   can   show  that   tiu 
assumption   of  a  pentad  axis  is  inconsistent  with  the  existence  of 
finite  minimum  distance  between  like  axes  of  synuuotry. 

Prop.  14.  To  prove  that  a  pentad  axis  is  inadmissible  amongsf 
the  axes  of  symmetry  possible  in  a  crystalline  structure. 
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I|  be  two   pArAlIel   pentnd   axes  bAving  the   InAst   liii^tattce 
mcb  axeti.     XjcI  iheiii  meet  the  }>a|*er  (plaood  at  right  Anglos 
to  the  axes)  in  o^,  a,.  Fig.  109. 

11^  now,  the  crj-»tal  i«  rotated  alwut  A^  through  360* -i- 5,  the  axis  J, 
is  tranaferred  to  ^i,,  the  position  uf  a  like 
(leoUd  Axifl,  and  the  |K>int  Oj  to  ci,.  Ueuoe 
aja,— OjOi,  and  the  angle  aja,a,=72'.  A 
similar  rotation  about  A^  bringH  the  axis  ^1, 
tu  the  position  of  a  like  axis  A^  which  meet8 
the  paper  in  o^,  whore  a^a^  =  a^a^t  and  the 
angle  a^a^(l^™lS*.  It  in  dear  that,  if  (t^a^ 
and  a^a^  are  produced,  the^  v^ill  meet,  in  V 
{iay\  fur  the  two  angles  at  a,  and  a,  are  each 
72".    The  triangle  ^'a^a^  i»  isoaoelea,  and  the 

[xirtiona  tSia,  and  aja^  of  the  equal  aidee  are  eq\ial.  Hence  Uid^  in 
parallel  to  a^a^  ;  and,  by  Euclid  vi.  2,  a^rt,  ;  a^a^^  To,  :  To,.  Hence, 
wc  lui\*e  two  pentad  axes  ^-Ij  and  A^^  the  distance  l>etwecn  which  hi  lens 
than  the  minimum  distance  d^aj.  Kveii  if  a^a^  wore  uelcctod  an  the  initial 
pair,  we  can  by  the  same  process  iind  pentad  axes  still  nearer  to  one 
another,  and  this  can  bo  continued  without  limit.  It  is  impossible,  there- 
forey  to  have  a  number  of  like  parallel  pentad  axes  HO]>arated  from  one 
another  by  a  finite  minimum  distance. 
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CHAPTER  X. 

THE  SYSTEMS;    AND    SOME    OF   THE    PHYSIC- 
CHARACTERS    ASSOCIATED   WITH   THEM. 


1.  Thb  principles  ln.id  down,  and  the  relatiuus  estnbli 
the  preceding  Chapters  enable  us  to  classify  cr)'8tAls  ;  and  to  s 
(Itat  only  thirty-two  chtsse^  are  possible,  which  fall  into  se 
larger  gi'oups  civlled  aystems.  The  names  adopted  for  the  8ys^ 
and  classes  by  various  authors  differ  considerably.  We  shaJl  gi 
rally  adopt  Miller's  names  for  the  systems  and  shall,  Ukewiiae 
some  of  the  synonyms  employed  by  other  cryatallographcre. 
systems,  and  the  classes  included  under  each  system.  wiU  be  f 
developed  in  the  following  Chapters.  The  systems  may,  hoiw 
be  briefly  delined  as  follows: — 

L     The  anorlhie  (triclinic)  system   consists  of   two   ol&saM 
I.     Crystals   with    no   symmetry;    IT.    Crystals  which    hav« 
a  centre  of  symmetry. 

2.  The  oblique  {monodinic^  inonosi/mviftric)  system  indil 
three  classes: — I.  Crystals  with  a  single  dyad  axis;  II.  Cry« 
with  a  single  plane  of  symmetry  ;  III.  Crj'stals  in  which  a  plan 
syminetry,  a  dyad  axis  perpendicular  to  the  plane  of  symmetry, 
a  centre  of  symmetry  are  associated  together. 

3.  The  prismatic  (rhomfiic^  orUkorlMnifiic^  tritiietric)  f^ 
includes  three  classes  of  crystals,  each  of  which  has  one  % 
three  dissimilar  zone-axes  at  nght  angles  to  one  an«^>ther, 
are  the  most  convenient  lines  to  take  for  axes  of  refere 
class  I  tlie  axfs  are  dyad  axes,  and  no  other  element  of  symnX'U 
present.  In  class  II  the  three  axes  are,  as  before,  dyad  axes, 
they  are  associated  with  a  centre  of  symmetry  and  with  I 
pluiee  of  symmetry,  each  per|>endicular  to  one  of  the  d/sd 
In  cUsB  III  one  of  the  axes  is  a  dyad  axis,  and  is  the  line  of  ll 
section  of  two  planes  of  symmetry  at  right  angles  to  one  an 
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tine  two  other  axes  of  reference  being  the  zone-Axea  nonnal  to  the 
p^***^»  of  symmetry. 

4-  The  ietragofiai  (qtuidrati€t  pyramidal^  dimelric)  aysleui 
includes  seven  cla»tft8,  and  comprises  aII  crystaU  having  eAch  a 
principal  axia  (p.  1 12)  wtiich  is  eitlter  a  tetrad  axis,  or  a  dyad  axis 
o€  special  character.  The  special  character  of  the  dyad  axis  is  due 
to  tbe  fact  tliat  like  zoue-axett  at  right-angles  to  it  occur  in  pairs 
vrfcicfa  are  at  right  angles  to  one  another;  but  they  are  not  iuter- 
daaangeable,  as  is  the  case  when  the  principal  axis  is  a  tetrad  axis. 

5.  The  cubic  (odahedraf^  ret^ula/r.,  isometric)  system  includes 
Aw  classen.  All  cubic  crystals  have  four  triad  axes,  the  directions 
of  wbicsh  are  given  by  the  diagonals  of  a  cube:  they  have  also 
IhfW    like  and    interchangeable   rectangidar   axes,  parallel   to  the 

of  the  cul>e,   which  are  either  dyiid  or  tetrad  axes. 

6.  The  rhonibohedrai  system  includes  seven  clasaes,  the  crystals 
which  are  all  distiuguished  by  having  each  a  single  triad  axis, 

is  a  principal  uxi.s. 

7.  The  hfjragofiai  system  includes  tive  classes,  tbe  crystals  of 
have  each  a  single  hexad  axis,  which  is  aIko  a  principal  axis. 

Millor  doubted   the  correctness  of  regarding  this  last  system  as 
wpinU^  one;    and,  as   will  be    shown    in  Chaps,  xvi  and  xvii, 
dkstribution  of  faces  alM)ut  the  hoxad  axis  is,  in  particular  cases, 
same  as  that  of  similar  forms  of  tbe  rhombohedral  system.     In 
a  single  form  of  the  hexagonal  system  can  be  represented 
consisting  of  two  correlative  forms  of  the  rhombohedral  system, 
can  be  interchanged  by  a  rotation  of  130°  about  the  principal 
and  which  are  therefore  connected  together  by  a  simple  relation 
Ww^oo  the  indices.     On  the  other  hand,  foreign  cr^^staJlographers 
1  -,  antil  quite  recent  years,  regarded  rhombohedral  crystals  as 
important  merohedral  classes  of  the  hexagonal  system. 
syntoms  were  first   established    by  Weiss  and   Mohs  from 
obwrvations  of  the  development  of  the  forma  of  crystals 
ixiniate  measurement  of  their  angles.      They  seem  to  have 
at    the    $ame    main    tiubdivLMLons    independently,   although 
;'    cUasiiicatioD   was  the  first  pui^lished.     The  subdivisions 
'  the   ayateuis  were  only    partly   determined    V>y  them ;    and    the 
i->;ioa,   OA  to  whether  oblique  and  anorthic  crystals  constituted 
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•  Dtt  indagando  form&mm  cpyatAllinarnin  ch&rActcre  geometrico  principali 

bvftskio.     Leipjsig,  1809.     ttber  die   unturliobcu  Abtbciluugen  der  Krygtal- 

Abh.  d.  lierlin.  Akml..   IHI I  -  1815,  p.  2rta 
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independent  syHtenm,  or  were  merely  hcmihedral  and  betartohedmt 
KubdivisiunK  of  the  prismatic  syKt<*m,  reiJiained  a  subject  of  contro- 
versy tor  a  long  period  Naumann  (L^hrb.  d.  Kryst.  \\y  ]>.  51  ^  1830) 
was  the  first  to  adopt  oblique  axeti  in  the  representation  of  oblique 
and  imorthic  crystals,  which  he  jostitied  by  strong  reasons  bauied  ou 
the  obHerved  differences  in  the  forms  commonly  found  on  crysUla 
of  these  systeu)H  and  the  prisuiattc. 

In  the  Chapters  in  which  the  systems  are  severally  discussed,  we 
shall  see  that  it  is  not  always  possible  to  discriminate  the  class,  or 
even  the  system,  to  wliich  a  crystal  belongs  by  the  geometry  of  the 
facial  development.  The  physical,  and  more  especially  the  optical, 
cbaracters  of  the  crystals  afford  useful  tests  which  generally  enable 
us  to  discriminate  between  crystals  of  different  systems,  and  some- 
times between  those  of  different  classes  in  the  same  system;  and 
it  is  mainly  on  the  optical  characters  of  their  crystals  that  we  now 
rely  in  assigning  to  definite  systems  several  minerals,  such  as,  for 
instAnce,  the  humite  group,  harmotome,  ^  We  shall,  therefore, 
give  a  brief  account  of  tht*  ntore  important  of  those  characters, 
which  arc  used  as  tests  in  discriminating  the  system  or  class 
of  a  crystal 


Optical  characters. 


J 


2.  We  shall  aesmne  that  the  student  is  familiar  with  the 
ordinary  facts  concerning  double  refraction  and  polarised  light,  an 
account  of  which  is  to  be  found  in  text-books'  on  Light  Shortly 
after  the  publication  by  Weiss  of  his  classification  of  crystals  by 
systems,  the  labours  of  Brewster  {PML  Trati$.  cviii,  p.  199,  1818) 
established  that — with  certain  exceptions,  in  which  anomalous 
phenomena  are  observed,  which  arc  even  now  the  subject  of  maeh 
discussion — crystals  can  be  divided  optically  into  three  groups,  and 
that  these  three  groups  are  closely  related  to  the  systems  of  Moha 
and  Weiss,  The  first  group  comprises  crystals  which  are  isotropic, 
i.e.  give  only  single  refraction  :  these  crystals  all  l)elong  to  the  cubic 
system.  The  second  group  oonsists  of  crystals  having  one  optic 
axis;  and  comprises  the  tetragonal,  rhombohedral  and  hexagonal 
systems,  the  crystals  of  which  have  a  crystallographic  principal  axis 
wliich  is  coincident  in  direction  with  the  optic  axis  :  the  crystjils  are 

>  PhyHcat  Optics,  by  B.  T.  Glazobrook.    The  Nature  of  Liffhtt  by  E,  LommeL 
Light,  by  L.  Wriffht.     The  Theory  of  Light,  by  T.  PrCflton. 
The  Optical  Indieatrix^  by  L.  Fletcher. 
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to  be  uniaxai.  The  third  group  consists  of  crystalR  which  have 
two  optic  axes* ;  and  comprises  the  prismatic,  oblique  and  niiortliic 
systeras :  the  crystals  are  said  to  be  biaxal. 

3.  In  tJje  Hecnnd  group  the  distinction  between  tlie  crystal-foniis 
of  tetragonal  crystals  on  the  one  hand,  and  those  of  hexagonal  and 
rfaumboheclrul  cr}*Htala  on  the  other  hand,  io  marked  enough.  The 
optical  characters  do  not  enable  us  to  distinguish  crystals  of  one 
of  the  systems  from  those  of  another ;  and  the  presence  of  a  single 
optic  axis  serves  only  to  establish  the  fact  that  the  cryBtals  have 
each  a  principal  axis  whicli  ifi  coincident  in  direction  with  the  optic 
ttxia.  For  discriminating  bt!tween  tlie  hexagonal  and  rtionibohedral 
sybtema  we  have  to  depend  :— (a)  on  the  development  of  the  crystal- 
forms  ;  (b)  on  corrosion-experiments  on  the  faces ;  (c)  on  the  hard- 
nem,  experiments  on  which,  however,  are  unreliable;  and  (</)  on 
the  general  relatione  of  cohesion. 

4,  So  far  fts  Brewster's  observations  went,  no  distinction  wna 
abowu  to  exist  in  the  optical  characters  of  the  three  systems  of 
biaxal  crystals.  In  1821  Fresnel  eNtAblished  that  the  tninsniiRsinn 
of  monochromatic  light  through  biaxal  crystals  accoi-ds  with  a 
oentro-symmetrical  wave-aur/aee  of  two  sheets,  which  is  sjTnmetrical 
with  respect  to  three  rectangular  planes — the  prtJicijMii  planes — and, 
therefore,  to  the  lines  of  intersection  of  these  planes.  These  lines 
are  Axe«  of  two-fold  symmetry  of  the  wave-surface,  and  are  called 
its  princijMxl  *  axes. 

*  An  optic  a^ii  is  a  direction  along  which  monoohromfttio  Ht;ht  U  propa- 
gated mith  only  a  single  wave-velocity.  A  beam  of  much  liKht  of  appreciable 
traiwverw  aection  traverBinK  a  crj'tital  in  the  direction  of  an  optic  axis  i^ivoft 
onlj  a  tingle  bean]  on  emergeuoc,  i.e,  nndetgoefi  tiingle  refraction  whatever  may 
be  the  inelinaUon  of  tbo  beam  to  the  face  at  which  the  light  emerges.  This 
dcdniCion  does  not  hold  accnratelj  for  crystals  like  quartz;  but  an  optic  axis 
BUiy  in  all  cases  be  diatinguinhcd  by  the  foIlowinR  character.  If  a  beam  of 
pl«fie<polarised  light  of  any  colour  falJH  on  the  cryital  no  that  it  itt  propagated 
ileng  Itifl  optic  axis,  the  light  cmergeB  as  a  plaue  polarised  beam  wlmtever 
nay  be  the  thiokuess  traversed  and  the  azimuth  of  the  plane  of  pntariziLtion. 

*  The  term  principal  axis  when  used  in  Optics  muet  not  he  confused  with 
the  rimitar  term  when  applied  to  the  c-rTf^tal-development.  Opticnlly,  it  iti  a 
direction  in  the  cryetal  along  which  the  radii  to  the  pointn  of  contact  of  Che  two 
««Te-&oota  with  the  wave-xurfact^  arc  nUn  the  iiormalH  tu  botli.  Each  biaxal 
crxaial  baa  for  a  definite  colour  three  »nch  directions  at  right  angles  to  unc 
another.  Cryatallographically.  the  term  ik  limittrd  to  that  axis  nf  aymmelry 
in  the  tetragonal,  rliombobedral  and  hexagonal  i-yKtemB  about  which  similar 
edge*  oecur  in  ieU  of  four,  three  and  six,  respectively. 
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A  beam  of  plane-polarised  light,  the  ribrations  of  whii 
parallel  to  a  principal  axis  of  the  wave-surface,  ia  transmitted 
equal  velocity  in  every  direction  perpendicular  to  this  axis  ;  an< 
corresponding  index  of  refraction  can  be  obtained  by  means 
prism  having  its  refracting  edge  parallel  to  the  axis.  The  indu 
refraction  for  waves  vibrating  parallel  to  tlie  principal  azf 
known  as  the  principal  indices  of  refraction  of  the  crystal, 
are  usually  denoted  by  a,  j9,  y,  taken  in  ascending  order  of 
nitude.  Thus,  in  aragonite,  for  sodium  light  a=  1*5301,  ^  =  1' 
y~\  '6859.  Along  each  principal  axiH  two  beams  can  be  propagalu 
the  vibrations  of  which  are  jwrallel  to  the  two  other  principal  m 
respectively.  Two  of  the  principal  indices  of  refraction  of  a  bw 
crystal  can  therefore  l)e  determined  by  a  prism  in  which  a  prindj 
axis  is  perpendicular  to  the  plane  through  the  refracting 
binecting  the  angle  between  the  faces  of  the  prism. 

The  optic  axes  lie  in  the  plane  containing  those  two  pnD 
axes,  vibrations  parallel  to  which  are  transmitted  with  the 
and  least  velocity,  respectively.  One  of  these  principal  axes 
the  acute  angle  between  the  optic  axes  and  is  called  the  Jirst 
Ufie^  or  the  aoife  bisectrix  (abbreviated  to  Bx^) ;  whilst  the  ; 
principal  axis  bisects  the  obtuse  angle  between  the  optic  axegi 
is  called  ttie  ^^.cond  mean-line,  or  the  obtuse  biaeetrix  (Bx^).  In 
crystals  the  acute  bisectrix  coincides  with  the  principal 
greatest  velocity,  and  such  crystals  are  said  to  be  optically  po« 
(denoted  by  +  ) ;  e.ff.  gypsum.  In  other  crystals  the  acute  hi 
coincides  with  the  principal  axis  of  least  velocity,  and  th< 
said  to  be  optically  negative  (  — );  e.ff.  mica. 

Light  being  propagated  with  equal  velocity  in  opposite  dir 
along  the  same  line  in  a  crystal,  there  can  be  no  optical  distin 
between  the  crystals  of  classes  which  are  related  to  one  anothi 
the  fact  that  the  elements  of  symmetry  of  the  more  symm 
crystals  result  from  the  wdditit^n  of  a  centre  of  symmetry 
elements  present  in  the  crystjils  of   lower  symmetry.     Tn  C 
XI — XIII  it  will  be  seen  that  in  each  of  the  biaxal  systenits  the 
of  greatest  symmetry  can  Ik?  derived  from  those  of  lower  aym 
in  the  system  by  the  a^ldition  of  a  centre  of  symmetry  to  the  ele 
of  symmetry  characteristic  of  the  latter.     It  follows  that  the 
classes  of  the  prismatic  system  have  similar  optical  characters 
same  is  true  of  the  three  classes  of  the  oblique  system  as  well 
the  two  classes  of  the  anorthic  system  ;  though,  a&  we  shall  see, 
are  marked  differenceH  in  the  optictU  ehaructei-H  of  the  three  syi 


iois. 


&.  It  has  been  found  that,  in  pmraatie  cryfttals,  the.  principal 
axes  of  the  wave^urfaces  for  all  colours  coincide  with  the  axeH  of 
the  crystal,  whether  these  be  three  dyad  axes,  or  consist  of  one 
idjrad  axis  and  the  pair  of  axe«  perpendicular  to  the  planes  of 
*  symmetry  in  class  III.     The  planeti  of  symmetry  of  the  crystal,  in 

daawB  II  and  III,  are  also  planes  of  symmetry  of  the  wave-surface. 

The  hiaxal  figures  seen  in  strongly  convergent  polarised  light^  in 

plates  cut  perpendicularly  to  the  acute  bisectrix,  are  Hynimetrical 
I  with  respect  to  two  lines  at  right  angles  to  one  another ;  these  lines 
'  are  the  traces  on  the  plane  of  section   (a)  of  the  plane  containing 

the  optic  axes,  and  (6)  of  the  plane  which  bisects  the  angle  between 

them. 

6.  But  Hersche!  {Poyg.  Ann.  xxvt,  p.  308,  1832),  Niirronberg 
{ibid&m),  and  Nenmann  {Pogg,  Ann.  xxxv,  p.  81,  p.  203,  1835),  found 
that  the  similar  biaxal  figures  of  plates  of  oblique  cryatals  manifested 
less  symmetry  when  observed  in  convergent  white  ftt/ht  Tn  mono- 
chromatic light  the  biaxal  figures  are  synmietrical  to  two  perpeudi- 
cnlar  lines,  as  is  the  cose  with  prismatic  crystals.  But  in  white 
light  the  tigures  iu  oblique  crystals  are  symmetrical :  (2)  to  only 

1^^  line,  or  {2}  only  to  the  central  point. 

^^Lf.     Thus,  in  platen  of  gypsum  the  colours  of   the  figures  are 

'symmetrical  only  to  the  trace  of  the  plane  of  the  optic  axes. 
Tlie  optic  ax«^  lie  in  the  plane  of  synmietry  of  the  crystal ;  but 
they  and  the  buecirices  are  not  coincident  for  all  cofonrs.  Such 
■ection.s  are  sai<]  to  manifest  inclined  dispersion. 

Again,  in  sanidine  from  the  Eifel,  the  colours  are  symmetrically 
distributed  with  respect  only  to  the  trace  of  tlie  plane  bisecting  the 
acute  angle  between  the  optic  axes  and  perpendicular  to  tlieir  plane. 
The  plane  of  the  optic  axes  is  found  in  such  crystals  to  l>e  perpen- 
dicular to  the  plane  of  symmetry  of  the  crystal;  and  the  sections 
are  said  to  show  l^orizonud  dispersion. 

The  optical  characters  of  these  two  minerals  are  more  fully 
descrik^ied  in  Chap,  .xii,  Arts.  28  and  29.  The  powitionw  of  the  optiu 
axes  are  easily  recognised ;  for  dark  brushes,  curved  very  like  a 
hyperJjolo,  pass  through  their  extremitieH,  provided  thi^  plate  is  not 
in  an  azimuth  in  which  the  piano  of  the  optic  axes  coincides  with, 

^fcis  perpendicular  to,  the  plane  uf  polarization. 

^Hf.     In  sections  of   crystals  of  borax,   the  figure  is  only  sym- 
metrical  with  respect  to  tlie  central  point.     Tlie  plane  of  tho  optic 
perpendicular  to   the   plane  of   synuuetry  of   the  crystal ; 
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luid   tlie  acut4*  bisectrix  coincides  with  the.  dyad  axifi,  and   Li  pei 
pendtcular  to  the  plate.     This  phenomenon  is  known  by  the 
of  cro»$ed  diapernon, 

7.  When   aimilar   plates    of    anorthic    crystals  are   carefuUi 
examined  in  white  light,  the  iigurep  are  found  to  be  deficient  u 
symmetry  with  reapect  both  to  a  point  and  line  (Neumann,  Pc 
Aim.  XXXV,  p.  380,  1835). 

8.  When  thin  plates  of  prismatic  and  oblique  crystals,  cm 
parallel  to  planes  of  symmetry  or  perpendicularly  to  dyad  axes, 
oljserved  between  croi*Hed  NicoU  in  parallel  light,  the  following 
distinctions  are  perceived  wliich  are  useful  in  the  practical  discrimi- 
nation between  crystals  of  the  two  systems.  A  wave  of  light,  th« 
vibrationH  of  wliich  are  parallel  to  a  principal  axis  of  the  wave- 
surface,  is  transmitted  without  double  refraction.  When,  therefore, 
a  plate,  cut  in  the  special  manner  just  described,  is  turned  in  its 
plane,  until  either  of  the  principal  axes  is  in,  or  perpendicular  to 
the  plane  of  polarization,  the  light  is  transmitted  without  resolution 
or  alteration,  and  is  consequently  extinicruished  by  the  analyser.  Th* 
two  perpendicular  lines  are  said  to  be  the  directions  of  extinction 

Tn  prismatic  crystals  the  principal  axes  of  the  wave-surface 
coincide  with  three  zone-axes,  or  with  possible  zone-axes  which 
bisect  the  angles  between  homologous  edges.  The  directions  of 
extinction  in  a  plate  parallel  to  two  crj-stallographic  axes  are,  then, 
found  to  be  eitlier  parallel,  or  perpendicular,  to  important  edges  of 
the  section,  or  to  bisect  the  angles  between  the  edges.  In  descrip* 
tive  works  on  minerals  and  artificial  chemical  sulistances,  ibe 
position  of  the  plane  of  the  optic  axes  is  stated  to  be  |>ara]lel  to 
a  specified  crystallographic  axial  plane,  and  the  acute  bisectrix 
to  a  specified  crystallographic  axis.  Thus,  in  topaz  the  plane  of  the 
optic  axes  is  said  to  l)e  parallel  to  (010),  and  the  acute  bisectrix  to 
be  parallel  to  OZ.  These  statements  are  shortly  put  as  follows : — 
o.A.II(OlO)  and  ^%^\\0Z, 

Tn  plates  of  oblique  crystals  parallel  to  the  plane  XOZ — tha 
plane  of  symmetry  in  classes  II  and  IJI — the  lines  of  ex- 
tinction are  inclined  to  the  ed^es  of  the  section  at  arbitrary 
angles,  i.e.  at  angles  varying  with  the  sulystance,  and  they 
are  not  the  same  for  different  colours,  though  the  displacement 
is,  in  most  coses,  too  slight  to  be  ca[>al>le  uf  incfuturenient.  In 
descriptive  works,  the  positions  of  the  plane  of  the  optic  axes  axi4 
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^  the  bisectrices  are  indicated  in  the  following  abbreviated  way. 

The  direction  of  a  bisectrix  lying  in  the  plane  XOZxr  given  by  the 

angle  includerl  between  it  and  OZ.    The  angle  in  regarded  as  positive, 

it  is  to  be  measured  towards  poeitive  0-V,  i.e.  if  the  bisectrix 

in   the   obtuse  angle  XOZ ;   it  is   regarded  as    negative,  if  it 

I  be  measured  towards  C-T.     Thus,  in  gypsum,  o.A.  ||(010)  and 

Bx»^0^=  +  52-5"  at  9-r  C.  (Neumann).    In  orthoclaae,  o.A.  x  (010), 

Bx,AO^=  -  eS\     In  borax.  o.A.  x  (010),  Bx„^0^=  ~  55*  33'  (red 

,  light),  and  Bx^A0-2r=  -54*45'  (green  light), 

In  anorthic  crystals  the  relations  of  the  thiTe  principal  axes  of 
the  vare-sarface  to  the  edges  of  the  cr3'stal  differ  witL  the  sub- 
ituce;  and  the  directions  of  the  bisectrices  and  of  the  plane  of 
the  optic  axes  at  a  definite  temperature  have,  in  e^ch  case,  to  be 
d«t*nnined  by  observation.  No  systematic  method  of  indicating 
tluHe directions  has  yet  been  adopted;  but  it  would  be  simplest  to 
givn  the  angles  made  by  the  bisectrices  with  the  normals  to  the  axial 
planes. 

9.  The  student  will  tind  it  advant-ageous  to  examine  a  crystal 
in  parallel  light  between  crossed  Nicols  before  beginning  to  measure 
its  angles  with  a  reflecting  goniometer.  If,  on  exanjinatimi,  he 
Is  extinction  to  occur  parallel  to  certain  well-markefl  edges,  ho 
»»)'  fre^juently  be  able  to  confirm  the  impression  as  to  the  symmetry 
irmed  by  general  observation  of  the  facial  development,  and  thus 
fairly  well  assured  as  to  the  system  to  which  the  crystal  V>clong)*. 
Thus  crytitals  of  the  second  group  give  extinction  parallel  to  the 
triad,  tetrad,  or  hexad  axis ;  a  crystal  of  topaz  gives  extinction 
when  the  prism  edges  are  |»arallel  to  the  plane  of  polarization.  On 
the  other  hand,  a  crystal  of  gypsum  gives  extinction  in  a  direction 
inclined  to  the  edges  of  the  crystal,  save  when  the  cleavage-plane 
is  parallel  to  the  plane  of  polarization  or  analysation.  Such  obser- 
vations often  much  lighten  the  labour  of  measurement,  for  they 
help  the  student  to  a  decision  as  to  the  zones  which  must  l>e 
measured  in  order  to  completely  determine  the  crystal.  >. 


10.      Mitscherlich  {Pogg.   Ann,   vin,  p.   filO,   182fi)  discovered 

jl^i^psum  the  angle  of  the  optic  axes  diminishes  when  the 

pa^tire  rises,  and  that  at  a  definite  temperature  the  angle  is 

reduced  to  zero ;  the  temperature  being  still  further  niisi^  the  axes 

open  out  in  a  plane  at  right  angles  to  their  former  one,  and  the 

axigle  then  increases  as  the  temperature  rises,     Neumann  (P<*gg. 

uc.  10 
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Anit,  XXXV,  p.  81,  1835)  made  the  further  discovery  that  the 
bisectrix  dues  not  retain  the  same  position  during  the^e  cha]l|{ 
and  that  tho  displacement  of  the  two  optic  axes  is  uneqimlty  rapi 
Des  Cloizeuux  (Ayin.  des  Minem,  XI,  p.  261,  1857  ;  xiv,  p.  339.  lS5i 
J/««.  pri-a.  ci  FAcad^  d.  Soi,^  xviii,  p.  511,  1868)  has,  hy  an  extensi 
series  of  investigations  on  the  optical  characters  of  crystals,  sho^w 
that  the  principal  axes  of  the  wave-surface,  lying  in  the  plat 
XOZ  of  oblique  crystals,  do  not  retain  fixed  positions  when  tl 
temperature  changes ;  and,  also,  that  the  positions  of  the  principl 
axes  of  the  wave-surface  in  anorthic  crystals  depend  on  the  te 
perature. 

The  three  systems  are   therefore  optically  distinct,  and  Ni 
manu's  view  (Art.  1)  has  been  fully  oonfimied. 

11.  Herschel  {Tran^.  Camh.  Phil.  Soc.  I,  p.  43. 1822)  succeed 
in  showing  that  the  rotation  of  the  plane  of  polarization  of  a  1 
of  light,  traversing  a  plat«  of  quartz  cut  perpendicularly  to  t| 
triad  axis,  was  connected  with  the  facial  development  of  tl 
crystal,  as  shown  by  the  relative  positions  of  the  planes  x  and  » 
the  other  faces  on  crystals  such  as  that  repreKente<l  in  Fig.  1 
This  peculiarity  is,  also,  shown  by  crystals  of  cinnabar;  thfl 
likewise  have  a  triad  axis  associated  with  three  dyad  axes  I 
have  no  planes  of  symmetry.  Tlie  labours  of  Marbach  (/'a 
Ann,  xci,  p.  482,  1854;  xciv,  p.  412,  1855;  xcix,  p.  451,  18 
and  others  have  led  us  to  1>elieve  that  this  is  a  general  character 
crystals  of  all  classes  which  have  only  axes  of  symmetry.  In  si 
classes  two  correlated  forms  are  possible,  which  can  be  placed 
that  they  are  reciprocal  reflexions,  the  one  of  the  other,  iu  a  pla 
perpendicular  to  one  of  the  axes  of  symmetry :  the  correlat 
forms  are  said  to  be  enantiomorphous.  We  shall  call  attention 
each  cases  in  dealing  with  the  particular  classes  in  which  they  i 
possible. 

Ppro-  and  piezo-eUctrUUi/, 

12.  It  has  long  been  known  that  tourmaline  crystalf^  w 
have  dissimilar  developments  at  opposite  ends  of   the  triad  i 
show  different  electritications  wliilst  the  temperature  is  changi] 
This  polar  cluiracter  of   the  crystals  is  found   to   bold   in 
crystals   in   certain   directions,    and    is    connected    with    the 
similar   development   at   the   two   ends  uf   an  axis  of  symme 


CORROSION. 


wWch  we  have  dftsignated  as  one  nf  unit-erminnl  syrametry.  Tlie 
phenoDienou  is  known  as  pyro-eUctrxcity.  A  bicuilar  change  in  the 
electrical  condition — known  by  the  name  of  pie2f>-efe<^trif^lft/^wt^ 
discovered  by  MM.  Curie  (Bulf.  ^SVv.yVan^.  de  Min.  in,  p.  90,  1880) 
to  be  excited  in  crystals  by  preasure  along  hxgh  of  uuiterniinHl 
symmetry. 


Common. 


^H  13.  Another  method  of  investigation,  which  occasionally  aids 
^iw  in  determining  the  claw  of  Hymnietry  to  which  a  crystal 
I  belongs,  is  that  of  corroding  the  faces.  When  the  experiments  are 
I  carefnlty  carried  out  with  suitable  corrosive  fluids,  the  faces  are 
1  found,  in  many  cases^  to  become  covered  with  pits  of  sinnlar  out- 
lines, which  have  well-tlefined  orientations.  The  corrottivii-Jit/nreSf 
AS  they  are  called,  produced  by  diiferent  corrosive  liquids  have 
frequently  different  shapejt,  but  they  manifest  the  synimetry  of  the 
tmoe  etched.  Thus,  the  corrosion-ti|tfures,  produced  by  dilute  hydro- 
chloric acid,  on  a  cleavage-face  of  calcite  show  symmetry  with  respetrt 
the  lines  parallel  to  the  diagonal  bisecting  the  obtuse  angle  of 
e  face,  and  indicate  the  presence  of  a  plane 
symmetry  through  the  triad  axiH  perpen- 
cular  to  the  face.  Tlie  corrosion- figures, 
uoed  by  dilute  sulphuric  acid,  on  a  face 
rpendicular  t<j  the  triad  axis  of  tlie  rhom- 
hedral  mineral  spangolite,  are  well  dis- 
.yed  in  Fig.  110  (after  Penfield).  The 
res  are  symmetrical  and  show  three- fold 
metry  with  respect  to  three  intersecting 
planes  of  symmetry. 


Fio.  110. 
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CHAPTER  XL 


THE  ANORTHIC   SYSTEM, 

I.     PedxaJ  class ;  a  ;U/|. 

1.  CarsTALS  belonging  to  the  Erst  cUss  have  no  element  of 
Hymmetry.  Such  a  crystal  is,  therefore,  a  polyhedroD  bounded  by 
a  set  of  faces,  none  of  which  are  necessarily  parallel  and  which  are 
only  connected  together  by  the  law  of  rational  indiceii.  Each  form 
consistH  of  a  single  face,  and  will  be  called  a  pcdion  (wf^toy  =  a 
plane,  or  level  piece  of  land).  From  this  character  the  claas  may 
be  called  the  pediad  cUufs  of  the  aiiurthic  syst«iu.  Crystals  of 
calcium  thiosulphate  (Ca4S.,03.  6HaO),  of  strontium  hydrogen  dextro- 
tartrate  (8r  (HC4H40a)3 .  5HaOj,  and  of  a  few  other  substances  belong 
to  this  class. 


2.  When  parallel  faces  are  present,  they  are  tu  be  reganled  as 
belonging  to  tlitTerent  forms ;  and  their  physical  characters  will  be 
slightly  diirerent.  By  the  law  of  rational  indices  it  is  clear  that 
parallel  faces  may  occur  on  the  same  crystal ;  for  any  face  is  a 
possible  one  which  meets  the  axes  at  distances  capable  of  repre-j 
sentjition  by  exact  submultiples  of  the  parameters,  whether  they  ai 
measured  on  the  positive  or  negative  sides  of  the  oHgin.  Hen< 
(hkl)  lieing  present,  (hkJ)  is  a  possible  face,  and  may  perhapl] 
be  present.  But  the  presence  of  one  does  not  necessarily  LnvolTa| 
that  of  the  other.  Two  forma  connected  together  by  this  geo- 
metrical relation,  %.«.  by  parallelism  of  the  faces,  will  be  denoted] 
as  comphtm-ntnry  Jhrvis  of  the  petliad  class  of  the  ariorthic  system. 

MilltT  {Trfintisf  on  Crtfitt.  p.  23)  employed  a  Gr*eek  prefix  lieforo^ 
the  syniljul  of  the  form  to  indicate  that  it  consisted  of  one-half  the 
faces  constituting  the  form  of  greatest  Hvmmetry  in  the  system  ;  tbei 
latter,  descriWd  aH  the  holohedral  ff*nn,  lieing  given  by  the  symbol 


\hll\  without  prefix.  Thus,  he  UHes  k  {/iX^/}  to  repriwent  a  hemi- 
herlnil  fonn  (Chap,  m,  Art.  2)  with  inrlin^cl  faces,  i.e.  which  has 
no  parallel  faces ;  ir  \hM\  to  represent  one  which  has  parallel  faces. 
Although  the  views  on  symmetry,  act'ortling  tfj  which  the  forms  of 
certain  chissert  were  repirrlerl  as  merf>he*Iral  cHviHionH  of  n  more 
symmetrical  form,  have  been  abandoned  by  most  cryHtallograpliers, 
Greek  prefixes  will  \m*  un«1  in  tliiK  book  to  denote  forms  l)elonging 
to  the  clasaeH  of  inferior  symmetry'  in  a  system  ;  for  they  ser\'e  to 
indicate  in  a  concise  manner  the  geometrical  relations  of  the  forms 
of  the  several  classes  of  a  system  :  but  the  prefixes  will  Ix'  dropped 
in  the  cases  of  those  particular  forms  which  are  geometrically  alike, 
whetlier  they  belong  to  the  class  of  greatest  symmetry  or  to  one  of 
inferior  symmetry.  The  symbol  a  \W\,  used  for  the  forms  of  the 
pediad  class,  will  also  he  used  to  indi»^te  the  forma  of  classes  in  each 
s^*Btem,  which  are  enantiomorphous,  for  they  are  wiUwut  planes 
of  symmetry.  The  symbol  /*  \hki\  will  be  used  to  deimte  fonns 
with  inclined  faces  of  classes,  the  crystals  of  which  show  one  or 
more  pyro-ctlectric  axCH  and  are  not  enantiomorphous :  «  \hkl\  for 
forms  with  inclined  faces  of  classes  (like  11  of  the  oblique  system), 
the  crystals  of  which  have  planes  of  symmetry  and  do  not  show 
.racteristic  diflercncos  in  physical  phenomena  fallin;;  under  either 
the  two  preceding  cases.  The  symbol  t  \iJd\  will  be  used  when 
faces  in  the  form  are  one-fourth  those  in  the  form  of  greatest 
s^Tometry ;  and  some  mtxliHcation  of  this  symbol  will  be  made  when 
forms  of  two  classes  of  the  system  show  such  a  relation. 

3,     The   least   number  of  faces  which  will  completely  enclose 
a  limited  portion  of  space  is  four ;  none  being  parallel,  and  no  throe 
•tng  in  a  zone.     In  this  class  such  a  solid  Hgure  is  an  irregular 
arahedrou,  Fig,  114. 

If  two  of  the  faces  are  parallel,  there  must  bo  at  least  five 
enclose  a  finite  portion  of  space,  and  no  pair  of  the  three 
faceft  can  be  parallel  to  one  another.  All  thrive  may,  how- 
%  lie  in  a  zone.  Such  a  possible  ci-j'stal  is  shown  in  Fig.  111. 
the  three  faces,  inclined  to  one  another,  are  not  in  a  zone,  the 
ire  will  resemble  an  irregular  tetrahedron  with  one  of  its  coigns 
modiBed  by  a  face  parallel  t<i  the  opposite  face. 

If  the  possible  crystal  is  bounded  by  two  pairs  of  parallel  faces, 
ire  must  be  at  least  two  other  faces  which  may,  or  may  not,  be 
"parallel.     The  least  number  of  forms  is  six,  of  whioli  two  paii*s,  or 
the   three,   may   consist   of    complementary    forms,    i.e.    of 
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parallel   faces.     Possible  cr^^stals  of   the   two  kind»  are  shoi 
Figs.'  112  and  113. 


no 


oJo 


oto 


I  oot 


Fia.  112. 

When  a  crystal  is,  as  in  the  above  ideal  coses,  lx>un<lpd  by 
set  of  faces  wliich  are  not  humologous,  it  m  Baid  to  consist 
conibifiation  of  forma^  or  shortly  to  be  &  eombbuUion. 

4.     For  a  crystal  consisting  of  Kuch  simple  combinations  an 
83rstem  can  be  deternuned,  and  in  some  cases  the  parameters;' 
the  calculations  are  not  easy.     The  axial  planes  must  be  toki 
be   parallel   to  three  of  the  faces  wliich  meet  iu  a  coign,  and' 
coign  itself,  or  any  other  point,  may  be  taken  to  l>e  the  origt 

Thus,  talking  the  ponaible  four-faced  crystal  VA^Up^^  Fig. 
the  origin    O  i.s  any  point  within   the   crystal,   and  the  axes 
OK,  0-^are  drawn  parallel  to  the  edges  KH,,  VU^^  YC,,  reapectii 
The  fourth  face    AJijO^   meets  the   axes   in   the  points  A^ 
and   OA  =  <i,  OB^h,  00  =c,  if  the   face  is 
taken  to  be  (111).     The  face  V/iC\  is  parallel 
to  the  axes   OY  and  OZ^  and  the  last  two 
indices   are    zero :    the   symbol  is   therefore 
(hOO),  where  h  may  be  positive  or  negative. 
Care  must  now  bo  taken  to  determine  whether 
the  face  meets  the  axis  of   X  on  the  6ame 
side  of  O  as  ^  /iC  (111)  or  on  the  other  side. 
It  is  clear  that  the  two  faces  meet  the  axis 
of  A'  on  opposite  sides  of  the  origin,  for  0 
has  l»een  taken  within  the  crystal.     Hence  A 
is  negative,  and  the  face  is  (100)  j   for  there 
is  no  advantage  in  making  h  any  larger  integer.     Similarly,  TC 
is  (010),  for  it  meets  OV  on  the  negative  side  of  the  origin 

^  Id  these  figures  the  symUols  in  Bmaller  type  refer  to  the  fucea 
vrtiich  are  shown  by  dotted  lines. 
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parallel  to  OX  and  OZ.  FinaUy,  the  face  VA^Ji^  is  (001).  Tlie 
crystal  is  a  combination  of  tht^  four  furuis  of  wluck  the  symbols 
have  been  determined. 

5.  On  such  a  crystal  six  angles  can  be  measured ;  viz.  the 
"three  (OlOAOOl),  (OOIAIOO),  (lOOAOlO),  and  the  three  l)etween 
(111)  and  each  of  the  axial  faces.  Five  of  these  angles  suffice  to 
gire  the  angles  between  the  axes  as  well  as  the  parameters  a  '.h  le, 
Tims  we  can  take  any  two  planes,  say  two  pieces  of  cardlxwird,  and 
join  thetn  at  the  angle  (lOOAOlO).  If  placed  vertically,  the  axis 
0^  is  fixed.  Now  through  any  point  on  02^  or  VC^^  a  third  card- 
lioarfl  can  l>e  placed  at  the  anf»le  (OlOAOOT)  if  the  line  VA^  in 
(010)  is  known  ;  and  tlien  the  line  VB^  is  also  fixed.  It  is  clear, 
therefore,  that,  to  put  the  third  cardboard  in  place,  we  require  the 
plane  angle  CVA^y  an  angle  which  cannot  be  measured  by  a 
reflecting  goniometer.  By  calculation  the  angles  CVA^  and  CVB^ 
can  both  be  found  from  the  three  angles  between  the  axial  planes, 
and  the  lines  VA^  and  VB^  determined  on  the  two  cardboards 
through  OZ.  The  third  cardboanl  is  ihon  easily  placed  and  a 
model  of  the  axial  planes  and  axes  completed. 


A 


6.  The  three  edges  F^,,  F^,,  FC,,  and  the  three  axes  parallel 
them,  are  connected  with  the  normals  to  the  three  faces  by  the 
relation  known  in  spherical  trigonometry  as  that  of  polar  IriaitgUs. 
The  two  triangles  A  BC  {that  made  l)y  the  poles  of  the  axial  planes) 
and  XYZ  (where  the  axes  emfrrge)  are  shown  on  the  stereogram, 
Fig.  115 ;  the  axial  points  being  marked  by 
Bmall  crosses.  The  faces  of  the  crystal, 
which  are  parallel  to  the  axes,  may  be 
suppoeed  to  pass  through  the  radii  of  the 
sphere  emerging  at  JT,  Y  and  Z^  and  the 
points  A,  B,  C,  are  the  upper  extremities  of 
the  normals  to  the  faces.  But  a  normal  to 
a  face  is  at  riglit  angles  to  every  line  in  the 
face  and  to  every  line  in  any  plane  parallel 

to  the  face.  Hence.  Ar^AZ^90\  also  BZ  =  BX^^O\  and 
CX=CY  =  90\  From  the  above  we  see  that  XB^XC=iiO\ 
Hence,  the  radius  through  X  is  at  right  angles  Ut  the  uoriuikls 
through  B  and  C :  it  is  therefore  at  right  angles  to  the  plane 
containing  these  normalH  and  is  the  pole  of  the  great  circlu  [BC\ 
miiarly,  Y  is  the  pole  of  the  great  circle  [C/l],  and  Z  of  [AB\ 
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Hence,  the  two  triangles  are  callod  polar  triangles,  for  the  apices  o£ 
the  one  are  the  pole^  of  the  great  circles  fonning  the  sides  of  the 
other. 

But  the  angle  between  two  nomials  is  the  supplement  of  tho^j 
angle  between  the  two  planes  (Chap,  u.   Art.   2).     Hence, 

zzr=}so''-Jic,  xrz^no^'CA,  yzj[=iso'-ab. 

Also     XY=\SO^~BCA,    rZ^\SO"-CAB,   ^S=im^-ABC\ 

7.  Now  measurement  on  the  reflecting  goniometer  gives 
the  angles,  or  arcs,  AB,  BCy  CA  ;  and  by  well-known  fonuulm 
(McLelland  and  PrCBtoii's  iipherical  Triy.  i,  p.  47)  the  angles  BCAf^ 
CAB  and  ABC  can  be  fAlculat,ed.  The  angles  XT,  YZ,  ZX  are,.' 
then,  determined  by  the  relation  given  above ;  and  the  model  of  the 
axial  planes  can  be  made  oa  suggested  in  Art.  5,  or  three  rods  can 
be  joined  together  at  a  point  0  making  with  one  another  the  angles 
XOY,  YOZyZQX. 

In  the  al)ove  projection,  the  poles  A^  B^  C  were  all  placed  abovaj 
the  primitive  in  order  to  show  the  relation  with  the  axial  points] 
Jf,  >',  Z  moi-e  distinctly.     It  ia  usual,  liowever,  to  put  two  of  thi 
poles  A  and  B  in  tlie  primitive.      One  of  them  is  placed  arbitrarih 
in  this  circle,  and  commonly  B  is  placed  at  the  right  extremity 
the  horizontal  diameter.     The  pole  A  is  then  placed  on  the  low< 
part  of  the  primitive  by  marking  off  the  arc  AB  with  a  protractor. 
Consequently  the  axial  point  Z  is  at  the  centre  of  the  primitive.     It 
is  not  a  possible  pole.     As  stated  in  Chap,  vii,  Art.  6,  small  Italii 
are  often  used   in  diagrams  to  denote   the  poles  and  faces  (100] 
(010),  (OUl) ;  and,  wlien  so  used,  care  must  be  tfiken  not  to  ooi 
them  with  the  parameters. 

8.  Having  fixefl  the  directions  of  the  axes,   the  fourth 
enal>lf»    us    to   Uad   a  :  h  :  c-.     The   determination  of   these 
involves  a   considerable    transformation   of    the   equations    (I) 
Chap.  IV,  Art.   15,  which  will  l>e  given  iu  a   later   section, 
introduction  of  a  face  ^^(lll),   parallel   to  /'(111),  adds   not 
to  our  knowledge,  for  it   gives  no   new  and   independent   azig1< 
For  the  angle  Ap  ~  iJiJO"  -  AP ;  and  similarly  for  the  other  angle& 

9.  The   possible  crystal   in   Fig,   111.  bounded  by  five 
is  not  one  which  enables  us  to  deterniine  a  :  h  :  c.     We  caOs 
before,  take  the  origin  at  any  point  0  within  the  crystal,  and 
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ces  parallel  to  three  edges  as  in  the  figure.  Now  the  vertical  face 
\j£iD£  meets  the  axos  OX  and  0  >'  at  A  and  /i ;  and  the  ratio, 
o  :b  =  OA  :  OB,  is  det^^rminwi,  if  we  call  the  face  (1 10).  The  la8t 
index  must  be  zero,  for  tlie  face  is  ]>anJle1  to  OJ^  and  uieete  it  at 
inlinity.  The  faces  VDE  and  ViA^/i^  arc  lx>th  parallel  to  the  axes 
OX  ajid  OY,  and  the  first  two  indices  are  both  zero.  The  distance 
at  which  they  meet  the  vertical  axis  ia  quite  indeterniiiiute.  being 
oontingeat  on  the  deponition  of  matter  on  the  parallel  facen,  and  the 
pftFMDeter  c  cannot  be  found.  But  the  two  fuees  are  g^ven  in 
position,  as  fnr  iw  their  general  directions  are  concerned,  because 
they  are  parallel  to  the  two  axes.  Hence  they  are  repreaeuted  as 
(001)  and  (001).  The  faces  IVJ//,  and  VJSA,  are  (TOO)  and  (010), 
respectively.  To  determine  the  ftiiriLuieter  f,  an  additional  face 
meeting  OZ  and  (?JC,  or  OZ  and  O  ]',  or  all  three  axes,  at  finite 
distAnoes  is  needed. 


10.  In  Fig.  113,  we  have  a  possible  crystal  Ijounded  by  three 
sets  of  parallel  faces,  of  which  none  of  the  parameters  can  be 
determined.  In  this  case  the  three  independent  face>t,  meeting  at 
a  coign,  can  be  taken  to  give  the  axial  planes,  and  the  axes  are 
then  parallel  to  the  edges  of  tho  parallelepipe<l  ;  but  no  detinite 
lengths^  characteristic  of  the  crystal,  can  be  determined  on  them. 
in  such  a  crystal  we  have  only  three  independent  angles,  those 
between  the  three  faces  meeting  at  a  coign. 

11,  If,  however,  the  third  pair  of  faces  are  not  parallel,  we 
have  two  pos8ible  cases.     The  third  pair  of  faces 

may   be  inclined   to   one  another,   but   lie   in   a 

jsone  with  one  of  the  par-nllel  pairs,  as  slu»wn  in 

Fig.    116.     The  axes  are  taken  parallel  to   the 

edges  of  the  two  seta  of  parallel  faces  and  one  of 

the  others.    A  line  drawn,  panillel  to  the  sixth  face, 

through  any  point  A  on  OX  and  in  the  plane  XO  Y 

meets  the  axis  of  Fat  B,     The  lengths  OA,  OB 

may  be  taken  to  be  the  parameters  on  the  axes 

of  X  and  Y.     The  face  is  then  (1 10).      But  a  line  through  A  in  the 

plane  XOZ  parallel  to  the  sixth  face  (110)  is  also  parallel  to  OZ^ 

for  OZ  is  parallel  to  the  intersection  of  the  sixth  face  with   the 

faces  (010)  and  (010).     Hence  no  finite  length  is  cut  oil'  on  OZ, 

and    the  parameter  c   is   indeterminate.     The   reader    will    notice 

that  this  crystal  only  differs  from  the  five-faced  crystal  of  Art.  9, 
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Fig.  Ill,  iti  the  fact  ttmt  in  a  zone,  containing  three  ft 
have  nddod  a  fourth  parallel  to  one  of  them,  aaiuely  to 
and   this  a<Mition  given  no  new  and  independent  angles. 

If,  however,  the  sixth  face  has  any  general  position,  and 
parallel  to  any  edge  of  the  other  faces,  we  can  determine  a 
and  all   the  elements  of   the  cryntal.     We  luay  clearly  take  7 
face   from    each  pair  of  parallel   facen  ir>  make  with   the  tift^ 
cardlx>ard  model,  as  described  in  Art.  5,  of  the  axial  planes 
tetrahedron.  Fig.  114.     The  sixth  face  meets  all  the  ed 
model  at  finite  distances.     Hence  auch  a  crystal  may  be 
be  made  up  of  the  forms:— {010),  (010),  (001),  (001),  (lOOJ 
(111),  of  which  thft  first  two  pairs  are  complementary 

12.  The  nu'thod  of  calculating  the  symbols  of  the  facoi 
tlio  panimi't^rs,  o  :  A  :  c,  from  the  measured  angles,  is  the 
this  and  the  next  class,  and  will  be  given  at  a  later  staga^ 
however,  a  crystal  of  tliia,  or  the  next,  class  has  many  faces, 
will  fall  into  zones  from  which,  by  the  methods  given  in  Chi 
and  VHi,  the  indices  can  be  found.  The  stereogram  can,  also, 
easily  made  as  those  of  the  sim[)lest  crystals.  As  already  stat^ 
poles  ^(100)  and  5(010)  are  marked  on  the  primitive  by  i 
ti*actor,  and  at  the  same  time  any  other  poles  in  their  zone. 
positions  of  one  or  two  other  pules  lying  somewhere  on  the 
hemisphere  are,  then,  determined  by  thu  metho<l  given  in  Cha 
Arts.  19  and  20.  If  these  are  carefully  selected,  so  as  to  He 
important  zones  passing  through  them  ami  poles  already 
in  the  primitive,  the  rest  of  the  projection  can  usually  1 
pleted  without  difficulty. 


II.     Pin-akoidal  elaas ;    {hkl\. 

13.     In  this  class  the  faces  occur  in  pairs  which  are 

and  physically  similar.     The  crystals  have  a  centre  of  synirae' 
but  no  other  element  of  symmetry.    Each  form  would,  if  indel 
extended,  present  the  appearance  of  a  board,  or  plank  (Greek 
Hence,  it  hua  l>een  called  a  pinafeoid.     We  shall  use  the  sama^ 
to  denote  furms  consisting  of  only  two  parallel  faces,  whatei 
the  class  to  which  the  crystal  l^longs.     In  other  classes  v< 
forms  are  of  this  character,  whilst  in  this  class  every  formj 
pinakoid.     We  shall,  therefore,  call  the  class  the  pintikovial^ 
of  the  anorthic  system. 


HNAKOIDAL  CLASS. 
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14.  The  simplest  orvBtal  possible  in  this  claaa  is  one  buimdod 
by  three  sets  of  parallel  faces,  such  an  U  ahown  in  Fig.  117.  The 
distinction  between  the  crystal,  regarded  as  be- 
longing to  this  claas  or  to  the  previous  one,  is 
Ihis  :^that  the  pairs  of  parallel  faces  are  exactly 
similar  in  their  characters  and  nectwsarily — save 
for  accidents  in  the  deposition  of  matter  at 
opposite  ends — occur  together ;  whilst  in  the 
former  class  the  occurrence  of  the  parallel  faces 
is  more  or  less  accidental,  and  the  parallel  faces 
have  diOerent  characters.  The  discrimination 
bet-ween  the  two  casei*  may  lie  att-ended  with  great  difficulty, 
decide  feuch  a  question  a  large  nuMil>er  of  crystals  should 
examtiie<l,  and  experiments  on  corrosion  and  on  electriticatiou  by 
change  of  temperature  or  pressure  should  be  tried.  If  parallel 
boes  are  almost  nlways  present,  and  if  no  distinction  l>etween  the 
members  of  each  pair  of  parallel  faces  can  be  observed,  the  crj'stals 
are  placed  in  this  cla^s. 

The  faces  of  the  parallelepiped,  Fig.  117,  are  taken  to  give 
the  axial  planes,  and  the  three  forms  composing  it  are:  {100[ 
oonsiAting  of  100  and  100,  |010j  consisting  of  010  and  OTO,  and 
{001}  consisting  of  001  and  001.     The  parameters  are  indeterminate. 


To 

be 


15.  If  other  forms  are  added  to  such  a  crystal,  the  new  faces 
may  lie  in  a  zone  with  two  sets  of  faces  of  the  parallelepiped.  In 
this  case,  the  ratio  of  two  of  the  parameter  may  l>e  deteni»iiied, 
but  the  third  remains  indeterminate. 

A  crystal  of  cyanite  (AljSiOn),  showing  such  a  combination  of 
forms,  is  represented  in  Fig.  1  \S  (after  Bauer).  The  axis  OZ  is  taken 
parallel  to  the  edge  [ab] ;  and  OX  and  0  Y  are 
parallel  to  [A<;]  and  [ea],  respectively.  Hence, 
theCaoea  have  the  Hymlx)lsa(lOO),  6(010),  and 
r(OOl).  The  two  faces  M  are  parallel  to  0^, 
for  they  are  in  the  zone  [ah] :  the  last  index  is 
therefore  zero.  If  the  faces  are  extended  to 
cut  the  axes  of  X  and  K,  that  to  the  left 
front  meets  OX  at  -I,  where  OA  may  be 
adopted  as  the  parameter  a,  and  OY^  at  B^^ 
wherft  OB^^h  may  be  adopted  as  the  para- 
meter h.     The  face  has  the  syaibol  (HO) ;  for  it  meete  07  on  the 


M 
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negative  side  of  the  origia  The  parallel  face  meets  OX  at  A^^ 
where  OA^  =  a,  and  OY  at  B,  where  OB  =  6.  But  the  directions,  i^ 
which  the  lengths  are  measured,  are  reversed.  Hence,  its  symbol 
is  (110).     The  two  faces  constitute  the  pinakoid  jll0|. 

If  there  are,  as  is  sometimes  the  case,  other  faces  in  the  zone, 
and  if  the  an;;Ie8  they  make  with  the  faces  already  determined  arc 
known,  their  syuiltolH  can  he  determined  from  the  aaharmouic  ratio 
of  four  tautozonal  faces;  or,  vice  versa,  the  angles,  which  any 
tautozonal  face  with  known  syin1)ol  makes  with  the  axial  faces,  can 
be  computed. 

Example.    Thag,  knowing  ab  =  73°  56'  and  aM=48f'  18' ;  to  Ond  the  Angle  un, 
where  m  is  (110). 

Now  the  A..  B.  {bmaSI]  gives 

010         I  110  I 

12      1 


sin  6rN      sin  Mm 


110       no 

010  "^  110  ~I'*'i~3 


tinba  '  aioJtfa 

100  100 

Hesoe,  by  the  transformation  given  in  Chap,  viii,  Art.  14, 

mbm        Bin(ba  =  73°66')       .      «  ,      , 
aiuJim      2Bin{ilfa  =  4n8')  ^    "''• 

log  2=     -30103 
Z*  sin  49^  18'-   9-87311  I,  sin  78'^  56'=  9-98270 

10-17414  1017414 

Ltftn(e  =  32°46r)=  9^80856. 
.-.  tf  =  82° 45-7'  and  45°- tf=12*'14S'. 
Also  Mm  +  bm-ab  +  aM^l22°  14'. 

. .  tan  ^  ( Jtfin  -  6m)  =  tan  (45"  -  9j  tan  J  (Jfm  +  &ni)  =  tan  12^  14-8'  tan  61"*  7'. 
L  tan  or  7'      =10-25834 
L  tan  12*  14-3'=  9-33G27 

9-o&461  =  Z.  tan  2^28*. 
.-.  Mm-bm=   42° 56', 
.Vf7i  +  6m  =  122°14'. 
.-.  6m  =  39''39',  and  urn  =  34°  17'. 

The  line  of  arrows  in  the  diagram  gives  the  trace  on  the  face  a 
of  the  plane  of  the  optic  axes. 


16.  If  the  forms  added  to  the  simple  axial  parallelepiped  meet! 
all  the  axes  at  tiuite  distances,  one  of  them  is  selected  to  give  the' 
parametral  plane  (HI).  The  indices  of  the  faces  of  other  forms  can 
then  be  determined  by  the  law  of  zones;  and  also,  when  sets  of  four, 
or  more,  forms  occur  in  a  zone,  by  the  anharmonic  ratio.     Forms, 
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the  faces  of  vhich  do  not  fall  into  zones,  must  have  their  symbola 
deterzDUied  bj  the  gener&l  relations  given  at  the  end  of  the  Chapter. 

17.  Bxnmjilf.  We  nhnll  illustrate  the  method  of  determining  nuorthic 
crystaU  by  a  diwiifsioD  of  those  of  ftiiorthitc  HhoWn  iu  Fig.  119  niid  in 
Fig.  1 20  (after  voin  Rath).  They  represent  two  different  hftbils  of  frequent 
occurrence  amongst  crystalB  of  anorthite  and  the  ^icd  pUgioclaHtic 
felspan.  The  axes  of  reference  are  taken,  as  shown  in  Fig.  119,  parallel 
to  the  edges  [Pif],  [/>]  and  [i^^  respectively;   the  faces  /*(0Ol)  and 


Fro.  119. 


Fio.  130. 


Jf^OlO)  being  those  of  gootl  cleovag©  in  all  the  felspars.  Thetwopinakoids 
/  and  7*  are  generally  well  developed,  and  the  ttymbolB  (UO)  and  {110}  are 
aasign^  to  them.  The  foces  A  {100} ,  parallel  to  the  axes  of  Y  and  Zy  are 
not  of  frequent  occurrence  ;  and  the  poHition  of  h  w  usually  calculated 
firom  A  knowledge  of  the  angles  between  J/,  /  and  T.  For,  as  stated  in 
Chap.  IX.  Art.  1,  the  a.r.  {AffhT}  la  a  harmonic  ratio  which  has  the 
T»lue  1^2,  when  Jtf  is  made  (OlO), /(llO),  A(100)and  r(lTo). 

Let    us    suppose   the   angles  iu   the  ()rinci|>til   zones  to  have   been 
and  some  of  them  tu  be  : 


Mf  29*  30* 

'Mr    W    9' 

'I'v  32"    6* 

Ml  M     4 

Me     43    11 

m  fl3     4 

/r    59   30 

Mr  85  r.o          "^ 

nn  38    37 

iif'30   58 

_hM'  47    24 

,at   21      8 

Siefwgram,  From  a  knowledge  of  the  above  angles,  and  of  the  jEones 
pet«eiT«d  in  Fig.  120.  wo  can  now  construct  Fig.  121.  It  will  nuniniarise 
the  whole  of  the  forms  and  sonal  relations  on  the  two  oryBtals  of  anorthitc ; 
and,  approiimately  enough,  those  on  cr}'HtalH  of  <jther  plagitwlniitic  fcls(iur» 
which  have  the  same  forms.  TIjg  xoue-nxia  OZ  is  tiiken  to  be  the  diameter 
through  the  eye,  so  that  the  jxiles  M^  /,  /,  7*,  &c.,  lie  in  the  primitive. 
M  w  placed  arbitrarily  at  the  right  extremity  of  the  horizontal  Hianiotor. 
Arcs  equal  to  the  angles  in  7.one  i  of  the  table  are  then  marked  off  by 
>triictor,  and  the  poles/,  /,  7*,  »,  &a,  are  fixed. 
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The  position  of  n  (one  of  the  most  convenient  poinU)  is  del 
the  way  given  for  onorthite  in  the  example  of  Chap,  ml,  Art.  10. 
pole  having  }y&c.n  placed^  the  zone-circles  [MPnif],  [Tnoy]j  [//ajir]riw 
drawn.  The  jK»le  X'  of  [MPM']  is  then  found  by  the  method 
Chap,  VII,  Prvb.  4.  Arcs  ou  the  primitive  are  now  meaiturcd  off  fi 
M  equal  to  the  angles  given  in  mne  ii.  The  straight  Unea,  j< 
these  points  to  X\  intersect  the  cone-cirde  [MPJf]  in  the  poles  r,  « 


A/w 


The  zone-oirclea  [//»r],  ITPT"],  [Ul'l  [TeT']  and  [/*/']  are  now 
drawn.     By  their  intersect  ions  with  one  another  and  with  the  eone 
already  dmwn  through  w,  they  detcnnine  the  positions  of  the  pol 
^>  ^»  ^i  y  ^^^  **•     yorao  of  the  zone-circles  have  very  long  radii 
circles  are  in  such  caxes  most  eaHily  made  by  the  aid  of  a  ryd* 
arranged   to   jiasa   through   three   known   poles.     It  will   now   be   foi 
that  the  following  circlea  can  Iks  drawn  :  [MmaM'\  [MpxoM'\  [Uyi 
and  [/if/*x//].     Thoy  eHtubli^^h  the  facta  that  the  corresponding  flusi 
taul*)zonnl. 

The    construction   of    an   accurate  stereogram   inrolvea   care 
determination  of  points,  whether  they  arc  the  projections  of  p4>lea 
centrcH  of  cii-cles,  and  hence  occupies  a  good  deal  of  time.     For 


'  The  pole  r  baa  been  accidentally  omitted.     The  poles  a  and  m  sh< 
in  Italic M. 

"*  This  conniRt.s  of  a  long  strip  of  narrow  and  thin  wood  or  steel,  bentM 
to  pass  through  the  three  points.    Tlie  slmpleet  one  18  a  bar.  aboot  6 
long,  compressed  by  a  fin^^^r  and  thumb  whiUt  ht^ld  in  the  oorreot  posi 
the  paper.     A  more  ooDvenient  one  can  be  made  as  follows.    A  strip  of 
brasa  abont  7  inobea  long  resta  on  the  paper.     At  one  end  is  a  fixed  bl 
a  deep  vertical  groove;  at  the  other  end  a  similar  vertioally  grooved  block 
ean  be  moved  backw&rdH  and  forwardn  by  a  Hcrevr.     The  spring  if^  pi 
its  ends  in  thu  grooves  and  any  curvature  required  can  be  obtained  hy  the 
of  the  screw. 
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purposes  ATI  approximation  to  a  correct  one  suffices ;   and  after  n  little 

practice,  the  student  should  be  able  to  conatruct  what  maj  he  called  a 

freehand  stereogram,  showing  all  the  important  soncs,  in  a  few  minutes. 

The  curves,  even  if  firules,  Iwing  t>n!y  npproxiiuately  correct,  will  not 

enable  him  to  see  when  incontiguou-s  faces  arc  tautozonal,  although  an 

accurate   projection   would   show   their   jwles   to   lie  on   a    great   circle; 

hilt  the  tietter  his  projection,  the  more  likely  is  «uch  a  relation  to  he 

iuggestwl.     We  have  supposed   the  crystal  to  be  mcaaured  before  the 

fri  4\tion  iH  made,  and  this  muat  necessarily  be  the  case  when  an  accurate 

hi  j'ctjoij  ia  recjuired. 

The  ftu^-Mymholt.  The  value  of  a  :  b  ha*  been  fixed  by  the  awuiup- 
tiona  mode  as  to  /*,  i^,  2,  and  T.  We  can  now  a&Kunie  indicea  for  a 
fiu<  in  [J^/T  which  fixes  c;fr;  or  else,  for  a  face  in  [AA/]  which  gives 
<  :  II.  Faces  in  thiB  latter  tc»ne  are  very  generally  |>reMent  and  well 
devdoped  on  all  felspar  crjAtala,  ho  that  they  can  be  easily  recognised. 
We  «haU,  therefore,  aamime  y  to  be  (201).     Then  y  is  (SOT). 

The  symbols  of  e  and  n  can  be  now  determined,  for  they  lK)th  lie  in 
[if/^]  =  [ICX)].  The  first  index  of  both  faces  is  therefore  zero.  The  former 
fiice  w  also  in  [<y]=[n2].  Henoe,  if  «  is  {Otl\  we  have  2l-Jt=0.  The 
symbol  of  e  is  therefore  (021).  Similarly,  n  is  in  [7'y]=[H2];  and  its 
symbol  is  (Oil). 

.Again,  for  a  pole  {hkl)  in  the  zone  [/«]  =  [112],  we  have  k+^l -h  =  0. 
Hence,  /,  in  which  the  w>ne-circle8  [In]  and  [/'y]=[<'iO]  intersect,  is  (201). 
Likifwiiie  the  i>ole  a,  in  which  [lu]  intersects  |/'7^=[I10],  is  (111). 

Again,  from  the  xouea  f/VJ^fllO]  and  [7Vj]==[1121  the  i>oIe  m  is  (111). 
The  poles  a  and  m  lie,  therefore,  in  a  zone-circle  passing  through  M 
and  M,. 

Similarly,  from  [77^]  and  [(y],  we  find  jr?  to  be  (TU);  and,  from 
[IP]  and  [Ty]y  the  polo  o  is  (111).  The  remaining  j»ole  r  (211)  can  be  foiuid 
frotn  the  A^B.  {I'vna} ;  or  from  [Itn]  and  [o/],  after  the  symbol  of/  has  been 
dvtcnninod. 

It  will  be  noticed  that,  by  the  assumptions  mndD^  the  inconspicuous 
UcKB  w,  «,  p  and  o,  all  mevt  the  axes  at  the  distances  OJ,  0/i,  and  0C\  in 
Uic  diflftront  octants.  We  might  therofure  have  begmi  by  jissuming  m  to 
be  the  {larometral  face  (111).  The  student,  by  paying  attention  to  the 
■ooeii,  abown  in  Figs.  120  and  121,  will  have  no  difficulty  in  finding  the 
hxtioes  of  the  remaining  faces,  when  those  of  J\  J/,  A  and  m,  are  nssumed  ; 
aad  in  proving  that  they  are  the  aanje  as  those  already  given. 

The  axial  points  are  not  often  shown  on  stereogruma.  In  the  present 
cane,  -V  is  at  the  cross  which  gives  the  pole  uf  [MP^f'],  'A  i.s  at  t)ie  centre 
(A  the  circle  aiul  J"  is  the  pole  (above  the  paper)  of  the  zone-circle  [A/Vl* 


Zom»  i.     We  now  proceed  to  find  the  angle  if  A,  and  the  symbols  of/ 
ukI  c,  from  the  angles  given  in  zone  i. 
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From  A.R.  {ThlM)  we  have 

sin  Th  ,  sin  Mh 
sin  Tl  ~  sin  Ml 


110 

iOlO 

100 

no 

^100 
010 

no 

'no 

sin  7%      sin  (77=69"  30')      .        .    ««.  «^ 

.'.  tanJ(irA-7%)=ten(45*-26'56')tanJ(J/a+7%) 
=tanl8'6'tan58'47'. 
.-.  J(iM-7%)=28'iy, 
4(iM+rA)«68"'47'. 
.-.  3^=87"  6'  and  7%  =  30'  28'. 

In  the  above  solution,  the  main  steps  are  alone  indicated.  The  sfcodnt 
will  find  it  good  practice  to  test  the  accuracy  of  each  step,  and  of  the  M 
result,  by  extracting  the  logarithms. 

Again,  from  the  a.r.  {M/IT]^  we  have 

010 


siniy  .  sin7y_ 
sin  i/Z  ■  sin  77  ~ 


2h 


AiEO 
010 

jllO! 

sin  29'  30*  sin  69"  30' 


I  no 

!iTo 

110 


2A 


— (by  computation) 


sin  58'  4'  sin  88"  4' 

.-.  4A=A+it;  and  A=l,  jt=3. 

The  pole /has  therefore  the  symbol  (130). 
In  a  like  manner,  z  is  found,  from  the  a.r.  {M'zTl\,  to  be  (130). 
Fticet  r  and  v.    Again,  from  the  a.r.  {MreP)  and  the  angles  given  in 
zone  ii,  wo  have 

jOlOl      !001 
sin  Jfe     sinPc     1021     .  1 021 


sinJtfr  '  sinPr      'OlO 
t      sin  43'  11' sin  67°  41 


001 
Okl 


1  .    -2 

I  •    -k 


2/' 


=  3  (by  computation). 


'  •   21      sin  18"  9' sin  42' 39' 

.-.  ^=6,  /=!  ;  and  r  is  (061). 

From  the  angles  given  in  zone  iii,  the  student  can,  by  taking  the 
A.R.  {I'vTia}  and  following  the  steps  given  in  the  preceding  cases,  prove  r  to 
be  (241). 

The  symbols  of  all  the  faces  have  been  now  determined.  It  remains 
to  determine  the  angles  between  the  axes,  and  the  ratios  a  :  6,  c:h. 
These  being  known  the  crystals  can  be  drawn  by  the  method  described  for 
the  simpler  crystal  in  Chap,  vii.  Art.  5. 
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Formul(e  connecting  Gryttai-eUmentt^  indies$  and  anglet. 

18.  Let,  in  Fig.  122,  A,  H,  C  he  the  axial  poles  100,  010.  001, 
kd  X,  y,  J?  the  corresponding  axial 
tfi ;  and  let  G  be  the  parametral 
[tie  (111).  Then  Z,  M,  N,  the  inter- 
tioDit  of  the  zone-circles  [AO]^  [^^']i 
CG\  wiili  the  opposite  axial  zones  [BC\ 
Ca],[Jj5J,  have  the  symbola  (Oil),  (101), 
110),  reepectively.  Let  us  denote  the 
Itm:  BL  by  A  LC  by  /),,  CAf  by  A; 
ifii  by  J?,,  JA"  by  F  and  A^^  by  F^. 
Iheie  angles  will  be  called  the  angular 

mf#  of  an  anorthic  crystal.  It  is  required  to  find  the  relation 
ntveen  them  and  the  linear  eUmenU  a:b  :c  and  the  angles  l>etween 
ibeAxial  planeH. 

The  two  triangles  ABC  and  XYZ  are  polar  triangles  (Art.  6), 
iBd  XE=^XL  =  XC^W.  Similarly,  Y  and  Z  are  at  90"  from 
•* cry  point  in  the  opposite  sides  CA  and  AB^  respectively.  Com- 
pBting  therefore  the  angles  of  the  triangle  ABC  by  the  formula 
Jpring  the  angles  when  the  sides  are  known  (McL.  and  P.  Spher. 
^^,  I,  p.  47),  we  obtain  the  angles  between  the  axes. 

From  the  equations  of  the  normal  (Chap,  rv,  Art.  15),  we  have 
fori  (Oil) 

a  cos  XL     b  cos  YL     c  cos  ZL 


Bat  ^^^  =  90",   .*.  COB  XL  =  Oj  and  the  equations  reduce  to 
icos  TL^ccxisZL (1). 

Draw  the  great  circles  YL,  ZL ;  and  let  them  meet  the  zone- 
ircles  [CA]  and  \AB]  in  X,  y  respectively. 

Then,   yZ  =  90*-/A:   ZL^^O^'-Lv. 

But  every  great  circle  through  the  pole  of  another  meets  the 
tier  at  right  angles.  The  angles  CXL,  BvL  are,  therefore,  both 
^t  angles.  From  Napier's  rules  for  the  relations  between  the 
ifis  and  angles  of  a  rightr«ngled  spherical  triangle  (McL.  and  P. 


Trig,  i,  p.  87),  we  have 
cos  YL  =  sin  LX  -  sin  CL  sin  kCL  =  sin  CL  sin  BCA 


ooe 


ZL 


Bin 


Lv  =  sin  BL  sin  vBL  =  sin  BL  sin  A  BC\ 


:2). 


L.  0. 


U 
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Substituting  in  {!),  we  have 

b  sin  CL  sin  JiCA  =  c  sin  BL  sin  A  BC ; 

b  _  &in  BL  sin  ABC  _  sin  BL  sin  ^il 
c  ~  sin  W  sin  BCA  ~  sin  C£  sin  AB 


(3); 


sinil5C     sin  (7X    .„  -.        j  t>   c.  i       «»  •  ^ox 

since    .     „^  .  =   . — r„  (McL.  and  P.  5pA^.  Tiig.  i,  p.  43). 

sm  BCA     smAB^  '^  -w     •  r       / 

By  drawing  great  circles  through  Z  and  X  to  J/,  we  can  obUul 
similar  right-angled  triangles  having  a  common  vertex  at  Jf ;  an 
can  traiisforni  the  equation  of  the  normal  t-o  M  in  a  similar  mann<ii 

ThuH,  for  it/(l01),  we  have 

acosJTif-ccosJ^-l/' (!•), 

and  cos  XAf  =  sin  CM  sin  BCA .  ) 

L /2*>. 

cos^3/'  =  siii  JifsinCilB  |  ^     ' 

c  _  sin  CM  sin  BCA      sin  CMmn  AB  ^ 

■      a  "  sirwl J/  ^tTCAB  "  iSjA/  ain  /fC ^     '" 

And,  in  an  exactly  similar  manner,  from  the  equation  to  tli 

normal  A'"  (110),  we  have 

a     sin  AN  sin  BC 


h      sin  By  sin  CA 


(»-). 


The  above  equations  enable  us  to  find  the  parametral  ratic 
when  the  angular  elements  D  —  BL,  2>,  =  CL,  &c.,  are  all  kno 

19.     By  the  aid  of  the  equations  established  in  Art,  IB  we  < 
also  find  J),  D^^  dec,  when  a  :  b  '.  c  and  the  angles   between  t| 
axes,  viz.    YZ^  ZX,  and  XY^  are  all  known. 

It  is  nocesaary  to  find,  from  the  known  arcs  YZ^  ZX  and  X 
the  angles  YZX,  ZXY,  and  XYZ  (McL.  and  P.  SpAer,  7V^. 
p.  47).     Then 

AB=  180"  -  YZX,  BG^.  180"  -  ZXY,  and  CA  =  180"  -  XYZ, 

Hence,  taking  (3),  for  instance,  we  have 

ain  J$^     bvinAB 
sin  CL  ~  c  sin  CA ' 

All  the   numbers   on    the   right  side  being  known,  tlie 
of  the  term  can  be  computed,  and  can,  as  in  Chap,  viii.  Art,  l- 
expresses!  by  tan  0.    If  0  is  greater  tJiau  45",  we  invert  the  eqi 
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leding  fui'ther.     But  we  may  suppose  that  BL  is  len 
111 '.  /.,  ttud  that  tf  is,  therefore,  le»B  than  43". 

sin  C'i  -  ain  i?£      1  -  tan  tf  . .  „     . 

Hence,  aa   in   the  aimiJarly  formed  expreaaion  of  Chap,  nn, 
Art  14,  we  have 

XAti\(CL~BL)  =  tan  (45" -tf)  tan  J  (CA  +  BL) (4). 

But  CL^BL^CB  ia  known. 

Hence  the  right  side  of  (4)  can  be  computed,  and  CL  -  BL 
found.     Hence,  CL  and  BL  arc  Iwth  determined. 

If  the  same  process  is  applied  to  (3*)  and  (3**),  we  can  find 
the  remaining  angular  elementH. 

20.  Again,  if  the  right  sides  of  (3),  (3»),  (3»»)  are  multiplied 
leather,  and  also  the  left  sides,  we  have 

6  c  a  _  -     sin  BL  sin  CM  sin  AN  oinCA  sin  A B  sin  BC 
cah~        Bin  CL  sin  A  M  sin  BN  sin  ^  J?  sin  BC  sin  CA  ' 


sin  i>  ain  ^  sin  /* 


Hence,  .     _,     .     _    .     _  - 

sm  1)  am  £,  sin  r 
t  »  I 

We  have  therefore  only  five  independent  elements. 


(6). 


2L  The  chief  problems  of  the  crystallographer  are :  the  deter- 
mination of  the  ftice-symbols  and  elements  of  the  crystal  wlieu  the 
uigles  are  measured ;  or,  from  a  knowledge  of  the  elements  of  the 
eryatftl  and  the  face-indices,  to  determine  the  true  values  of  the 
■Agles.  The  angles  given  in  descriptive  works  are  usually  those 
calculated  from  the  angles  selected  to  give  the  elements.  For  the 
•olation  of  these  problems  the  anharmonic  ratio  of  four  hiutozonal 
iaees  ia  the  relation  of  most  general  applicability,  and  is  one  of 
great  accuracy.  In  order  to  apply  it  to  the  solution  of  the  first 
problem,  the  indices  of  at  least  three  faces  in  the  zone  and  all  the 
angles  muHt  be  known.  Then  the  indices  of  every  other  face  in  the 
xooe  can  be  calculated  by  taking  each  in  tarn  with  the  three  known 


I 


For  the  converse  problem,  we  mu.it  be  satisfied  as  to  the  correct- 
of  the  symbols  of  the  faces  and  of  at  least  two  angles  which 
are  not  together  equal  to  two  right  angles.  If  the  given  angles  are 
adjacent,  we  use  the  transformation  of  the  A.  R.  given  in  Chap,  vril, 
Art.  14.     If  the  two  given  angles  are  not  adjacent,  we  must  employ 


I 


11—2 
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tho  less  convenient  tninsforniation  givon  in  Chap,  viii,  Art.  IS. 
Iii  crystals,  such  as  that  of  anorttiite,  Fig.  120,  having  numerous 
faces,  the  Holution  can  be  carried  out  in  a  systematic  way  so  bb 
to  determine,  by  the  transformation  of  Chap,  viii,  Art.  14,  most 
of  the  angles  from  a  few  known  ones.  Tlie  remaining  angles, 
which  have  to  be  computed^  can  then,  generally,  be  found  by  the 
solution  of  Hpherical  triangles. 

22.  If,  however,  a  face  does  not  lie  in  a  conspicuous  n>ne,  and 
if  the  angles,  which  it  makes  with  two  or  three  known  faces,  can 
alone  be  measured,  the  determination  of  the  sjTnbol  involves  some- 
what laborious  computation,  in  which  oblique-angled  spherical' 
triangles  eater.  We  shall  only  give  the  case,  in  wliiuh  the  angles  i 
between  it  and  two  of  tho  axial  planes  are  known. 

The  position  of  a  pole  P  (hkl)  is  fixed,  if  its  arc-distances  from 
two  of  the  axial  poles  are  known  j  for,  by  the  construction  given 
in  Chap,  vii,  Arts.  19  and  20,  we  can  then  place  it  on  the  pro-! 
jection.  Let  us  suppose  that  the  arcs  HP  and  CP  are  known. 
Produce,  in  Fig.  1*33,  the  zone-circles  [^P]  and  [CP]  to  meet  the 
Opposite  axial  zones  [CA]y  [--< 5]  in  if,  {hOf) 
and  .^j  {/ikO)  respectively.  The  symbols 
of  Afi  and  *V,  are  obtained  by  Weiss's 
zone-law,  for  each  of  them  is  the  inter- 
section of  two  zone-circles. 

Suppose  the  great  circle  £P  to  be 
drawn  and  to  meet  [^C]  in  Aj.  The 
great  circle  XP  is  not  a  zone-circle ;  and 
Xi  is  not  a  pole,  but  is  a  point  at  90' 
from  X  useful  in  the  calculation.     Uence, 

COS  XP=  sin  Pky 

Similarly,  tho  great  circles   VP,  ZP  are  drawn  to  meet  \CA'\ 
\_AB\  in  /i|,  v,,  respectively;  of  which  the  former  is  aloue  slmwri  ti 
the  figure.     Then  cos  KP  =  sin /*/ij ,  and  cos  ^/'  =  sin /*»•,. 

But,  since  X  is  the  pole  of  the  great  circle  [BC\  the 
at  A,  are  right  angles.     Hence,  by  Napier's  rules, 

cos  XT'  =  sin  P\^  =  sin  BP  sin  PBC  =  sin  Ci^  sin  PCB,  \ 
Similarly,  we  have  right  angles  at  /i,  and  f] ; 
and  cos  yp  -  «n  Pfi^  =  sin  CP  sin  PC  A  =  sin  A  P  sin  PAC       "  '^^ 
w»ZP^  sin  T**/,  =  smAP  sin  PAB  =  sin  BP  sin  PBA 


pormuljE  of  computation. 
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But  the  equations  of  the  norma)  P  {hkl)  are 
o  COB  XF     6  coa  7P     coosZP 

h         ~        k         ~        I       

wbetituting  from  (6)  for  cos  XP  and  cos  YP,  we  have 
a  an  C  Pain  PCS     b  sin  CP  sin  PC  A 
A  ~  k  ' 

or  caaoeLling  the  common  factor,  sin  CP, 
amnPCB     bsinPCA 
A         "         k 
By  similar  substitutions  from  (6),  we  have 
banPAC     CRinPAB 


(7); 


k 
evinPBA 


asinPBC 


W 


;  A 

The  rule  of  theae  three  equations  ia  clear  and  simple. 

If  the  elements  uf  the  crystal  are  given,  either  in  terms 
of  a,  6,  c  and  the  axial  angles^  or  as  angular  elements  D^  D^,  iSec, 
Ibe  ratios  A  :  A,  and  k :  I  can  be  found,  provided  that  four  of  the 
utigles  in  the  al)ove  expressious  can  be  calculated.  But  A  BP  and 
A  CP  are  supposed  to  be  known,  and  the  arc  BC  ^  D  +  /?,,  is  also 
known.  Hence  in  the  triangle  BPC  the  three  sides  are  known  and 
the  angles  PCB,  PBC  can  be  (lalculated  (McL.  jvad  P.  iipficr,  Triy- 
I,  p.  47).  But  since  the  elements  are  known,  the  whole  angles 
BCA  and  CBA  can  be  computed  by  the  same  formulie  from  the  arcs 
BCt  CAy  and  AB\  or,  if  the  axial  angles  arc  given,  the  angle 
BCA  ^19^0" -XY,   and    CBA^\m*-ZX. 

Hence,  the  angles  PCA  and  PBA  are  found,  and  four  of  the 
angles  involved  in  (fi)  aw  dot«niiiaed.  The  problem  of  finding  the 
ratios  of  the  indices  is,  therefore,  completely  solved. 

23.     By  the  aid  of  the   reJationa  <3)  of  Art.   18,  tJie  three 
luations   (8)   can    be   thrown    into    fonns    more   convenient    for 
^eompatation  from  the  angular  elementH  : 

ha  sin  PCB     sin  AN  sin  BC  sin  PCB 

ft"  b^nPCA 

kb  sin  PAC 

J'~e  an^P'AB 

/      c  sin  PBA 

I 


sin  BN  sin  CA  sin  PCA  ' 
sin  BL  sin  CA  sin  PA  C 
sin  CL  sin^iff  sin  PAB' 
Bin  CM  Bin  AB  sin  PBA 


a  sin  PBC     sin  A^ff^\n  BC  sin  PBC 
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Further, 

from  the  A.  R.    JjHA'jV,^)  and  from  the  a.  r.  \CMMiA\^  we  cai 
expressions  for  the  ratios  A  -^  A,  and  l^h  which  involve  the 
the  axial  r^nea.    Since  the  ratios  of  the  indices  are  the 
expressions  will  be  equivalent  to  those  given  in  (9). 

From  the  A.  r.  \ANA\B\f  we  have 

100         010 
BJn^A'      an  UN       110 
sin  AA^j     sin  BHi 


from  A.R.  \BLL^C]r 
and  from  A.  B.  [CMMiA  \ 


100 
hkO 
Bin  BL 
sinBLi' 
Bin  CM 


no 


010 
hkO 
Bin  CL 
sinCZ, 
sinilif 


sinC'J^i     Bin  AM^ 


24.     We  can  prove  directly  that  each  of  the  expresaions  (1 
equal  to  the  corresponding  expression  in  (9).     For,  in  the 
BNid  we  have 

Bin  BN^  _  sin  NfiB  ^  ain  PCB 
sin  £C7  "  sin  BNfi  '^  sin  BI^^C  ' 

and  in  the  triangle  AN^C,  we  have 

BmANj  _  sin  ^fiA  _  sin  PC  A  _ 
BinCA  "  sin  AA\C  "^  sin  BNfi ' 

rince  A/^iC  =  \  80*  -  Blf^C, 

Hence,  dividing  the  first  by  the  second,  we  have 

sin  BNi     sin  BG  ain  PCB 


Therefore 
k 


sin  ANi     sin  CA  sin  PC  A 


sin  ilA"  ain  BN^     sin  AJPi sin  BC  ain  PCB 


ain  JSiVsin  A^i     ain  BH  sin  <7jI  sin  PCA  * 

which  is  the  expression  given  in  (9).     The  other  expressions 
proved  to  be  identical  in  an  exactly  similar  manner. 

25.  The  converse  problem  of  finding  AP,  BP  and  CP^ 
the  symbol  {hkl)  of  P  is  known,  is  solved  by  determining  t1 
BL,,  CM^,  A^\,  J:c.,  and  the  angles  PBC,  PBA,  ic. 
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From  equations  (9)  we  have 

HinPCB     h  b  A  KinJ^iV  sin  CA 

By  hypothesis  we  know  either  a,  6,  r,  or  the  equivAlent  angles 
\S^  By,  <&c.  Hence,  the  right  aide  can  be  computed,  and  the 
nxiliary  angle  B  is  determined. 

Then,  b}'  the  transformations  employed  in  adapting  a  ratio  of 
tines  to  logaritlunic  computation  (Chap,  viii.  Art.  14),  we  have 

tan  i  {PCA  -  PCB)  -  tan  (46*  -  tf)  tan  J  {PC A  +  PCB), 

jBut  PCA  +  PCB  -  BCA  is  known,  or  can  be  calculated  from  the 

elements. 

Heia-e,         tau  h  {I'CA  -  PCB)  ^  tan  (45^  -  $)  Uii  J  BCA. 
feUarly.    tan  J  (/^J^-Z^JC)  - ^^(46"  -  0)  Un  J  CViyi,  ^...(U). 

tan  i  {PBC-  PBA)  -  tan  (45°  -  ^t)  tan  J  ABC 
l|n  .        .      i;  c      ^  .sin  CL  sin  AB 


tan^ 


Ac 


/  sin  BL  sin  C^ 
Jsin^i/^sin^C 


tani^i, 


/i  sin  Ci^  sin  ilj9' 

The  angles  0,  ^^  and  ij/  must  be  arranged  bo  that  they  are,  each 
thom,  less  than  45*^.     The  angles  PBC^  PBA,  Ac,  can  then  be  all 
~  ooniputed. 

rbe  arcs  A^i,   BN^  and   the  two  other  similar  pairs  can   l>e 
tpated  by  a  like  process.     For,  from  equations  (10),  we  have 

sin  BN^  _  h  sin  BN 
sin  iliV,     k  itin  AN 

.  \An\{ANy~  BN^  =  tan  (45"  -  ^,)  tan  \AB\\ 
ilarly, 

Un  ^  (J5^x  -  CL^)  =  Un  (45"  -  <^,)  tan  i  BC ; 
tan  \  {GM^  -AM^  =  tan  (46"  - 1^,)  tan  \  CA. 

must  be  taken  that  ^,,  i^,  and  i/ti,  obtained  from  the  mmilar 
ions  to  that  given  in  full  for  ^,,  are  each  ietiH  tlian  45". 
Since  AN^  BL,  CM,  *fec.,  aro.  all  known,  the  angles  i^i,  <^i,  ^i,  can 
be  readily  computed  for  any  values  of  /f,  k,  /,  which  may  be  taken, 
ce,  the  arcs  ^I^V,,  -fiA'',,  BL^,  «!kc.,  can  bo  all  computed. 


(12). 
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26.     The  valuer  of  AF,  RP  and  CP,  are  now  found  as  foUowiu 
From  the  triangle  ACN^  we  have 

^nCIf\BmCAB 
sin  AA\  ~  Bin  FCA ' 

and  we  obtain   similar   relations    from   each  of   the   six   triangli 
into  which  ABC  is  divided  hy  AL^  BM^  and   CN-^.     Hence, 

Bin  AI^  =  sin  BL^  -. — j^~t^  =  sin  CL^  - — =—7= 
sin  PAB  *  Bin  PAC 


^sinPBC  ^amPBA 

su)  PC  A  sin  PCB 

Hence,  ALi^  BM^^  and  CN^  can  be  computed. 

Again,  from  the  triangles  APC  and  PN^A^  we  have 

sinC/*     sin  PAC 

^^nAPC 


(13). 


and 


sin  CA 
sin  PN, 


tXnPAB 


vxnANx     sinAPNt 

But  APC-¥APA\=lSO\ 

:.  zmAPC^MAPJii. 
Hence,  dividing  (14)  by  (15), 

sin  CP      sin  CA  sin  PAC      . 


(14), 
(15). 


Similarly, 


sin  P/^i     sin  A  iV,  sin  PA  B 
sin  AP      sinAB  an  PBA 


sin  PL^     unBl^  sin  PBC 
sin  BP      sin  BC  sin  PCB 


(16). 


sin  PMj     sin  CM]  sin  ^6*^ '    / 

The  values  on  the  right  side  can  be  computed  and  made  eqoftl 
to  tan  0»  tan  *,  tan  *,  respectively. 
Hence, 

tanJ(yiVi-C/')  =  Un(45°-0)tanJCi»r,;  1 

t&ni{PL,-AP)  =  Un{Ab'^^)ia.nkALi;    I (17) 

tan  I  (PM, -BP)  =  U\n  (45*  -  ♦)  tan  J  BM^ .    I 

Hence,  -J/',  Bi\  CP,  PL^,  iSw.,  can  be  computed. 


EXAMPLE  (OLIGOCXASE), 
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27.  RrampU.  To  iUuetrAtti  Uie  applicatioD  of  Bome  of  the  |jrev6diug  for- 
xuuljB,  we  take  the  crjstal  of  oligocUae  d«»orib«d  by  Tom  lUth  {Pogg.  Ann. 
csxxrni,  p.  44U.  I(i6d).  The  forms  obaerred  were:  P  {001},  M  {010|,  /{130}, 
i;ilOJ.  A{100}.  rjjIOJ,  «^130},  y{301l.  rI403},  x{I01J,  *{021|,  n{02ll. 
p  {111},  if  {221},o{lIl},  u{331}.  The  zonal  relations  of  these  forms  &re ahown 
in  the  plan,  Fig.  124,  and  in  the  stereogram,  Fig.  136,  already  flmplojed  io 
tbe  duooBsion  of  the  crystals  of  anorthitc. 

Apparently,  the  most  trustworthy  angles  measured  were  :  —  ?lfP  =  86°82', 
Ji'r  =  61'=-10'.  PT=6d^48',  Ph=84°67'  and  .VussW  13'.  It  is  required  to 
determine  from  these  five  angles  the  parametral  ratios  and  the  angles  between 
the  axes. 

The  oquations  of  the  normal  u  (221)  are : 

aeosXu     &cosyu_ccos^t( 
-a     ~ ~^%~         i      • 

or  taking  X'  and  Y\  the  axial  points  opposite  to  X  and  Y : 

aooaX'u     froos  y'u     cooa^w 


3  3  1 

Bnt  from  equations  |6)  of  Art.  32, 

coa  X  'n  =  sin  M'u  sin  PM  'u  =  sin  i^i  sin  ^  'Pu, 
cos  V''ii=  sin  Pit  AID  h'Pn  —&ix\  h'u  ein  Ph 
COS  Zu^hin  h'u  sin  iV/i'ii  =:ain<VHsin/j 


(18). 


Pu.  \ 


(11»). 


All  the  sides  of  the  two  triangles  A/'Pu,  M'PT  being  known,  we  can  compute 
an  the  angles  by  the  well-known  formula  (Bf  cL.  and  P.  Spher.  Trig,  i,  p.  47) .  The 


kToo 


Fio.  134. 


i 


angles  are:— af'i'ii=57^3a',PJ/'u=8r52'7',  M'aP=91°l&';  TPM'=6Vi5-4\ 
M'TP=  106°  26-6',  TM'P=Ga°  37-4'  =  180=  -  fi. 

.-.    ATP  =  l80°-Af'rP  =  73^a4-4',    A'Jf '»=  laO^-PJtf'u- rir'P  =  34°  sv, 
TPu  =  ll5^24-4*, 

Hence,  from  (18)  and  (13), 

a  _  3cosZb  _  2  smJITu  ain  h'M  'u  _  2^  (ft  Wti  =  W  SO*) 

c       ooaJK'n"  tinJLf'usinpj/'ii   ~ain(PJf'u=81'^62'7')"  '*     '* 
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This  expression  could  have  been  at  once  obUinod  b;  omploying  equaiioiu  (8) 
of  Art.  22. 

But  other  angles  most  be  determined  before  either  of  the  other  parametnl 
ratios  can  be  found.  Now  one  of  the  usefal  properties  of  the  aobarmonic  ratia 
of  four  polefl  in  a  xone-oirole  is  the  fact,  that  the  four  arcs  on  the  circle  can  bs 
replaced  by  the  four  angles  included  between  the  j^reat  circles  which  juin  the 
four  poles  to  any  other  pole  outside  the  sone  (Chap,  rui,  Art.  19).  Heiu3»  thfl 
A.R.{hTM'f\  is  equal  to  that  of  the  four  angles  between  the  zone-cirolei 
joining  each  of  the  poles  to  P.  This  may  be  expressed  symbolically  thns  :— 
A,K.{hTMr\  =  A.H.  [P.hTMT]. 

But  we  know  (he  symbols  of  the  four  poles ;  heaoe 


fL.\kTMr\ 


100 

no 

100 

oio 


no 

lIOl 

lie 

010 


k.n»\P,hTM'l'\=  .    .„„, 
'  '     sinAPAf' 


sin  I'PT 
aurPM' 

But  t'PM'=M'Pu  =  5r  afl",  rPr=  TFu^HB" 34-4'  =  180« - 64='»6'6' ; 

and  kPM*  -  hPTs^  TPM'  =  57"  46-4', 

Henoe, 

stn  hPT  _    BinfPr    _  sin  64°  356' 
rinAPJf  "       ~ 


(31). 


-tan(tf  =  28°7'75'),  by  oomputotion. 


Also. 
Hence, 

and 


asini'PJI/'     2  sin  ST' ay 

-.  tan 4(W*ar' -  W>r)  =  tan  160 5225'  tan  l{hPM'  +  hPT) ; 

.-.  tJUi4(Ai'J/'  +  /iPrj  =  tan28°62-7'-.-tanl6^52-26', 

.-.  i{hPM'  +  hPT}  =  Wn'S\ 

jl(/iPil/'-/iPn  =  28'*52T. 

.-.  7  =  /iP.U'  =  90^4-5'. 

APr=32M9-l',  and  VPu  =  180*- APT- TPus 82°  16-6'. 


<&om  (19)) 


Bin  A'Pu      sin  SS^  16'6' 


sin  Af'Pu       sinSrsy 


c  a 


sin  81=  52*7'  sin  82°  16-6' 


2ain»4°30'    sin  57'' S^ 


Hfc=l,  .'.  a=  '6321,  and  c  =  -5524. 

itnmains  to  caloulaio  FftM'-a,  and  ;iP=(100  aOOI). 

A  gNat  circle  is  drawn  Irom  P  perpendicular  to  the  zone-oircle  [ifT/J  Uni 
meet  it,  eay,  at  Q.  The  right-angled  triangle  TPQ  gives,  by  Napier's  nila«,.| 
rQ=86°5-7\  P<?  =  63°24-»\  and  TPQ^S^IV^'. 

From  these  and  the  known  angles  hPT  and  hTP,  We  find,  from  tbtl 
right-angled  triangle  kPQ,  Ag  =  6='9'.  /iP  =  fi3-^  34-75',  Wg  =  6'^  52'ao',  andi 
i'fcr=93°4'  =  a.   AUo,  A7'=r<^-/i<^  =  39^56-7'iand/i.V'  =  ;ir  +  rjtf'  =  91''3ti-7'. 

The  elements  of  the  crystal  are  therefore : — 

«=yOiJ  =  93^4',  tf  =  i;OA'  =  lHi"23-G',  >  =  Ayr=90"4-6'i 
a:b:es-6321:  1  :  '5524. 
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We  also  know  the  lideB  of  the  triangle  lonned  by  the  axial  poles,  viz. 
UI=88°38-8',  MP=8ePSr,  and  PA=:6B°84-76'.  It  is  therafon  easy,  by  the 
fonnnlB  (8)  and  (4)  to  oabolate  the  *"gnU»  elements  Z>,  D„  E,  B^;  and,  henosi 
the  an^ea  Pe,  Pn,  Pc,  iV.  Ac  The  element  F=hl=hQ  +  Ql,  can  be  found 
from  the  tight-angled  triangle  IPQ,  of  which  the  side  PQ  and  the  angle  IPQ  are 
known.  ¥m  MPQ^lQ0P-TPu-TPQ=:2S'U'^\  The  element  F' is  then 
known. 

Instead  of  using  the  anziliazy  point  Q  and  the  right-angled  triangles  to 
whioh  it  gives  rise,  the  reader  will  find  it  simpler  to  dedaoe  hP  and  AT,  by 
Napier's  Analogies  (HcL.  and  P.  SpHer.  Trig,  i,  p.  118),  from  the  triangle 
PhT,  in  which  we  know  PT»68°48',  kPT=83°19-l'  and  ATP==78°84-V.  The 
remits  ordy  difEer  by  an  insignificant  fraction  of  1'  from  those  given  above. 


CHAPTER  XII. 


THE  OBLIQUE  SYSTEM. 

1.     This  systom  includes  three  classes : 

I.  That  in  which  a  dyad  axis  occurs  alone; 

II.  That  in  which  ft  plane  of  symmetrj'  occurs  alone  ; 

III.  Tliat  in  which  a  dyad  axia,  a  centre  of  symmetry, 
a  plane  of  symmetry  perpendicular  to  the  dyad  axis  are  assodat 
together.     In  Chap,  ix.  Prop.  4,  it  was  established  that  a  ceni 
Hyniuietrical  crystal,  having  a  dyad  axis  or  a  plane  of  symmetry^ 
must  have  the  third  element  which  also  occurs  in  class  III. 

From  Chap,  ix,  Props.  1,  2  and  3,  it  follows  that,  in  crystals 
all  three  classes,  there  is  one  plane  wliich  is  parallel  to  a  possible 
face  and  perpendicular  to  a  possible  zone-axis.     In  closnes  IT  ani 
III  this  plane  is  a  plane  of  synmietry,  the  normal  to  which  is 
possible  Kone-axLs.     In  classes   I   and  III  the  Kone-axis  is  a  d] 
axis,  and  is,  therefore,  perpendicular  to  a  possible  face. 


2.  Hence,  in  the  possible  face  just  mentioned  there  are  a  num 
of  possible  ©dges  which  are  all  perpendicular  \<i  the  zone-axis,  but  are 
not  necessarily,  and  indeed  only  very  exceptionally,  at  90°  to  one 
another.  The  prominent  zone-axis,  which  is  either  a  dyad  axis 
the  normal  to  a  plane  of  symmetiy,  will  in  all  cases  be  taken  as  thfl 
axis  of  Y.  As  the  axes  of  JC  and  Z,  it  is  most  convenient  to  take 
lines  parallel  to  a  pair  of  edge«  at  right  angles  to  OY.  Any  pail 
will  do,  but  for  the  sake  of  siuiplicity  in  the  symbols,  the  most 
conspicuous  zone-axes  are  usually  taken  ;  and  the  positive  directioni 
are  taken  to  include  the  obtuse  angle.  The  choice  being  arbitrary, 
the  angle  between  these  axes  is  an  element  of  the  crystal  which 
must  be  specified.     The   acute  angle  XOZ  is   denoted   by   y3  in 
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^Htak  Mirteralot/y  &nd  in  Hmtze's  MititralotjUy  wliUst  the  same 
^^^  is  used  in  Groth's  Zeilschr.  f.  Kryat.  u.  J/tn.  to  denote 
■DC  obtuse  angle  XO^.     We  nhall   take  ^  to  be  the  acute  angle 

xoz. 

Any  face  of  the  crystal  meeting  the  axes  at  finite  distances  from 
the  origin  may  be  taken  to  determine  the  parameters  a  :  6  :  c. 
Hence,  the  elements  of  the  crystal  are  : 

XOY^YOZ^^0\  XpZ^fi;  and  a  :  6  :  c. 

Bat^  in  general^  only  those  elements  which  vary  with  the  substance 
are  given ;  the  constant  eleiucntu  being  known  from  the  Hystem. 
Thus,  in  oblique  crystal  the  angle  p  and  the  parameters  are 
those  which  have  to  be  specialty  given  in  the  description. 

3.  The  parameters  a  ih  i  c  may  have  any  values,  and  arc  not, 
ofi  a  rule,  iu  any  simple  ratios  to  one  another.  Their  values  may, 
by  the  aid  of  the  equations  of  the  normal  (Chap,  iv.  Art.  15),  be 
determined  from  any  face  meeting  all  tlir<;c  axes  at  finite  distances 
from  the  origin.  It  may,  occasionally,  happen  tluit  different 
crystallographers  adopt  different  edges  for  X  and  -3",  and  also  a 
different  parametral  face.  A  difference  in  the  stated  value  of  ^, 
or  in  the  indices  ascribed  to  faces  inclined  to  one  another  at  the 
same  angles,  will  show  the  reader  whether  the  same  axes  and  para- 
meters are  used  or  not. 

I.     Hemimorphic  cla$8 ;  a{hkl\, 

4.  Crystals  of  this  class  possess  a  single  dyad  axis  and  no  other 
clement  of  symmetry.  Tlie  faces  occur  in  pairs  which  change  jjlaces 
on  rotation  through  180°  about  the  dyad  axis,  except  in  the  single  case 
in  which  the  face  is  perpendicular  to  the  axis.  We  know  that  the 
dyad  axis  is  perpendicular  to  a  possible  face  (Chap,  ix,  Prop.  3),  the 
position  of  which  remains  the  same  when  the  crystal  is  ixitated 
about  the  axis.     This  face  constitutes  the  form  called  a  pedion. 

The  dyad  axis  being  a  possible  zone-Hxis,  faces  parallel  to  it 
are  possible.     Tlie  pair  of  such  interchangeable  faces  are  ))arallel 
and  constitute  a  pinakoid.     Such  forma  appear  to  show  a  centre  of 
mmetry,  which  will  not  be  the  caj^e  with  other  forms. 

5.  We  shall  throughout,  in  each  class  and  system,  use  the  term 
apeeuU  fontu  to  indicate  forms,  the  faces  of  which  are  parallel 
to  phuiBs  or  axes  of  symmetry,  or  arc  perpendicular  t(j  thpiii,  or 
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ar©  related  to  the  elemenU  of  symmetry  in  such  a  way  «« 
rise  to  a  peculiarity  of  figure  diHtinguiflhing  the  forms  froc 
of  the  general  case.  We  shall  speak  of  the  general  form 
we  wish  to  emphasize  the  fact  that  the  faces  liave  no  exo( 
relation  to  the  elements  of  symmetry,  but  occupy  any 
position.  The  general  form  may  be  said  to  have  the  chanu 
configuration  belonging  to  the  class.  h 

6.  The  genera!  form  of  this  clasfi  consists  of  two  incluM 
which  intersect  in  an  edge  per- 
pendicular to  the  dyad  axis.  Such 
a  form  is  represented  by  the  two 
faces  of  Fig.  126,  in  which,  how- 
ever, the  dyad  axis  is  placed  ver- 
tically. By  transposing  the  figure, 
we  may  suppose  tlie  faces  to  1» 
brought  into  a  position  represented 
by  Fig.  127,  in  which  the  dyad 
axis — ^now  taken  to  be  OY-'xa  perpendicular  to  the  pap 
meets  the  edge  EF  (represented  by  a  continuous  line)  at  a  ( 
h^k  from  the  origin :  the  axes  of  X  and  Z 
lie  in  the  paper,  and  meet  the  faces  at  the 
points  //",  U^  and  /i,  Z^,  respectively — the 
traces  of  the  faces  being  given  by  the  discon- 
tinuous Lines.  Hence,  if  OH^-OH=a~h, 
and  OL  ^  -  OL,  =  0^1^  the  two  faces  have  the 
symbols  (hki),  (hkl),  respectively.  For  it  is 
clear  that  a  rotation  through  180*"  about  the 
pei*pendicular  to  the  paper,  O  T,  interchanges 
equal  lengths  on  A"'X ,  measured  on  opposite 
sides  of  0 ;  and,  likewise,  equal  positive  and 
negative  lengths  on  ^J?^.  The  form  a{hki\  consists,  there 
the  faces  hkij  hkl. 

7.  The  special  forms  are  :  (1)  pediona,  (2)  pinakoids. 
7.     The  pedion  is  either  (010)  or  (010),  according  &s  i 

the  axis  of  Y  on  the  positive,  or  negative,  side  of  the  origin, 
are  possible,  for  they  are  parallel  to  two  zone-axes  OX  a: 
but  the  presence  of  one  does  not  involve  that  of  tlM 
Owing  to  the  geometrical  relation  between  them,  they  ar 
complementary  pedionR, 
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S,     The  pinakoid  J/iO/J  consists  of  the  two  faces  AO/  and  JiOl; 
faces  being  parallel   to  one  another  and   to  the  dyad  axis, 
icolar  cases  of  the  pinakoid,  such  as  {100}  and  jOOIj,  differ  in 
BO  essential  respect  from  {AO^j  :  they  only  indicate  the  pairs  which 
kve  been  selected  to  give  the  axes  of  ^  and  A'. 

8.  The  crystals  have  a  different  facial  development  at  opposite 
ends  of  the  dyad  axis,  which  is  one  of  uniterminal  symmetry.  Such 
axes  are  also  called  polar  ur  Kemimorphic.  We  shall  use  the  latter 
word  to  denote  this  cIoks  of  the  systom  (G  roth's  spfienoirlal  class). 

The  crystals  belonging  to  this  class,  which  have  been  examined, 
lave  been  found  to  manifest,  during  change  of  temperature,  opposite 
electri6cations  at  the  two  ends  of  the  dyad  axis,  which  is  then 
called  a  pyro-electric  axis  ;  and  tliis  character  may  be  expected  to 
di-^ftinguish  all  crystals  of  the  class.  It  is  found  that,  at  one  end, 
positive  electrification  is  manifested  with  rise  of  temperature  and 
negative  electrification  with  fall  of  temperature.  Thiw  end  is  known 
as  the  analogous  pole.  The  opposite  end  is  called  the  antiUxjou^ 
poUi ;  and  is  that,  at  which  positive  electrification  ia  manifesteti 
whilst  the  temperature  is  falling,  and  negative  electrification  as 
the  temperature  rises.  By  carefully  dusting  the  crystal  with  a 
mixture  of  red  lead  and  flowers  of  sulphur,  forced  through  a  very 
fine  gauze,  the  different  electrification  is  rendered  very  manifest. 
In  passing  thi-ough  the  gauze,  the  red  lead  Incomes  positively 
electrified,  the  sulphur  negatively  electrified.  Hence,  as  the  mix- 
ture falls  on  the  electrified  crystal,  the  it-d  lead  is  attracted  to  the 
one  pole,  and  the  sulphur  to  the  oppo.site  pole.  If,  as  is  geuerallj' 
the  case,  the  electrification  is  examined  whilst  the  crystal  is  cooling, 
the  red  lead  is  attracted  to  the  neighlxmrhood  of  the  analogous  pole 
^whilst  the  pale  yellow  sulphur  is  attracted  to  the  antilogous  polo. 
Solutions  of  crystals  of  organic  substance.4  of  this  class,  also, 
vtate  the  plane  of  polarization  of  a  1>eam  of  light ;  and  it  is  found 
lat  solutions  of  opposite  rotation  can  be  obtained  from  crystals 
formed  of  the  same  chemical  constituents  combined  in  the  same 
proportions.  Thus,  crystals  of  tartaric  acid  (04^1^0^),  Fig.  128, 
an  be  obtained,  showing  the  forms:  rjOOlj,  rjlOlj,  «(100(, 
{10T(,  m  =  a{1101,  g-ajOll),  and  m,  =  a  jllO}.  In  these 
Is  the  analogous  pole  is  at  the  end  of  the  horizontal  dyad 
kxia  to  tlie  left  at  which  the  pair  of  faces  m;  occur  alone, 
and  the  antilogous  pole  at  the  end  where  both  the  forms  m  and 
occur  on  the    right.     A   nolution    of   such   crystals   rotates  the 
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2.0.  with  the  hands  o 

'llie  cryRtAU  may  Ije  desciib 


plane  of  polarisation  to  the  right, 

un  observer  receiving  the  liglit.  

thoKe  of  dextro-tartaric  acid.  ^H 

Crystals  of  tartaric  acid  having  the  same  general  appearnH 
in  which  the  development  at  the  ends  of  the  dyad  axis  is  reversed 
be  obtained.  Their  solution  rotates  the 
plane  of  polarisation  to  the  left,  i.e.  against 
the  hands  of  a  watch  to  an  observer  re- 
ceiving the  light ;  and,  for  equal  fiatha 
traversed  in  solutions  of  equal  strength,  the 
amount  of  rotation  produced  is  the  saiup  for 
ci^stals  of  Vn^tli  kinds.  Tlic  forma  e,  rj  a 
and  X,  are  developed  as  before,  but  on  the 
right  the  faces  m  =  a  (110)  occur  alone; 
and  this  end  of  the  dyad  axis  is  the  analogous  pole.  The  an 
pole  is  on  the  left,  where  the  faces  m^  ^  a  (lIOj  and  v,  -  *^  l^^M  ' 
together.  Were  a  crystal  of  this  latter  type  placed  with  the 
c,  r,  a,  X  all  parallel  to  those  of  the  one  shown  in  Fig.  IS 
would  be  seen  to  be  its  reciprowil  reflexion.  Hence,  the 
of  dextro-  and  of  Icevotortaric  acid  are  enantiotnorph 
two  bodies  and  [MiirH  of  similarly  correlate<l  organic 
which  give  dextro-  and  lievo-gyral  solutions,  are  called 

The  elements,  and  optical  characters,  of  the  crystals  are  the 
whether  their  solutions  rotate  the  plane  of  polarisation 
or  to  the  left.     The  elements  are : 


1     X'Ig.      1^ 

.%  the  ffi] 
phoufl^l 

6U^H 


/3  =  79^43';  a  :b  :c=  1-2747  :  1  :  10266. 

The   plane  of  the  optic  axes  contains  the  dyad 
coincides  with  the  obtuse  bisectrix.     The  acute   biRectrix 
the  acute  angle  ZOX^^  and   makes  with  02  an  angle  of 
for  red  light,  and  of  72^  10'  for  blue  light. 


I 


i 
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9.    Fig.  129  representa  a  crystal  of  cane-sugar  (Cj^H^Oti^)  harin 
forms:  a  {100},  c{001},  r{10T),  OT=a{UO}, 
i«,  =  a{lIO},  j,=a{OTl),  o  =  a  {ill}. 

i8=76'  31';  a  :  fr  :  c=l'269  :  1  :  '878. 

Tho  corro8ion-6guro8  on  m  and  w,  are 
difl'ercnt ;  and  tho  antilogous  pole  is  situated 
at  the  end  of  the  dynd  axis  at  which  the 
facoi  y,  Y,,  and  »w,,  are  develoijed. 


a 

100 


o.A.  II  XOZ\  Bx^t\OZ=  +67-7&'.     The 
angle  of  the  optic  axes  varies  considerably 
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^AO{p6  of  temperature  ;  ami,  likewiAe^  the  positintis  of  the  biHOc- 
trioea.  Des  Cloizeaux  found  thfit  with  red  light  Bx,  woh  displaced  through 
an  apparent  auglo  in  air  of  T  3fi'  between  17"  and  121'  C.  The  aolution 
rotates  the  plane  of  polarization  to  the  right. 

Fig.  130  represents  a  crj-stHl  of  quercite  (CflHijOJ  with  the  forma ; 
ct001},r[10!},  rn=atl10).  m,  =  a{lTO),  y  =  a{011J. 

0^09"  bCT;  a:b  :  c«-7936  :  1  :  *7633. 

0-4. 1  JOZ:  Bx,  A  02^  - 1  r  4^  (lithium  flame), 
=  -  U'  22'  (thallium  flame). 

Deft  Cloizeaux  gives  2E  =  55'  3(y  (red  light), 
W  25'  (blue  light),  at  19"  C.  With  rise  of  temiwra- 
tUR  the  angle  diminiahefi  rapidly ;  and  at  121°  C. 
S£=3r  12' (red  light).  The  acute  bisectrix  undor- 
foes  an  apparent  displacement  of  V  Sti'  between 
the  tame  tem()eratures. 
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II.     Gonioid  class;  k  \hkl\. 

10  The  crystals  of  this  clasK  have  a  single  plane  of  symmetry  2 
■Dd  no  other  elfiment  of  synim*?try.  The  jilane  2  must  be  parallel 
Wt  possible  ^es,  which  form  a  pinakoid.  It  ia  also  perpendicular 
to  a  poesible  zone-axis  which  is  taken  to  be  the  axis  OY.  Henoe, 
wfc  get  a  aeriwi  of  poBsible  faces  all  perpendicular  to  2,  which  are 
DMecwrily  divided  symmetrically  by  it,  and  constitute  special  forms 
which  are  pe^lions.  Two  of  these  pedions  are  s(*Iected  to  give  the 
Kial  planes  XOY,  ZOY;  and  have  therefore  the  symljols  «(001j, 
k',100<,  and  the  angle  between  them  p  is  the  angle  XpZ.  Any 
other    (ledion    will    bo    « {AO/J,    and   consista    of    the    single    face 

Km. 

The  special   form   {010}   in  a   pinakoid   consisting  of  the  faces 
110),  (UIO)  parallel  to  2. 

II     Any  other  face  {}ikT)  is  repeated  in  a  like  face  over  2  in 

a  manner  that,  if  both  are  equally  distant  from  the  oiigin — a 

in   2 — the   line  of  intersection   lies   in   2.     The   plane   of 

UQfiiry  aUo  btnects  the  angle  between  them.    The  faces,  therefore, 

the  axis  of  Y  at  equal  distances  on  oppr>»ite  sides  of  the  origin. 

the  form  k  |AA^)  consists  of  the  faces  {hkl)^  {hkl) ;  and  ia  a 

^ml  form  with  inclined  faces.     Tlie  claa^  will  therefore  be 

•^  the  yonimd  class,  from  ytuiia,  an  angle:  it  is  also  known  as 

"**  ^tiArtrfra/,  cHnohedral,  or  domatict  claas. 

t.c.  12 
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12,    Crj'»tal«  »f  potawium  tetmthionAte  (K^fl^\  Fig.  131,  b^ong 
this  olaas.    The  elcmente  are  :  ^  =  7S'  44' ; 

a  :&:c=-93:  1  :  1-2^. 
The   forms   are  :    a  =  «  {100},   o,  ^ «  {100}^^  c=k  (001), 
m-it{llO},  m'  =  itniOj,  q^K{OUU  o-it  {111),  v*«  [133}. 

The  optic  axeo  lie  in  the  plane  Z,  and  one  optic  axis  ia 
inclined  at  a  Biuall  angle  to  the  normal  (lOu). 

The  faces  of  the  compIemeDtary  forms  m  and  *«' 
should  show  difterences  in  the  corrosion-figures  and  rtlst< 
\u  the  electrification  during  change  of  temjMsraturD. 

Hydrogen  triaotlic  hyiH>phosphato  (HNagFjO^-UHjO) 
has,  also,  been  placed  in  this  class  (see  Art  31).  Fio.  ISl. 

The  cr>-8tala  of  clinohedrite,  (ZnOH )  (CaOH )  SiO^,  have  Iiecn  shown 
Messrs.  Ponfield  and  Foote  {Am.  Jour,  o/Sd.  [iv]  v,  p.  289,  1808)  to  belong 
this  class ;  and  to  have  the  olcmonttj :  |3— 76°  4' ;  a  ;  6  :  c=-6826  :  1  :  *32S 
The  crystals  bhow  uumerouH  forms ;  and  have  a  jrerfect  cloavage  p&ta]] 
to  (010).     o.A.iOlO,  BxaA0Z=-<^2\     The  crystals  are  pyro-eleoirio , 
and  as  they  cool,  the  jwrtions  in  the  neighbonrhood  of  «  {111},  k  {101} 
po«itively  electrified,  whilst  those  in  the  neighbourhood  of  « {131},  r  (TjI 
and  «t  {TOT|  are  negatively  clecti*ified. 


TIT.     Plinthoid  efaas  :   \hkl\, 

13.  Tn  crystal8  of  this  claRS  the  three  nlements  of  symmcti 
which  occurred  singly  in  the  two  preceding 
classes  and  in  the  piiiakoidal  class  of  the 
anorthic  83'steni,  are  associated  together ; 
vir.  a  centre  of  symmetry,  a  platie  of 
symmetry  2,  and  a  dyad  axis  8  perpen- 
dicular to  2.  The  class  will  be  called 
the  plinihoid  (prisviaticy  hoJofiedral)  class^ 
from  irXiV6'o;,  u  brick. 


m- 


-s- 


il 


14.     The  general  form  consiftts  of  four  Kio.  I82. 

tautossonal  fiices,  as  shown   by  the  faces 
of  Fig.    132,  which  are  perpendicular  to  POP,  and  PfiP^. 
four   faces   are   divided    into   pairs  in    three   ways: — (1)   pairs 
parallel  faces,  (2)  pairs  which  are  metastrophic  (p.   18),  i.e,  in 
changeable   on    rotation   through    180'   alwut   S.  (3)   pairs 
are  antistrophic  (p.   21),  and  are  reciprocal  reflexions  with  r*'ip*«1 
to  2.     The  edges  nf   intersection  are  all  parallel   to  2,  and 
pendicular  to  5. 
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15.     The  special  fonns  are  piniikoids ;    {2)   the   faces   of  one 
■pvnakoid  being  parallel  to  2 ;   (3)  those  of  the  others  being  per- 
tK-wlicular  to  2  and  parallel  to  the  dyad  axis.     Of  these  latter 
I  pin&koids  there  may  be  several  on  one  and  the  same  crystal 


16. 


The  axes  are  related  to  one  another  as  in  the  two  pre- 
c'lasses;    viz.   OY  coincident  with  the  dyad  axis,  and  pur- 


lieu Ur  to  the  axes  OJC  and  OZ  which  lie  in  2  at  an  angle  p 
one  another.  This  relation  is  not  affected  by  the  fact  that 
jlnd  2  are  now  both  elementa  of  symmetry.  The  symhols  of  the 
of  faces  interchangeable  by  mtjition  nlxtut  the  axis  OT  are 
connected  by  the  same  rule  as  was  established  in  Art.  6,  for  the 
{Mini  of  metastrophic  faces  of  class  I.  Hence,  if  {^Jcl)  is  one  face, 
(w)  is  the  symbol  of  the  associated  face.  Since  the  crystal  is 
Mntro-symuietrical,  this  pair  is  astiociate<i  with  a  pair  of  faces, 
(W)  and  (AAO,  each  parallel  to  one  of  the  first  pair.  This  second 
fair  obeys  the  rule  for  the  change  of  signs  of  a  pair  of  faces  meta- 
rtrophic  about  0  Y.  The  four  faces  can  be  divided  into  two  pairs — 
(W/),  (/(X/)  and  (AX:/),  (hM) — which  obey  the  rale  connecting  pairs 
rf  faces  symmetrical  with  respect  to  the  plane  XOZ.  Hence,  no 
other  faces  are  asHOciated  together;  and  the  form  \kkf.\  consists 
of  the  faces :  ^iJcl^  fJd^  IJci^  hkl.  It  constitutes  what  is  called  an 
<>?«  form,  for  it  does  not  by  itself  enclose  a  finite  portion  of  space. 
Jfo  completely  developed  crystal  of  the  oblique  system  con,  therefore, 
eomrist  of  a  single  form. 

P    17.     If   the  face  through  HL  of   Fig.   127  is  parallel  to  OY, 
it  is  perpendicular  to  the  paper  and  the  two  faces  through  //X, 
'Ji  opposite  sides  of   the   plane   of  symmetry,  become   coincident. 
Henoe,  we  have  only  the  two  parallel  faces  (AO/}  and  (AOZ)  tli  rough 
^^and  II L^.     They  constitute  the  pmakoid  \hOi\.     The  particular 
**>e,  obtained  by  drawing  planes  through  H  and  //,  parallel  to  OZ, 
gives  the  pinakoid  [lOOJ  with  faces  (100)  and  (TOO),     Similarly,  by 
t^wiag  faces  through  L  and  L^  parallel   to  OX  we  obtain  the 
finokoid  (001}  with  faces  (001)  and  (001).     These  particular  cases 
only  differ  from  the  pinakoid  JAO/},  inasmuch  as  they  are  selected  to 
give  the  directions  of  Z  and  A',  respectively.     UsualJy  the  most 
Conspicuous  faces  in  the  zone  [010]  are  taken  for  the  purpose ;  but 
tJiis  selection  is  often  modified  by  other  characters  of  particular  sub- 
stances.    Thus,  in  amphibole,  and  also  in  orthoclase,  the  face  (100) 
is  ahflent  or  inconspicuous.     But  in  each  of  these  substances  a  very 
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conspicuous    form    occurs    to    which    cryHtallDgraphera    assign 
symbol  {llOJ ;  ajid  the  faces  of  the  forms  thuH  place<l  in  a  vertical 
position,  and  called  prianiHt  aro  inclined  to  one  another  at  angles  ol 
55*49'  and  61"  13'.  respectively. 

The  reuaining  pinakoid  {010}  has  ita  faces  parallel  to  2*  an 
includes  the  faces  (010),  (010). 


i 


18.  The  general  relations  of  the  axes  and  parameters  are  the 
same  for  all  three  classes  of  the  system,  and  in  each  of  them  the, 
angle  /9  and  the  parametral  ratios  a  :  b  :  c  vary  with  the  Kubslanoe. 
The  form  o  {hkt\  of  class  I  is  geometrically  connected  with  the  forii 
\hkl\  of  class  III,  inasmuch  as  the  latter  may  l>e  regarded  as  madej 
up  of  the  pair  of  faces  in  tlie  former  and  the  pnir  of  faces  {.Hirallel  toJ 
them.    Thus,  a  {fikl}  consistH  of  the  pair  of  faces  (fM)  and  (hkl)  which 
lie  on  one  side  of  the  plane  XOZ.     Taking  with  them  the  parallel] 
faces  (hkl)  {hid)  a  four-faced  figure  is  obtained  which  is  geometrically  | 
the  same  as  [hkl\  of  class  TIT.     But^  wlien  the  cr}'8tal  belongs  to] 
class  I,  the  second  pair  of  faces  constitute  a  form  a  \hH\t  the  facrsi 
of  which  have  a  different  physical  character  from  those  of  a  |/wW| 
and  the  two  forms  do  not  nec«*w«irily  occur  together.    Tl»e  two  formi 
a  |AA/},  a  \hkl\,  are  known  as  complr me ntary  forms  \  but,  in  using  thi«] 
terra,  the  student  mu^t  understand  that  it  implies  no  more  t!ian  th«| 
geometrical  relntion  given  alwve. 

ijimilarly,  the  form  k  [hJcl\  of  class  11  consists  of   the  pair 
faces  (hH),  {iJct)  symmetrically  situated  with  respect  to  the  ph 
XOZy  which  is  now  a  plane  of  symmetry.      By  taking  tlie  paralli 
faces,  we  get  a  cotnplementary  form  k  \hhl\  which  consist*,  of  {hi 
(hkt).     The«e  two  complementary  forms  make  up  a  four-faced  6gui 
geometrically  identical  with  lhkl\  of  class  HI. 

Similar  geometrical   relations   are   found   t'O  connect   forms 
different  classes  in  each  of  the  other  systems.     The  form  of  the  cti 
of  greatest  symmetry  was  said  to  be  holohedral ;  those  of  the 
classes  being  stated  to  bo  hemihedral  when  the  number  of  faces* 
one-half  of  that  in  the  holohedral  class,  and  tetartohedral  when 
number  was  one-fourth.     As  this  mode  of  expression  is  still  used 
descriptive  works,  we  shall  in  all  cases  indicate  the  classes  which  wf 
regarded  as  holohedral,  and  give  the  corresponding  name  for 
classes  having  merohedral  forms. 

19.  The  reader  should  notice  that  the  special  form  {A0/| 
the  ^mo   pair  of  faces,   and    the  same  development,   whi 
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to  a  crj'Btal  of  class  I  or  cla&s  TFT ;  aiirl  similarly,  that 
10)  fans  the  same  development,  whether  the  crystal  belong  to 
II  or  class  III.  Hence  it  may  not  always  be  possible  to 
ifttin^puab  from  the  development  of  the  crystAl-forms  the  class  to 
hich  a  crystal  really  belongs,  and  physical  considerations,  such  as 
khoie  of  pyro-electricity,  the  corrosion  of  fac-e-s  by  solvents,  &c., 
iBaybe  needed  to  determine  the  class  and  even  the  system. 

30.  This  class  includes  the  crystals  of  many  of  the  most  common 
ODitftitucuts  of  rooks: 

PTToiene,  (Ca,  Mg,  Fe)  SiO,,  and  (Ca,  Mg,  Fe)  SiO, + jjAIjOj.  The  forms 
ibumi  ill  Fig.  133  are:  a  {100},  lf{OiO},  c{001},  m  (110),  p{\0\],  u{\U\ 
lad  w {221}.     The  elements  are:  3=74' IC;   a  :  6  :  0=1-0921  :  1  :  '5893. 

Amphibole,  with  comptviition  similar  Ut  that  of  pyroxene,  Fig.  134. 
Bemente:  /3  =  76'  2' ;  a  :  6  :  (r=-63ia  :  1  :  ■2936. 

Orthoclue,  KAlSisOg,  aeo  Art.  29. 

Epidote,  HCa,(Al,  FeJaSijOis,  see  Art  30. 
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including  the  s^iecios  biotite,  muacovite,  &c.,  and  also  the  allied 
intouite  and   chlorite    grouiw.    Several  aeolites :— heulandito,  stilbite, 

rme,  &C. 

Oypmm,  CaSO^ .  2H  ,0  ;  see  Art  28. 

The  <AaaB  also  iucludea  a  very  largo  number  of  artificial  salts  :  e.ff. 
Na^BfO;.  lOH^O ;  ferrous  sulphfite,  KoSO^.TlijO;  sodium  car- 
ite — the  8t)da  of  commerce — Na^OOj, .  lfiH.,0. 


MetiiotU  of  caltidaiion. 

Since  a  similar  arrangement  of  axes  ia  taken  in  the  three 
and  since  the  general  and  special  foi-rns  of  classes  I  and  1 1  unly 
fpr  from  those  of  class  III,  ina.snmch  as  those  of  the  two  former, 
the  most  part,  include  unly  one-half  of  the  faces  in  the  latter, 
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it  foIIowH  that  the  analytical  formulae  involved  in  the  deteraiiuation 
of  the  face-symbols,  parameters,  and  angles  of  cryBtoJs  of  aU  three 
classes  will  be  the  same.  They  may,  indeed,  be  easily  deduced  from 
the  corresi>onding  furmulie  given  in  the  preceding  Chapter  by  making 
XOy=  YOZ^  W .  The  angular  elements  employed  in  the  anorthic 
system  would  be  modified  accordingly,  since  BL=D -^0" '-CLt  oad 
AN^F^^O^-BN.     Further,  E  +  E^^p  =  XpZ. 

We  can,  however,  easily  obtain  formulaj  which  connect  fi  and 
the  ratiofl  a  :  b  :  c  with  the  angles  between  the  axial  and  other 
faces  without  reference  to  those  of  the  anorthic  system. 


22.  In  a  stereogram  of  an  oblique  crystal,  such  as  Fig.  I35| 
the  plane  of  symmetry  will  always  be  taken  as  that  of  the  primitive, 
and  the  axis  01'  is  therefore  perpendicular  to  the  paper.  The  axial 
point  Fand  the  pole  i3(010)  are  Irnth  projected  in  the  centre,  and'l 
all  zone-circles  through  B  will  be  projected  in  diameters  of  the 
primitive.  OZ  is  the  vertical  line  in  the  paper,  and  is  the  aone-axis 
of  the  zone-circle  which  is  projected  in  the  horizontal  diameter  ■ 
[rfl«i5].  An  arc  p  is  nieasiired  on  the  primitive  to  the  right  from  Z 
and  givtw  the  negative  extremity  X^  of  the  axis  XOX.  This  axis 
is  perpendicular  to  the  zone-circle  projected  in  the  diameter  [CZ5J 
Then.4(7  =  <)0  -C^=^jr,  =  ;3.  The 
pole  A  is  (lOD),  and  C  is  (001). 

To  select  any  other  way  of  pro- 
jecting the  axial  points  and  poles 
gives  much  unnecessary  trouble.  If, 
for  instance,  the  prism-zone  [/Ihi/?]  is 
placed  in  the  primitive  and  B  at  the 
right  extremity  of  the  horizontal 
diameter,  the  centre  is  the  axial 
point  Z  and  is  not  the  pole  of  a 
possible  face.  We  then  have  to 
determine  the  positions  of  poles  by 
the  more  cumbrous  methods  era- 
ployed  in  projecting  anorthic  crystals;  and  several  of  the  moei< 
important  zone^irdea  have  radii  of  inconvenient  length. 

In  order  to  compare  a  ntereogram,  like  Fig.  135,  with  the 
drawing  of  a  cr3rstal  made  in  the  usual  way,  Fig.  HO,  we  necnl  only 
suppose  the  drawing  to  1)g  turned  through  OC  about  the  vertical 
axis,  until  the  plane  XOZ  of  tliu  drawing  comes  into  the  paper  and 
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iivc  OX  is  dirocted  towurds  the  loft.     The  positive  direction 
OF  is  then  directed  towards  the  front. 


23.  Suppose  I  of  Fig.  135  to  be  the  polp  of  the  parametral  face 
(111 ) — for  the  sake  of  brevity,  such  a  pole  may  be  called  the 
parametral  pole  (111) — and  let  the  zone-cii-cles  [^/^]i  [BIN\  [C/m] 
be  drawn  to  meet  the  axial  eones  [^C],  \P^^  ^^^  [-^^]  ^^  ^^^  poles 

ELifiW),  N{\0\)  and  wi(llO),  respectively. 
^      Ijet  P  bo  the  pole  (hkl)^  and  draw  the  zone-oirole  [BF]  to  meet 
[Cil3  in  S(hOl).     Then,  in  the  equations  of  the  normal, 
aoo&JCP     boosYP     ccorZF 

the  angle  ¥P  ia  BP,  for  Y  and  ^(010)  coincide.     But  tiie  angles 

XP  and  ZP,  invoU'ing  the  axial  points  A"*  and  Z  which  are  not 
^— ^poless  cannot  be  obtained  by  measurement  in  the  ordinary  way. 
^■We  muHt,  therefore,  replace  cos  XP  and  cos  ZP  by  a  similar  artifice 
~  to   that   usefl    in  Cbap.  xi.  Art.  22.     Since   the  zone-circle  [BP] 

meets  [CA]  in  S  at  right  angles,  XPJ:»  and  ^P*S'  are  right-angled 

triangles ;  and,  by  Napier's  rules,  wc  have  : 

ooB  A'/'  =  coBJ!fiS'co8^'/*  =  sinC«Saini?/',  1  ... 

coRJ^P=.co&ZSooaSP=smASmnBP.f ^  ^' 

Henoe,  the  equations  of  the  uomial  become 

o  gin  CS  sin  BP  _  b  cos  BP  _  cHJaASsmBP 
h  "       ft       "  /  ' 

and,  dividing  throughout  by  sin  BP,  we  have 

aainCS     b  cot  BP     c  sin  AS 

—}^=  -T-  =  -7- <2). 

Similarly,  for  the  pole  ^(111)  we  have,  since  [Bl\  meets  CA  in 
^A'(lOl), 

a  ain  C.^  _  b  cot  Bl  _e  sin  AH 

r  — 1^~     i~ ^^J" 

Hence  a  :  6  :  <?=   .    ^,,  :      ^  p,  :  -  —ttt (4). 

sin  Civ     cot  5/    sinil^  ^  ' 

For  this  reason  Miller  used  the  three  angles  6'iV,  Bl  and  AN^t  as 
'the  angular  tUefnenls  of  the  crysbil.  It  is  clear  they  also  give  /?. 
FitrAk+Vy  =  AC  =  p, 
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24.  There  is  no  advantage  in  giving  a  series  of  formulae  of  rare 
application.  The  above  formulae  (2)  and  (3)  enable  us  to  connect 
the  angles  with  the  parameters  and  face-indices  in  all  caaes.  It  is, 
however,  frequently  more  advantageous  to  select  a  face,  such  as  m, 
to  be  (110).  When  fi  is  known,  a  knowledge  of  the  angles  which 
the  homologous  faces  m  make  with  one  another  suffices  to  fix  the 
ratio  a  :  6,  but  leaves  r  indetinite.  To  determine  c  we  can  assume 
some  other  pole  to  have  known  indices  consistent  with  m  being 
(HO).  The  most  convenient  pole  to  take  is  one  lying  in  one  or 
other  of  the  zones  [B€],  [^'^J,  or  [Cm],  The  formulse,  applicable  in 
these  cases,  are  easily  deduced  from  the  general 
equations  (2)  and  (3),  or  they  can  be  determined 
directly  by  elementary  geometry. 

Thus,  m  l>eing  (110),  we  can  take  the  section 
of  the  crystal  in  the  plane  AOBy  when  we  get 
the  relation  shown  in  Fig.  136.  Here  AOB  is 
a  right  angle,  OB  is  the  axis  of  F,  and  OA  is  a 
normal  and  noi  an  axis.  Now  the  angle  BAO  =  90*"  -  OBm  =  BOm, 
ma  angle  supposed  to  be  known. 

Hence.  OA -r  OB  =  oot  BAO  =  cot  Bm, 

But,  if  a  section,  Fig.  137,  is  mode  in  the  plane  JCOZ^  we  have 
the  line«  showing  the  axes  and   the  line  AA\ 
parallel  to  O^,  in  whicli  the  face  ;«  meets  the 
plane  of  section.     Now  ;\AA'O  =  0;  and 

OA  =  OA'  sin  AA'O  =^  a  sin  /8,  since  OA'  =  a. 

a     OA'      OA     1         cot  Bm  ,^. 

..(5). 


OB 
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OB  sin  ^       sin  /S 

This  some  expression  may  be  also  obtained  from  equations  (2) 
by  making  h  =  k=\  and  /  =  0;  and  remembering  that  the  pole  S 
becomes  coincident  with  A  when  P  coincides  with  m. 

Equations  (2)  then  reduce  to 

a     cot  Bm 


a  sin  CA  =  6  cot  Bm ; 


sin/^ 


(6). 


Similar  tigiii-es  to  Figs.  136  and  137,  showing  the  lines  in  which 
the  foce  A  (Oil)  meets  the  planes  COB  and  XOZ^  give  the  lengths 
on  the  axes  OY  and  OZ ;  and  CHtablish  an  equation  lietween  the 
parameters  b  and  c  similar  to  (5).     It  is 

c     oot  BL 


nnfi 


(5»). 
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This  can  also  be  obtained  from  cquntionfi  (2)  by  making  P  coincide 
with  L,  and  S  with  C. 

If  P  of  ^uatiozifl  (2)  is  made  to  coincide  with  ^(lOl),  we  have 

amCJ^=CB\nAy (5**). 

Thia   last   equation   is   easily   established   by   Fig.    138,   which 
reprmenta    a    section    of    the    crystal    by    the 
plane  XO^.     The  face  (101)  meets  the  axes  of  -» 

X  and  Z  in  the  points  A\  C\  where  OA'  =  a  yj 

and    OC'^c.     The   lines   OA   and   OC  are  the  w^,  (c 

nonnals  (100)  »ind  (001),  and  are  at  right  angles  X'-  '*»i 

to  OC*  and  OA'  respectively.     We  shall,  when-  aA -^'0 

ever  it   is   necessary,  distinguish    between    thu       ^JC'^''^ 
poles  A,  C,  and  the  points  on  the  axes  at  dia-      ^' 
tances  a  and  c  from  the  origin  by  denoting  the  Fio.  VAH. 

latter  points  by  A ',  C\  if  measured  in  the  posi- 
tive directions ;  and  by  J^,  C^,  if  measured  in  the  negative  directions. 
Hence 

a  _  sin  A'CO  _  sin  (90'  -  C'AO)  _  ain  AOS^ 
c  "  sinCA'O  ~~  8in(90'*-  ACQ)  ~  sin  CON ' 
once  the  angles  at  N  are  90'. 

26.     To  lind  the  position  of  /*,  when  the  symbol  {hkl)  and  the 
■fein«nt«  of  the  crystal  are  known,  we  proceed  as  follows. 
Eliminating  a,  6,  c  from  (2)  and  (3)  we  have 

sin  CS    _  cot  BP  _  9xaAS 
hsin  Cy  kcoi  Br  Uin  AN ^  ^' 

,  anCS     hsinCN  ^  ^     ,  ^ ,      , 

- .  -3 — r?,  =  r  •     ^  »r  (known  numbers)  -  tan  &  (say) (7). 

sin  AS     I  Bin  AN  ^  *  \    j/         \  f 

Hence,  CS  and  AS  can  be  computed  by  the  process  of  trans- 
fonuation  given  in  Chap,  viii,  Art  14.     Assuming  CS<AS, 

.•.tani(^5-(75)  =  tan(45"-^)tani(^,S  +  C*S) (8). 

Also  AS  -^  CiS  ~  pt  a  known  angle. 

The  arcs  AS  and  CS  liaving  been  found,  BP  can  be  found  from 
*S^tions  (6);  and  the  position  of  P  is  fully  determined. 

The  expi*ewion  (7)  can  be  i-eadUy  deduced  from  the  A.R.  {CSNA\. 

26.     The  arc-distance  of  any  two  poles  P{hkl)  and  Q  (}^r)  may 
^  fuund  from  the  anhurmonic  ratio  of  four  poles  in  their  zone,  the 
Jules  aHWkciatefJ  with   them   being   either   fully   known,    or   being 


\m 
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polos  easily  determiiiecl  from  our  knowledge  of  the  crystrti.      A^ 
rule  this  method  gives  most  of  the  angles  which  are  needed. 

When  the  above  method  fails,  or  is  too  lalMrioua,  we  detemiina 
by  the  method  of  Art.  25,  the  arcs  AS  and  BP  for  the  pole  /*.  and 
likewise  the  arcs  A  Si  and  BQ  for  the  pole  Q.  Them  from  the 
expression,  cos  PQ  ^  cos  BP  cos  BQ  +  sin  BP  ain  BQ  oo6  (XA',  —  AS), 
the  angle  PQ  can  be  computed. 

27.  If  the  two  poles  P  and  Q  lie  in  a  zone  containing  if  (010), 
we  can  find  a  simple  relation  which  enables  us  to  detenuiue  thej 
p<wition  of  the  one  pole  when  that  of  the  other  is  known. 

Equations  (2)  holding  for  P(}Jd)y  we  have  for  Q(pqr)  lying  in 
the  zone  [fi/'^S*] 

o  sin  CS  _  6  cot  ^g  _  c  sin  itiS 
^       ~        '/        ~        »• 

Dividing  each  of  the  term**  of  (2)  by  the  corresponding  tern 
of  (9),   we  have 

p     q  cot  BP     r 


(9). 


h     k  cot  BQ      I 


(10). 


Hence,   when  either   BP  or   BQ  is   known,   the  other   can    Wl 
coniput-ed.     Expressions  (10)  are  nothing  more  tlmn  those  of  th< 
A.R.  {BPQS\,  and  can  be  obtained  from  it. 


BxanipUs. 

28.    Gypnuvi.    Fig.  140  shows  a  simple  crystal  of  g>'p8aiii  snoh  as  can  be 
uamlv  obUined.    In  one  direction,  that  parallel  to  6(010),  there  U  a  rery 
cleavage.     The  faces  m  and  m,  arc  brighter  and  more  even  than  those  rnarli 
/  and  r,  and  the  faoc-augle  rnm,  is  more  aoote  than  IV.     Approximate 
ments  can  be  mado  without  difficulty.     From  Dana's  Mineralogy  w« 
following  angles: 


[hm     56^45'  rbl     71"  W 

mm,  68  30  \  ir    3U   12 

mh,  55    «  U7j    71    54 


2m  49°  9-6'. 


The  angles   between   the  edges  {hm]  and  [/jfj— 127'' B4-5'  and  53°  25-5 - 
he  computed  froui  the  triangle  him  by  the  expression  given  in  Art.  S6.     It  it 
aamc  as  tbo  angle  between  the  normals  to  po^ible  faces  A  (100)  and  A* 
which  are  oeciiifionally  found  to  truncate  the  edges  [mm]  and  [U"\,     Fi 
figure  and  the  table  of  angles,  it  is  cleat  that  the  face  /'  Ir  iMmllot  to 
perpendicular  to  the  dyad  axis. 


EXAMPLE   <GVHSUM). 


Dettcribe  ft  circle  with  any 


C  JS 


Ths  stereogTEiD,  Fig.  139,  it*  quickly  made. 
eooTenient  radiui  and  draw  a  horiiioDtal 
dimeter  [AmBm'\.  On  the  primitive  the  arc 
iifsSy  2S-5'  18  marked  off  by  a  protractor* 
udd)edtaiDeter[.VIfiJ,]  drawn.  Ontbeaetwo 
ditoctert  the  poles  m  and  I  arc  determiacd 
bftbe  method  giTen  in  Chap,  vu,  Prob.  1, 
aDlhuJ3ai  =  £5^45',  aud/f/  =  71''54'.  The 
bouologoas  poles  are  inserted  hy  the  aid  of 
I  pur  of  oompaaees.  The  zone-oirdo  [rnZ] 
ii  then  drawn  by  either  of  the  methods  of 
Cbij).  ni.  Art.  13,  and  the  homologoiu 
cirelf  [n'1,1  U  drawn  at  the  same  tune. 

The  face  b  is  (010)  of  which  B  is  the  pole : 
Uk  izia  of  Z  is  taken  parallel  to  the  edge 
[ni,]  and  ia  the  vertical  line  in  tlie  aiereo- 

pam.  The  pole  A  at  90'^  to  i?  is  the  poBoible  pole  (100)*  and  m  can  be  taken 
to  be  (UO).  We  are  at  liberty  to  take  the  axtB  of  A'  parallel  to  any  other 
loiiible  edge  in  the  plane  £  parallel  to  (010),  and  might,  were  we  determin- 
iD|  a  new  flabfitance^  select  the  xone-axis  [//']  for  this  purpose.  As,  however, 
Kjpnm  has  been  fully  dcBcribed,  we  follow  other  crystal lographers  and  select 
for  axis  of  A'  the  line  parallel  to  a  face  of  somewhat  rare  ocotirrenoe,  the  pole 
ii  vliicb  is  the  point  C  in  which  the  Bone-cIrcle  [/m]  meets  the  primitive.  The 
poiitioD  of  XX,  is  given  by  the  arcs  C,Y  =  CA' =90^.  Now  the  pole  I  liea  in 
tbezone  [Cw]  =  [0(>l.  110]  =  [li0];  and  its  symbol  is  {hhii).  We  are  free  to 
give  uiy  value  we  plea»e  to  the  third  indei  k,  and  the  valae  selected  deter- 
niaas  the  numerical  value  of  the  parameter  c.  Let  k  =  h\  then  all  the  indices 
Ui  aqnal,  and  the  simplest  symbol  is  (111).  The  possible  pole  N  is  then 
(101). 

Ueooe,  the  angular  elements  are:  AN^  Bl^  and  ^C,  of  which  AN  and  NO 
sre  determined  by  oompatation. 

To  find  the  pole  C,  we  have  by  Napier's  mles,   from  the  right-angled 
bknglM  ACm  and  NCU 

iin  .4C=t&n^fnoot^Cm=eotflmcot^Cffi, 

Bin  A'C=tan  ;^l  cot  ^  C/ = cot  BI  cot  .4  C/. 

Bot  A  ACm  ~  hACl\  .*.  dividing  the  latter  equation  by  the  former,  we  have 


sinjyc      eot(gf=71''6i'>  _ 


si&w4C     cot(£m=fi5°45 


;.  stan (6=35°  38-5'),  by  computation  ; 


Bin  ^C- sin  itfC 


tan^lJC-JtfC) 

tanJ(^C+NC) 


1-Un 


tan(46°-fl). 


^H         "  mn^C+sinA'C~  tan^f-^C+NC)     l  +  ian9 
^m  4<XC-yC)  =  i4;*?  =  26'^12-76',  and  45"- ff=19°21  5' ; 

.-.  tan4(^C  +  NC)  =  tan26n2-76'-^Unl9'21-5'. 
Jbwefore.  A  C  -}-  NC  =  108°  68-(>'. 

.4C=/3  =  80''42',  and  /tfC=28^16-6'. 
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To  obuin  the  Uuear  elementa,  w«  tnnke  A  =  l  in  eqimtiont  (A) ; 
. .  a  sio  28"  16  5'  =  cot  71"  64'  =  c  Bin  52"  25  5'. 

Lcot7r54'     =9-61435 9-5143.=) 

L sin 28°  165'  =  9*67550 ;  L mn 52° 255'  =  9-89909 
log  a  =  I-83885  ;  log  c  =  l-til  532 : 

..  a  =  '690  and  «  =  -4124. 
The  crystal  U,  therefore,  folly  determined.     It  coosUta  of  the  formal 
{110}.    {Ill};    and   has   the  elemenkB  :   ^r=80''42';    a  :  b  :  ir  =  *690  :  ij 
The  iudicea  of  the  faces  and  polos  are  iosoribed  iu  the  diafn^ms. 
w{110|  inclndes  the  four  faces  110.  110,  llO,  110;  and  I  \Ul\   inclndfll 

ill.  Tli,  111. 

To  draw  the  crystal  the  axes  are  projected  in  the  manner 
Chap.  Ti.  Art.  16.  Tlic  points  B,  B,  are  left  at  nuit  distance 
on  the  horixontal  axis  1'}', ;  C"  aud  C\  (sec  Art.  24)  are  found 
on  the  vertical  at  difltances  0.4"  x -412  from  the  origin. 
Similarly,  the  ]K)ints.4'.  A,  are  determined  on  the  iucUned 
axis  A'A',  at  diHtanoes  OAx'69  from  tlie  origin.  The  edge 
[IV\  in  the  drawing  is  the  line  C'A'.  The  edges  [/ni],  [I'm,] 
are  the  lines  A'B^  A'B^,  retipeotively.  From  them  eqa&l 
leagtliB  are  cut  off  by  proportional  compasses  corresponding 
to  the  width  to  be  given  to  tlic  faces  m  and  h%  or  a  point 
being  taken  on  [^/i]  a  Hue  parallel  to  YY,  gives  the  oorre- 
gpondtng  point  on  [t'»i,]-  Through  these  points  and  A' 
vertical  lines  are  drawn  giving  the  edges  [bm].  ['', m,],  [mm,]; 
and  through  the  first  two  points  the  edges  [bf],  [b}"[  arc 
drawn  parallel  to  C'A', 

The  edges  [Im'],  [I'm]  at  the  top  and  the  parallel  edges  at 
the  bottom  have  now  to  be  drawn.  Their  Kone-symbols  are 
[112]  and  [113]  respectively;  and  their  directions  can  be 
found  by  the  ordinary  oonairuotioD  given  in  Chap.  v.  In  such  simpU 
it  is  easier  to  find  them  n.s  follows.  A  line  OD  is  drawn  through  O 
[I'm,]  i.e.  to  A'hj  to  meet  A'B  in  Z):  the  line  CD  is  the  upper  odgQ 
Similarly,  the  line  (■,li,  i^  the  direction  of  the  lower  edge  [m'J;  i),  beL 
{wiuL  in  which  OD^,  parnllel  to  A'B,  meets  A,B.  The  parallelogram  givi 
face  h(OlO)  can  be  now  completed.  The  two  continuons  edges  [I'm] 
aro  parallel  to  (7,D,  and  CD  respectively.  The  dotted  lines  are  tl 
introduced  by  the  method  given  in  Chap,  n,  Ark.  26. 


Fio. 


>giTi 


Optic  nhararterA.  The  plane  of  the  optic  asea  coincides 
piano  of  symmetry,  and  Bx^  lio.*i  in  tho  nbtnsc  angle  XOZ^  and  at  I 
makes  an  angle  of  52"  27'*  with  OJi  {tho  litae  c),  as  shown  in  Fig 
This  figure  represents  a  thin  cleavage  plate,  bounded  by  the  ptor  cli 
which  are  diHtiugxit^hed   by  having  a  6broiw  and  oonchoidal 


ClM 


*  When  the  nature  of  the  light  i»  not  specified,  day>  (or  white)  light  \ 
cated.    Bed  Hght  is  that  transmitted  by  glass  coloured  by  oxide  of  cop] 
that  by  glass  coloured  by  cobalt  or  that  given  by  on  ammoninoi 
copper  sulphate. 
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ivol/.    The  fibrous  cleavages  arc  parallel  U)  m{UI}  aud  give  the 
inmoated  by  the  faces  JIOT),  the  cleavages  with  conehoidal  surfAoe 
parallel  to  {100}.    The  axia  OX  in  that 
marked  d* 

When  a  plate,  cut  perpendicularly  to 
Bx«,  ifl  inserted  in  couvei^ent  white  light 
Wveen  crossed  Kiools,  two  sorica  of  oral 
^jiags  (often  called  eye*}  are  seen  which  are 
h  tmvemed  by  a  dark  hnwh.  When 
tti«  plane  of  the  optic  axes  is  at  45°  to 
lUt  vi  polarization,  the  brushes  form  a 
nrtangular  hyperbola  having  its  vertices 
ill  the  beams  transmitted  along  the  optic 
*ua  These  verticeH  may  be  called  the 
ootfMi  of  the  eyes.  The  hyjierbolio  bruNh, 
vhich  has  its  \-ertex  in  an  optic  axis  in- 
dined  tn  the  normal  ( 1 00 )  at  an  angle  of  S'b" 

[nearly  >,  has  a  bright  \'iolet  fringe  on  the  concave  side,  and  will  be  denoted 
M  the  violet  brush :  the  other  briush  ha»  dull  fringcH,  and  will  bo  called  the 
•Inrkbnish.  Tlie  rings  traversed  by  the  violet  bntsh  which  can  be  eiusily 
*tt:(ire  more  numerous  than  those  forming  the  eye  traversed  by  the  dark 
'vitth ;  and  the  shai^es  of  the  rings  forming  the  eyee  are  different,  those 
bftTOBed  by  the  violet  brush  being  more  oval  than  those  of  the  other  set. 
The  phenomena  are  symmetrical  only  to  the  trace  of  the  plane  of  symmetry. 
The  appansDt  angle  'A  the  optic  a.\e»  in  air  is  always  denoted  by  2£, 
Ud  is  measured  by  bringing  each  hy|>erbolic  brush  in  turn  to  cover  the 
w»i-wirc  of  the  instrument.  The  difference  of  readings  of  the  graduated 
circle,  to  which  the  axis  carrying  the  crjstal- plate  is  attached,  gives  the 
«igle  required.  The  angle  of  the  optic  futea  in  the  crystal  is  denoted  by 
sr,  and  can  be  computed  frum  the  prini-ipal  indices  of  refraction  when 
time  are  known  ;  or,  if  %E  and  ^  (the  mean  principal  index)  are  kuuwu, 
Tefind  V  by  the  equation — sin  £'=^sin  V.  In  many  substances  V  is  so 
Ui^  that  light,  transmitted  in  the  crystal  along  m\  optic  axis,  suffers 
t')Ul  internal  reflexion  when  the  crystal  is  in  contact  with  air  :  in  these 
<>Me  2£f^  the  apparent  angle  iu  oil  of  knon'n  refractive  index,  iu  often 
given. 

In  gyp«um  the  angle  2JP  is  for  red  light  95"  1 4',  and  for  blue  light  94*  24', 
»tSO"C.  With  incroaaeoftemperature  the  Angle  2j?dimiuishes  rapidly,  and 
bficonoM  aero  for  red  light  at  lie'C,  whilst  the  optic  axoH  for  Vtlue  and 
fotennedJAte  colours  (having  jtrevioualy  clcsod  in)  have  opened  out  in  a 
plane  peq)endiciUar  to  Z.  At  130°  C.  and  at  .slightly  higher  temperatures, 
the  plane  of  the  optic  axes  id  perpendicular  to  S  for  all  colouru.  If  the 
temperature  is  not  raised  above  125°  C,  the  phenomena  are  reversed  as 
the  aectiou  coola ;  and  the  original  state  is  recovorod  when  the  original 
temperature  is  reached.     Furtlier,  the  hyperbolic  brushes  close  in  towards 
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the    centre    at    uneqiiat    mtets    that    having    the    bright    violet    fringa 
undergoing  the  greater  displaocment.     Thus  Iwtwecn   20*  and  955*0, 
the  bruflh  vrith  violet  friiige  in  displaood  through  SS**  35',  that  with  dnU 
IHnges  through  SS**  38'  (Dee  Cloizoaiu).    The  acute  bisectrix  baa,  tbov- 
fore,  been  displaced  in  the  same  direction  as  the  blister  brush  throogli 
an  apparent  angle  of  5"  29' — one-half  the  difference  of  the  displacenieiita 
If  the  mean  refractive  index  ^9  ia  taken  to  be  1*619  at  95-5' C,  and  Um 
plate  was  accurately  [K^rjkcndicnlar  ti>  Bx.  at  20^  C,  the  displacement  of 
Bx,  in  the  crystal  in  very  nearly  35" ;  and  Bx.  A^^^^O"  at  95-5*  C    The 
above  variation  of  the  tuiglo  in  air  can  bo  easily  confirmed  by  the  Btudent. 
Neumann  determined  the  dtiiplaooment  of  Bx.  in  the  crystal  by  similtf 
ohaenationH  made  whilst  the  plate  wna  immersed  in  rape-seed  uil,  which 
baa  a  refractive  index  slightly  luwcr  than  ^  of  gypAuui.     Ke  fouitd  the 
di»p1aoonicnt  to  be  3°  50'  between  10  TO.  ami  the  temperature  at  vhiob 
the  axial  angle  in  reduced  to  »ero,  the  latter  temperature  being  probably 
about  1 16"  C.    This  angle  ia  smaller  than  that  deduoed  from  Dee  Cloiieaux*  T 
observation,  if  we  asHimie  the  displacements  for  equal  incramcnta  of  teio- 
peraturo  to  be  nearly  equal.  I 

By  nieami  of  a  thin  c-leavagc-plate  of  a  twin-crystal,  the  dispUcemenft  i 
of  the  acute  bisectrix  can  be  mcaAiired  directly.  If  the  twin-face  is  (100)« 
the  octite  bi&iectnces  in  the  two  portions  include  at  about  10"  C.  an  angl0| 
of  104"  54'  and  75"  6'.  The  least  angle  lietweeu  the  extiuctiouH  when  tht» 
ooroiX)and  plate  ih  inserted  in  i>arallel  light  between  crossed  Niools 
14*54'  =  90^-75°0'.  If  the  twin-fa<.*e  w  (101)  the  extinctiona  make  wi 
one  another  a  minimum  angle  of  2iV  45'.  Ah  the  tem{»eratiire  riaes  tl 
looat  angle  between  the  extinctiona  diminishes  in  both  coses.  Between 
and  96°  C.  the  diminution  in  the  angle  in  a  twin-plate,  with  twin- 
(101),  was  determined  by  atudenta  in  the  Cambridge  laboratory  to  I 
approximately  6*5".  The  acute  biaoctrix  is,  therefore,  displaced  througbl 
3*26" :  and  its  inclination  to  the  vertical  axis  is  at  96"  C.  approximatel/| 
49■25^ 


29.     Orthoclau. 
are  known  : — 


In  the  orystal  of  orthoolase.  Pig.  143,  the  following  anglMl 


'hm 


59^  23-5' 
fil    13. 


[hn  45-8 
lie  44  2 
nn'  89  5 


45"  8-5' 

50-5 
89  53. 


•ex  BOP  16-5'  i 


xy  30    IS 


The  faces  b  and  c  are  selected  aa  the  axial  planet  (010)  and  (001),  raapeM 
tively.  They  are  directions  of  perfect  oleavaRe.  The  faces  m  are  invariablyi 
taken  as  those  of  the  prism  {110};  and  the  possible  face  (100)  therefoi*, 
tniDcates  the  edge  [mm,].  Its  angnlar  distance  from  (001)  was,  in  Chap,  vn^j 
kit.  15,  determined  to  be  63*^  57'  (neglecting  fractions  of  1')  from  the  aaglctj 
given  iu  zone  ili.  | 

In  the  stereogram,  Fig.  143,  the  polee  A,  C,  x,  ViCto.,  are  marked  on  thS| 
primitive  by  means  of  a  protractor,  placing  A  (100)  at  the  left  hand  of  tht' 
horiKontftl  diameter.     The  axis  of  Z  pftruUei  to  the  edge  [mmj  is  the  vertical! 


J 
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}9\ 


tw 


fane,  and  the  points  X  and  A'  %Te  both  marked  by  eroflwe,  the  uigle  XX,^AC 

iMini;    03'^  57'.     The   zooes  [JlmA],  [HnC], 

^Boc],  are  projected  in  diameters  through 

At  C,  and  x,  and  tbe  poles  m  and  n  upon 

them  can  be  eaeil;  placed  bv  tbe  oonstmc- 

tionoC  Chap,  vn,  Prob.  I.     Having  placed 

«  or  a,  the  zonc-circlea  [i/'mm>],  [y'o^n^m'] 

lu  be  drawn,   and   fix  the  poeltioDH  of 

ft*  ramaining  poles. 

Tbe  BTmbol  (110)  having  been  anfligned 
to  M,  the  parameter  a  is  found  from  formnia 
(S|,io  which  b  is  made  =1. 

cot(B«^fiy=3a'-5| 

parameter  e  is  still  left  uudetermined. 
we  are  at    liberty  to  aHsign   known 
to  one  or  other  of  the  poles  n,  o,  x  or  y 
a  plane  parallel  to  t  drawn  throogb  A^ 
urij^  meett)  Hie  axis  02  at  C 


Fio.  142. 


Let  US  take  7  to  be  (101). 
on   OX  at  distance  a  from 
where  OC'  —  c.     By  a  diagram  aimilar  to 
tbit employed  in  Art.  24,  bat  in  which  OA^  takes  the  place  of  OA',  we  havo 


C'A.O 


9kskA.<ro 


sin  Cx 
sin^T 


inme  expression  is  obtained  from  the  eqaationR  of  the  normal,  by  takioK 
to  be  X  and  {kkl)  to  be  (lOl).     The  eqnatioua  become  aoo8A\x=cooB/7.r. 

B«l  .V^  =  B0°  -  Cx,  and  Zr  =  90P  -  Ax. 

.'.  asinCx=eBUi2x. 

lacing  the  angles  and  the  value  of  a,  we  have 

log  c  =  log  -0585  +  L  sin  60°  16-5'  -  L  sin  65"  46-5'  =  1-74458. 

.-.  c='5«36. 

Is  the  eone  [Cxy]  we  know  the  angles  and  the  symbols  of  J,  C.  and  x. 
tlie  symbol  of  y  can  be  found  by  the  a.  r.  {AxyC\. 


sin(i<j=65^4«50 

sin  (Ay  -  36''  46') 


sin  (Cj=50°  16-5') 
Hin(Cy=80°18') 


100 

001 

"loi 

101 

100 

001 

m 

M)2 

eompatatioD,  A  =  2/;   .-.  the  symbol  of  y  is  (201). 

Baving  found  y,  the  zone-symbol  of  {y*n]  is  found  ^m  Chap,  t,  table  10, 
Id  be  [ll3].  Hcnee,  the  poles  m  and  o  art?  found,  by  Weiss's  zonelaw,  to  be 
(031)  and  (111),  respectively;  for  n  lies  also  In  [£C]«[100],  and  o  lies  in 
(fiT]  =  {1011. 

If  it  is  dealnd  to  prove  that  n  lies  in  the  Kone  [ym\,  wc  can  do  so  practically 
bj  adjOKting  the  zone  on  the  reflecting  goniometer,  when  it  will  be  seen  tliat 
s  and  o  both  lie  in  the  Kone.     It  can,  alno,  by  the  help  of  the  stereogram  be 
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prored  from  tbe  meftsared  aagleft.     ThoA.  aappoae  A  to  be  the  pole  in  whi< 
[tfm]  nwetc  [BCl.    Tb«n.  from  th«  right-angled  trian^efl  A^m  and  Cylit  we  bai 

ain  <1  y  =£  tan  ^  M  cot  ^yM, 

on  Cy  =  tan  CR  oot  CjfR. 

Bat  ^yiii  and  Cj/R  are  the  same  angle.     Hence-,  diTiding  the  aeoond  eq\ 
by  the  6r8t, 

UnCR^tMaAmanCy-i-anAy. 

Z.tan(^m»30°36-6')  =  977202 

LMn(Cy=80^18')       =  9-9'J375 

19-76577 

j;ain(Jff  =  »-86M6')=  976660 

9-99917. 

.*.  CR = 44°  5675'  =  the  obserred  angle  Ch  ;  and  R  ooincidea  with  the  pole  h  . 

By  means  of  eqnationfl  (3)  the  angaUr  elements  of  Miller  cau  be  foi 
and  the  parametral  pole  '(111)  introduced  in  the  stcroogram.  Tho  angles  ared 
AN  =  35''05\  Bl  =  T2^  19-5',  C'A  =  28^-56-5',  using  the  Mime  letters  to  denote  thai 
polea  as  were  used  in  equations  (3).  The  parametral  face  (111)  U  a  very  rare' 
one.  and  the  axial  face  (100)  is  not  very  common. 

The  face  a  might  at  once  have  been  assumed  as  the  parametral  face  (Ill)»{ 
giving  the  lengths  ~u,  b  and  c  on  the  axes  and  therefore  neoesaarily  the  lengtltj 
a  on  the  positive  side  of  the  axis  of  X.     Being  given  Bo  =  6'6"  6',  the  reader  can, 
fay  tlie  aid  of  [onuula*  (2)  and  (3),  find  the  paramtters  and  the  nymbols  of  all  the 
faces;  and  prove  that  the  resnlts  are  the  same  as  those  given  above. 

The  method  of  ooustnicting  the  axes,  by  which  Fig.  liS  ie  made,  waa  given 
in  Chap,  vi,  Art.  16.  A  linear  projection  is  then 
made  in  the  plane  XOY,  similar  to  that  used  in 
Chap.  VII,  Art.  5,  and  the  edges  are  given  by  joining 
C"  or  C,  on  OZ  to  the  zonal-points.  The  face  c  (001) 
is  first  drawn  by  joining  A'  io  li  and  B^.  Ou  the 
edges  [cm],  [cm,]  given  by  A'B  auHA'B^,  (aijual  lengths 
are  cut  off  by  proportional  coropasst's,  and  througlt 
the  points  so  obtuiued  aud  A'  [hm],  [i,mj  and  ["im,], 
urn  drawn  parallel  to  OX.  Through  any  point  on 
[rum,]  the  edges  [my],  [m^y]  are  drawn.  Through  a 
point  on  [wiy]  the  odfies  [yjr],  [jmoJ,  [joJ,  are  then 
drawn.  The  face  b  can  be  now  completely  drawn ; 
and  the  rest  of  the  figure  presents  do  difficulty. 

The  optic  characters  aro  extremely  variable.  OrystalM  from  St  Gott- 
hani  have  a  very  wide  angle  of  tho  optic  fixes,  those  from  tho  Ei/el  a  very 
Mniall  oae.  In  both  cohos  the  first  moan  line  lies  in  the  obtiisc  angle  XOZ 
and  makes  an  angle  of  approximately  5"  with  OX.  Considering  now  the 
"gloasy  "  variety  from  the  Kifel,  the  piano  of  the  optic  axes  is,  at  ordinary 
temperatures,  very  generally  i>©rpeudiciila.r  to  the  plane  of  syuuuetry.  Aa 
the  temi^cratiiro  Ih  raised  the  nngles  of  the  optic  axes  for  difierent  colours 
diminish,  the  optic  axes  for  blue  light  closing  in  first  and  those  for  red 
last    When  the  temperature  is  further  rniseti,  the  axej*  for  all  colours 
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ite  in  the  plane  of  symmetry ;  the  angle  ^jotween  the  optic  axe«  for 
light  l)eing  greater  than  that  for  red  bght.  If  tbo  tcmpemture  \h 
raiited  not  beyond  AOO'C,  and  then  allowed  to  fall,  the  axes  go  through 
the  opposite  flerieM  of  changes,  and  ultimatnlr,  at  the  initial  temperature, 
recover  their  original  poHitionH.  If,  however,  the  temperature  in  rained 
to  600'  C.  or  higher,  the  axes  never  recover  their  ori^nal  positionR  wlieit 
the  plate  in  allowed  to  cool,  although  the  angle  bctwct;n  them  i^  much 
diminished.  The  ac^ute  bisectrix  is  hut  sUghtly  displaced  during  thc^te 
changest.  In  an  unntraincd  crj'atal  the  diKpersion  is,  therefore,  horizoutul, 
wbil.*^  in  a  strained  one  it  is  inclined.  The  following  table  givoa  a 
few  of  the  changefl  observed  by  DeaCloiKcaux  in  a  plato  oxamiuod  in 
red  light,  B  bclttg  the  temperature,  and  2t*  i,tbu  angle  in  air^  lx.'ing 
ruguded  as  negative  when  measured  in  a  piano  perpendicular  to  the 
of  symmetry,  and  an  pcwitivo  wheu  iu  3. 


0 

2E 

B 

2&' 

XBTC. 

-ir 

160' C. 

+  40* 

42-5- 

0" 

300" 

+4^23 

50" 

+  12" 

250* 

+  55^ 

75" 

+  24* 

300' 

+  69M6' 

100" 

+  30^ 

343" 

+&4% 

30.    EpidoU*    This  zniceral  i£  usually  found  as  dark  Rreen  attached  cryatalff, 
elongated  In  the  dircatlon  of  the  dyad  axis.     The  crystals  aro  oommonly  in 

form  of  irregaUr  Aix-faced  prisms — a  {100}, 
[001|,  r{Xoi} — terminated  by  a  pair  of  faces 
till};  and  the  faces  a,  c  and  r,  are  striated 
p&rmllel  to  the  edges  in  which  they  meet.  Wo 
ahaJl  show  how  to  calculate  the  angles  in  the 
followiug  table  from  a  knowledge  of  the  synibola 
of  tbe  faces  and  of  the  angles  marked  by  ufiler- 
isks.  The  tablea  of  angles  given  in  descriptive 
works  are  the  results  of  BioiUar  computations. 
Id  the  plan,  Fig.  144,  the  dyad  axiH  is  perpen- 
dicular, and  the  face  ''(010)  is  parallel,  to  the 
|M4>cr.  Selecting  a,  b,  c  as  axial  planes  and  n  as 
(111),  the  symbols  of  the  faces,  with  the  exception 
of  a  few  of  those  in  the  sone  [ac],  can  he  found 

by  Weisa's  zone-law.  We  assume  the  symbolfi  of  all  the  formB  to  have  been 
deUrmined;theyare:u|100}.6i010i.c{0Ol|,<'|l011^i  J102J.r{TOI^./f201|, 
/J3011,«{210|.;(110^i-^012},o|011}.  d  jlllE,  HUllf.//  |22l}.  f/{illl|. 

The  face  c(OOl)  is  parallel  to  a  perfect  cleavage,  u(lOO)  to  an  imperfect 
cleav«|{e. 

By  the  aid  of  the  stureognuu,  Fig.  145,  the  student  can  follow  the  analysis ; 
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poles  il  (100),  f,  C{0(n),  i,  r,  /,/ being  in  the  primitive. 
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*ac  64  87 

H  34  81 

er  63  41-5 

cl  69  25-7 

</  98  37 

/o,ie  46 


r 


C(i 

Sr  193' 

CM 

76   45 

cq 

90    IB 

ch" 

104    49 

nil 

70  99 

bn 

»6    14-5 

ad 

49«6a' 

ao 

77     2-6 

an 

HO   570 

^V' 

134    63-5 

au 

35   30 

at 

64    58 

aft 

90     0 

I.     Zone  [AC\     The  angle  Cr  is  firftt  foand  hem  the  right-angled  apbericAt] 
triftngle  Crn^  lot  rn  =  ^Qf-Dn,  and 
<7B  =  180°-Cn"'=76°ll'. 
Henee, 
0O8Cr=cos(C«  =  76°ll')  +  008(ni  =  54°45  5'). 
1,008  75"  11'       =9'40778 
Lco8(54°45-6')  =  9-701'2O 
L  ooa  (63"  415')  =  iF&iOSS. 
Cr=63'' 41*5',  and 

5r  =  180°-^C-Cr=6r41-5'. 
The  anglee  between  the  other  faces  in 
the  zone  cnn  now  be  fouud  by  the  a.  r.  of 
four  faces.     Let  T  be  (AGO- 
:.  A.B.  \ATrC\  gives 
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tioo 

001 

Bin^ir     BinCr_(AOZ 
Bin5r  ^  •^Cr       loo 

m 

001 

loi 

ioi 

BJnXT      /Bm(Jr=6P41-5') 

— ttt 

tontf 


/jain(Cr  =  C3°41-6') 

#)=t»n  57'*41-6'lan<45*-#), 


BinCr 
.  tan4(Cr-Ir)  =  tanJ((77'+w«r)lan(45 

For  /(301). 

..  iani{C/-^/)  =  tan6r'41'5'tftn98°44'. 
/.  C/-4/"=81°10-8'.  and  C/=98°86-9'.  1/=  10°  461'. 
For  M901). 


(«). 


.-.  (»=a3**38-3\  45°-d=^2Pai-r 


gin  51°  415' 
2  sines'^  41-6' • 
/.  tan  { (Cl  -  2/)  =  ton  67*^  41-6'  tan  21°  21'7'. 
:.  Cl-I/  =  63=*  28-4'.  and  Cf  =  89=' 26-7'. 
It  T  is  I  {i02),  equation  (a)  muRt  be  inverted. 

Bin^f     a8in51''41'6'  *  '  ' 

.'.  tan  4  {Ai  -  Ci)  =  tan  57^  41*6'  tan  Iff'  16'. 
:.  .li-C'i=46^41-4',  and  Ci  =  S4°30-8'. 
The  angle  Ae  in  found  in  a  ainjilar  manner  from  a.  r.  \AtVT\ 
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Mn  63=  41-5' 
cot35'U-5' 


1-57890, 


u.     Tbe  parun«tan  oan  now  be  obUined  from  (xiuaUoaa  (2)  by  Uking  S'  to 
^K.  irin  Cr=6eokfifi  =  eBin^r;  and, 

^  \M    ZoneM  {Bzl  and  {Bo\.     By  formuliB  (5)  and  (5*)  the  anfiles  U:  and  Bo 
eta  now  be  foand ;  and  then  by  the  a.  b.  the  angles  Bu  and  Bk. 


&x\bVnh 


,^1'80875. 


Hence 


cot  Br 


_  a8in(j9=ft4°S7;^t  _  eotSfi"  14-5'  «in  64°  37' 


cot  Bo  «;- sin  (^=64"  871  = 


aia63*41-6' 
cot  35°  14-5' sin  64°  87' 


b  —  '^  '  Bin51°41-5' 

.'.  Bf^SS^y,  and  Bo  =  3r32'. 
Altt,  tao/iu^tanB«  =  A^i:=8; 

ten  B* -4- Un  Bo  ==  / -^* = 2. 
.'.  Bu^M^SC,  and  B*  =  50=49'5'. 

i«.  J?Mi«  [^onj.  The  angles  wlo^  and  An  can  now  be  found  by  tbe  right- 
ta^\  Kplierioal  triaoRles  AoC  and  Anv,  and  then  Ad  and  Ay'  can  be  obtained 
fioni  liifi  1.  ft.  of  four  poles.     The  fonnulie  are  : 

C08^o=oo8(ilC  =  64''3r)iuu(Bo  =  31''32'),   /.  ^o  =  77°a-6'. 
ooB.7ii  =  oo«(2r  =  51°41-5')8in(BM  =  35''14S'),     •.  Jh  =  69^2-4'. 
from  k.st.  \Adon\,  we  have 

wn^d_«n(iJo=77°2-60  o   ^^ 

Binnd"2Bia(no=33°56')"        ^  '' 

^eoDiptitatioD.  nd- Jd  =  ll°  13-8'.  and  i<d  =  49'=  52'. 
Shatlariy,  A^'  is  found  from 

wdV  _  Bin(In  =  69°2-4') 

Bin  oy'  ~  a  sia  (no  =»38''  66')  * 

'•   Zmt  {Ctq\.    The  angle  Ct  U  found  from  the  riRht-angled  triangle  CAz\ 
ooBCs»ooe(ilC-64°37')Bin(Bt  =  85'^2').    /.  Cz - 76*^ 45-25'. 

IP  BOW  the  A.  B.  I  Cdzn"'\  U  taken  to  find  Cd,  an  auxiliary  angle  of  less  than  4' 
ri  into  the  compntation.     It  la,  ihorofore.  best  to  couipule  Cd  from  the 
-angled  triangleB  Cde  and  CtA,  in  the  way  adopted  in  a  simiUr  calculation 
m\  tbuB 

COS  eCd  =  tan  eC  cot  Cd^ 

cos  JCx  =  tan  ;4  C'cot  Cz. 

UnCd=oolHC=64"  37')tan(C»  =  75°  46-26')  tftn(«C=S*°*8')- 

A  Cir  =  62°19-3'. 

Tbe  angle  Cq  is  then  found  to  be  90^  18'  from  the  a.  r.  \Cdiq\. 

I  a— 2 
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31.  CrystalB  of  hyUrogen  irixodic  HtjpnphoBphatf,  HNa,P,Of .  9E[,0. 
described  by  M.  H.  Dufet  (Bull.  Soc.  franc,,  tie  Mirt.  nc,  p.  205,  18WJ)  as  haring 
only  a  plaoe  of  sjmnmctrf ;  and  belong,  therefore,  to  olasB  IZ.  Ho  determines  the 
elements  of  the  crystal  from  ilie  following  tliree  aziRles :  N.r  =  101  a  101  =  87°  SS*, 
Cm  =  001  All0=^83°a6\  Co  =  001  A  Ill  =  66''2I'.  To  obUin  the  elements, 
proceed  as  follows  : — 

A  freehand  Btereogr&m  of  the  above  pole«,  of  /  (lll)i  and  of  the  poles  of  UlAJ 
complBmeDiary  forms  is  first  made. 

i.     From  a.  b.  { Clmo,  \ ,  we  find  Ct = fio'^  24"6'. 

ii.    From  the  right-angled  triangle  CNl,  oos  NCI  =  tan  C.Voot  Ct ; 

„      M        „  „        Cox,  coh{Cox= NCt)  =  tMaCx  cot  Co. 

tsnCy_tan(Ct=55°a*'S0_^ 
■*•   UnCr^  tan  (Co  =  65°  21') 

tan  CS     nln  CN  MB  Cr 


tan  (#=33°  88-4'). 


Bnt 


taaCx      RinCxooaCAp' 
Bin  Cf  ooB  C-V  -  Bin  CNeos  Cx     1  -  tan  0 


=  tan(45^-#). 


sinCzooflC^V+sinCN^coaCz      l  +  t«n<y 
A  8in(Cx-C.V)  =  t»nir2l-6'Hin(C4r  +  CW')  =  tanll''21ft'Bin87'6«'. 
Hence,  by  compaUtion.  Cx-CN=\V^a';  and  0x^49=- -43-6',  C'>r=38*8*e'J 
iil.    From  the  several  right-angled  triangles,  we  have : 

COS  (Cmt  =  NCO  =  tan  (Cj-= 49°  48-6')  oot  (Co=65*  21'). 

coBNa=tan  CJoot(Cm=83°25'). 

sin  Rl  =^gobNI= cob  Cl-i-  oos  CS, 

ftin  /?ii  =  oo8ax=oojiCO'f-ooa(7j;. 

Bin  .-ffn^flinCmBiDNC/. 

Henoe, 

NCf=5ri2'5'.  .4 0  =  ^  =  77° 58-2',  51  =  46°  12-6',   iVo  =  40^  10-6',  Xni  =  5*r87"6*J 
The  pararoeteni  can  now  be  found  by  equations  <2);  and  are 
11  :  b  :e  =  1-552:  1  :  1-497. 
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1.  The  prisiuAtic  system  includes  all  crystals  having  one  set  of 
three  dissimilar  zone-axes  which  are,  at  all  temperatures,  perpendi- 
cular to  one  another,  and  are  the  directions  of  the  principal  axes  of 
the  wave-surfac€i  for  light  of  all  coloars.     The  system  includes  the 

t*6  following  classes : 
L  The  9phenoidal  (bis^theiioidal  (Groth),  hemUiedral)  class,  the 
trystjila  of  which  have  three  difwimilar  dynd  axes  at  riglit  angles  to 
^Ufi  another,  but  have  no  other  element  of  symmetry. 
^H  11.  The  bipf/rainidal  {holohedraf)  class,  in  wliich  the  three  dyad 
^Keeof  class  T  are  as.so(;iated  with  a  centre  of  symmetry  and  with 
Hwrce  dissimilar  planer  of  symmetry,  each  perpendicular  to  one  of  the 
djidaxea. 

ITT.     The  cbcUustmts^  pt/rainUlal  {pyramidal-^  /lenthnorphic)  class, 

•Jie  cryntaLi  of  whicli  have  only  one  dyad  axis  associated  with  two 

aisaimilar  planes  of  symmetry  intersecting  at  right  angles  in  the 

'^:  the  normals  to  these  planes  are  zone-axes,  but  are  not  axes  of 

I      •ytotnetry. 

^L  2,  The  three  rectangular  zone-axes  of  the  several  classes  can  be 
^Hntod  as  the  axes  of  X,  Y  and  Z ;  and  no  other  set  of  zone-azea 
^"  ttjaally  advantageous.  The  utigleH,  90°,  between  tlio  three  axes 
'^  reference  are  now  dxed  by  the  sytumetiy,  and  will  remain  constant 
^  lung  as  the  crystal  is  subjected  only  to  strains,  such  as  that  due 
^**  the  expannion  cause<i  by  change  of  temperature,  which  affect 
the  substance  in  a  manner   consistent  with   the  retention  of   the 
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crystalline  t*lructun\     Tlic    (.HiraineUfrK,    a.b.c^  are    the 
only  elements  which  con  vary  with  the   subtttauce   in   crya 
thi8  system. 

lu  classes  I  and  II  it  in  itDmat«rial  which  of  the  three  d 
is  selected  as  axis  of   Z  and  placed  vertically,  but  genetull; 
axis  is  taken  which  brings  out  the  habit  most  distinctly  in  dra 
or  which  gives  prominent  positions  to  any  cleavage-fiooee  w 
exist.     In  class  III,  however,  it  is  best  to  place  the  single  d 
in  the  vertical  position.    The  parameter  a  is  arranged  to  be  I 
/>,  but  c  may  be  cither  greater  or  less  than  b.     Uence  the  axis 
is  called  the  hrafhy-ojcU  or  hnLchy-diayoruU^  the  axis  of  Y  the  u 
axis  or  tuakro^utg&nal. 

3.  In  drawings  of  this  and  the  two  following  systems,  disi 
in  Chaps,  xiv  and  xv,  in  which  rectangular  axea  of  refereni 
also  adtipted,  thy  axis  uf  Z  is  placed  in  the  vertical  plao 
nearly,  or  quite,  in  the  paper  as  was  described  in  Cfaap.  vl 
axis  of  }'  is  placed  right-and  left,  the  positive  direction  1)eing  ' 
right  and  the  negative  to  the  left ;  the  axis  of  JT  is  directed 
and-fore  with  the  positive  direction  to  the  fi*ont. 

In  stereograms  the  axis  of  Z  is  usually  perpendicular  I 
plane  of  the  primitive,  and  is  projected  in  the  central  point 
axes  of  A'  and  }'  arf  in  the  paper.     We  shall  usually  place  th 
of  Y  horizontal  and  the  positive  direction  to  the  right.     The  a: 
X  is  thoroforc  the  vertical  line  in   the  diagram  and   its  poai 
direction  is  taken  downwards.     Hence,  to  compare  a  drawi 
crystal  with  its  stereogram,  the  drawing  has  tc>  Ije  turned  a 
horizontal  axis  OY  until  the  axis  of  Z  is  pei-pendicular  to  the 
ytereogrums  corixjspond  exactly  with,  and  have  the  same  ori 
as,  plans  on  the  plane  XOY ',  as  waa  illustrated  by  the  p 
stereogram  of  barytes  discussed  in  Chap,  vii.  Arts.  3,  21  and 


I.     Sphenoitlal  claatt ;   a  \}UU\, 

4.  If  a  crystal  has  two  dyad  axes,  the  line  at  right  anj 
them  is  also  an  axis  of  symmetry,  and  the  degree,  or  an 
rotation,  is  determined  by  the  least  angle  Ijetween  the  dyad 
the  plane  of  the  first  pair  (Chap,  ix,  Pmp.  11).  The  lowest 
such  an  axis  can  have  is  2,  and  the  angle  of  rotation  about  i1 
is  twice  that  between  the  original  pair  of  axes.  Hence,  the  si] 
cose  is  that  in  which  three  dissimilar  dyad  axes  occur  togetJ 
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■  right  angles  to  one  another.  Axes  of  symmetry  of  th«  aaiM 
Hgree  Id  the  same  crystal,  which  are  neither  iuterchangcablu  nor 
ftcxprocal  reflexions  in  a  plane  of  Hynimetry,  are  said  bo  l>e  disHiniilnr. 
fhe  angles  between  pairs  of  homologous  faces,  interchaugcable  hy 
potation  a1x>ut  diasimilar  axes,  are  unequal. 

I  The  clasit  haWng  three  diaHimilar  dyiwi  axes  at  right  angles  to 
I  one  another  and  no  other  element  of  uymmetry,  we  sliall  coll  the 
0f>kmtoiidai  class  of  the  prismatic  Hysteni.  We  Hhall  denote  the 
general  fonu,  Fig.  146,  wliicb  has  four  faces  lK>unded  by  scalene 
triaDgles  and  is  known  as  a  aphenaidf  by  the  symbol  a  \M\.  The 
Greek  prefix  a,  meaning  tcithotUf  serves  to  indicate  that  the  cr^'stal 
has  no  planes  of  symmetry. 

5.  The  two  pairs  of  faces  in  Fig.  146,  interchangeable  by 
Mtation  through  180*  about  ZZ^,  meet  in  edges  LM  and  HQ^  VK>th 
perpendicular  to  ZZ^.  The  edge  LM  is  parallel  to  the  line  XY  in 
which  the  face  (?ikl)  meets  the  axial  plane  SOV;  and  tlie  edge  iVQ 
to  the  Line  XY,  in  the  same  axial  plane.  Similarly,  the  pairs 
interohangeabli^  by  rotation  about  XA^  meet  in  lines  LJV^  a|id  MQ^ 
both  perpendicular  to  XX^  and  parallel,  respectivelj^to  the  lines 
2^y  and  ZY,,  The  foocs  arc  similarly  arranged  in  pairs  meeting  in 
the  edgee  J/A"  and  LQ  perpendicular  to  1')'^  and  parallel,  respec- 
tively, to  XZ  and  XZ^,  By  rotation  about  one  or  other  of  the 
axes  each  face  can  be  brought  into  the  position  of  any  of  the 
others.  The  homolog^jus  faces  are,  therefore,  all  exactly  alike  and 
are  triangU?H  with  unequal  sides  and  angles.  The  dihedral  angles 
over  the  three  edges  of  each  face  are 
unequal,  but  those  over  pairs  of  opposite 
edgCA,  such  as  LM  and  XQ^  perpendi- 
eolar  to  each  dyad  axis  are  equal.  Such 
a  form  clearly  encloses  a  finite  portion 
of  space,  and  a  crystal  of  this  class  may 
exist  which  shows  only  a  single  form. 
The  form  is  called  a  sphenoid,  fnim  <t<^^v^ 
&  wedge. 

6.  The  face  of  any  sphenoid  can  be 
selected  to  give  the  parameters  a  :  6  :  c  ; 
and  we  may  for  the  present  suppose  them  to  bo  known. 

Let /A  in  Fig.  140,  l»e{/*jt/),  then  OJf-a- A,  Or-i^-A",  OZ 
Rotation  about  OX  interchaugev  p  with  />,,  and  at  the  samo  timj 
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LM|ual  positive  and  negative  lengcha  on  each  of  the  axes  OT 
O^ perpendicular  ioOX.     HencG,0}\=~Oy=b-^k,  OZ^=^-OZ^ 
The  point  X  is  coiumon  to  both  foceH.     Henco  p,,  passing  thi 
XY^Z^^  haH  the  aymlwl  (fJd).     Simihtrly,  hy  rotation  about 
the  face  p   changes   places   with  the   face    which  passes   thi 
LM  and  the  parallel  line  XY^,     The  intercepts  are:  OX^-a 
OT^^b~k,  OZ^c^l\  and  the  symbol  of  the  face  LMQ  is  ( 
Again,  by  rotation  about  YY\  the  face  p  is  brought  into  a  poeii 
in  which  it  meets  the  axes  at  OX^  =  a~hy  OY ~b  ~  k^  OZ  =e 
The   symbol  of   the  fourth  face  MNQ  is  (hkl).     These  four 
cuuiplctu  the  sphenoid  a{kkl\  \  whiclij  therefore,  consists  of: 

hkl,  hil  hkl  ^jW (a). 

In  A  stereogram  of  the  sphenoid  a\Ukf]y  two  ]x)1eA  aV^ove  the 
paper  occupy  opposite  quadrants,  and  two  poles  below  the  paper, 
repi*esented  by  circlets,  occupy  the  remaining  pair  of  opposite  quad- 
rants.    Such  a  stereogram  ia  shown  in  Fig.  152,  Art.  13. 

7.     Similarly,   the  sphpnoid,   Fig.    147,   which   consists  of  the 
faces  parallel  Uy  those  in  the  tirat,  and 
which  is  consequently  called  the  com- 
plementary furui^  has  the  syuibol  a  {/tkl\, 
or  a  jAjfe/].      It  consists  of  the  faces  : 

ftkl  hkl,  hU,  hki (b). 

This  latter  sphenoid  is  clearly  pos- 
sible when  a[ltkl\  exists,  for  the  symbols 
of  its  faces  conform  to  the  law  of  rational 
Indices,  and  to  the  rule  connecting 
the  faces  interchangeable  by  rotation 
i  through  180"  about  the  axes  of  refer- 

'  ence.     Since  each  of  the  faces  of  the 

one  sphenoid  is  parallel  to  a  correspond- 
ing face  of  the  second,  the  angU^  between  the  pairs  of  faces  on  the 
one  are  equal  to  thuse  between  the  [>airs  of  parallel  faces  uf  the 
I  other.     The  fipltenoids  cannot,  however,  ho  similarly  orientated,  or, 

^^  as  we  may  express  it,  superposed  ;  for  they  are  reciprocal  reflexions 

^H  of  one  another  in  planes  parallel   to  any   pair  of  the  axes.     The 

^U  complementary  sphenoids  are  therefore  enautiomorphous. 

L 
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8.  The  rule,  estaltlished  above,  connecting  the  symbols  of  pairs 
of  faces  interchangeable  l«y  rotation  about  a  dyad  axis  perpen- 
dicular to  two  axes  of  reference  is  perfectly  general.     For  any  line 


ftrpendicuJar  tu  a  dyud  axis  remains  parallel  to  it««lf  after  rotntion 
through  180*  ;  and,  if  it  meets  the  axis,  equal  lengths  on  opposite 
idf»  of  the  axiti  are  interchanged.  Hence,  a  pair  of  hontulogouR 
wes  makes  mjual  intercepts  ou  the  pair  of  axea  of  reference 
peeting  them  on  opposite  sides  of  the  origin.  The  corresponding 
differ  therefore  only  in  sign. 

The  special  forma  (Chap,  xii.  Art.  5)  are  of  two  kinds, 
en  a  face  iH  parallel  to  one  of  the  dya^l  axe»,  it  is  clearly 
ht  into  a  parallel  pOHition  by  rotation  through  180°  about 
;  but  into  new  positions  inclined  to  its  original  position 
it  is  turned  about  each  of  the  axes  which  it  meets.  The 
faces  obtained  by  rotations  about  these  latter  axes  will 
y  be  parallel  to  each  other  and  to  the  first  axis.  We, 
thus,  ha>'«  a  set  of  four  tautozonal  fac«8  intersecting  in  edges 
parallel  to  one  of  the  dyad  axes  ;  and  such  that  the  ungles  l>etween 
^•irs  of  the  faces,  or  their  normals,  are  bisected  by  each  of  the  two 
other  axes.  If  the  faces  arc  parallel  to  ^^^,  the  vortical  axis,  the 
fonw  |W0|  is  called  a  prUtn.  If  parallel  to  the  maki-o-axis  I'K  , 
the  form  jAO/j  is  called  a  makrodotne  ;  and  if  to  the  brachy-axis  XX ^^ 
the  form  [Okl)  is  a  briichyd4.tme.  Figs.  148 — 150  show  three  such 
forms,  which,  not  enclosing  a  finite  portion  of  space,  cannot  occur 
lone.  They  are  in  the  figures  cut  short  by  pinakoids,  the  faces 
which  are  perpendicular  to  the  zone-aaces  of  the  four-faced  forms. 
The  prism.  Fig.  I4tf,  with  vertical  faces  may  l>e  represented  as 
{hkb\t  or  (AitO) ;  for,  ae  we  shall  see 
on,  there  is  in  this  case  no  advantage 
keeping  the  Greek  prefix  before  the 
It  includes  the  faces  : 

AitO,  A^■0,  AiO, /liO (0). 

The  alternate  faces  are  parallel;  whilst 
first  two,  and  the  last  two,  interchange 
»l»oes  by  rotation  about  KK ;  the  middle 
Niir,  and  also  the  extreme  faces,  interchange  places  by  rotation 
kboat  XX^»  The  face4  of  the  particular 
■Be  {110}  we  shall  in  this  and  the  tetra.- 

ral  system  always  denote  by  the  letter m. 
Similarly,  the  makrodome  {AO/},  Fig. 
49y  includes  the  faces: 

AO/,  AOi,  A07,  AO/ (d). 

The  student  can  easily  arrange  them 
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Fio.  150. 


in  pAini  interclimigeAble  about  each  of  the  axes,  am  was  doDe 
the  caae  of  the  pristu. 

The  brachydotue  (0^},  Fig.  150,  includes  the  faces: 
Okly  Oil,  Okl  Okl   (e). 

Although,  in  the  alx>ve  special 
furms,  one  inUex  alone  changes  sign 
iu  the  deduction  of  the  Hymbol 
of  A  face  from  that  of  an  adjacent 
face,  we  have  not  contravejied  the 
rule  given  for  the  general  form 
a  {hkl].  For,  if  one  of  ihtsse  latter 
indices  becomes  zcrr>,  there  can  be 
no  distinction  between  ita  positi\'e  and  negative  value. 

^.     Lastly,    we    have    the    three    special    forms,    in    eacb 
which  the  faces  are  perpendicular  respectively  to  one  dyad  axi 
and   are   therefore   parallel   to    the    two   other   axes.     In   such 
case  the  form  is  a  pinakoid  consisting  of  a  pair  of  parallel  hxi 
Thus  we  have  the  'inakro-jr%nak<nd  jlOO}  including  (100)  and  (TOO) 
both  of  which  are  perpendicular  to  ^X^  and  parallel  to  YY^  fsA\ 
ZZ^.    Sinularly»  the  bra^ht/fwuiJcoid  jOlOj  includes  (010)  and  (C 
The  pinakoid  {001}  has  the  horizonUl  faces  (001)  and  (001). 
is  often  called  the  btual  piTutJcoid^  and  one  or  other  of  its  foo 
called  the  bane.    One,  two,  or  all  three,  pinakoids  may  be  pi 
on  any  one  crystal  of  the  class.    The  faces  of  the  dilTereub  pinakoida 
will  as  a  rule  have  different  physical  characters,  such  as  stria^ 
so  that  it  is  often  easy  to  distinguish  one  from  another. 


10.  Crystals  of  aii}*  particular  substance  may  pre^e-nt 
binettionSf  i.e.  have  several  forms  of  the  same  or  of  different  kinds 
associated  together ;  and  must  be  combinations  if  any  special  forms 
are  present.  We  may,  for  instance,  have  the  three  pinakoids  alone, 
forming  a  figure  distinguishable  from  a  cube  only  by  the  fi&cts  that 
tlie  three  sets  of  parallel  faces  have  different  physical  characteni 
and  that  tlie  crystals  are  optically  biaxal.  We  may  also  have 
crystals,  like  those  shown  in  Figs.  148 — 150,  and  also  combinations 
of  the  prism  with  one  or  more  domes.  Crystals  on  which  special 
forms  alone  occur  cannot  be  distinguished  geometrically  from  similar 
crystals  l>elongtng  to  the  next  class. 

11.  Cr^-stals  of  the  following  substances  belong  to  this  class : 
Magiiesiimi  sulphate  {cpsotnite),  MgSO| .  7H|0. 

a  :  b  :<:«=-990  :  1  :  -671. 
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ci78t*Ui  *re  tuiially  x>mmH  {110],  tormirtAW  hy  a  \\M\  tuid  oc- 
ioiukUyalaoby  {101),  {Oil}.    o.A.|i(00l);  Bi.  i|  01' (Chup.  x,  Art.  8). 

Ziuc  nxiXphAie  (^o*lttrilfi)t  ZuSO^.  TU^O,  isomorpbouE*  with  the  preceding 
wlu  a  :  6  :  tf  =  -980  :  1  :  -56^     o.  a.  I)  (001) ;  Bx.  ||  OK 

S()dtutu  potoasiuxn  doxtro-tartrato  {aeignettis  mit),  NaKCi  1140^.411,0. 
a  :b  :c  =  -8317  :  I  :  '4296. 

le  crvKtttls  aro  asiiAlIy  cornbinatioiui  of  several  prisms :  [1  lOt,  [210},  ',120}, 
^*ith  the  piiiakoids  {UH»J,  JOIOJ,  {001}.    Tho  horizontal  edgce  made  by  tbo80 
OiB  Hometimes  moditied  by  amall  facoa:    o^a  {111},  ti=a{Sll), 
|5{W1|  and  r{101}.     O.A.  il(OlO);  Bx,  H  OX 

The  ifloioorpboua  audiiim  amxuoniuiu  salt  fonua  fiiniiUr  cryHtaJa. 
<k4.||(I0U);  hs^WOZ. 

Uydrvgen  pokMttium  dcxtro-tfxrtruU^  UKC4H,0,,  and  tho  isoniorphoua 
uumouium  aolt,  form  crystala  tu  which  special  formn  and  »phcuoidM  <:iccur 
^"grther.  In  the  first  ».ilt,  a  :6  :c  =  -7l48  :  1  :  '7314;  iu  the  aocoud, 
a.Aif  =  -6931  :  I  : -7100.     In  both  o.A.  |1(001);   Bx.||f>r, 

12.    Futasaiuiu-autimonyl  dextro-tartrate  {tarUxr-emetic), 
K{SbO)C4H40,.     «  :  6  :  c  =  -9b5G  :  1  :  11054. 
Itbo   forms,    Fig.    161,  are:    o  =  a  {lllK   a.  =  a{lU},   »t{UOj,   (r{O0l]. 
lA.  11(001);   Bx.|l(;r. 
Similar  crystala  of  the  lievo- tartrate  liave  been  ubtaiued,  in  which  the 
are   the  aamc,  but   in  which   tho   faces  ft»=allll}  give  the 
It  form ;  and  the  cryHtala  are  enantiomorphouH  to  thotje  of  the 
dertro- tartrate. 

The  drawing  ih  made  as  followH.     On  thi'  projected  cubic  axes  (Chap,  ri. 
An.  11).  lengths  OJ  =  -»556,  aodOC=l-1051  an^  out  off.    The  Rphenoid  a  {111) 
in  Llt&n  drawn  with  edgeA  passing  through  A,  /i,  C,  Jkc.,  parallel  to  liC,  CA,  /kc, 
m  tbc  manner  described  in  Art.  u.     From 
the  middle  pointa  of  the  opposite  edges 
Uuough  A  and  A,^  eqniil  longths  are  cut 
off  by  pToportinnft]  compaases ;  and  through 
the  points  BO  obtained  tho  edges  [nto],  [mo,], 
Ae..  are  drawn  parallel  to  tho  horizontal 
ad^M  of  the  Bpbeooid.     From  the  same 
•duces  of  the  sphenoid  equal  lengths  are 
now  cot  off  measured  from  tho  coigns,  and 
lhroo«h  tlwM  points  the  edges  [eo],  (c^o.L 
are  drawn.    The  faces  w  must  now  be 
ttrodaoed.    They  are  moxt  easily  inserted 
cottin«  off  equal  lengths  on  the  horizontal  edj^ei*  of  the  Kiibeuoid  o.    Through 
of  the  points  on  these  edges,  lines  are  drawn  paiftilel  to  the  opposite  I'rlges 
of  tlie  two  tBces  o  which  paas  through  the  point.     The  iioints  at  which  they 
meet  the  edges  [eo],  ftc,  gite  when  joined  in  pairs  the  edgeu  [l'u],  &e.     Thctw 
edges  should  be  parallel  to  [rao],  [m,oJ,  &c. 
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The  ed\;es  [om,],  [o^tn],  Sec,  have  now  to  be  found.    The  zone-symbol  of  [om^ 
is  IU2]<     Bat,  instead  of  forming  the  paroUclcpipod  rct]uirod  by  this  symbol, 
ifl  e««ier  to  make  a  partial  linear  projection  in  the  projected  plane  XOY,     Thl^ 
face  m,  gives  a  traoo  throuf^h  0  parallel  to  AB^.  and  m  a  trace  throogb  0  paialU  i 
to  AD,     Uenoe,  the  dlrectioa  of  [omj  is  given  by  joining  C  to  the  point  <if  < 
interseotion  of  the  trace  w,  with  AB.     The  edge  is  to  be  drawn  through  thfti 
coign,  already  tixcd.  in  which  u,  o,  and  m,  meet.     It  meet«  the  edge  [owj  it « 
ooign  through  which  the  edge  [in,w]  has  to  be  drawn.    The  rest  of  the  dnvuiK 
pretente  no  special  difScnlty. 

Solutioiui  uf  the  abovo  tartrates  rutute  tho  [ilane  of  polariscation.    Thg 

cryBtals  have,  however,  the  ordinary  optical  properties  cbamct^ristic  of 
biftxftl  cryataU,  and  there  is  no  ditlerenco  between  those  of  a  hgbt-  and 
lolt-handed  tartrate  of  the  (Mine  boae. 


13.  AsparaffiM^  C^H^X^O,.  H,0,  usually  fomiB  crj'stftU  such  m  u* 
shown  in  Y'lg.  153;  a  :  b  i  tf=*4737  :  1  :  '8327.  Thp  forms  are:  m\\W, 
^{021},  c(00l}  and  o  =  a(nTj.  o.A.|i(OlO);  and  3x^\\0^.  The  solutjoo 
of  theue  crystaUi  rotates  the  plane  of  polarization  to  the  loft 

A  doxtro-asparagiuo  has  been  made  synthetically,  and  shows  the 
onHntiomoq>hou»s  form  u{lH}  iu^tead  of  a {111} ;  its  eolation  rotates  tt>£ 
plane  of  polarizatioii  to  the  rigVtt.  The  optical  cliaracters  of  the  ciystsli 
Are  the  same  aa  those  of  ordinary  aaparagiiie. 

The  most  important  angles  are:  mm,  =  50°13'.  cf  =i50°  1',  ff^sSl^Sfl*. 
Hence,  by  the  method  given  in  Chap.  \i,  Art.  8, 

<i  -4-  b  =  tan  ^mm^ »  Un  25 '  21'  ==  '4737.  e -^b=^^tAncq  =  -8327. 

As  shown  in  Fig.  162,  mom,  and  m'*q'B,  are  right-angled  triangles.  FroD 
the  latter.  sinDjn"  =  UnB,q'cotB,m"q' ;  and 
from  the  former,  ein  mn,  =  tan  om^  cot  rn.mo. 
The  first  e«iuation  enables  us  to  find  the  angle 
B,ia"q'  which  is  the  same  as  m^mo ;  or.  If  qm, 
is  alone  needed,  we  can  divide  the  one  equation 
by  the  other  and  avoid  one  part  of  the  oom- 
putaiion.     Thus, 

tan  tim,=tan  B^q'sm  mm,  -^  sin  B,m". 
Ltan(By  =  H0^59')=  9-77849 
I.sin(inm,  =  6(r  42^)=  9-88806 
19-66714 
L  sin  {B^m"  =  64'  89')  =  9-95608 
ttan(»m,  =  27°12-6')=  U-7HU 
.-.  rr>  =  y0"'-flm,  =  62°47'. 
The  stereogram  is  made  by  marking  on  tho  primitive  points  A  and  B  at  90** 
from  one  another  and  the  points  m  at  distances  25°  21'  from  A  and  J^, 
diameters  through  those  point.<i  arc  then  drawn  and  give  the  zone-otrcJes  [rf  ], 
[cm],  &e.  On  [cB]  a  point  q  at  arcdistaaoe  59^  1'  from  c  is  found  by  the  method 
given  in  Chap,  vii,  Prop.  1 ;  and  then  tbo  circles  ['nof'],  [wi^o'J  are  described. 


BrPYRAMIDAL  CLASS. 

Tor  the  druwing.  the  projecteii  cubic  ftTe»  nf  X  nnd  X  axe  mnltiplfcd  by  a 
tnd  e  to  KiTe  OJ  and  OC  reaptioliv^l}- ;  and  OB  is 
teHCled.  The  line*  ATI,  ATi,,  A,B,  A,U,  are  drawn; 
•I  ibo  paroUeU  to  0.Y  through  the  poiuta  of  bisection 
ofOfiaad  OB^:  the  poInU  of  intersection  give  the 
oups  ^mq  i  Act  Fig.  1&3.  Pamllela  to  OZ  are 
fan  throogh  ^4  and  A,,  and  alvo  paraUelA  to  OX 
Ifamih  C  and  C,:  th«  points  of  intersevliou  of 
tiMM  Kdc*  ar«  then  joined  to  the  adjacent  coigns 
laf,,  Ac.,  and  give  the  edges  [»></],  Ac.  Lengths 
la  ao;  desired  ratio  to  tho&c  of  the  edges  are 
ntofl  by  proportional  compaiisea  on  the  alternate 
sdjinfflif];  and  throagh  them  the  horiiiantal  edgen 
{m\  [fr]  are  drawn.     Other  equal  lengths  are  then 

ntoflfrom  the  remaining  edges  [f.ti'];  and  through  the  points  ho  obtained  the 
«ifef  [mjo\  [oq']  are  drawn.  Each  fac«  of  the  sphenoid  is  a  paralletogram,  two 
uftbe edges  being  parallel  to  [cm,],  or  to  [r^m];  tlic  other  edges  being  parallel  to 
{%\  ^-     T^*^  i*^^'  ^^  '^®  construction  is  easy. 

1  II.      lUpip'amidnl  clas» ;    lhkl\. 

■  14.  If  to  the  three  dyad  axt^  of  the  precfMling  class  a  centre 
B  lymmetry  ift  added,  then,  by  Chap,  ix,  Prop.  4,  the  planes  5 
Appendicular  tu  the  dyad  axes  are  planes  of  »yiumetry,  and  the 
ojatab  havfi  the  followinj^  elements  of  symmetry:  S,  5^,  8^^,  C,  2, 
J,  2,.  Crystals  of  this  class  have  hitherto  been  described  as 
holobedral.  The  clasF  will  be  <%lled  the  bip}/rnmhlaJ  class  of  the 
prismatic  system. 

1  15.  The  general  form  |/t/.7[,  Fig.  15-1,  consists  of  a  diplnhedra! 
I^nuiiid.  or  hipt/ramid,  on  a  rhom1>ic  base,  and  hatt  eight  faces,  each 
if  which  ia  a  ftimilor  Hcatene  triangle.  A  pyramid,  auch  &r  Fig.  1 60, 
laving  &ce!8  meeting  at  only  one  apex  on  an  axi.s  of  symmetry  and 
Jioa  having  no  parallel  faces  may  be  denoted  an  achist^us  (Art.  1). 
>ne  having  parallel  faces  meeting  at  opposite  apices  on  the  axis 
aay  be  denoted  as  diplohedral.  In  the  latter  pyramid  the  dyatl 
kxes  join  opposite  coigns,  and  four  like  edges  lie  in  each  of  the 
ilAnes  of   symmetry ;    these   like  edges  being  interchangeable   by 

EAtion  about  the  dyad  axes,  the  angles  over  them  are  equal. 
C  the  edgGfi  in  different  planes  S  are  dissimilar,  and  the  angles 
iver  the  edges  in  one  plane  cannot  be  equal  to  those  over  the 
<ljfe*»  in  either  of  the  other  planes  of  symmetry  except  at  particular 
a&iperaturot  in  very  speciid  cases. 

Tlie  face  of  any  bipyran»id  may  be     iken  as  parametral  plane 
1 ),  and  determines  the  ratios  a  '.it  \  r.      *>r  we  may  take  the  face 
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,(f). 


of  liny  prism  to  be  (110),  which  determines  thft  ratio  a:b  in 
manner  given  in  Chap,  vi,  Art.  8.  The  ratio  c  :b  h  then  determim 
in  a  similar  way  by  a  second  arbitrary  choice  of  a  dome  JOl  1  j.  Thi 
face  common  tf>  the  two  zones  [001,  110],  and  [100,  Oil]  is,  hy 
Ohap.  V,  Art.  U,  the  parametral  plane  (Ml).  Occasionally  it  raiy 
l>e  convenient  to  take  a  faoe  of  a  makrodoine  {101}  to  give  tJ» 
ratio  c  :  *«.  When  a  has  been  found  from  the  prism-face  (110),  c  k 
found  in  t-erms  of  the  smne  unit  of  length. 

16.     The  syrobols  of  the  faces  of  {/*^/j.  Fig.  154,  can  now  be 
found  ;  for  the  faces  consist  of  the  seta  which  formed  the  two  com- 
l«liMnr'iitary  sphenoidH  <jf  ilie  last  class.     The  nymbola  are  therefore: 
H/,  kkfj  hkl,  hkl  1 
hkl,  hkl,  hkl  '**^J 

It  is  clejir  that  (hkl)  and  (IJcl) 
meet  the  axes  of  A'  and  Y  in  the 
same  points,  and  that  they  meet  the 
axis  of  J?  at  equal  distances  c  —  l  on 
opposite  sides  of  the  origin.  They 
are  therefore  symmetrically  placed 
with  respect  to  the  plane  of  syni- 
metry  2„  containing  the  axes  of  A' 
and  y  and  perpendicular  to  S^.  The 
same  is  true  of  eivch  of  the  pairs  in 

the  vertical  columns.    The  face-syndxd.s  can  he  similarly  arranged 
in  pairs  symmetrical  with  respect  to  2  and  2 

The  rule  for  tha  deduction  of  the  symbols  of  the  faces  from  tliat 
of  one  of  them  is  clear:  the  indices  retain  the  same  order,  but  the 
signs  are  changed  in  every  possible  way. 

17.  The  special  forms  am  identical  with  those  of  the 
class.  For  since  the  faces  of  these  forms  are  parallel  to  one 
axis  at  least,  they  have  parallel  faces,  and  therefore  the  introduction 
of  a  centre  of  symmetry  introduces  no  new  faces.  The  plane  of 
symmetry  2„  intersects  at  right  anghw  the  faces  of  the  prism  jAiO}, 
and  the  faces  of  the  pinalci>ids  jlOO}  and  {01 0|;  similarly,  each  of 
the  other  planes  of  symmetry  intersects  at  right  angles  the  faces  of 
Ji  iJome  and  of  two  pinakoicjs. 

Honco,  tlie  priurn  {AAOj  has  the  four  faces:  hJcO,  hlcO,  hkO,  hiO 
The  brachydonift  \Okf\  has  the  faces :  Oki,  Okl,  Okl  Okl 
And  the  makro<lomo  \fiOl\  has  the  faces:  hOl,  hO/,  hOl,  AoJ. 
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The  pinakoids  are:  {100)  consisting  of  (100)  and  (100);  (010)  of 
10)  and  (010) ;  and  lOOl}  of  (001)  and  (OOl). 

Hence,  in  crystAl»  showlug  only  HpL*cial  forma,  i.e,  such  that  the 
are  parallel  to  one,  or  two,  of  the  dyad  axes,  it  is  imposHible  to 

tiii|piish  l)etweea  the  two  olosfies  by  geometric  development. 

IS,    The  following  are  Bomc  of  the  sulwtances  which  form  crystals 

iDg  to  tbtf«  cla»8: 
Snlphur,  S.     The  crystals  from   the  mines  uf  Sicily  and   Spain  are 
reio|ied  in  hipyramids  {111}  associated  with  the  )>nichydome  1011}  and 
bAsal  pinakoid  (001).    a  :  6  :  o-  *8]3 :  1  :  1-903.    o.A.  j|(010);  hxj\\  OZ, 

MiipicM  (arsenopjTile),  TeAsS,  The  crystals  rarely  ahow  general 
forma,  and  are  iLsually  com1>iiiation£i  of  the  prism  [UOj  with  nnc  or  inoro 
^hydomes  {OllJ,  (012),  {014} ;  the  Utter  forms  being  striate*]  parallel 
tothcaiiaOX     a  :  6  :<;=*-e7726  :  I  :  M8817. 

B^urnonite^  (J%Ca^)^Sth^t  ia  nsnally  found  in  much  twinned  cryutals 
in  wliich  the  base  c  [001 }  and  faces  parallel 
tflfl^are  alone  shown.     Kig.  155  (after 
»}  represents  a  crystal  from  Com- 
The   forms   are:    a {100},  6 {010}, 
\fX)\\  m{UOU    n{0U},  *[2I0K    ^{320}, 
(ISO},  o{101},    jrflOS}.    *(212},  y{lll}, 
kfl2i;,  u(U2}. 
The  elemente  are : 

/>-=0l0A011  =  48"6-76'; 
i:-0OIA101=43*4a'; 
F^\OOM\Q^AZ^  10' 
Hence, 
a  :b  :<:  =  -937»7  :  1  :  -89686. 

TiOji,  has  been  found  at  Fronolen,  near  Tremadoc,  in  dee[» 
of  thin  tabular  habit,  the  pinakoid 
Iraing  largely  develoi>ed.  The  edges  of 
tlie  tablets  are  m^Kliliod  by  numerous  faces 
fidonging  to  p\Taniids  and  to  s^MScial  forms. 
Pig.  156  refirescDta  with  fair  approximation  tJio 
liobit  of  a  crystal  from  this  locality.  The  fonnH 
fl  {1001,  M210),  mUlOl,  61010},  M021{, 
ll;.  y{104),  .t{102},   0(111},  M112},  e  1122;. 

The  elements  given  by  Miller  are: 
^=1=010  A0U«46*  38-3'; 

i5:==O0lAlOl=48' 17-7';  Firr  ir.ft. 

^=100A110«40*'5'. 
6  :c  =  -8416:  1  :  9444. 


Pig.  155. 
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o.A.  for  red  and  yellow  tight  ||  (001),  for  green  and  hlue  light  t) 
Bx,  in  all  oases  [|  OX. 

The  mineral  has  been  found  at  Magnet  Cuve,  Arkanffaa,  in 
crystals.  Fig.  109,  which  closely  resemble  hoxagonttl  bipyramidH,  for 
have  twelve  nUiiost  similar  triangular  faoea.  Tliis  is  due  to  the  facts* 
the  facea  of  the  two  forma  m  { 1 10),  « { 1 22J  are  nearly  of  the  aame  size, 
tliat  the  anglea  between  the  adjacent  faces  of  the  combination  appmiti 
closely  to  thoae  of  a  hexagoual  pyramid.  Thus,  the  angle  mm,K80*I(rJ 
a|>proumateH  to  e^"=e<8^^ « 78°67' ;  and  »«<—  ?/itf,.  =  46"  42*  ia  nearly  the a*n«j 
as  «/»44*  23'.     These  crystals  are  diacuiwed  in  Art  3B. 

Aragrmite^  CaCO^,  and  the  iaoniorphous  carbonates  of  boiiuixii  sbroft- 
tiiiru,  and  lead^  give  crystalti  which  are  twnally  very  mnch  twinned  inli 
will  be  dijHCUiwed  in  Chap,  xviii.    For  arngonite,  o.  a.  ||  (100) ;  Bx,  ||  OZ 

Bart/tcs  and  the  iHomorphoufl  Hulphates  of  stn^ntium  and  lead  «Ai 
good  inataiicea  of  crystals  of  thin  cIaas.    The  habit  of  the  cryatak  Tint 
much.     Fig.  1 07  representH  a  aimplc  combination,  which  servee  to  filw^" 
the  habit  of  barytea  from  the  Auvcrgne,  and  of  oelostine  (SrSO^)  fr«» 


Fio.  157. 


Fto.  168. 


Sicily.     Fig.  168  repreeenta  a  habit  found  in  crystals  of  Iwrytes  ftoBJ 
Diifton,  and  in  crystalH  of  celestine  from  Vate  in  Oloucetitorahire  and 
Uko    Erie;    the   forms   being:— t' {001),  r>|OIIf,   m  {110},  </[l02},  t\iOi\. 
The   pammetors  are:  for   Iwirytea,   '8152  :  1  :  1*3136;   and  for  oelcBtiWVJ 
•7789  :  1  :  1-2800.     For  tdl  three  minerabs  o.A.  l|  (010) ;   Bi,  |j  OX. 

Topat,  {AI(F,  0H)l^i04,  ia  usually  found  in  well  developed  crysblaj 
The  common  hjtbit  i.s  that  of  an  elongated  pri»*m  of  eight  faces  ^nO|  iwi] 
{210},  terminatotl  by  the  base  {001}  and  by  domes  and  pyramida. 

There  is  a  very  facile  cleavage  parallel  Ut  the  base;  and  com|)l*t«| 
crystals  are  somewhat  rare.  Occasionally  the 
crystals  have  different  pyramid  faces  at  the  two 
ends  of  the  vertical  axis,  but  the  physical  clxa- 
raoters  seem  to  show  that  the  crystals  belong 
to  this  clftfls,  and  not  to  the  next.  o.A.  ||(010); 
Bx,  II  OZ.  The  crystals  are  diacusRed  in  detail  in 
Art  39. 

Cordieriiej  U,(Mg,  Fe)4Al8Si,o05;,  is  foimd  in 
large  stout  crystals  at  Bodenmais,  Bavaria.  The 
crystals  are  easily  altered,  ^ving  rise  to  numerous  -pia.  159. 

|>seudomorphB.    The  orvrtt^il  Hhown  in  Fig.  U)9  hns 
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the  formft;  a  JlOOJ,  6  (OIOJ,  c  (001^  mUlO),  rfJ130j,  r{ni),  j{112),  o{l3l}, 
HliaiJ.     o.  A.  II  (100);  Bi^WOZ. 

The  urystaia  are  remarkable  for  their  pleoobroisin.  Thun,  if  pol/irisod 
white  light  is  transmitted  by  vibratiouH  parallel  to  0-V,  the  colour  is  a 
,]l*le  blue;  if  by  vibrations  iMUallel  to  OT,  u  dark  blue;  aud  if  by 
pATftllel  to  OZy  a  yellowish  white. 

m.    AcleigUnu  pj^amidal  clas$ ;  fi{fJel\, 

19.  If  a  crystal  has  u  plane  of  83rniinetry  2  and  a  dyad  axitt  5 
^g  in  it,   then,   by  Chap,  ix,  Prop.  9,  the  cryHtol  muHt  liave  a 

d  plane  of  symmetry  S^  at  right  angles  to  2  and  intersecting 
it  in  the  axis.  Further,  if  any  two  of  the  above  elenienU  occur 
^—together,  the  third  must  also  be  present  in  the  cr^-stjil.  The  closa 
^bC  cryataU  ha^nng  this  symmetry  may  be  called  the  achUtcut 
^Byrcffitdd/,  or  hemimorphic,  class  of  the  prismatic  syKtem:  the  dyad 
H^Kbia  aniterminal,  and  the  development  of  the  crystals  at  the  two 
ejuli  ifl  soraetimea  markedly  different. 

20.  Since  planes  of  symmetry  are  perpendicular  to  posaible  zone- 
wes  (Chap,  ix,  Prop.  1),  there  must  he  a  pair  of  zone-axes  at  right 
uigles  to  one  another  and  to  the  dyad  axis.  These  tliree  lines  are 
Uie  most  convenient  axes  of  reference.  Further,  since  the  relations 
between  5,  S,  and  2.,  are  not  altered  by  change  of  temperature,  or 
by  nmilar  physical  changes  which  give  rise  to  homogeneous  strains, 
it  follows  that  the  axes  will  remain  at  right  angles  to  one  another 
«o  long  OS  the  structure  of  the  crystal  is  not  destroyed.  They  differ 
from  those  taken  as  axes  of  reference  in  the  preceding  clasBca, 
inxfiinuoh  as  the  two  perpendiculars  to  2  and  2,  are  not  dyad  axes 
<uid  their  plane  is  not  one  of  symmetry. 

The  face  of  any  pyramid  may  be  c&kcn  to  be  (III),  and  will 
give  the  ratio  a  :  6  :  tf . 

I  21.     It  is  easy  to  see  that  the  general  form  ^^{hJd]^  Fig.  160, 

LoiudatB  of  an  acleistoua  pyramid  of 
^Bmt  faoee  meeting  the  dyad  axis  at 
^^oe  Bame  point,  and  is  similar  in  all 

mpects  to  one  half  of  the  bipyramid 

^^  the  lost  class.      For  the  four  faces 

^  the  latter  form  meeting  at  a  point 

<%  a   dyad    axis    are  symmetrically 

plioed  with  respect  to  the  dyad  axis 


Fio.  160. 
^  to  the  two  planes  of  symmetry  intersecting  in  the  axis. 
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There  is  nothing  to  limit  the  position  of  the  dyad  axis,  though 
on  general  principles  it  is  desirable  to  place  it  vertically.  It  is 
therefore  advisable  to  indicate  by  a  dot,  or  other  conventional  mark, 
the  index  winch  refers  to  the  dyad  axis.  Thus,  /a  {/tX^j  indicates 
that  the  dyad  axis  in  vertical,  and  that  the  index  /  does  not  change 
sign  ;  the  four  faces  in  the  form  are  therefore  : 

I  hM,  hkl,  hkU  hkl «). 

The  four  faces  parallel  to  those  given  above  satisfy  the  law  of 
rational  indices,  and  conform  to  the  symmetry  of  crystala  of  this 
class ;  and  they  constitute  the  complementary  form  ft.  \hkl\.  Hie 
complenientary  forms — though  geometrically  tau/owiorp/ioiw*,  for  tlie 
one  can  be  placed  in  the  ptwition  of  the  other  by  a  rotation  of  180* 
about  either  of  the  normals  to  the  planes  of  symmetry — do  not 
necessarily  occur  together;  and  when  they  do,  their  faces  often 
difler  in  physical  characters. 

22.  The  special  forms  aro  of  four  kinds  : 

1.  Pedions,  ^{OOlj  and  ^(OOll-;  if,  as  we  shall  throughout 
suppose^  the  dyad  axis  is  vertical. 

2.  PinakoidH  having  their  faces  parallel  to  1  and  \  respec- 
tively. The  first  is  )100[,  consisting  of  (100)  and  (100);  the  secoul 
{0101  has  the  faces  (010)  and  (OTO). 

3.  Prisms  {/JrOj,  which  are  identical  geometrically  with  those  of 
the  preceding  classes. 

4.  Gonioids  (see  Chap,  xii,  Art.  11),  or  hemi-domes^  fi  JO-t/},  and 
fi  {hOl\f  each  of  which  consists  of  two  faces  meeting  in  an  edge 
bisected  at  right  angles  by  the  dyad  axis  : — fj.  {Okl\  consists  of  (Oi/), 
(Oi^  ;  fjL  {A0/[  of  (AOO,  (hOI).  The  faces  of  the  first  are  symmetrical 
to  2<,  those  of  the  second  to  5.  ^^ 

M 

23.  It  has  been  found  that  in  simple,  i.e.  untwinned,  crystals 
of  this  class  the  physical  properties  at  the  opposite  ends  of  the 
uniterminal  dyad  axis  are  diflerent.     This  is  shown  by  the  different 
electrifications  excited  at   the  opposite  ends  by  change  either  o£ 
temperature  or  pressure.    When  crystals  of  this  class  have  sliowm. 
the    same    electrifications    at    opposite    ends   of    the    dyad    axia^ 
corrosion  of  the  prism-  and  pinakoid-faces  has  revealed  a  structure 
which  can  only  be  explained  by  twinning  (see  Chap.  .win). 

'  From  TadT6,  the  same,  and  ftop^^i,  shape. 
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24.  CrystaU  of atnivite,  Mg(NHJ  PO, .  6H,0,  Fig.  161 ;  of  Bmithsouitc, 
Ziij(HO)5,Si03,  Fig.  les  ;  and  of  pirsaonite.  CaCO,.  Na,CO,.  2U,0,  belong 
to  tbU  class. 

In  Mruvii€j  a  :  h  :c— "5667  :  1  :  "OISI;   aud  the  fonnn  fihown  in    the 

figure   are:    B{<no],  i-=^{041l,   ^=;a{011|,   r^fi.{\0\l  ^=.^  JIO?}    and 

B^(001}.     The  lower  eod,  where (CX)i)  ia  shoWD,  is  the  analogous  pole. 
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Ca  that  which  becomes  positively  electritiod  by  rise  of  tem))eratarc  and 
negatively  electrified  by  fall  of  teupvrnture;  the  upixsr  end,  where  the 
fiweB  r  and  q  meet,  is  the  antilogous  ]>ole,  t.e.  that  which  becomes 
ncgatiTely  dectrified  by  rise  of  tem]}erature  and  (KMitively  electrified  by 
faU  of  temperature,    o.  a.  ||  (001) ;  Bx.  ||  0  T. 

Id  MtnUhMonile^  a  :  6  :  fl='7835  :  I  :  '4778.  Fig.  162  showB  the  forms  : 
a(100|,  m{110},  6IOIO},_i  =  Mi031},  q  =  ii{<^\\]y  c^^\m\,  r  =  ^!l01}, 
f=s^{301)  and  r  =  ^(lS|].  The  upper  end  showing  base  and  doiuea  is 
the  analogous  pole;  the  lower  end,  where  the  pyramid  r  appears,  is  the 
Antilogous  pole,     a  A.  II  (100);  Bx.  ||  OZ. 

The  crystals  of  pir$soni£ey  described  by  Mr  J.  H.  Pratt  {Am.  Jour,  of 
Sci.  [ix\  n,  p.  126,  1896),  are  sometimes  of  pHumatic  liabit,  r/i  (t  10}  being 
luse;  and  sometimes  of  tabular  habit,  6(010}  being  large:  they  are 
gHutally  terminated  by  difierent  pyramids  at  o)>po8ite  enda  of  the  dyad 
uia.  The  crystals  arc  strongly  pyro-electric  ;  at  the  analogous  polo  /*  {11 1} 
uid^[13]}  are  develo|>ed,  at  the  antilogous  pole  ^{11]}.  The  measured 
iagla,wi»,-59'2', />p"  =  lllAni  =  63''0',  give  a  :6  :  c=*5661  :1:-3019. 
OJUIKOOI);  Bx.||Or. 


Formuia  and  fnethods  of  calculation. 

25.  In  the  preceding  sections  we  have  se^n  that  crystals  of 
'^  tKe  three  olaases  can  be  referred  to  rectangular  axes  parallel  to 
^^^  tliaaamWnr  edges,  and  that  some  of  the  (special  foroui — the 
IS  and  a  pair  of  pinakoids — are  cumman  to  all  classes.     We 
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see  also  that  the  bipyramid  \hJcl\  of  the  Becond  cUsa  c&ii  be  obtaiDcd 
from  a\hki.\t  or  from  fi\fiki\^  by  the  introduction  of  a  centre  uf 
symmetryi  i.e.  of  faces  parallel  to  those  included  in  the  latter  forms- 
It  follows,  therefore,  that  the  fomiuln  required  for  the  detenuiiiAtion 
of  the  parameterR  and  of  the  face-Rymbols  from  the  angles,  or  of  the 
angles  from  the  symbols  and  parameters,  will  be  the  same  for  all 
three  classes. 

26.     Let  D,E,  mid  /*,  represent  the  angles  010  A  Oil,  001 A 101 
and  100  A  110,  respectively.    They  will  be  called  the  anffniar  efnnenUl 
of  a  prismatic  crystal.     Let  a,  6,  r  be  the  parameters,  or  lirnfio^l 
elements. 

Fix>ra  equations  (1)  Chap,  iv,  we 
have  for  the  pole  /"(/jA/),  Fig.   163, 

o  008  JT/'     6  006  rP     c  cos  ^T' 
7i~     '        k        ~        f       ' 

And,  since  the  axes  are  rectangu- 
lar, the  axial  points  A",  K,  ^  coincide 
with  the  polos  ^(100),  ^(010)  and 
(7(001),  respectively.  Also  (McL.  and 
P.  Sph^r,  Trig,  ii,  p.  71) 

coo' AP-^  cos*  BP  +  cos"  CP^  l....(l). 

The  above  equations  can,  therefore,  be  written 

acoa^lP  _  bcwBP  _  c  cos  CP  1 

h        '        k        '        I 


The  last  term  is  got  from  the  others  as  follows. 

of   each    term  be  r, 

a  & 

Then 
r* 


Add  together  the  squares  of  each  equation. 

^-|  +  ^  +  ^^  =  COS^  ^P  +  C08«  5/*+ C0B»  C-P  =  1. 

Hence,  r  has  the  value  given  in  the  laat  terra  of  (2). 

Equations  (2)  are  true  of  every  pole  of  the  crystal.     Hence,  if 
the  values  of  h,  A-,  I  are  introduced  and  a,  6,  c  are  known,  the  angles   I 
AP,  BP  and  CP  can  be  computed.     Or,  vice  verafi,  if  the  angles- 
and  jMiramcters  are  known,  the  indices  A,  fr,  I  can  be  found.     But' 
the  direct  process  just  indicated  is  laborious,  and  we  pi»ceed 
obtain  simpler  formulae  better  adapted  to  logarithmic  computation. 


cobAP,  ^=o<mBP,   '^^cosCP. 
o  c 


r 


F0RM[1U*:   OF   COMPUTATIoy. 


213 


27.     Suppose  any  two  of  the  fonus  wJUOl.  v{011].  rjlOlf  to 

^  present  on  the  crystal.     Then  a  pair  of  the  angular  elemi^nts, 

A  E,   F,   can    be   determined    by    direct   measurement    with    the 

ifoniometer.       For    D  =  £q  ^  ^  (Oil  AOH)=  DO"  -  i  (Oil  A  Oil); 

^=Cr=  i(lOlATOl);  /•=  i  (IlOA  110). 

But  if,  in  equations  (2),  the  pole  P  ix  made  to  coincide  with 
Mch  of  the  poles  q^  r  and  m,  in  turn,  we  have : 

for  f ,     b  006  Bq  ^  c  cos  Cq^ 

„    r,     c  cos  Cr  ^  a  cos  Ar^     , (3). 

„  m,     a  008  Afn  =  6  coe  Bta. 
But  cos  Cq  =  sin  Bq,  cos  Ar  =  sin  Cr,  and  ooe  Bm  =^ sin  A m  \  since 


i  ttfte  angle  BC^CA 
Hence, 

h 

~       Hence,  i 


sin  Bq 
cosBq 
sin  Cr 
cos  Cr 
ain^tn 


tan  Bq  ^  tan  D , 
tan  CV   -  tan  E , 


=  tan  Am.=  tun  /'. 


(4)- 


b  cos  dm 
Hence,  if  a  point  at  a  finite  distance  from  the  origin  is  taken  on 
I  one  of  the  axes,  through  which  one  face  of  two  of  the  foruis  m,  r  and 
Hfifl  to  be  drawn,  the  two  other  parameters  are  obtained  by  the  above 
^Bi|(Ution8  in  terms  of  the  length  taken  on  the  BrHt  axis.  Tt  is  must 
^^ponunoQ  in  descriptive  works  to  take  b  on  OT  for  unit  length.  The 
fxnmeter  a  is  then  leas  than  unity,  and  c  may  l)e  either  greater  or 
Ittstbtn  unity  :  they  are  given  by  the  formulie; 

a=Un  F,  c  =  cot /> (4*). 

28.     rf  the  right  sides  of  the  three  equations  (4)  are  inultijilied 
t'<'K»ther,  as  also  the  left  sides,  we  have 


tan  /> ton  A'  tan  /■=  -  -  ^  =  I 
c  ao 


(5). 


This  relation  shows  that  only  two  of  the  angles  /),  B^  F,  are 

"®«ded.     For,  if  D  and  ^are  determined  either  by  measurement  or 

**lculation,  then  E  can  \)C  found  from  equation  (5).     Consequently, 

^^  a  prismatic  crystal  belonging  to  a  given  substance  there  are  two 

US^opendent  constants,  and  two  only :  they  vary  with  the  substance. 

29.  The  important  equations  (4)  connecting  the  angular  with 
^be  linear  elements  can  be  obtained  directly  from  the  etemeotary 
gooraetry  of  the  axial  system. 


2U 
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Let,  in  Fig.  164,  AB  be  the  line  of  interaection  of  the  prism-faoe 
m  with  the  axia)  plane  XO }' ;  aud  let  0^f  be  the  faoe-uoruial  which 
neceaaarily  lies  in  the  plane  XOY.     Then  AOM-  F.    But  the  angle 

Hence,  tAn  F=iAnOBM  =  OA  ^  OB  ^a^  b. 

And,  when  6=1,  a  =  tan  F. 

By  taking  the  lines  of  intersection  of  each  of  the  domes  q  and  r 

with  the  axial  plane  to  which  their  edges  are  perpendicular,  and  the 


\y 


B 


Fio.  164. 

axes  in  this  plane,  we  obtain  similar  figures  which  give  tlie  two 
remaining  equations.  Thus,  let  Fig.  165  represent  the  triangle 
formed  by  the  axes  OK,  OZ  and  the  trace  BC  of  the  face  qi  and 
let  OQ  be  the  normal  to  the  face. 

Then,  BCO^^O"  -  COQ=^  BOQ^  D. 

Therefore,  tan  /)  =  tan  BCD  -  6  -e-  c. 

And,  when  6  =  1,  c=coti>. 

A  similar  figure  in  the  plane  JlOZ  gives  the  lengths  on  OX  and 
0£  in  which  the  trace  of  r  (101)  meets  the  plane  ;  and  we  have 

30.  Similar  expressions  for  the  tangents  of  the  angles,  which 
the  faces  of  any  other  prism  and  dome  make  with  the  axial  planes, 
are  easily  obtained.  Let,  in  Fig.  166,  LK  and  BC  be  the  traces  of., 
faceti  of  the  domes  «{0A:/}  and  7 {Oil [  in  the  axial 
plane  YOZ;  and  let  BL'  be  drawn  through  B 
parallel  to  KL.  Then,  Oa  being  the  normal  to 
lokl),  the  angle  ^  ^  BOs  ^  90"  -  L'BO  =  BL'O. 

Now,  OK^h^k,  OL  =  c-rl. 

Also,  OL'\OB  =  OL:OK;  :,  OL'^kc^L 

But,  Un  BOa  =  tan  f  =  tan  BL'O  =  0B^  OL' 
lb      I 


kc     k 


tan  7);. 


(6). 


since  b-r-e  ~  tan  D. 


FORMirL*  OF   COMPUTATION. 


By  simiiAr  figures  in  the  axia.1  pianos  20X  and  XO  }',  it  is  easy  to 
obtain  siuiilar  equations  for  the  inclinAtioii,  ?;,  of  the  normal  /  (hOl) 
to  0^\  and  for  Ci  that  of  the  priam-uonnal  N  {hJc())  to  OX. 


Eb  Thus, 


Uni;  =  tanCO<  =  ^  tan  iC  \ (6*), 

tAni^UknAON^jUkXxF (6»*). 


31.     The  al>ove  expressions  can  be  also  obtained  from  equations 
(2)  of  the  pole  P,     For,  if  /*  is  made  to  coincide  with  s  (Okl) ;  then 
—  90*,  and  ca6i4«  =  0,  also  cos  C0  =  cos  (90^  -  J9t)  =  sin /f«. 

6  oos  B»     c  cos  Ca     c  sin  Bs 


k  I 

tan  Bs  =  r-  =7  tan  D. 
ke     k 


(6). 


8imiUr]y,  when  F  is   made  to   coincide  with   t  (A02),  Bi  =  90", 
and  cofl  J£  =  6in  C<; 

.   c  cos  Ct     a  cos  At     a  sin  Ct 


.'.  tanCi  =  ^-=^UnJP (6*). 

And  in  the  same  way,  by  making  P  coincide  with  iV  (AX-O),  we 


obtain 


.(6"). 


The  three  equations  (6),  (6*),  (6**)  are  merely  the  expressions 
obtained  from  the  anlmrmonic  ratio  of  two  axial  pi«les  and  the  two 
poles  in  their  zone,  such  as  A^  By  (110),  (MO).  Thus,  taking  the 
A.B.  {ANmB\^  vfc  have 


sin  AN     sin  BN 
sin  Am     sin  Bm 


100 

lOlO 

hkQ 
100 

M-0 
010 

110 

110 

But 


iun  BN ^cos  A^t  and  sin^m~cos^»^ 

k 
.'.  tAuAy-i-taaiAm  =  j^ 

tanyiiV-^tan/^ (6**). 

The  other  expressions  can  Ih;  obtained  iu  a  similar  manner. 

32.     It  is  always  best  and  simplest  to  determine  the  angular 
eiementdi   by  direct   measurement.     If,  however,   the  faces  of  the 
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special  fortuB  give  poor  reflexions,  or  are  much  striated,  it  may 
iiece^isary  to  determine  them  by  calculation  from  the  angles 
pyramid  or  sphenoid.  The  method  employed  will  naturally  yjuj 
with  the  faces  on  the  crystal  wliich  give  good  reflexions,  but  it  rill 
almost  always  be  possible  to  get  angles  which  will  enable  us  to 
obtain  the  elements  by  simple  right-angle*!  Rpherical  triangles. 

We  shall  illustrate  the  method  to  be  followed  by  supposing  a 
crystal  to  consist  of  a  single  form  a  {hkl\f  or  {hki\,  or /t  {Ajfc/),  Buh 
as  those  given  in  Arts.  6,  16  and  21.  With  the  last  some  other 
form  must  be  present  to  enclose  a  finite  space,  but  we  shall  not  need 
to  employ  the  measurement  of  Uie  angles  involving  the  faces  of  this 
second  form. 

In  the  c^ise  of  \/ifcl\  and  fi  \fikl\  we  have  a  steroogram,  Fig.  167, 
with  the  pol*-K  P  {hJcl),  F  (hid),  F' (hil) 
and  P"'  {hkf)  symmetrically  situated 
with  respect  to  a  dyad  axis  OC  and 
the  planes  of  symmetry  B(y  and  CA. 
The  three  different  angles  we  can 
measure  are :  PF  =  F'F",  PF"  =  FF\ 
and  PF'  =  FF"  -  ^CP. 

Let  the  zone-circle  \_APF'\  intersect 
[HC]  in  the  pole  a(OW),  and  let  {HPF"] 
intereeot  [CJ]  in  the  piile  £(A0/),  and 
let  [CP]  meet  [AB]  in  the  pole  N{hkO). 
The  symbols  of  *,  t  and  N  are  readily  found  by  the  rule  of  Chap,  v, 
Art.  11, 

By  measurement  of  two  of  the  angles  given  above,  we  obtain 
two  sides  of  two  of  the  six  right-angled  triangles  into  which  the 
octant  ABC  is  divided  by  the  zone-circles  through  P  and  the  axial 
poles.     Thus,  if  PF  and  PP'  are  measured,  the  sides, 

gP^PF^'l^^O'-AP,  and  CP^  PF' -^2  =  90"  -  FN, 

are  known.  Hence,  two  sides  of  each  of  the  right-angled  triangles 
CPh  and  APN  are  known.  By  Napier's  rule.s,  the  third  aides  C» 
and  AN  can  Ixith  be  found  ;  as  also  the  angles  of  the  two  triangles. 
If  the  elements  are  also  known,  then  equations  (6)  and  (6**)  enable 
us  to  find  the  ratios  i ;  k  and  A  :  k.  The  indices  of  F  are  therefore 
determined. 

If  PP'  and  P'P"  or  PF"  are  the  two  measured  angles,  then  a 
pair  of  sides  of  two  other  triangles  are  known.  For  PF  gives,  as 
before,  aP  and  AP  :  and  Ft  =  PF" -^2  =  90' -  BP.     Hence,  two  of 
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I  of  each  of  the  trianglefi  MmP  and  APt  are  known.  We  can 
srefore  find  Ba,  and  At^90'*-CL  Hence  by  (6)  and  (6»)  the 
106  of  the  indices  of  P  are  again  determined. 

the  form  is  a  \hki\t  we  have  the  two  poles  /*,  P"  above  the 

aftsociated  with  a  pair  P  and  P^^^  exactly  below  the  pointa  /*"' 

F  in  the  figure.     The  arcs  between  /*  and  these  poles  below 

paper  are  bisected  at  A  and  ^,  for  AA^  and  BB^  are  dyad  axe« 

rhich  interchange  polea  above  with  poles  below  the  paper.     Hence, 

|Vi«tttirement  of  any  pair  of  the  auglen  gives  two  of  tlie  angles  AP, 

\£P,  CP,  and   therefore  two  sidea  i»f  one  of  the  triangles  already 

liicuned.     Hence,    knowing   the   elements,    we   obtain   the   three 

idjces  aa  in  the  previous  coses. 

If,  in  the  preceding  cases,  we  compute  the  aro-distanoe  of  P  from 

of  the  axial  poles,  we  have  the  three  arcs  AP,  BP^  CPy  and 

[<u  apply  the  equations  of  the  normal  given  in  (2),  and  therefore 

I'ibdA,  h,  I  directly.     Thus,  in  the  first  case  considered,  AP  and  CP 

Are  given  by  measurement,  and 

COB  BP  =  cos  PN cos  BN=&in  CP  coa  PCB, 

33.  But,  if  the  crystal  is  one  of  a  new  substance,  or  if 
Ibc  obnerver  is  not  anxious  to  refer  it  to  parameters  already 
idected  by  a  previous  investigator,  he  would  naturally  adopt 
^  iace  P  for  his  parametral  plane  (111)-  He  could,  then, 
by  two  raeaaurementu,  and  the  computation  of  one  of  the  right- 
•ngled  triangles  into  which  they  enter,  obtain  the  three  arcs  APy 
SPt  CP.  Introducing  theae  into  equations  (2)  he  would  obtain  the 
pununetral  ratios  a  :  b  :  c.  And  in  the  manner  already  given,  he 
CAn  compute  Be,  Ct  and  Alf,  which  would^  in  this  case,  be  the 
ugolar  elements  of  the  crystal. 


34,  If,  however,  the  symbols  of  the  faces  are  known,  or  if  it  is 
desired  to  assign  to  them  some  particular  indices,  the  analysis  indi- 
cated in  Art.  32  will  give  the  corresponding  valuoM  of  />,  ^  and  F^ 
or  of  the  parameters.  For  we  have  the  same  triangles,  and  determine 
the  area  APj  BP,  CP  from  the  measured  angles  in  the  same  way 
u  before.  Thus,  in  the  case  tirst  considered, 
^■b  iS»  =  90"-Cs  and  BN^W-AN 

ft^^oth  supposed  to  be  computed.     But,  from  (6), 

tan  D  -  jI*  tan  Bs-l;  and  from  (0**),  tan  F-htnn  AN-i-k, 
The  third  angular  element  £  \&  then  found  from  (5). 
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35.  When  aeveml  forms  occur  together  on  a  orvstal,  the  facet 
will,  fiR  a  rulOf  fall  into  xonos  Huch  thai,  when  a  few  facea  have 
been  determined,  the  symbols  of  the  others  may  be  obtained  hj 
Weiss*H  zone-law  (Chap,  v,  Art.  8),  or  by  the  anhannonic  ratio  of 
four  tautozonal  facen. 

When  two  or  more  faces  lie  in  a  zone  containing  one  of  tiw 
axial  planes,  we  have  a  very  simple  relation  between  th-'~  -    V  *■ 
and  the  angles  they  make  with  the  axial  plane.     Supp  > 
to  be  [CPl  Fig.  167,  and  let  /*  be  (U/)  and  Q  be  (pqr).    Then,  from 
Weiaa'a  zone-law,  h^ p  =  k^q. 

Ako.  the  A.E,  {CPQN\  gives 


sin  CP     sin  NP 


sin  CQ      sin  NQ 


001 

hkl 


001 
pqr 


l^fcO 
pqr 


But 


mnNP  =  cos  CP,  and  sin  HQ  =  cos  CQ; 
,    ttinCP     kr 

^«? 


.(7). 


tanC'C 

If,  then»  the  angles  CP  and  CQ  are  measured  and  the  symbol 
of  one  of  the  poles  in  known,  that  of  the  other  is  determined .;  or, 
conversely,  knowing  one  of  the  angles  and  the  symbols  of  the  two 
poles,  the  remaining  angle  is  readily  computed. 


vo     I 


36.  A  general  expression  for  coa  PQ,  where  P  (hkl)  and  Q  (p^) 
are  anj'  two  poles  whatever,  can  be  obtained  from  equations  (3) 
of  the  normal,  and  the  known  expression  of  analytical  geometry 
which  connects  the  arc  PQ  with  the  arcs  AP^  AQ,  &c.  For,  when 
the  axes  are  rectangular  (McL.  and  P.  Spk^r.  Trig,  ii,  p.  72), 
cos  PQ  =  ooe  ^i'cos  il<?  +  cos  BP  cos  BQ  +  oos  CP  ooe  CQ (8) 

But  the  ratios  qohAP^  tbc,  are  given  in  (2),  and  for  Q  we  hare 
the  similar  equations : 

aQO%AQ     b^^tMBQ      cco»CQ  1 

7 


Va' 


7»     r» 


Substituting  in  (8)  the  values  of  cos  AP,  cos  AQ^  Ac, 


co&PQ^ 


hp      kq      Ir 


//A"     k'     P\  //)«     q'     r»\ 
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ThiH  expression  would  be  very  laborious  to  compute,  and  is  of 

Utile  use  in  actual  practico.    When  PQ  is  needeil  and  the  two  pules 

dt>  not  fall    into   any   zone  already  known,   one  of  the  following 

iMthods  may  be  pursued.     The  symbol  of  the  zone  is  determined, 

'Ud  those  of  the  |K)Ie8  in  which  the  zoue-eircle  meet»»  the  axial  zones 

JBC],  {CA\  [AH\     The  symbols  of  these  poles  and  the  elements 

[^Qg  known,   their  distances  from   the  axial  poles  are  found  by 

(ijuations  (6),  (6*),  (6**) ;  and  then,  by  right-angled  triangles,  the 

irc8  between  them.     We  thus  have  a  zone  \PQ]  in  which  we  know 

tbe  symbols  of,  and  distances  between,  three  poles.      Hence  we  can 

find  by  one  of  the  methods  given  in  Chap,  viii  the  distance  of  both 

/*  and  Q  from  one  of  these  poles. 

Or  we  might  find  the  angle  vhich  PQ  subtendH  at  one  of  the 
ttiiil  poles  (C,  say)  viz.  PCQ  =  PCB  -  QCB,  and  then  find  coa  PQ 
bjr  the  well-known  formula  of  spherical  trigonometry ;  viz. 

cos  PQ  =  cos  CP  cos  CQ  +  sin  CP  sin  CQ  cos  PCQ. 


37.  The  general  fonnul»  given  in  the  preceding  Articles  apply 
my  class  of  crystals  in  which  we  can  take  rectangular  axes  of 
reference.  A  complete  mastery  of  the  method  of  applying  them  to 
tbe  solution  of  prismatic  crystals  will  much  help  the  student  in 
dealing  with  tetragonal  and  cubic  crj'stals.  In  these  latter  systems 
uue  or  more  of  the  elements,  Z>,  E,  F\  have  special  and  fixed  values 
which  simplify  some  of  the  formulae  applicable  to  them  and  to 
prismatic  crystals. 


lirHiuia 


Example*. 


38.  Brookite.  Taking  the  crystal  of  brookite.  Fig.  169,  to  give  on  measure- 
ment the  angl^B  recorded  in  Art.  18,  we  shall  first  coiutruct  tbe  bteroogram, 
yig.  168,  and  shall  afterwards  determine  the  parameters  and  lastly  dra^-  the 
crystaL  From  the  anglcH  it  may  be  mferred  that  there  are  three  planes  of 
•ynunetry,  which  pass:  (1)  through  the  edges  [ee'],  [e"e"']  which,  in  Fig.  160, 
are  nearly  coiBcident  with  the  paper,  (2)  through  the  edges  [rnnij,  [f'"']* 
['/..]<  ''^d  (3)  a  plane  perpendicnlar  to  the  fir»t  pair  and  to  the  faceH  in  and  »i,. 

Thf  ftereopram.  The  primitive  being  described  with  any  cocvcDient  radius, 
the  two  diameters  aa^  and  ^&,  are  drawn  at  right  angles  and  give  the  planes 
Z,  and  Z.  respeotively.  From  a  and  a^  area  am,  am,,  tfro.,  are  measured  off  on 
the  primitive  each  equal  to  40°  £',  for  min,  =  m'm"=BO°  10'.  The  poles  m  are 
thoB  fixed. 

Now  a<;=:(180''-M')-?-2  =  67^  48-6'=uc"'.  Points  a,  o,  are  then  foond  on 
the  primitive  at  arc-distance  tja  =  67'^  4B'5'.     A  third  puinl,  which  ia  the  inter- 
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Motion  of  tbe  straight  Uaee  ha,  aud  [aC],  is  found  on  [nC],  and  is  ft! 
are-diat»uco  B7°  4a'5'  from  a.     Through  th«  three  points  a  circle 
whiol)  rPpre^eotB  a   Bmali  circle   on   tbe  sphere  paesint;  through  « 
The  correaponding  uirolc  through  e'e"  is  described  with  the  some  radios 
the  opposite  extremities  of  the  diameters  through  a  and 

Again  bi  =  be'  =  {18CP  -  et"')-r-2  =  S0°  ZVa'.     Hence,  <•  and  <•'  lie  tm\ 
circle  on  the  sphere  having  its  centre  at  b  and  be  fur  arc-radios.     Poi 
p^^  (none  of  which  are  shown)  arc  determined  od  the  primitive  and  oa^ 
arc-distauce  50^  31-5'  from  b.    The  circle  throagh  thene  points  meets  the  i 
drawn  through  a,  a,,  Ac,  in   the  poles  e  and  «'.    An  equal  oirole  is 
through  the  extremities  of  the  dinmuters  through  ^,  ^^  and  fixes  the  homo, 
poles  e'\  e'". 

The  zone-circles  [nee'],  [ae"'e''l  [b€€"%  [6<i'«n.  [Gel],  are  then  descrit 

Th^  tijmboU  and  fUtwnu.    We  might  now  assume  the  faoc  «  to 
when  the  symbol  of  the  possible  pole  I  would  be  (110)  and  that  of  m  w< 
io  be  determined.    This  is  easily  done;  for.  from 
tbe  right-angled  triangles  bel,  ael^  we  have 
oob6«  =  COB  bl  COS  el = sin  at  eos  el, 
oos  ae  =  cos  al  ooR  «t. 

Dividing  the  former  by  the  latter, 
cos  (/.«-  =  50^  81-6') 


al 


al=59°  IT 


C08{a«  =  67°48-ft') 
Henoe,  by  equation  (6"*), 

tan  am-r-  tan  al  —  k-^h; 
and,   by   computatloD.   m  would  then  be  found 
to  be  (210). 

Id  this  oftse.  the  element  F  is  af  =  59°  17';  and  tbe  element  D=bH 
found  from  the  right-angled  triangle  ben.  The  parameters  a  and  e  t 
be  found. 

The  above  would  be  a  simple  solntiou  of  this  particular  oryttal,  but  1 

not  give  the  value  of  the  parameter  a  adopted  by  oryBtallogrspherSf  who  & 

pt  to  be  (110).    But,  knowing,  as  wo  now  do,  both  am.  and  al,  the  syml 

readily  found  by  (G* ')•    When  am  is  J^,  the  equation  is 

* -f- A  s  Un  £9°  ir -r  isn  40°  5'. 

But  £Un69°  17'= 10-33610 

Ltan40°6'  =  9-93510 

log  2=     -30100 
.-.  k-^h  =  2,  and  A=l,  *  =  3. 

The  symbol  of  /  la  therefore  (130). 

The  rigbt-aDgk-d  triangle  ben,  in  which  be  and  en  are  both  knownT 

For,  cos  bt  =  eos  bn  coa  tn, 

.-.  coa6»=ooe60°ai-6'-4-8in67^4S-5'. 

Loos  50°  81-5'  =9-80838 

X  ain  67^ -I8-5'   =9-96657 

L  008  46"  38-35' =  083671. 


EXAMPLE  (BROOKITE). 
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By  compuison  with  the  Bugnlar  elt^mciiUi  giveu  in  Dunm'ti  Mineralogy  we 
Bee  \hiit  H  U  the  poe8lbl«  pole  (Oil).  &nd  the  angle  46*^  3835'  is  the  element  D. 

Tix^  pole  e  is  now  foand  to  be  (122^;  for  it  ifl  the  intersection  of  the  two 
i:      13  jione-<?ircIe8  [100,  OU]  and  [001,  120]. 

By  coinputatioa  Crom  eqaatione  {i*)  the  parameters  a  and  r  are  found;  for 
vhen  6=1,  a  =  tan(<im  =  40^  S')  =  '84m,  and  c-cot(bji  =  4n<' 36-3£')  =  >9U4. 

Drairing  the  eryttal.     A.  net  o(  unit  rectangolar  axes,  ai  given  by  Naumann 

u.f  described  in  Chap,  n,  Art.  32,  are  prieked 

:;'b  on  to  a  sheet  of  paper.    The  length 

'  '    Q  tlie  axia  of  OK  in  retained  nnchanged. 

Ti  <    unit    length    on    OX   is    diminished    by 

r.)  .Implying  the  units  of  the  scale  which  this 

Iil:)i  contains   by  the  number  a:=*6416,  or 

')    ;s  eqoiTalent  tan  40=*  6'.     The  length  OA 

ti  (!■  loand  ia  measured  off  on  OX,     Similarly, 

tfae  btitnber  of  oniU  of  the  scale  which   the 

^bic  axis  on  OZ  contains,   is  multiplied  by 

mU(^3M;25'.   or  f  =  -l»444.     The  number  of 

unita  Ibos  obtained  is  then  measured  off  from 

OoB  OZ,  and  gives  OC,  and  OC,, 

Tbe  pyramid  «  \  122}  can  no*  be  drawn  by  joining  A  and  A^  to  the  points  of 
biieotion  of  OB,  OB,,  OC  and  0C,\  at,  stiU  more  easily,  by  taking  points  //  and 
a,  on  OX,  where  OB=OH,=%OA.  The  lines  joining  H  and  //,  to  B,  B„  C,  C, 
give  ihe  pyramid. 

We  have  to  find  the  edges  [me],  [m(f,J,  Ac.  By  tbe  rule  (Chap.  v.  Art.  4)  the 
«dge  [dvJ  is  parallel  to  [110,  122]  =  [221],  and  therefore  to  the  diagonal  through 
the  origin  of  the  panUlelepiped  having  edges  along  the  axes  of  '2a,  -  2b,  and  e. 
It  ia  simpler,  however,  to  take  the  parallel  diagonal  throogh  A'  on  OY  {OK 
biiBg  96)  of  the  similar,  and  similarly  placed  parallelepiped  which  has  for 
edges,  Olf  =  2a,  0K-2b  and  OC  =  f.  For  we  need  only  construct  in  the 
plaas  XOZ  Che  parallelogram  with  sides  parallel  to  the  axes  and  passing 
through  H,  H,,  C,  C,.  The  lines  joining  the  corners  of  the  paraUelogram  to 
Ihe  points  K  and  A',  give  the  directions  of  bU  the  edges  [ttie].  These  edges  are 
DOW  drawn  through  It  and  /?,,  and  should  meet  in  pairs  on  the  edges  [f«"'J, 
[^/J,  &o.  The  edges  [mm J  join  the  coigns  so  obtaioed.  and  should  be  parallel 
to  the  axis  OZ. 


Fio.  169. 


39,  Topox.  Fig.  170  represents  the  habit  and  development  of  two 
eiTStalB  from  tbe  Urals  in  the  Cambridge  Mneuum.  The  crystals  somewhat 
resemble  broken  cnbea  with  irregul&r  modifications  at  the  coigns.  The  edges 
[cf),  [el'l  [ml]  of  the  largest  crystal,  wliich  was  presented  by  H.  Waechter, 
B.A.  of  Trinity  College,  are  about  1*25  inches  long.  One  end  is  well  developed 
■nd  shows  faoes  of  the  forms:  r  {001},  «  |113},  o{112},  {/{021}.  At  the  other 
and  portions  of  c,  and  y  (021)  can  be  seen.  The  faoes  m  |  UOJ  are  narrow,  and 
are  not  quite  of  equal  size.  The  faces  I  {120}  are  very  broad.  The  second 
orystal  is  smaller  and  shows  faces  of  the  forma:  c,  f.  o,  x  {123).  n  {Oil  f,  m,  f, 
end  r  {130}.  The  poles  of  the  above  forms,  except  r,  are  all  represented  iu  the 
km.  Fig.  171. 
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Tlie  cryntalfl  from  the  Moame  Mta.,  from  Minas  Geraes.  Brftzil,  moA 
the  Thonmfl  Range,  Utah,  have  a  dtlfereDt  habit.     In  them  tlie  prigm- 
and  /  arc  more  Doarly  of  the  same  dimensioDa.    The  base  U  small  and  oflea 
abstsnt,  wliilst  pyrauiidii  uud  domes  are  asuaUy  largely  devel<^)ed. 


Pio.  170. 


We  shall  adopt  m  as  (110}  and  n  as  (Oil)  and  the  corresponding  parameters 
given  by  Koksharov;  a  :  b -.  c  = -53864  :  1  :  -95395. 

\\q  Bhall,  alsOi  suppose  the  symbolfl,  given  above  for  the  sovexal  forma,  to 
have  been  determined  from  approximate  measurements  by  comparison  with  the 
data  of  Brooke  and  MUter'H  Mineralofiy,  From  the  parameters  we  sh&U  now 
calculate  the  angular  clcmontB,  and  the  angles  between  the  poles  in  the  principal 
xones. 

From  equations  (4),  6  being  unity,  we  have 

tanl-^a,  .-.  K=  27'' 51-6'; 
cot  I*=c,   .-.  IJ=4«^21'. 
Hence,  from  (5),  cot  K  =  tan  Z)  tan  /^ ;  and  £=61**  0-6'. 
Zone[mm'l     From  (ti**) 

tan^I  =  2tanF,    ..  Al  =  4G9  S&-i' 
ton  ^ r=  3 Uu  ii",        Jr  =  5T  45-7'. 

Znnf.  [m'n].  Prom  the  right-angled  triangle  Bnm'*,  we  can  now  determine 
(a)  m"n,  antl  (;S)  the  anglB  nm"iJ  =  A  "im'u.  Then,  from  the  right-angled 
triangles  mom',  ixm',  we  can  determine  (7)  m'o,  and  (fl)  m'x.     The  formnlse  are: 

(o)     co8m"«=oosBm"cofl;M  =  Bin27°B15'cos46°21';   .-.  m"n  =  n'*  IV, 

(^1  ootnm"B  =  8inBm"T-tanBn  =  co827''51fi'oot46''ai';  .-.  nro''B=49°  51  •4'. 
(7)  tanm'o  =  tanmm'-rC08MiH'm=:tan56°  43'-hcob49°  51-3';  .-.  ra'o  =  66**  16-4'. 
(3)     tan»rt'x  =  tanm7^coBnm'm  =  tan74''26-8'-^co849^51-5';   .-.  m'x=^^^i9*^ 

The  pole  d",  Fig.  171»  lieR  in  [i«"]=:[301]  and  in  (iB'tt]  =  [lll].  By  Chap,  t. 
Table  (28),  its  symbol  is  found  to  be  (l43).  The  angle  nd"  can  be  now  determined 
by  the  a.  a.  of  four  poles. 

(f)     From  the  a. a.  {d"nom*)^  we  hare 


amd"n 
Bind"o 


sin  m'n 
ffin  m'o 


143 

110 

on 

143 

-=- 

Oil 

no 

112 

112 

EXAMPLE  (topaz). 
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nn  fTn 
Bind'o 

2  sin  m'n      ^uoVFll' 

~oainM'o~8inG6°16'-l' 

X«n71^ir 

=9-97015 

log -4 

=1-60206 

9-67821 

i:.Bin66'16'4' 

=  »-&G166 

=  Un  e. 


L  Un  (tf=2'2^  2S-14')  =  9'G1650. 
-•.  Uq 4(a"o-<r'n)  =  tan {45"- tf) tan i(d"o+ir'ii). 
But  d''o-d"n=OTi  =  42°  33ft', 

..  tau 4 (d"o  +  d"n)  =  tan ar  10*-3^tan22=  31-86'. 

I.lananG-3'  =9-59030 

X.tena2''31-86'=9-617a9 

X,  tan  43^  a       =9-97241. 

.-.  d"o  +  rf"n  =  86"22', 

d"o-d"«  =  42='32-6'. 

.  d"o  =  B4''27'3'.  <i"n  =  2r64-r.  and  m"d"  =  49°  IG'8'. 

Zone  [com].    From  Uie  triangle  mam't  we  have 

oosom-cofiarn'-T-oosmni';    .*.  on  — 44°  34-?'. 
Henoe,  by  equation  (7), 

tttnM  =  2tanM-H3;   .-.  ci  =  34' 14'. 
Zone  [Btlx»].     From  the  rigbt-anf^Ied  triangle  Ihm,  we  have 

COB  Bs  =  Qoa  Km  COB  Bm^  Bin  €9  »in  Am:    :.  Bt^li'^  45*5'. 

Bat  the  point  bisecting  m'  ia  a  possible  pole  (103)  at  90°  from  B:   call  it  t. 
Then  by  an   equation,  similar  to  (7),  which  is  derived  from   the  k.H,{Bett\, 

where  t  is  any  pole  {hkl)  in  the  xonc,  we  have  tanBis -rtanfif. 

Henoe,  for  z  [133). 

tan  Bx=i  tan  74°  45-5'; 

and  for  d  (148).  tanBx^^tan  74°  455'. 

.-.  Bx  =  61°24-7'.  i?d  =  42*^82-2'. 

The  an^le  xl  is  now  eaaily  determined,  for 

eosJ-/  =  eo9fljf-^sin^Z;   .-.  ari»i48°  49'. 

Zoiw  [e  ny ).    In  this  xone  tan  cy = 3  tau  {on  =  48°  89') .    .:  q/  =  62°  30- A'. 
Many  of  the  above  angles  are  brought  together  in  the  following  tables : 


Br  32"  14-3' 
Bl  43  24-6 
Bvt  62     6-6 

mm'  B!i  43 


en    43*^39' 
cy    62  20-3 
nn'  87  18 


r«  34°  14' 
CO  45  35-3 
cm  90     0 


Brf  12^S'2' 
iJj61  24-7 
ru  74  45-5 
jtj'  30  2» 


mo      m°  16-4' 

m'x      79  49- G 
Nt'n     108  49 
m'd"  130  4.^-7 


ssd 


only  one  element  vnries  with  the  HubHtance  in  crystals  of  t 
This  element  may  be   tiiken  to  be  the    ratio   of  the  pa 
measured  uu  the  principal  axis  to  that  measured  along  ei 
ur  OYj  which  we  Khali  call  a.     We  shall  take  OS  to  be  O. 
06'  to  be  01' ;  and  when  we  desire  to  denote  that  lengths 
a,  or  to'a-i-h,  are  measured  on  07  we  shall  denote  them  b 

We  Nhall  Bee  in  the  course  of  the  Chapter  that,  aa  a  const 
of  the  principal  axis,  the  crystals  of  each  class  of  the  system 
referral  Ut  three  rectangular  axen  of  which  OZ  is  the  princip 
and  that  ei|ual  parameters  can  be  taken  on  the  axes  of  A' 


4.  The  pinakoid,   {001  J.     The   simplest  form  on  a  ci 
this  closH  is  a  pinakoid,  the  faces  of  which  are  perpendiculoi 
principal  axis  and  to  the  planes  S  and  i>'.     Sucli  faces  are 
(Clirtp.  IX.  Prop.  3):  tliey  are  parallel  to  the  axes  of  X  and 
are  interchangeable  by  a  semi-revolution  alx>ut  either  of  tbei 
form  is  {OOlj.  and  comprises  the  faces : 

001,  ool  

The  possible  crystals  shown  in  Figs.  174, 176,  are  each  ter 
by  the  pinakoid. 

5.  The  t(^tragonal  pnmn,  {nOj.  By  Chap,  ix,  Prop.  1, 
of  symmetry  is  always  parallel  t«  a  possible  face.  T^et  us  i 
in  Figs.  173  and  1 74,  a  face  rri,  to  bo  drawn  through  A  on  OX  pal 
S\  and  let  it  m<»et  OF  at  A.  Then  since  S  bisects  the  angi 
and  AA^\%  pai-allel  to  the  trace  of  .S'  on  tlio  plane  XOY,  th< 
OAA^y  OA^A  are  equal,  each  of  them  Ijeing  45*.  Hence  0 
These  lengths,  being  tAken  as  the  parameters 
on  OX  and  O  V,  may  l>e  denoteil  by  a.  But 
the  face  m^  through  AA^  parallel  to  S  is  also 
parallel  to  0:^j  and  its  symbol  is  therefore 
(110).  Similarly,  there  must  l>e  a  parallel 
face  m'  on  the  opposite  side  of  S  which  has 
the  symbol  (TlO).  These  two  faces  also 
interchange  places  by  rotation  through  180* 
about  0^. 

Again,    rotation  about    OX   through    180'   interchang' 
positive  and  negative  lengths  on  OY,  and  also  the  planes  3 
The  face  m^  is  brought  into  the  position  given  by  ;»,  and 
that  given  by  m".    The  two  new  faces  have  the  symbols  (UO^ 


JlO 


no 
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Rinoe  m  in  parallel  to  S'  and  m,  to  *%  it  follows  that  the 
mglee  mm^,  mm',  ibc,  are  ail  equal  to  90".  The  form  {110}| 
Fig.  I74f  is,  therefore,  a  rectan^lar  priHin  Imvmg  the  faces  : 

110,  TlO,  TTO,  ITO (b). 

This  prism  differs  frum  the  corresponding 

prism  of  the  priMznatic  system  inasmuch  as  the 

afigles  are   permanently  90'.      In  a  prismatic 

erjital  the  axes   retain  their  direction  whilftt 

tJi«  temperature  varies,  but  the  coefficients  of 

expansion  along  the  axes  are  different ;  hencR 

ttie  angles  of  the  prism  and  domes  vary  wlightly 

»ith  the  temperature.     In  crystals  of  the  class 

DOW  under  consideration  the  relations  connect- 
ing the  planes  and  axes  of  symmetry  do  not 

»«iy  with  the  substance,  or  with   the  temjx^rature  as  long  as  it  is 

not  raised  to  a  point  at  which  the  crystalline  stracture  is  destroyed. 

The  parameters  on   the  axes  of  X  and    Y  therefore  remain   etiual 

*hen  the  temperature  is  changed  :  but  the  ratio  of  a  :c  changes 
,  with  the  temperature.  The  same  holds  for  crystals  of  all  classes  of 
Wibk  system. 


6.  The  tetragonal  prienij  J 100],  A  face  parallel  to  the  principal 
uis  and  to  one  of  the  other  dyatl  axes,  OY  (say),  is  clearly  pt^ssible, 
wdifl  necessarily  perpendicular  to  the  remaining  axis  OX,  The  face 
B»y  be  drawn  through  A  on  OX,  when  its  syin^H>l  is  (100);  and  it^ 
trace  on  the  plane  XOY  is  given  by  MAM^  in  Fig.  175.  The  plunes 
"^  8)'minetry  meet  the  plane  XOY  in  tho 
trwes  marked  «S  and  S\  and  the  face  (100) 
in  vertical  lines  through  M  and  3/ .  But 
through  these  vertical  lines  homologous 
fftoes  pass  which  are  inclined  to  *y  and  *S" 
At  the  same  angles  as  (100).    Faces  of  this 

form   therefore   pass   through    tho    traces 

MA'M\M^A^M'\  where  hA'MO=  NOMA, 

and  A  ^  ,Mft  =  A  OM,A.     But 

hOMA  =  hO}f,A=if)\ 

Hence   /\AAfA'=  Ai^  J/,j4,  =  90" ;  and  the  new  faces  are  parallel  to 

oDe  another  and  to  OX.     Their  symbols  are  therefore  (010),  (010). 

Similarly,  each  of  these  faces  is  repeated  over  the  planes  S'  and  S 

15—2 
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in   tho  samp  face  (TOO)  which  paaws   through  the  trace  J/' 
where  the  angles  Ijetween  the  faces  uie«iting  at  M'  and  M"  are 

We  have  therefore  a  second  rectangular 
prUm  {100|,  Fig.  176,  which  has  the  four 
faces: 

100,  010,  Too.  OTO (c). 

The  faces  of  this  prism  truncate  the 
edges  of  the  prism  {HO};  and  rice  versa, 
the  faces  of  {llOj  truncate  the  edges  of 
{1001. 


AM' 

90'. 


Fm.  176. 


7.  77i«  ditetragfmal  prisin,  \hkO\.  It  a  face  (hkO)  poMllel  to 
OZ  occurs  on  a  crj^tal,  it  meets  the 
plane  XOY  in  a,  line  UK,  Fig.  177, 
where  OH -a^h,  OK  =  a^~k.  Let 
I/K  meet  the  trace  of  S  in  M. 
Through  M  a  new  face  can  lio  drawn 
parallel  to  OZ  and  inclined  to  5  at 
the  sjiTiu;  angle  as  (hkO)  makes  with 
S.  Let  the  new  face  meet  the  plane 
XOY  in  the  trace  B'K\  Now  in 
the  two  triangles  HOAf,  K'0.\f,  we 
have  MfOM=  AMOK',  each  being 
45';    and    MIMO^  /\OMK',    the 

equal  angles  on  i^ppcinit-e  i^tdeu  of  a  plane  of  synnnetry  :  also  the 
DM  is  common  to  both  triangles.     Hence  the  remaining  angles  and 
sides  are  equal.     Therefore  t\OUM  =  AOK'M;  anu 

OK'  =  Off^a,^h. 
Again,  in  tho  triangles  /lOK,  /I'OK\  we  have  KOHK^  AOK'B\ 
and  A  UOK  -  90'  conmion  ;  also  the  side  0//=  the  side  0K\    There 
fore  the  remaining  sides  and  angles  are  equal;  and 

OH'^OK^a^h 
The  face  through  the  trace  H' K'  has  therefore  the  symbol  (MO). 

A  semi-revolution  about  OX  interchanges  positive  and  negative 
lengths  on  OF,  and  brings  the  traces  //A',  //'A"  into  the  poeitioDS 
given  by  //A'^^  and  U'K^\  where 

OK^,^^0K=a,-r\   and    0A>  -  OA"  =  a,  -  A. 
The  vertical  faces  through  the  traoee  i/A'^  and  H'K^  are  (AiO),  (MO), 
respectively. 


*re_j 
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t,  by  a  semi-revolution  about  0)',  the  above  four  faces  aro 
it  into  the  poftitions  of  faces  whitsh  meet  0  Y  at  the  same 
points  as  Ijcfore,  but  in  which  tlie  signs  of  the  intercepts  on  OX 
fcre  changed.  The  four  faces  t>aken  in  succession  from  K'M*If^^  are  : 
A/*0,  kkO,  hkO,  MO. 
The  form  {hkQ\^  Fig.  178,  is  tlierefore  a  ditetragonal  prism  of 
{U  faces  which  have  the  sym)x)lfi : 

AJtO,   UO,   itAO,   hkO,   AAO,    km,   aO,   AJtO (d). 

The  alternate  anglcK  F  over  the  edges 
ring  through  the  points  J/,  M\  Ac,  are 
'lU  wjual,  and  so  are  the  angles  over  the 
edges  through  //,  A",  //,,  K^.  But  the 
KDglea  F  are  never  equal  to  those  of  the 
other  set.  Further,  alternate  facea  are  at 
right  aogies  to  one  another.  This  iwportanb 
rel«iaa  is  easily  proved  from  Fig.  177, 

Let  H^K'  l>e  produced  to  meet  HK  in 
J^.   Then  the  external  angle 

K'NU=  hNKK'  +  ^NK'K. 
But  MTK'K^  ^OK'II^,^  NOK'ir^  \0!fK, 

.-.  ^K'NU^  KOKU^  NOUK^  ISO"-  MIOK^OO'. 
The  reader  should  olwerve  that  two  faces  symmetrical  with 
Kipeol  lo  S  w  S'  have  the  indices  h  and  k  in  reverse  oi*der.  Thia 
is  obvious  in  the  case  of  the  adjaoent  faces  which  meet  iu  linos 
lljrough  the  points  .\f.  But  it  is  also  true  of  faces  like  tUom 
thruugh  //A'  and  A',//^^  which,  if  produced,  will  meet  in  the  plane 
^".  These  two  fat-es  have  the  Hymlwls  (AAO),  (AAO),  and  are 
reciprocal  rel!exioi»8  with  respect  to  ^'. 

Again,  if  OG  is  the  normal  to  (AAO),  it  is  parallel  to  II ^^K' N't 
ainoe  A"A'A'=-90'. 

.-.   A  XOO  =  A  Off  K  =  A  OKIL 


Fio.  178. 


tan  XOG  =  tan  OKH^  OH 


0K=%^^ 
h     k 


k 
h 


..(1). 


^f  Hence,  the  inclination  of  a  face  (AA-O)  to  one  of  the  vertical 
axial  planes,  and  thei*efore  also  to  the  planes  of  symmetry,  is 
determined  as  soon  as  the  indices  are  known,  and  is  independent 
of  the  parameter  c  on  the  vertical  axis,  which  is  the  only  element 
varying  with  the  substance.  The  angles  of  ditetragonal  prisma  can 
re  be  calculated  once  for  all,  and  will  l)e  the  same  for  all 
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.subsUkiioes  crystAlUziug  hi  the  tetragonal  synt^m.  It  is  easy  to 
construct  a  table  of  angles  for  such  prisma,  aifuilar  to  the  following, 
which  gives  the  angles  for  a  few  cases  of  common  occurrence. 

{AWj      ]oo^hko        AJtOAiio      /^^hko^kho. 

{310}  18"  26'  26"  34'  53"  8' 

{210}  26   34  18    2e  36   62 

{320}  33    41  11    19  22   38. 


I 


6.  Whon  the  faces  of  the  forms  are  inclined  to  the  veitiofti 
axis  and  to  the  horizontal  plane,  the  forms  are  closed  figures,  which 
differ  from  the  preceding  iuatimuch  as  each  single  form  completely 
encloses  a  finite  p(}rtion  of  space. 

The  tetrtu/oual  ffipi/ramidj  {fiOl\.     Let  one  of  the  faces  be  parallel 
to  or  and  meet  0^  at  L,  where  OL  =  c-^L     Such  a  face  caa  I* 
supposed  to  be  drawn  through  MAM^  of  Fig.  175,  where  OA  is  now 
replaced  by  OU-a^h,     A  semi-revolution  about  OY  brings  the 
face  into  a  parallel  position,  whore  it  passes  through  M'M"  and  L,, 
and  meets  the  axes  of  X  and  Z  at  distances  a  -^  A,  c-i-l.     The  two 
faces  have  therefore  the  symbols  (AO^),  (AO/).     If,  again,  the  crystftl 
is  turned  through   ISO'"  about  OX^   the  trace  MAM    remains  the 
same,  but  the  points  M  and  Jf,,  and  the  points  L  and  L^  are  inter- 
changed, we  therefore  have  the  face  MM^L^  of  Fig,  179,  the  symbol 
of  which  is  {hoi) :  the  parallel  face  is  {hOl). 
The  above  four  faces  are  now  repeatt^l  over 
the   edges    LM^   ML^t  Ac,  in   which   thoy 
meet  the  planes  S  and  S'  in  four  new  faces 
which  are  parallel  to  OX  and  meet  OY  at 
//',  //,  where   OH'^a^r-h.     The  symbols 
of   the   new  faces  are:    OA/,  0/i7,  OA/,  Ohl. 
The  form   \hOl\,   Fig.  179    is   a   tetragonal 
bipyramid,  the  horizontal  edges  of  which  are 
at  90"  to  one  another ;   it  consists  of   the 
faces  * 

AO;,  OA/,  AO/,  Olli 
mi,  Ohl  AU/,  OAif"' 

Each  face  is  an  isosceles  triangle,  and  the  angles  F  over  polar 
edges  (p.  112),  such  u.s  LM.  are  all  equal  :  so  are  also  the  angles 
over  the  horizontal  edges  i/J/ ,  MM\  Ac. ;  but  the  angles  over  theae 
latter  edges  are  in  no  case  equal  to  the  angles  /*. 

The  face  e  (101)  of  the  pjrraraid  [101}  occupies  a  position  similar 
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tiuitof  r(lOl)  of  a  prUm&tic  crystiiL  The  equation  connecting 
Die  parametere  on  OZ  and  OX  must  l)e  the  same  as  that  given  for 
t  :(i  anfi  the  face  r  in  (4)  of  Chap,  xni ;  for  a  section  of  the  pyramid 
by  the  pUne  XOZ  gives  a  right-angled  triangle  LOU^  in  which  the 
utgle  LHO  is  equal  to  the  angle  hetween  OZ  and  the  norma]  to  0. 

Hence,  tan  ZOe  =  tan  LJ/0  =  0L^  OH. 

But  for  (-(lOl),  OL-c,  and  OU^OA^a.  Hence,  denoting  the 
pole  of  (001)  by  C,  and  the  arc  C«  by  E^  which  we  shall  call  the 
anyit/ar  dement  of  the  crystal  (sec  Chap  xiii,  Art.  26),  wo  have 

tan^=tanCe=tan^Oe  =  c^rt..  (2). 

Again,  the  face  e'(Oll)  of  the  same  p^'ramid  occupies  a  similar 
pttition  to  9(011)  in  a  prismatic  crystal.  But  the  faces  «(I01) 
*wi  e'(Oll)  of  the  pjTJimi*!  are  inclined  to  the  plane  XOY  at  the 
•wne  angles,  for  the  two  faces  are  rftciprocikl  reflexions  in  the 
vertical  plane  S,     Hence,  the  angle 

/^  =  010AOn=90"~OOlAOn=90''-OOlA101  =90**-^. 
It  follows  that  a  crystal  of  tliJH  class  hiks  only  nne  element  wliich 
Varies  with  the  substance.  The  element  may  Iw  given  either  by  the 
Wgle  Ej  or  by  the  ratio  of  the  pammeterK  c  and  a.  When  the 
ooHierical  values  of  the  parameters  are  introduced,  it  ih  uRual  to 
BDake  a  the  unit  of  length.  The  relation  between  the  angular 
element  E  and  the  lutear  element  c  is  then  given  by 

c=tan^ (2»). 

The  parameter  c  may  lie  greater  or  less  than  1  ;  and  it  can  only 
be  equal  to  unity  under  exceptional  circumstances :  even  if  at  any 
temperature  c-«,  a  change  of  tt^mperature  will  ult4*r  the  ratio  of 
e.a;  for  the  coefficient  of  exjianHion  along  the  principal  axis  differs 
from  that  along  any  line  at  right  angles  to  it. 


4 


9.  We  have  now  exhausted  all  the  possible  types  of  the  Bpecial 
KJoruis  in  the  class,  which  have  parallel  faces.  It  will  bo  noticed 
^utiAt  the  paralloiism  of  the  faces  in  them  is  duo  to  the  faced  being 
Hpi  «ach  case  parallel  to  one  or  other  of  the  dyad  axea. 

Tke  sphefiouJ,    k  \h?ii\.     Suppose   a  face   to    Vx*    drawn    through 
the  line  A  A'  of  Kigs.  173  and  IHO  to  meet  the  prnncipiLl  axis  at  the 
lint  L}  theot  sine©  AA'  is  perpendicular  to  #S',  every  face  drawn 
through  it,  or  parallel  to  it,  is  also  per^H^ndioular  to  *V.     Hence,  if 
OA   is  a-rh  and  OL  is  c-=rl^  the  ayml»ol  of  the  face  is  (AA/). 
Let  this  face  be  turned  through  180"  about  OZ^  the  point  L 
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remains  uuchunged  whilst  the  line  A  A'  is  tranbpoaed  to  the 
line  AA^,  meeting  OX  and  Of  at  equal  cliAtances  in  the  ne^ 
directiun.    The  new  position  nf  the  fact*  is  j^iven  by  the  symbol  ( 
Similarly,  a  spmi-rovolution  alxiut  OX  IpaveM  A   unchanged 
interchanges  equal  positive  and  negative  lengths 
on  0  K  and  0^,     The  £ace  9,  q^  7,  has,  therefore,  **/ 

the  symhul  (AA/).  By  a  similar  rotation  about 
OY  the  face  in  brought  into  the  position  of  qq^^n 
of  which  the  symbol  is  (Khi).  Repetition  of  the 
rotations  gives  no  new  faces.  The  form,  there- 
foroi  consists  of  the  faces  ; 

AA/,    hhl    AA/,    hhJ (f). 

Each  of  the  faces  is  perpendicular  to  -S  or 
S'.    Further,  the  edge  qq^  is  parallel  to  AA'  and  ' 

ZA^j  and  lies  in  the  plane  S'.    This  phuio  bisects 
the   angle  between    the  pair  of   faces  (AA^),  (AA/)  which   meet  in 
99i.     Similarly,  the  plane  tS*  contains  the  opposite  edge  q^q^t  uid 
bisects   the  angle  between  the  two  faces  (AAf),  (AA?)  which  meet 
in  tlie  edge.     The  edges  qqi,  g^q^  are  therefore  lite  and  interchange- 
able edges,  which  are  at  right  angles  to  one  another  and  to  the 
principal   axis,     tt   is  also  clear  that  the  faces  are  all  equal  and 
similar  isosceles  triangles,  for  each  face  is  bisected  by  a  plane  of 
symmetry ;  for  instance,  the  face  qqiq^  is  bisected  by  S  in  the  line 
Lqf.    The  angles  over  the  slanting  edges  passing  through  A,  A\  (fee, 
are  all  equal ;  but  tiiey  are  not  equal  to  tliu  angles  over  the  horizon- 
tal edges.     Again,  a  semi-revolution  about  a  dyad  axis,  OX  (say),! 
changes  only  the  cndu  7,  and  q^  of  the  edge  meeting  it,  but  not  the 
direction  of   the  edge.     The  edge  y,  y,  is  therefore  perpendicular 
to  OX^  and  is  truncated  by  the  face  (100},  when  the  sphenoid  anda 
(lOOj  occur  together.     The   other   slanting  edges  9^3,  itc,  are  all* 
similarly  truncated  by  the  other  faces  of  the  tetragonal  prism  {1001- 

A  complementary  splienoid  is  possible,  the  faces  of  which  are 
parallel  to  those  of  the  preceding  sphenoid.     Its  symbol  is  k  |AA/}y . 
and  it  consists  of  the  faces  :  AA/,    AA/,    khi,    AA/.  I 

8ince  the  faces  of  the  two  forms  are  parallel,  the  faces  will  be 
equal  and  similar,  and  the  angles  over  the  corresponding  edges  will  _ 
be  equal.     The  two  forms  can  be  placed  in  similar  positions  bjrfl 
rotating  one  through  90'  about  the  principal  axis.    CompkMuentAry 
forms  connected  by  the  fact  that  they  can  be  brought  to  occupy 
the  same  space  are  said  to  be  tautomorphoua  (p.  310) 


THE  DISPUKKOID. 

10.  Th€  ditph&noid,  or  gcaf^mohedroa,  k  {hki\.  If  a  pUne  is 
ArawQ  through  a  line  in  the  pl&ue  XOY,  such  as  IIIC  of  Fig.  177, 
to  raret  the  vertical  axis  in  L  at  the  distance  c-l^  we  obtain  a  face 
w\utli  batt  the  symbol  {hkl).  Sucli  a  face  meetj*  the  plane  of 
lymiuctry  *S*  io  a  line  joining  L  to  Jf  in  the  plane  XOVf  through 
which  and  ff'K'  a  second  face  must  pass.  The  new  face  H'K'/j 
ia  symmetrical  to  the  firat  with  respect  to  S ;  and  has  the  iuter- 
cxspts  a  r-  Jfc  :  a^  -r  /* :   c  -i-  /,  and  the  symbol  (kfd). 

A  semi-revolution  a)x>ut  OZ  brings  the  above  two  faces  into 
pwitions  in  which  they  meet  t!»e  plane 
XOY  in  the  lines  HK^^  and   If^K\  of 
^ig.  177.    The  new  faces  have,  therefore, 
tbe  symbols  {hkl),  (khl).      Again,  as  was 
ived  in  Art.  7,  the  p*ur  of  lines  //A' 
M^K^  are  symmetrical  with  respect 
^',  and  the  faces  through  them  and  L 
Bttst   be    80    too.      Those    faces    must 
tberefore  intersect  in  an  edge^  Lii  (say) 
of  Pig.  181,  lying  in  S\     For  a  similar 
nuon,  the  line  of  intersection  Ln    of 
and  {hkl)  lies  in  6". 
If  now  the  above  faces  are  turned 
tmugh     180'    »lK>ut   OXf    they    are    brought    into    positions    in 
which  they  meet  OZ  »X  A^,  where  OL^^c^l^  and  meet  the  plane 
XOT  in  the  lines  UK^,  KU\  Jtc,  of   Fig.  177.     The  new  faces 
have,  therefore,  the  symbols ;  /tA;/,  Mf,  kUl^  hkl. 

These  faces  are  ueoessarily  symmetriwU  with  respect  to  S  and  iS", 
for  the  original  set  of  four  faces  with  whicli  they  change  places 
»re  symmetrical   with  respect  to  the  same  planes. 

A  serai-revolution  a1}out  OT  gives  no  nnw  faces,  for  successive 
rritntions  of  180"  about  OZ  and  OX  are  together  equivalent  to  a 
single  rotation  of  180'  about  OT.  Hence,  the  disphenoid  ic  jAA^, 
Fig.   181,  consists  of: 


hkl,    kJU,   khl,   hkl 
hkl,   khl,   khl,   hkl 


(tf). 


^H  The  faces  are  equal  and  similar  scalene  triangles,  pairs  of  which 
P  mtervecling  in  the  sloping  edge^  n^^,  nV^,  ikc.,  are  int-erchn.ngeal^le 
I  by  A  semi-revolution  abtmt  the  axis  to  which  these  edges  are  perpen- 
'  dicular.  The  pairs  of  faces  which  meet  in  the  edges  Lt^,  Ln,  ika 
ar«  reciprocal  reflexions  in  the  planes  of  symmetry  through  these 
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edges,  and  tire  therefore  aDtiatrophie.  The  angles  over  thedlsamiUr 
eilge-8  of  diHei-unt  faoee  are  unequal,  whiUt  those  over  simijAr  ed^ 
bounding  different  faces  are  alt  equal  Hence  euch  disphenoid  bu 
three  different  angles :  (i)  that  over  an  edge,  such  a«  Lt^^  lyii'g  inS 
or  iS'  ;  (ii)  that  over  a  disaimilar  edge,  such  as  Lit^  altto  lying  in  .Sor 
S' ',  and  (ill)  that  over  an  edgO|  such  as  nl^  which  is  perpendicalur 
to,  and  bisected  by,  one  of  the  like  dyad  axes. 

11.  The  planes  through  L^  and  the  linca  HK,  Il'K*  of  Fig.  177 
are   clearly  possible  faces;    for  they  have 

rational  indices  and  are  parallel  to  a  pair 
of  faces  of  the  dt.sphenoid  k  {hkl]^  although 
thtjy  do  uftt  belong  t^j  this  form.  Hence 
we  obtain  a  complementary  disphenuid 
K\}ikl\,  Fig.  182,  the  fivce-s  of  which  are 
parallel  to  those  of  tlie  form  discussed  in 
Art.  10.  The  form  has  the  following 
facesi  * 

hkl,  kid,  khi,   hkh 

Ml,    khly   khly   hkl]  ^   '' 

The  angles  of   the  complementary  di- 
sphenoids  are  necessarily  e<]ual,  for  jMiiru  of 

parallel  faces  make  equal  angles  with  one  another.  Since  aJso  the 
lines  of  Fig.  177,  in  which  the  faces  of  both  forms  meet  the  plane 
XOY  ciiii  be  interchanged  by  a  rotation  of  90  about  OZ^  it  follows 
tlmt  the  same  rotation  must  bring  the  faces  of  k  \hkl\  into  the 
position  of  those  of  K\hkl\^  and  vice  versd.  Hence  the  oomple- 
nientar}'  forms  are  tautomorphous. 

Crystjils  showing  sphenoids  and  disphcnoids  were  said  to  be 
hemihedral  with  inclined  faces,  and  tttis  term  is  still  used  in  descrip- 
tive works. 

12.  If  a  bip3'ramid  ^^0/)  occurs  on  a  crystal,  measurement  of 
one  angle  will  emiUle  us  to  determine  the  symbol,  when  the  angular 
element  E,  or  the  panunetral  ratio  c  :  a,  is  known  ;  or  conversely, 
to  determine  the  element  when  the  indices  h  and  /  are  given.  Thus, 
if  the  angle  over  one  of  the  edges  yfM^  of  Fig.  179  is  measured,  we 
know  the  angle   LHO  ^  MJIL^^2.     But,  if  C  is  (001)  and  n  is 

(AOfl,  then  hCn^  MHO. 

c     a     he 


Henoe,  Uu  Cn  =  Un  LHO  ^OL^  OH  = 


=  (from  (2))ytan.ff 


^      A      la 


(3). 


rORHl/LA  OF  OOMPUTATIOK* 


ms 


The  same  expression  cad  bo  easily  obtained  from  the  A.a  \C«nA\, 
^vliereeiH  (101)  and  A  ih  (100). 

H,  however,  the  nieoauretl  angle  is  that  marked  F  in  Fig.  179, 
it  AO/AOA/,  the  angle  Cn  =  00lAA0/  must  be  found  from  the 
rightongled  spherical  triangle  having  a  right-angle  at  C,  and 
w%~Cn  for  the  sides  meeting  at  C.     Hence,  cor  F  =- ooa^  Cn. 

m^       *           .«       /.         ,«,./*  + A*  tan' iF 
But,  8ec»Cn=  1  +  ton* (7n=  (from  (3)) -j . 


ot»F 


V 


8ec"Cn     i«  +  A«ton»jF* 


(4). 


13.  Should  the  only  forms  meeting  the  principal  axis  \y& 
ipbenoidB,  one  of  tliem  (the  faceH  of  which  we  Bhall  denote  by  o) 
iiielectod  as  k  jlllj,  and  the  others  have  then  the  symliols  «  \UU\. 
Now  the  face  (AA/)  meets  the  axes  at  a  -^  A,  n,  -i-  A,  c  -r  2.    If  displaced 

tUel  to  itself  so  as  to  pa^s  through  A  and  A' 
-where  OA  -  OA'  ~  a — the  intercepts  are  a,  a^^ 
Ic-i-L  Let  Fig.  183  represent  part  of  a  section 
in  the  plane  .S',  where  Op  is  the  normal  (AA/), 
OC-lu^l,  and  Om  is  the  length  intercepted  by 
AA'  im  OM  of  Fig.   173.     Hence, 

Oni=0^lcos45''-a^V2- 
But,  since  the  angles  at  p  and  COm  are  riglit^angle^ 
COp  =  90"  -  pOm  =  CmO. 

.\  la^COp  =  UaiCmO^^^  ^ 


Fiu.  183. 


Om     la  cos  45' 


(from  (2))  jJ2UuiE 


When  A  =^  {,  the  sphenoid  becomes  o=:fr{lll},  and  we  have 
tanCo  =  -8ec45'  =  tan^8ec45'=V2tan^ 


(5). 


(6). 


The  parameter  c,  and  the  angular  element  B,  can,  therefore,  be 
oalcuUted. 

14,  In  the  discussion  of  the  very  simple  problems,  which  have 
been  so  far  solved,  stereograms  were  not  required ;  but  more 
general  problems  are  best  solved  by  their  aid.  In  such  diagrams 
the  principal  axis  is  alwayH  taken  to  be  thn  diameter  through  the 
eye:  the  pole  C(OOl)  therefore  occupies  th«  centre.  On  the 
primitive,  arcs  Am  ~  vtA'  =  dec.  =  45'  are  marked  off  by  a  protractor, 
the  pole  j!f  (100)  being  placed  at  the  bottom,  and  yl'(OlO)  at  the 
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right   extremity   of   the  horizontal  diameter.     At  the   same 
the   positions  of  poles  such  aa  f,  Fig.   184,  are  determined 
a  knowledge  of  the  onglo  Af,     If  Uie  element  E  is  known,  the  poles 
e(101},  e'(On),  tfcc,  are  placed  on  the  diametral  zones  [-/IC],  [-^'C^ 
«fcc.,  by  the  method  of  Chap,  vii,  Prob.  1.     The  zone-circles  [^fi'U 
[ilV],  «tc.,  can  then  l>e  drawn  :  they  determine  hy  their  intersectioi 
the  pole  o(l  11)  and  its  homologues.    Or,  if  sphenoids  are  the  knownl 
forms,  Cp  can  be  mark«*d  otF  on  [Cm]  by  the  method  given  for  &j 
Two  poles  /?  lie  on  [O/rt]  above  the  paper,  and  two  poles  of   thi 
form  are  given  by  circlets  to  be  placed  round  points  at  the  same 
distance   from    C  on   [£7mJ.     A   disphenoid,  such  as  <  =  k  (AjE/)   in 
Fig.   184,  is  most  quiokly  and  correctly  placed  by  the  intersectioi 
of  zones  such  oa  [C[/']  and  [w,/?],  which  can  generally  be  eaailj 
determined  and  drawn.     Four  poles  alwve  the  paper  are  given  bj 
dota  occupying  opposite  quadrants,  and  four  poles  lielow  thr  pa| 
are  given  by  circlets  occupying  the  other  pair  of  opposite  qaadrants.| 

15.     Should  a  disphenoid  be  the  only  form  present,  or  l>o  th< 
form  with  brightest  and  siiiootliest  faces,  we  may  have  one  of 
two  following  problems  to  solve,     i.   Assigning  definite  indices  Uki 
the   faces,    it    may    be    required    to   find    the   element    E   or    the 
parameter  c.     Mejisurement  of  one  angle  of  the  disphenoid  suflioMj 
ti*  give   tin*  eletiieiit.     ii.   Knowing  the  element  A',   tlie  symbol 
the  dihphenoid  luay  bu  needed  :  two  angles  umst  then  be  measuivd. 

i.  Let  Fig.  184  repre^ient  a  projection  of  the  poles  i  ot  il 
disphenoid  k  {hki)t  atid  let  ;>  be  a  pole  of 
the  possilile  spheiioid  which  truncates  the 
longer  edges,  such  as  Lt^  of  Fig.  181. 
Now  the  zone-circie  [U']  =  [/tkf,  kJd]  rauHt 
pass  through  m^,  the  pole  of  the  plane  .S' 
with  respect  to  which  the  two  faces  are 
symmetrical.  The  plane  S  meets  the 
sphere  in  the  great  circle  projected  in  the 
diametral  zone  [Cm]  -  [iTO],  on  which 
the  pole  p  lieH.  Hence  p  infiy  Ije  denoted 
by  {eey).     But  since  it  lies  in  the  zone 

[mt]  =  [li,h  +  k], 
we  have  by  Weiss's  zone-law 

-2k  ^g  (A  ^k)^ 
we  may  take  «  =  A  +  k^  and  y  =  2/. 
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But  the   indices   of  p   ar*   con.iiect*<l    with    the   angle   Cp  by 
eqution  (5)  of  Art  13,  in  which  «  takes  the  place  of  A  and  ff  of  /. 


^* 


.-.  tan  Cp  =  -J2taB£ 
9 


IJ2 


UnE 


.(7). 


f 


Or  if   the   angle  Co  is  known,  where  o  is  (111),  we  can  hy 
'hining  eqaatiuna  (5)  and  (€)  obtain  the  following  relation  : 

k  +  k 


tan  Cp  -^  tan  Co  =  -  = 


21 


(8). 


Tliis  equation  is  a  particular  case  of  the  general  one  holdiDg  for 
'otKs  in  which  two  of  the  poles  are  at  90°  from  one  another*  and 
oorrwponds  to  the  equation  given  in  Chap,  xin,  Art.  35. 

A^o,  if  /  is  the  pole  in  which  the  zone-circle  [C/]  ineete 
[ii']=[00l],  then  /  has  the  symbol  (AAO).  From  equation  (1), 
*e  know 

tan4/'=)fc^A. 

The  indices  A,i, /,  being  known,  the  arc  4/*=  45' — /)  C^  can  be 

found,  or  may  be  taken  fi-om  a  table  like  that  given  in  Art.  7. 
We  Bhall  now  consider  the  case*  which  may  arise. 

a.  Suppose  AW4  to  be  the  measured  angle.  Then  Ct-  H^-1^ 
wd  KpCt  are  both  known;  and  from  the  right-angled  triangle  C/*/, 
Cp  can  be  found.     For  cos  pCl  ~  tan  Cp  cot  Ct. 

The  element  £  is  then  found  from  (7). 

p.     If  U^  is  the  measured  angle,  then  pt  =  U^~  2.     Hence,  in  the 

riglit-angled  triangle  pCt  the  side  pt  and  the  angle  pCt  are  known. 

.*.  sin  Cp  =  tan  pt  cot  pCt. 

The  element  E  can  then  be  found  from  (7). 

y.  If  «*i»  the  measured  angle,  then  W(/  =  (180°  -it*)-  2  ;  for  the 
lone  through  tlie  jwles  ^,  /*  includes  m(llO).  But  m/=  A!}"  -  A/, 
^'e  therefore  know  two  sides  of  the  riKht-angled  triangle  m/tj  from 
which  Ji  =  90°  -  Ct  can  be  found.  When  Cl  has  been  computed,  wo 
know  Cc  and  A  pCt^  and  the  element  is  determined  in  the  way 
**eacribed  under  (a), 

16,  ii  To  find  the  symbol  of  the  form,  we  must  find  l>oth  A/ 
*nd  Cp.  When  these  arcs  are  determined,  the  indices  are  obtjiineil 
'^wi  equations  (1)  and  (7).  Measurement  of  «*  gives  pi,  of  «*  gives 
w/=.(180'-<f»)-r2,  and  of  «*  gives  Ct. 
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a.  If  pi  ftnd  mt  arc  given  from  the  mejwured  angles,  the 
mp  =  90'  -  Cp  can  be  found  from  the  rigiit-angled  triangle  vipi 
the  formula 

sin  Cp  =  C08  mp  -  cos  wi  -r-  cos  pt. 

Then  mf-  f\pCt  can  be  found  from  the  triangle  jAh  of  which  Cf 
and  pi  are  known.  Hence,  Af=  45*  — tit/I  C;),  and  E  l>eing  knovn, 
we  can  find  the  indices  from  equations  (1)  and  (7). 

p.  If  pi  and  Ct  are  given  from  the  measurements,  we  find  Cp 
and  A  pCt  fi-oni  tlie  right-angled  triangle  pCt.  Hence  Cp  »d(I 
Af-  45"  -  f\pCi  are  both  determined,  and  the  indices  can  be  foood 
from  (I)  and  (7). 

y.     If  Cl  and  mi  are  the  angles  determined  by  measuremenli  ,i 
then  from  the  triangle  Ctm  we  have 

cos  nU  ~  sin  Ct  coa  mCt  =  sin  Ct  cos  mf. 

The  arc  Cp  is  then  found  from  the  triangle  pCt  of  which  Ci  and 
A/>CV  ai*e  now  known  ;  the  rest  of  the  solution  is  the  same  as  befonx 

17.     We  can  now  prove  that  the  arc  C<,  where  t  is  the  pol« 
(hkl)^  is  connected  with  the  element  E 
and  the  indices  of  t  by  the  following 
equation 

A>j.  JJ 


A*  +  t* 


From  the  right-angled  spherical  tri- 
angle Cptf  Fig.  184,  we  have 

COS  pCi  ~  tan  Cp  cot  C<  ; 
.'.  tan*C£=tiin*C;?sec>(7«  -  tan'CjJsec'fV; 
since  A  pCt  =  arc  mf. 
But  m/=  45*  -  4/;  and  ten  i4/=  A  -^  *. 


/K^ 

^ 

/)^ 

^ 

i 

\H^/z 

V\* 

{Ax 
r\  J 

^^ 

^ 

Fio.  184. 


.•.sec«m/=l.tenV45-.^/|=l.(;^-^- 

2(1  +t&a'A/)     2{h*  +  l^ 

'   {\+ tan  A/y  ~    (A  +  A)«   * 
Hence,  replacing  tan  Cp  by  the  expression  given  in  (7)»  we  have 


tan'W 


('*^^)'tan«^x2<''*^^) 


Un»  /;. 


2f  (/♦  +  *)«  /■ 

Tlif!  pmployTnent  of  this  e<]uation  will  simplify  the  solution  o: 
the  problem  discussed  in  Art.  15. 
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18.     The  formula  established  in  preceding  Articles  can  easily  be 

u\itaiiied  from  the  general  equations  of  the  nurmal  P(hkl),     Taking 

tbe  parameters  on  the  axes  of  X  and  T  to  be  unity,  and  that  on  the 

principal  axis  to  be  r ;  and  remembering  that,  since  the  axes  are 

.Rctoagular,  the  axial  points  JT,  T,  Z  coincide  with  the  axial  poles 

li  A\  €;  the  equations  become 

omAP     oo^A'P     coobCP  1 


h 


I 


VA«  +  A^  +  /»-r« 


(10). 


Till?  last  term  is  obtained  from  the  relation 

co^AP  +  cos'A'P-^-coB^CP^  1, 

vhicli  IioMk  whenever  the  axes  are  rectangular.     For,  if  each  of  the 
three  first  terms  is  made  equal  to  r,  we  have 

rA  =  cos  AP,        /.  f^A"  =  cob«  A  P, 

rk-=cosA'P,        .-.  r»i*  =  co8*^7'. 

rl^e  =  QOsCP,  :.   r»/»-c»=cos«C/"; 

.-.  r»(A»+P  + /■-?-«■)  =coa»i4i'  +  coe»^'i»+co8^C;'=l. 

1 

If  DOW  P  IS  taken  to  be  coincident  with /{fM)^  wo  have 
cos  A/     cos  Ay    ain  A/ 


bimA'/=90''-A/. 


:,  tan  4/"=^ 


(!)• 


If  i'  is  mode  to  coincide  with  e  (101),  then 

At^Wr~Ce  =  90"  -  E,  and  A'c  ^  90°. 

Introducing  these  values  in  (10),  we  have 

COB  (Ae  =  90"  -  C«)  =  sin  Ce~c  cos  Ca ; 

.'.  c=tanC'c  =  tan^ (2*). 

Again,  if  P  is  brought  to  coincide  with  o(lll),  then  from  the 
ngfat«ngled  spherical  triangles  Amo^  A'vto^ 

006  i^o  =  COB  il'o  =  COS  i4m  cos  mo -cos  45*  sin  Co. 
Introducing  in  (10),  we  have 

cos  45"  sin  Co==c  cos  Co ; 
:.  tenro-csec45*-cV2-  ^2  tan  J? (6). 
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Similarly,  if  P  coincides  with  p  {hhl)y 

cos  Ap  -  cos  Am  cds  mp  -  cos  45*  sin  C/>, 

/.  from  (10), 

cos  45"  sin  Cp     e  cos  Cp 


,(5}. 


From  the  rightrangled  triangle  AP/{vfMch  may  be  taken  lo 
the  same  as  the  triangle  At/oi  Fig.  184),  we  have 

cos  AP-  COM  A/cos/P  -  cos  A/am  CP. 

Introducing  in  (10),  we  have 


cos  4/ sin  CP      c  cos  CP 


h 


(from  2») 


^  cos  CP  tan  iP 


tRn«  ^^  =  7,  tan«  B  sec*  ^/ 


(from  (1))  ^  tan»  J?  X  — ^,     =  -^—  tan*  J? 


(0). 


The  formula  for  the  cosine  of  the  angle  between  any  two  pol4 
P{hkl)  and  Q(}^r)  can  lie  obtained  from  equations  (10)  and  U 
general  expression  (Uhap.  xiii,  Art.  30)  which  holds  when  tl 
axes  are  rectangular.     For 

cos  PQ  -  COSj4/*COSi<0  +  CO8i<7*CO8^'0  +  COflCi*CO6C<? 

Hfrom(lO))    , hp^kq^lr^ 

V(A' +  *»  +  /• -ftf-)(;j»  +  ^  +  t»~c«)  ^     '^ 


Examplet, 

19.     Copper  Pyriles  (Chalcopyrite),  CuFeSj,  aflbrds  good  ini 
crystals  of  this  cIojw.    Fig.  185  represents  a  sphenoid  r=K  {332; ;  Fig-J^ 


Fio.   iHJi. 


Fid.  186. 


EXAMPLE  (COPPER   PYRITES), 
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reproBfints  A  crrat&t  ahowing  the  sphenott!  ^sit{772}  with  the  dwphennid 

X  — «{122f :  these  crystals  from  French  Oreek,  Pennsylvania^  were  descrilwd 

by  Professor  Penfield  {Am.  Jour,  of  Sri.  [iii] 

XL»  p.  207, 1890),  who  states  that  the  HjinbolH 

of  ^  ukA  X  ftrc  doubtfttl.     In   Kig.   187  the 

qthenoid  o=k  {1111,    wliich   is   often   found 

)ne,  is  aaaociated  with  the  complementary 

^bcfDoid  M»K  (111)  and  the  tetragonal  pyr&- 

kid  I  {801}.    The  faces  of  o  are  usually  large, 

M  ood  striated ;   those  of  w  are  usually 

uuH  And  bright.     Other  forms  occasionally 

olaerved  on  the  crystals  are:  r'OOlf,  e(l01l 

todi=K{5I3J.    Tlie  ]X)leM  of  the  above  forma, 

itb  the  exception  of  those  of  r,  <fi  and  ^t  f^re 

|*bowiiin  Fig.  188. 

Tbe  best  angle  to  measure  would  be  ««>'  over  the  horizontal  edge  of  the 
■pbenoid  k{I11|-  :  this  angle  was  detemitned  by  Haidingcr  to  be  106°  40'. 
Hence,  C  being  (001),  Cci»-Co  =  54=  20". 

.'■  from  equatious  (2^)  and  (6) 

c-taniff-tan  CW^^2=tan6r  20'-^V2. 
£tan64''2O'=10144Ofi 

logV2=     -Lwai 
0*99350. 

.'.  A'=44'34-5';   and  «•=- "98525. 

The  panimeter  c  diffen*  from  unity  by  an  almost  insignificant  amount. 
The  angle  £  is  nearly  45",  mid  of/'  =  aj«'  is  not  far  removed  from  109"  28' 
(the  Angle  of  the  regular  tetrahedron).  The  crystals  therefore  have  Home- 
what  the  apjiearanoe  of  those  of  one  of  the  classes  of  the  cubic  nj-stem ; 
mhI  it  was  not  until  1822  that  the  crystals  were  proved  by  Haidinger 
(Jfm.  Wem,  AW.  UiU.  Soc.  Edin.  iv,  p.  1, 1822)  to  belong  to  the  tetragonal 

We  can  now  determine  the  angle  obi=2c}4'.  For,  in  the  right-angled  triangle 
<^«f.  Pig.  188,  we  know 

€0=54"  20'  and  Cff=£=44'>  34*5'. 
Beoce,  ODH  oe  =  cos  Co-i-ooB  Ce, 

.-.  oe  =  35^3-ft'  and  ow  =  70'>7S'. 

^m  Fig.  187,  it  U  seen  that  o  meets  e  and  i'  in  parallel  edRes;  and  that 
^Uoe  u  also  meeta  2  and  x,  in  ptirallel  ed^es.  HL'noe,  ¥i^.  188,  :  is  the  pole 
'6  vhich  the  zoue-cirolei>  throotih  o  and  u  perpendicular  to  the  planes  of 
•T*Kietry  inl«rseot.  These  circles  paaa  throngh  m^(ll0}  and  m  (UO).  rcspeo 
^^7'  The  iiymbol  of  the  pole  x  is.  therefore,  obtained  by  (2^)  of  Chapter  v 
^soDo  [m,0]  is  [112]  and  [niw]  in  [Il'i];  llu  reforc  z  in  (201),  und  the  pole  lies 

L.  c.  16 
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in  the  lona  [CA  ],  and  the  faeo  is  that  of  a  tetra^nal  pyramid.    The  aDgl«  :o  eu 
now  b«  foiud  from  th«  right-aagled  iphencal  triangle  Cot  hy  the  expres&ion— 

sin  Co = tan  M  cot  45'' = tan  OS. 

/.  oi=89«6-6',  and  »^=iiu=90*-«=60^54-6'. 

Polei.  A  single  measuremont  in  the  zone  [ro]  soffioes  to  give  the  symbol  ol 
any  pole  lying  in  it,  for  we  know  the  symbolB  of  three  faces  and  the  an{;lA 
between  them.  ThoB,  if  o«  is  38°  30*6'  by  measurement,  and  if  «  is  (AA/),  tbe 
&.B.  {oz*m,\  gives 


tan  or -i- tan  Of  = 


111 

110 

301 

301 

111 

uo 

hkl 

hkl 

ft  +  Jfc 


L  tan  (or  =  39°  5-5'  )  =  990978 
L  tan  (o#  =  28°  26-6')  =  9-73371 
log  1-6      =     17607. 

.-.  ^^-^  =  ^;andA=fi.  *  =  L 

Bat  t  lies  in  [om,]  =  [112]. 

.:  h  +  k-2l  =  0\  and  /  =  3. 
The  pole  <  is  therefore  (513),  and  belongs 
to  the  diaphenoid  k  {518f. 

PqU  r.  Knowing  the  symbol  of  the 
sphenoid  r  to  be  ■r{332[,  we  can  find  the 
angles.  For,  supposing  the  pole  r  to  be 
inserted  in  Fig.  1B8,  we  have  the  i.K.  { Corrn) 
in  which  a  Cm  =  00°. 

.-.  tan  Cr  4-  tan  Co  =  3  -^  2 

But  Co  =  54°20';  therefore,  by  computation,  Cr=.64'*  26-6',  and  rT"  =  l«8°Sl', 
is  the  angle  over  the  horizontal  edge. 

The  angle  over  one  of  the  slanting  edges,  suoh  aa  q^q^  of  Fig.  180,  can  be  m 
obtained  from  the  right-angled  spherical  triangle  Amr\  (qt  the  angles  over  s 
edges  are  bisected  at  the  poles  A,  A',  tfrc.     Thns, 

coa^r  =  cos/<msinC'r  =  cos45°8in64''  36'6'. 

.'.  Ar^6Q°  22',  and  the  angle  rr,  over  the  edge  is  100°  44'. 

The  $tertogram.  Fig.  188  is  constructed  as  follows.  On  the  primitive,  ard 
^m  =  mi'-itc.-4fi°  are  marked  off,  and  diameters  through  A,  m,  A\  &<t^ 
are  then  drawn.  On  [C'.4]  an  arc  Ce  =  44°34*5'  is  determined  (Chap.  vQ 
Prob.  1),  Thu  homologous  poles  e\  c",  c,,  arc  then  introduced  by  a  pair  q 
compasses,  for  the  tour  poles  lie  on  a  small  circle  with  C  as  centre.  Tb 
oiroloB  [Ae'],  [A'i\,  &e.,  are  now  described  and  fix  the  points  o  and  w.  Thi 
Kone*ciroles  [»t«],  ['n,o"],  and  the  similar  zouoe  tlirough  m  below  the  papfll 
(only  partially  shown  by  interrupted  Btrokefl)^  are  theu  drawn.  They  determifl 
by  their  Intersoctioas  wiLh  [CM]  and  [CM']  the  poles  s  of  {301}.  i 

To  dnd  the  position  of  t,  the  pole  p  of  [m,o]  is  detennined  by  the  coti 
struction  of  Chap,  vu,  Prob.  4;   its  position  ia  mark«d  by  a  cross.     The  ai 
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'=of=38°  26*6'  ii  then  me&sared  off  on  the  primitire.  The  straight  line  pv 
inecU  [om,]  in  j.  The  homologous  poles  j*.  Arc,  are  iutroduc«d  by  a  p&Ir  of 
ipftues;  the  foar  poles  of  the  form  below  the  paper  being  indioated  by 
£let8.  Id  order  to  avoid  ooDfosing  the  fi^nre.  the  poleft  r  &nd  the  circlets  giving 
poeitio&A  of  the  inferior  poles  of  the  other  forma  are  omitted. 

Ihmeing  the  crystal.  Fig.  187.  The  sphenoid  o  is  first  completely  drawa, 
ths  ed^es  through  Z,  Z^  being  parallel  respectively  to  AT  and  XY,\  those 
tbiotigh  X,  y.  Ac.,  being  parallel  to  ZY^  XX,  &o.  Throagh  points  taken  at 
squl  distanoee  from  Z  and  Z^  (marked  off  by  proportional  compasses)  the 
i],  dK.,  separating  the  complementary  sphenoids  are  then  drawn  parallel 
opposite  sides  of  each  face  o.  The  parallel  edges  [or J.  [o;'].  are  then 
ivB  parallel  to  the  diagonal  of  the  face  o  of  the  sphenoid ;  and  similarly  [ua] 
[lipsrallel  to  the  diagonal  of  the  face  <a.  These  edges  and  their  homolognes  are 
two  through  points  on  [ou],  ttc..  at  equal  distances  from  the  vertices  of  the 
V,  these  distances  being  obtained  by  proportional  compasses.  The 
[imuuning  lines  [xoj,  tfic,  are  then  drawn,  and  complete  the  figure. 


II.    Dxplohedral  ditetragonal  doss ;    {hkl). 


20.  If  &  centre  of  Hymmetry  is  added  to  the  elements  of 
lymiuetry  whicli  distinguish  the  crytstaJs  of  the  last  class,  we 
f«btain  a  class  whiclj  we  shall  denote  as  the  diplokedral  diUtTotfonal 
clftas  of  the  tetragonal  bystem.  In  a  centro-symuietrical  crystal 
there  must  he  a  plane  of  symmetry  perpendicular  to  each  axis  of 
even  degree  and  an  axis  of  fiymmetry  of  even  degree  perpeudicular 
to  «ich  plane  of  Bymmetry  (Chap,  ix,  Prop.  4).  Hence,  there  is  a 
plane  of  eynametry  n  perpendicular  to  the  principal  axis,  and  two 
like  planes  of  symmetry  S,  S',  perpendicular  to  eiich  of  the  dyad 
txea  &»  S*,  which  were,  in  the  last  section,  taken  as  the  axes  OX 
uid  Oy.  The  plane  2  contains  OZ  and  OK,  the  plane  2'  contains 
OZ  and  OX, 

Again,  the  lines  of  intersection  of  FT  with  S  and  S'  are  dyad 
ues  (Chap,  iz.  Prop.  8).  They  will  be  denoted  by  A  and  A' 
pwpectively.  They  are  like  axes,  for  they  are  interchangeable  by 
aroUtion  of  180°  about  OX  or  OK 

The  principal  axis  is  now  the  intersection  of  four  planes  of 
symmeti-y,  and  perpendicular  to  four  dyad  axes.  It  is  tlierefore, 
by  Chap.  IX,  Props.  8  and  11,  a  tetrad  axis.  The  crystals  are 
tlierefore  characterised  by  the  following  elements  of  symmetry : 

r,  28,  2A,  C,  U,  2S,  25. 

16—2 
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The  plunes  and  axes  of  symmetry  are  shown  in  Fig.  189. 
like  planes  S  are  indicated  by  a 
series  oi  horizontal  lines,  the  S 
planes  by  a  series  of  vertical  lines, 
and  n  by  two  sets  of  linos  crossing 
at  right  angles.  The  axes  of  sym- 
metry are  indicated  by  lines  of 
strokes  alternating  with  dots  the 
number  of  the  latter  giving  the 
degree. 


Th©, 


Fio.  169. 


21.     It  is  clear  that  the  axes 
of  reference   adopted   in   the  last 
section  can  advantageously  be  re- 
tained in  this  claHs ;  for,  geometrically,  crystals  of  this  class  dlffe 
from  those  of  the  scalenohedral  class  only  in  having  pairs  of  pnralli 
faces  always  associated  together.     The  parameters  on  OX  and  0. 
can,  therefore,  l)e  taken  to  be  equal,  for  the  lines  are  interchangeable,     i 
The  only  unknown  element  is  the  parameter  c  on  the  tetrad  axi^| 
0^,  or  the  corresponding  angular  element  ^=001  A  101  from  which 
e  is  computed.     All  the  analytical  farmulsB  established  in  previnui 
Articles  of   this  Chapter  are  therefore  immediately  applicable 
crystals  of  this  class. 


1 


22.  It  is  obvious  that  the  special  forms  with  parallel  facet^i, 
described  in  Arts.  4 — 8,  are  not  modified  by  the  introduction  of 
a  centre  of  symmetry ;  and  the  student  can  easily  see  that  tbfti^A 
forms  are  geometrically  synimetrical  with  respect  to  the  new  ele- 
ments of  symmetry  which  re-sult  from  the  presence  of  a  centre  c*f 
symmetry.    Hence,  the  following  forms  are  common  to  both  classed  • 

The  pinakoid  JOOIJ  consisting  of:  001.  OOl  (Art.  4), 

The  tetragonal  prism  1 1 10{  consisting  of  : 

no,  Tio,  TTo,  iro  (ah.  5). 

The  tetragonal  prism  jlOO)  consisting  of: 

100,  010.   100,  OTO  (Art.  6). 
The  dit^Tragonal   prism   jAA*0[   consisting  (if  : 

AXO,  UO,  A/»0,  AArO.  hkO,  AAO.  MO,  AAO  (Art.  7). 
The  tetragonal   pyramid   {/^O/)  consisting  of : 

AO/,  OA/,  AO/,  OA/,  AO/,  OA/,  Xo7,  OAJ  (Art.  8). 
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23.     The  tetragonal  bipyramid,  JAA/J.     The  sphenoid  k  \hhl\  in 
changed  by  the  introduction  of  parallel  faces 
to  a  tetragonal  bipyramid  \hhl\,  Fig.  190,  which 
eon&ists  of  the  faces  : 

AAA  h},l,  hhl,  W,  hhl  khl  hhl  hll..{i). 
The  student  will,  on  looking  track  to  Art.  9, 
perceive  the  relations  of  the  pyramid  and  the 
two  complementary  sphenoids.     Geometrically 
the  pyramid   {AA/}  only  differs  from    [AO^j  in 
having   did'ereut   angles.      It    is   easy   to    tiud 
,tbe  condition   that  the  angles  of   a  pyramid 
of  ODe  kind  should  bo  equal  to  the  correa|X)nd- 
ing  angles  of  a  pyramid  of   the  other  kind ; 
and  thus  to  show  that  the  assumption  con- 
travenes the  law  of  rational  indices. 

Proof.    Let  Fig.  191  show  th«  poles  of  the  two  forms  J^  {hhl}  and  Q  {pOr]^ 
inHlettbe  xone-circles  [AP],  [AT],  &c.,  meet 
llw  zones  [CA']y  &c^  in  n',  n,  &c.    Then  the 

t$iuce  the  corresj>onding  angles  of  the  two 
prrKmida  P  auU  V  are  to  be  e^^iial,  the  arc 
^'i^-UQCQ.     Now  by  equation  (3), 

tan  CV -=- tan  ^^ /) -^  r ; 
*od  by  the  same  equation, 

tanCB^tanJ&=A-^;. 
.-.  tan  CQ -r  Urn  Cn='lp-7-kr, 
But,  fipom  the  right-angled  triangle  CPn, 
Of«  45' =  tan  Cn  cot  C/* = tan  Cn  cot  CQ, 

.-.  (p-f  Ar=V2,  ofT  =-  ^,'2. 

if  {MAI)  is  a  possible  face,  then  p-¥r  is  irrational,  and  tlie  pyramid  Q  is 
^  possible  on  the  crystal  If,  however,  the  pyramid  Q  is  powaible,  theu 
■^A  is  irrational  and  the  pyrnniitl  P  is  im|H>saible. 

Htructurally  the  pyramid  jAA^j  ditl'ers  from  a  pyramid  {pOr]^  for 
^  the  former  the  coigns  lie  in  the  dyad  axes  S,  B/,  and  in  the 
latter  the  coigns  lie  in  A  and  A, :  and  though  these  latter  are  alsit 
**yad  axeii,  they  are  essentially  ditYerent  from  the  former  pair, 
^ere  the  one  pair  S  interchangeable  with  the  other  pair  A  of  dyad 
**es,  the  principal  ajcis  would  Income  an  axis  of  octad  symmetry, 
*nd  this  is  impossible  (Chap,  ix,  Prop.  6). 

There  is  nothing,  however,  in  a  crystal  to  indicate  which  pair  of 
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dyad  axes  is  to  be  taken  as  the  axes  of  reference;  and  when 
crjBtal  iR  first  dencril^ed,  it  is  immaterial  which  pair  is  put  in  the 
positions  OX  and  OY,  But,  when  once  the  axes  have  been  selected, 
it  is  n<M;essary  tu  retain  the  same  pair,  if  it  is  desired  to  compare 
the  HyTnbol»  of  the  faces  with  those  given  by  other  oliservers. 

24.  The  ditetragonal  bipyramidt  \hkl\.  The  addition  of  parallel 
facea  to  the  difiphenoid  of  Art.  10  converts  it  into  ii  diplohedral 
ditetragonal  pyramid,  Fig.  192.  For, 
clearly,  two  pairs  of  parallel  faces 
can  be  drawu  through  the  parallel 
lines  HK,  UK,^  of  Fig.  177  to  meet 
the  vertical  axis  OZ  at  opposite 
points  L  and  X^,  where 

The  two  faces  meeting  in  HMK 
have  the  symbols  (W),  {hkl);  the 
pair  through  V/ A",^  have  the  sym- 
bols (Ait/),  {hU).  The  form  {hkV^ 
therefore  consiats  of  the  faces : 

hkl,  khl,  khJ,  hki,  hkl,  khf,  kill,  hkl , 

hkl  khi,  M/,  hkl  ikl  khl,  khl  hkii 
All  the  faces  are  equal  scalene  triangles  having  their  edges  im_ 
three  dissimilar  planes  of  symmetry.     The  angles  between  pairs  ol 
adyocent   faces    which    meet   in     the   same,  or  in    like,   planes  t>j 
symmetry  are  equal,  those  over  edges  lying  in  dissimilar  planes  o' 
symmetry  are  always  unequal     Hence,  the  three   unequal  angles 
\j  fit  V  over  the  edges  of  a  face  are  the  only  angles  possible  betweozi 
adjacent  faces  which  meet  in  edges  in  an  equably  developed  form. 
We  shall  generally  express  such  a  relation  lietween  the  angles  of 
a  form  by  the  statement  that  the  form  has  only  a  particular  niunbef 
of  different  angles :  in  this  case  the  number  is  three. 

26.  That  the  angles  X,  ^,  p  are  unequal  may  be  proved  as  fblloirik 
The  ditetrogon,  /fJ/A",..,of  Fig.  177,  Art.  7,  can  never  become  a 
octagon  ;  for,  were  it  a  regular  octagon,  the  angle  A  OtiJf  =  ^  OMH, 
00  the  uuriual  to  tbe  vertical  face  through  ffJf  would  make  33**  30* 
OX,  Suppose  the  prism-face  through  H3f  to  be  (AiO)  and  to  be  inchtwd 
to  the  vertical  axial  plan©  .\'02  at  90' -2r  30*.  Then  X(X7«-sr 
and  from  equation  (1)  tan  (.\7;ff=t22' 3f)')  =  *J-A. 

By  a  woU-known  formula,  ton  30  »  f^tji^  (Todhunter's  Trtff,  p.  50).. 
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tut.  when  ^=22*  SC.  2tf  =  46',  and  Un  2tf=  1. 

.'.  Un*tf+2  tan  ^-1 1=0. 
[Solving  the  equation^     tau  ^  =  ^^2  -  1  =  l-^h. 

'*Tbe  indioeB  are  irrational,  and  the  pUne  ia'  not  a  poaaible  fiMse.  It 
LowB  that  the  figure  EJIK'...  cannot  bo  a  regular  octagon.  But  the 
{lea  fi  and  v  over  the  polar  edges  {p.  112)  can  only  lie  equal,  when 
ooigna  B  and  M  are  equally  dUiant  fh>m  0  and  the  6gttre  HMK'... 
a  r^nlar  octagon.  The  angles  /i  and  p  are,  therefore,  always  unequal 
It  \A  clear  alao  that,  if  the  edges  HMK  and  iTZ  meet  the  axes  of  T  and  Z 
%X  equal  difitanoes  flrom  0,  the  angles  X  over  HM  and  v  over  ^Z  are  equal. 
ButOJf =rt,-r4r,  and  OL=c-tI    Therefore, 

c-7-l  =  a-T-t\  or  c-~a^ ton  £—1-7- Jt. 
Hence,  c-^a  is  a  rational  number  under  all  circumstances.  But  the 
tetnd  axis  OZ  and  the  dyad  axis  OT  arc  different  phyHiCAlly;  and  the 
coefficient  of  thermal  expansion  along  OZ  ia  different  from  that  along  OT. 
Heane,  c-r-a  %'arieB  by  insensibly  small  increments  as  the  temperature 
<ibAQges.  But  the  integers  k  and  /  cannot  so  change.  Therefore  the 
Ugles  X  and  r  cannot  be  equal,  except  at  some  special  temperature. 
Id  a  similar  manner  it  may  be  shown  that  X  and  ^  are  unequal. 

26.     We  con  easily  obtain  from  (11)  expressions  for  coeXt  cos;^  cosy, 

'^  'nch  enable  us  to  establish  the  proposition  generally.     These  expressions 

ouky  also  under  exceptional  circunuitauoes  he  convenient  for  determining 

the  anglea,  when  the  indices  and  {Ku-ameter  are  known,  but  they  are  not 

atUf^ed  to  logarithmic  computation,  and  the  method  is  laborious. 

Let  P  be  (/M),  P^{kM),  /^ (AX-/)  and  F^iAJcI);  then,  from  equations (10) 
of  Art  18,  we  have  : 

p       cohJ /'  _ co«  A^     ccohCP 1 I 

h       -      k       ^        I        "^/A«T^-^T"^"iV^^y^' 
gxmAP^     QO^A'F^     ccoaC£l      1^ 

cos  J/^  _  COHj£P[       C  COS  CF^  _  1 

R  wmAP^     cos_47j     ocosC/j      1 

.-.  CO«^  =  O09/'P>=.00ai<i'cO8/l/'»  +  COS  J'/'C08-4'P*  +  00flC/*CO8C/»» 

«(2Ai+f»-rc»)^iV* (12). 

ooar=co8/'/^«(A«-it«+/»-!-c»)-i-A'« (13). 

oosX  =  coe/*/'4  =  (A»+it'-^-rc»)-r.V« (14). 

HeDOB,  if  fA«r,  A>-jf»2Ajt ;  and  it-r  A  bos  the  irrational  value  ^2-1. 

But  c  changes  by  insensible  increments  as  the  tem^temture  varies, 
which  the  integers  I  and  k  c&unot  do.     Hence,  X  cannot  be  equal  to  f. 


i 
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SimiUrly,  if  X— ^  c*  =  2/*-r(A-jt)",  which   ciinuot   reuiaiu  tnic  as  the 
t«inpenvture  chauges. 

£xampl«i. 
27.  The  crystals  of  the  following  substances  Ijelong  to  this 
class : — ^»assitorite,  SnO, ;  rutile,  TiOj ;  auatase,  TiOj ;  arcon, 
ZrO^.SiOj-,  thorit-e,  ThOj.SiO,;  phosgenit*,  (PhCl),CO, ;  torberait*, 
CuO(UO,),PA.8H30;  Hpophyllite,  H,KCa,(8iO,)8.4JH,0 ;  veso- 
vianite,  (Ca,  Fe),AHF,  0H)Al,(Si04),  (t). 

Casnterite.  The  crystals  arc  usually  short  tetragonal  prinmR  wlU^I, 
the  edges  of  which  are  truucated  by  J  [100|  aod  uflcn 
also  bevelled  by  narrow  faeea  A{2I0J.  The  crystals  are 
most  commonly  temiiniited  by  faces  «{lllj,  Fig.  195; 
and  ot'oa-s  ion  ally  hy  faces  of  fl[101}  and  sl32lj.  Theao 
latter  forms  mout  frequently  occur  on  a  somewhat  rare 
variety  from  Cornwall  represented  by  Fig.  lUS.  Crystals 
of  the  hiitiit  shown  in  Fig.  196  are  generally  much  twinned, 
and  are  often  hard  t4)  decipher.  Optically,  they  are  uniaxal 
and  ]M)aitivo,  i.e.  the  ordinary  refractive  iudex^  u,  ia  leas 
tlian  the  principal  extraordinary  index,  r. 

In  oryatala  of  the  habit  giren  in  Fig.  105,  the  best  mcasorcmeots  tre 
obtainod  in  the  zonen  [jt,'4«].  [^ffu,,].  The  faoefl  A,  m,  Sec,  in  the  zone  [Am]  are 
iiHuiilly  deeply  striated  parnltol  to  the  verttoal  axis,  and  tlio  images  given  when 
IhiB  zone  is  adjusted  on  the  reflecting  goniometer  oonftiitt  of  bauds,  such  that  the 
angles  read  sre  of  little  value.  By  measuring  the  angles  in  [*,Am]  and  [A'**"']t 
the  student  can  prove  the  equaUty  of  the  angles  m'  aud  ««'",  and  that  J 

AHiw'=  AnC»'  =  trty ;  1 

frum  them    A  t*«  can  be  calculated  ami  will  be  found  equal  to  that  given  fay 
measurement  of  ['tnt,,].     Such  measurements  enable  him  to  place  on  the  ste 
gram,  Fig.  194,  the  poles  J.  m,  «  and  e  and  their  homolognes. 

i.    The  face  m  ia  taken  to  be  (110),  then  A  ia  (100).    A  knowledge 
myi  =  W26',  or  of  Ah-2G^^^',  proves  that 
h  is  (21D)  (see  table  in  Art.  7). 

Taking  ii  to  be  (111),  we  fix  the  para- 
meter <^,  and  can  then  find  it  and  the 
angular  element  E  from  equation  (6),  Thus, 
if  m"  =  <111  a  111)  is  found  by  measurement 
to  be  87-  8',  then  C»  =  43**  34',  and 

tan  is;  =  c= tan  (f7«  =  43^  34')-!-^. 
.-.  i!;  =  33'^65*5',  andc  =  '6726. 

ii.  Form  c.  The  Comiah  crystals  in  the 
Cambridge  colleotion,  which  show  the  form  >, 
are  usually  combinations  of  z,  m  and  «;  but 
the  forms  h  and  e  are  oooaaioually  elightly 
'evelojicd.    To  determine  the  qrmbul  of  the  fio.  194. 


EXAMPLE   (CASSITERITE). 
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two  angles  in  diflerent  zoaca  muat  be  meaflured,  onleM  the  faces  t  are 
tut  and  tbo  aoae  [mxe]  can  be  meaaoted. 

]n  thia  latter  case  wc  can  determine  either  the  angle  mz  or  te,  and  we 
low  that  the  faces  are  tautoaotial.  Let  -e  be  {hkl),  then,  eiuce  it  lies  in 
f]=[liij.  /i-fc-/  =  0. 

AguD,  let  T  be  the  poaalble  pole  midway  between  e  and  «,  in  wbicb  the  Eone 
(]  meets  [Cm,];  then  7*  has  the  symbol  (ll2).  and  mr=90°.    Taking  the 
>B.  [iiu«r]>  vc  bare 


ttui  m;  ^  tan  rrt£  = 


uo 

ll2 

JUti 

hkl 

110 

ll2 

101 

10! 

(  +  2fc 


1^, 


U  DOW  the  angles  tM  and  ffu  given  hy  meaanromont  are  both  fairly  good, 

[tlkeyma;  be  introdnced  ioto  this  equation  when  the  ratio  of  /  -i-  X;  \%  determined. 

:,  by  the  tMinalion  of  the  zone,  tbe  three  indicoH  can  be  found.    If,  however, 

toeasored  angles  arc  not  good,  it  will  be  best  to  nute  the  theoretical  value  of 

'i which  can  be  rcatlily  obtained  when  E~Ce  ia  known.     For,  from  the  right- 

Bphericai  triangle  AmCt 

cos  me  —  cos  Am  coh  Ag  =  cos  45'^  sin  Ce. 
U  then  either  m^,  or  te,  given  by  ueaanrement,  is  fairly  good,   the  equation 
nfnsenting  tbe  a.b.  gives  the  symbol  of  i. 

/f.    Bat  if  e  is  not  present,  we  are  not  at  liberty  to  assume  that  t  is  in  the 

toot  [fiw],  and  the  method  given  in  Art.  16  mast  bo  employed.     Suppose  tlie 

aa^H  iRr=25'^  0'  and  ^j'  =  20=  64'  to  be  obtained  by  measarement.     Taking,  as 

ID  that  Article,  p  on  [C*m]  midway  between  ;  aud  £>  to  be  {eeg),  where  e  =  h  +  k 

y  =  2ft  we  have  from  the  right-angled  spherical  triangle  nup, 

cos  nu  =  COS  zp  cos  mp  =  ooa  zp  sin  Cp, 

.:  sin  C;)  =  COB  25°  0'-=-  cos  10°  37' ; 

and,  by  computation,  Cp= 67^  96'. 
^^  Bat,  by  equations  (6)  and  (7). 


-gT-  =tan  Cp  -T-  tan  C« 


by  computation 


2* 


U5). 


tan 67^  90'^ tan 43°  34 
h  +  k     5 

..  A  +  *-5t  =  0. 

now  Cp  and  ip,  the  angle pCe  can  be  found;  and  this  is  eq^ual  to  mf 
of  Art.  IB  =45'='- J/. 

Tbe  eipreasion  is  aoipCs  =  cot  ip  sin  Cp, 

.'.  ootm/=cot  10**  27*  sin  67°  9-6'. 
/.  iVsir  19',  and  Af=U°  41'. 

Therefore,  by  the  table  given  in  Art.  7,  /  is  (320).     Introducing  the  value  3 
for  h,  and  2  for  k  in  equation  {15),  we  have  ^=^1 ;  and  the  pole  2  is  [d'il). 
The  angle  si  can»  also,  be  now  oompnted ;  for 
c<Mijis=cosfpcos#p=ooalO"  27'cos{Cp-Cjr)=coslO' 27'eoB23°  86*6'. 
/.  «  =  25Mr. 
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y.     Tn  determine  the  symbol  of  i  from  measurement  of 

K=a5'^  41'. 

We  now  know  the  three  sides  of  the  triangle  inu.  for  rns  ^  40 
by  the  formula  which  givea  the  angles  of  a  spherical  triangle  wh< 
known  (BfcL.  and  P.  Spher,  Trig.  i.  p.  47), 


tanJiMz; 

24*  44-5'. 


/  gina°7-5'aiaaa'^fiaS' 
V  sin  48°  SS-5'  sin  39°  38-5' ' 


and  A  ttus 

From  the  right-augled  triungie  mp,  the  arcs  pa  and  pz  can  be  a< 
the  symbol  of  z  is  then  found  in  the  way  given  under  case  ^. 

For,  tanp«  =  taD  («  =  25'^  41')  oos  [insz  =2i"  44-5'), 

and  Binpi  =  aSnmszeintt. 

Henoe,  by  oompatation,  p<=23''  3o*6\  and  j>z=10°  37'. 
.-.  «'  =  20*M'.  and  Cp  =  67^  9*6'. 

ill.  A  stereogram.  Fig.  194*  of  the  poles  is  made  as  follows. 
Ac,  of  the  tetragonal  Kone  [AmA']  having  been  inserted  in  the 
protractor,  diametral  zones  [OA]^  [Cm],  Ac,  are  drawn.  These 
with  the  circles  in  which  the  planes  of  symmetry  meet  the  spher 
an  arc  C<r  =  83°  66'6',  or  on  [Cm]  an  are  C»  =  43''  34'.  is  marked  off 
structioD  of  Chap.  \ni,  Prob.  1.  The  zoue-ciroles  [Ae'],  [A'e],  [me],  i 
easily  described.  The  poles  z  are  the  points  of  intersection  of  zone- 
as  [me]  and  [h*],  and  can  therefore  be  easily  placed.  *     m 

iv.  The  crystal  is  drawn  as  follows,  The  cubic  axes  being  proj 
method  of  Mobs  o.r  Naumann  (Chap,  vi),  lengths 
OC  and  OC,  i  = -6726  0.4")  are  measured  ofl  on 
the  vertical  axis.  The  lines  joining  C  and  C^  to 
tbe  axial  points  A,  A',  <Jte.»  on  the  axes  of  X  and 
y  give  the  polar  edges  of  the  pyramid  «.  The 
upper  and  lower  pyramid  are  then  separated  by 
a  prism  {llOj-,  the  edges  leaving  tbe  length  which 
corresponds  to  the  particular  cr>'stal.  To  intro- 
duce the  faces  {l^}p  ^"^  ^^  from  tbe  polar 
edges  by  proportional  Qompaaaes  equal  leugtha, 
such  as  will  give,  approximately,  the  relative 
dimensions  of  the  two  prisms  {110|  and  {100}. 
The  edge  [At]  in  parallel  to  the  polar  edge  [»'], 
and  similarly  for  all  the  homologous  edges;  the  vertical  edges  [^l 
drawn,  and  the  figure  completed. 


28.  Zircon  ia  found  in  crystals  resembling  those  of 
oaasiterite.  The  pararaoter  and  symbols  of  the  faces  would 
be  determined  in  the  way  described  in  Art  27.  The  crystals 
from  sonio  locatitioe  have  the  habits  represented  in  Figs.  196 
and  197.  Taking  j)  to  be  (111),  it  ia  easy  to  verify  tha 
B)'mbols  of  the  faces  represented  in  Fig.  197  frocn  the 
following  angles  :   Ax  =  ZV  43',  ^^^129"  57'.     The  element 
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t'  can  also  be   found  firom  the  same  data ;   aud  then  c  <=  "^AOA 
be  com^mted.    The  crystala  are  uniaxal  and  ix>mtive. 
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ino/oje  uBU^Uy  occurs  in  small  crystals  which  are  very  acute  pyramids. 
This  pyramid  is  taken  to  he  il\\\  and  is  generally  indicated  by  the  letter 
i»  IH  Id  Fig.  198.  The  angle  of  the  pyramid  over  the  face  w  in  43'  24'. 
ITierefore  mp  =  2l''  42*  and  Q3  =  68"  18*.  Hence,  by  equation  (6),  E=60'3S' ; 
«(lc=l-777.  The  forms  shown  in  Fig.  198  arc  :  m  (110},/»  {111},  r  (115), 
e|00l},  w  (105},  e{l01}  and  y{20l}.  The  crystals  have  a  good  cleavage 
pvallel  to  c-(OOl);  and  they  are  uniaxal  and  negative. 

Aptfph^Uite  occurs  iu  simple  prisms  a  {UK)}  with  the  pyramid  /?  {Ill}, 
Pig.  199.  The  angle  ap  being  52*  0',  the  arc  mp  can  be  computed  ; 
for  cos  a/7 = coo  am  cos  mf).  Uenoe,  by  equation  (6),  E  is  found  to  be 
51*  22*5',  and  c=l-2515. 

In  Figs.  200  and  201  crystals  of  diflereut  habits  ore  shown  ;  the 
*(iditional  forms  being  t;  {001)  and  ^(310).  There  is  a  good  cleavage 
with  a  remarkable  pearly  lustre  parallel  to  (001).  The  crystals  have  very 
weak  double  refraction  ;  and  aro  sometimes  positive,  sometimes  negative. 


Fio.  fiOa 
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Botwcen  c-ro^od  Nicola  plates  of  positive  crystala  show  a  dark  cross  &ud 
dull  pur[>le  rings  uu  a  white  gnniud :  aonie  plateti  of  negative  citsUUjb 
£rom  Ut6  absorb  most  of  the  light  and  show  a  grey  cross  on  a  violet 
ground,  whilst  others  show  both  phenomena  in  adjoining  portions  of  the 
samo  plate,  which  otherwise  seems  to  be  homogeneous  (Des  Cloiaeaui). 

29.  Vesuvianitti  (idocrase)  is  generally  foimd  in  stout  prismatic  crystals 
of  the  habit  shown  in  Fig.  205.  The  faces  m  are  large,  and  their  ect^^^H 
are  truncated  by  a  |100;  ;  the  edgea  [ma]  lieing  often  modified  by  £aoqs^^| 
the  formH  [^lO;  or  {310|  :  all  these  fiioes  are,  as  a  rule,  striated  parallel 
Ui  the  principal  aiis.  The  faces  of  o(001}  and  of  the  pyramid  «  [111} 
are  generally  well  developed,  and  are  frequently  the  only  faces  associated 
with  the  pri.sniB  ;  biit  numerous  Hmall  face.s  arc  often  found  to  modify 
the  edges  and  coigna.  The  stereogram.  Fig.  202,  from  Brooke  and  Miller's 
Mineralogy  gives  the  forms  recogiiiae<l  in  1852. 

The  double  refraction  is  weak  ;  and  the  crystals  are  generally  ueg&tive, 
.although  they  are  sometimes  positive  :  the  platos  occasioually  show 
flegmeuts  which  are  irreguhirly  biaxal. 

The  poletj  sbown  In  Fig.  202  are  : 
o{010J.  m{110},  A  {180},  /{120}, 
<r{001},  ri{113},  ^{112},  ujlUf, 
w{221},  /{3S1|.  r{Ul},  r  {Oil}, 
ff(021J,  c{161}.  x[Ul].  »\m}, 
i{X2t},  o(241},  itl82f. 

We  shall  now  show  bnw  to  tind 
the  angles  in  the  principal  zones, 
from  a  knowledge  of  the  angle  eu 
and  the  indices  given. 

i.  In  the  prism-zone,  all  the 
angles  ar«  fixed  i  and  ah,  a/  are 
given  in  Art.  7. 

iL  The  angle  eu  is  given  by 
MiUer  as  37^  7',  and  by  Dana  as 
S7°  13-5'.  The  angles  of  crystals 
firom  diflferent  localities  vary,  and 
no  Bingle  value  of  cu  fits  all  of  thorn. 
adopt  Miller's  angle. 

Hence,  from  equation  (G]  Art.  18, 

c  =  tan  A' = tan  (ctt= 87°  T)~J2 ; 
.-.  £=28"  9',  and  the  parameter  c=-685l. 

tii.     Let  p  bo  any  pole  [hhl)  in  the  zone  [cuml;  then,  from  the  k.tt.   \t 

we  have 

tan  cp  -i-  tan  en  =  h-i-l, 

\Ancp=htUiCU-i-L 
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[,  in  turn,  to  p  lh.0  indices  uf  the  pulaa,  ri,  y,  Ac.  we  have : — 
for  n{ll3).  tAncn=    tanST'' T-rS,  .*.  en=14°9-5'; 

„    y  (113),  tanry=    Un37'' 7'-i-3,   ..  ry  =2(P  43*6'; 

„    ^(aai).  Iannp=2tan87°7',         /.  eipsr  66°  32-76' ; 

..     r(83H,  Un  rf  =  3  tan  ar' r,         -■-  ct=66^136'; 

..     r(441).   tan  cr  =  4 tiui 37°  r,  /.  cra71°43'. 

We  have  already  det«rmiued  ft  e«  :=  £  to  be  38°  V,  .*.  for  g  (021). 
Uncu=:2taD(«»28°9').  .-.  cj?  =  46*  66-5'. 


i 


V.  Zone  [arxfw].  From  the  ngbt-angle<]  triaugle  aum,  we  can  Und  au  ;  and 
^tiiei.UkiDg  Q  to  be  any  pole  in  the  sone  [au],  we  can.  Troiu  the  a.r.  \aQue'\^ 
obuio  a  fonniUa  which  euableB  us  to  fiud  each  of  the  aagles.     From  a  amu, 

cot  au  tan  am  =  cos  {mau=ae')  =■  sin  «'. 
Bol,  taD(rtm  =  46<=)=sl,  ..  cot  au  =  sin  («'  =  28"  0'). 

.'.  cot  fi<^  =  k  cot  au-i-h=i  is  »incf' -7- fi. 
Bence.         lor  t(151),  cot«P  =  5  8in28°  9',    .'.  aT'  =  a2"  68-B'; 
„    *(141),  ootax=48Ui38«»9*,    /.  ax  =  27°  66'; 
„     #(131),  cot  <u=  8 sin  28°  9',    /.  a«=85*  14-6'; 
,.    .(121).  cotfii  =  2BiD28^9',    .*.   aj  =  4(i°  89-6'; 
,.    u(lU),  ootau=    sin38*>9',    .*.  au=64°44-6'. 

Ti    Zone  [moHffi"].    The  angles  in  this  zone  can  be  obtained  in  an  eiaotly 
RDilir  manner.    For. 

eoimp  =  oosam(!osap=sCOB45^sin(ef  =  46*^  56-5').     .-.  m^  =  58^63-6'. 

Fnr  any  pole  P{hkl)  in  this  zone,  the  i.b.  {mPffu"\  gives,  sinoe  ot»"-90°. 


taniuP-i-taurfi^ 


^>  tvo  Istter  equations  being  obtained  by  taking  different  pairs  of  oolumns. 

(f  the  angles  have  been  measured,  the  two  equations  give  the  symbols  of  0, 
t,r.    Bat  taking  tbe  symbols  given,  we  have:  — 

for  o(241),  Unm«  =  tanSS"  63-5'-r3,  /.  mo  =28°  66'; 
„  s(181),  tanin*=  tan58°  53-5'^2.  . .  nw  =39°  3ft'; 
„  <"(I32J,  Unmi"=i2Un68"63*5'.         .*.  mi"  =  7S"  12-3'. 

TiL    Drateing.    To  illustrate  the  method  of    drawing  Fig.  205  we  give 
'igs.  203  aud  204.     The  unit  cubic  axes,  projected  in  th«  way  deaoribcd  in 
'^Ittp.  Ti,  Arts.  11  or  23,  arc  pricked  through  from  a  ]>ennanf^nt  card.     The 
vertical  axis  OA"  i»  alouu  altered,  by  multiplying  it  by  c  =  '5351.     We  thus  get 
I      ^C  and  OC,,  as  shown  in  Fig.  203.     The  pyramid  u  is  obtained  by  joining  C 
I      M  C  to  the  points  A,  A\  Ac.    From  the  edges  CAt  CA\  Ao.,  equal  lengths  CA, 
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Cd',  (tc,  are  cat  off  bj  proportional  GompoMes,  as  ehown  in  Fig.  204.    Pun_. 
the  poiniti  59',  i&o.,  are  joined  anii  give  the  face  e  (001).     A  secoiul  set  of  equl 


ci- 


Fio.  303. 
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lengths  ^7,  A'y',  Ac,  are  cut  off  in  a  similar  manner  from  the  edges  CA,  CJ'.At 
Through  7  the  linea  70,  70,  arc  drawn  parallel  to  CA'  and  CA^  reapeotirelyto 
meet  AA'  and  AA,  in  a  and  a,.     Similarly  through  7  ,  and  the  oorreBpoodhij 
point  on  CA,t  lines  7'^,  Arc,  are  dravn  parallel 
to  CA  and  CA,    TUroagh  the  pointa  a,  a,,  /3,  &c., 
vertical  lines  are  drawn  of  any  desired  length  bo 
as  to  correspond  with  the  development  of  the  par- 
ticular crj'stftl. 

Through  a,,  a,  lines  are  drawn  parallel  to  AA', 
AA,  and  to  7a,,  70.  Through  7'  the  lower  edge 
y'Z,  of  the  pyramid  is  drawn  parallel  to  C^A  of 
Fig.  203,  and  Z,S^  is  cut  off  by  proportional  com- 
paases  to  represent  the  same  teugth  as  C8.  The 
rest  of  the  construction  is  obvious.  The  coigns 
can  now  be  pricked  through  to  a  fresh  paper  and  Fig.  205  produced. 

Should  it  be  desired  to  introduce  new  faces,  the  directions  of  tlie  edges  mni 
be  determined^  and  lines  parallel  to  them  be  drawn  throngh  points  marked  0 
by  proportional  compasses  on  the  homalogous  edges  already  introduced. 


Flo.  ao5 
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m.     Acle\8tou9  (polar)  tetragonal  clou;    r  {IM\, 
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30.  Cryfitala  of  this  ctasa  have  only  a  single  t«trad  axis  T,  ani 
no  other  element  of  aymmetry.  The  faces  must,  therefore,  occur  ii 
sets  of  four»  wlajch  change  places  with  one  another  after  eaci 
rotation  of  90%  or  any  multiple  of  DO',  al>out  the  tetrad  axu 
There  is  one  exception  to  thie  rule  in  the  case  of  the  possible  he 
(Chap.  IX,  Prop.  3,  Cor.  1)  which  is  perpendicular  to  the  axis.  Thi 
face  couDot  be  repeated,  and  constitutes  a  pedion  which  is  frequeat 
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Ailed  the  b&se.  The  general  form  w  un  ucleiKtuUK  tetragona]  pyra- 
mid which  cannot  by  itself  enclose  a  finite 
portion  of  space.  The  class  may  therefore 
he  called  the  <ideutUmg  tetragonal  claas. 
No  crystal  of  the  class  can  consist  of  a 
angle  form,  bat  most  be  h  combination  of 
two  or  more  forms.  The  possible  crystal 
shown  in  Fig.  206  consists  of  the  tetragonal 
pynunid   r  {AO/}    with   the   pedion   t  (OOT}. 

Hie  axis  of  symmetry  is  unit<»rminal  an*l  the  crystals  are  hemi- 
morphic ;    they  should  show  pyro-electric  phenomena. 

31.  The  tetrad  axis  is  taken  as  the  axis  of  Z^  and  any 
piir  of  edges  perpendicular  to  it  which  are  at  right  angles  to 
one  Another  give  the  directions  of  the  axe*  of  X  and  Y.  These 
Utter  axes  are  parallel  to  the  edges  iu  which  the  pedion  is  luet  by 
the  pyramid  to  which  the  symbol  t{101),  or  t|AO/(,  is  assigned. 

Fig.  206,  representing  the  pyramid  r  )/iO/|  and  the  pedion 
t|OOIj,  gives  the  directions  of  the  axes  of  -A",  Y  and  Z,  But  we 
Uve  already  seen  that  the  plane  MJ^M'  thnmgh  opposite  polar 
edgw  of  the  pyi-amid  is  parallel  to  a  possible  face  ;  and  MM^~ MM\ 
therefore  the  line  MM'  niakeH  '(.">''  with  the  axes  of  -V  and  }'.  The 
possible  vertical  face  through  X  parallel  to  MM'  must  therefore 
meet  OY  at  a  point  such  that  OY-OX,  Hence,  we  can  take 
«|tt»l  parameters,  on  these  axes ;  and  such  parameters  are  clearly 
ibe  most  convenient.  The  parameters  may  be  given  by  a  :  a,  :  e,  or 
by  1  :  1  :  c. 

If  there  are  a  number  of  tetragonal  pyramids  in  different 
tomutlis,  i.B,  such  that  they  meet  the  pedion  in  lines  inclined 
»t  rarious  angles  to  one  another,  one  of  the  pyrnniids  is  taken 
to  give  the  directions  of  the  axes,  and  the  others  are  then  assigned 
"ymboU  which  corresjiond  with  their  positions.  There  is  nothing, 
however,  to  limit  the  choice  of  the  pyramid  selected  to  give  the 
*xe«,  and  the  crystallographer  is  influenced  chiefly  by  a  desire  to 
give  the  simplest  indices  to  the  faces.  But  in  every  case  the 
pottthle  prism-face  equally  inclined  to  tfie  axial  planes  XOZ  and 
WZ  \&  taken  to  be  (110),  so  that  equal  parameters  are  measured 
'Xand  OY. 


r 


32.     Th«  tei/mgonal  ptfrnmifl,  r  \hOt\.     If  the  face  parallel  to  0  K 
ttjfii^.  206  is  taken  to  be  (AO/),  then  the  homologous  face,  obtained 
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by  A  rotation  of  90*,  passefl  throuf^h  MM*  and  L,  artd  hafl  die 
(OA/).     The  remaining  two  face»  are  (AO/)  and  (OA/).     Hi 
form  r{AO/}  consittts  of  the  faoes: 

AO/,  OA/,  AO/,  OA/ 

Again,  if  a  section  of  this  crystal  is  taken  in  the 
we  have  a  riglit-angled  triangle  LXO,  in  which  OX 
OL=^c^L 

Hence,  '  *"*     "'     '*"' 


\AnLXO  =  OL^OX  = 


If  n  iH  the  pole  of  this  ^ce,  and  C  is  the  pole  (( 

. .  tan  C7»  =  -J  -  . 
/  a 

If  we  take  the  particular  case  of  the  pyramid  in  whi 
are  both  unity,  and  if  e  is  the  pole  (101),  tlien 

tan  Ctf  B  c  -r  a  =  tan  B, 

We,  therefore,  have  the  same  formulte  for  determining  th 
c-^«,  or  E^  OS  those  given  in  (2)  and  (3)  of  Arte,  tf  and  I2i 

33*     The  special  forms  are  :  (/)  pedions ;  {^)  tetrago 

{110),  jlOO|,  t{AAO}. 

1,  The  pedions  are  the  faces  perpendicular  to  the  te< 
and  if  both  faces  are  present,  they  form  complementary  pe^ 
have  tlitlV'rent  characters.     Since  they  are  parallel  to  the  aj 
and   y,  tlje  one  has  the  symbol  t  1001[,  and  the  other  1 

t{OOT}. 

2.  {nO[.  We  have  already  had  in  Art.  31  a  prism 
parallel  to  MLM'  of  Fig.  206.  This  face  must  be  associ 
three  othersj  the  positions  of  which  are  obtained  by  rotati 
180"  and  270"  about  OZ.  The  prism  is  geometrically  th 
{110}  in  the  two  preceding  classes,  and  the  Greek  prefi; 
omitted. 

The  prism  {110}  has  the  faces  :  1 10,  1 10,  ITO,  TTO. 

1 100).     Again,  faces  through   the  similar  and  intera 
edges  M^My  Myf\  ikc.  of  Fig.   206  can  be  drawn  parall 
Since  the  faces  are  parallel  to  two  of  the  axe^,  the  symbol 
010,  100,  010.     They  constitute  a  prism  similar  to  that  w 
its  faces  parallel  Ut  the  vortical  axial  planes  in  the  two 
claases.     The  syml>ol  may  therefore  be  written  {100[. 
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The  tetragonal  pritm^  r  \}M],     If  a  prism  occur  in  any  general 

lath,  one  of  ita  faces  may   be  »upposo<J  to  be  draA^'n  through 

line  HMK  of   Fig.   177.     By  rotations  of  90",   180"  and  270" 

line  is  brought  successively  into  the  positions  A"//  ,   ^y^„i 

fl'.    For  we  saw  in  Art.  7  that  alternate  sides  of  the  ditetragon 

this  figure  are  at  90"  to  one  another.     Hence  the  prism  t  [hkO\ 

lists  of  the  faces  : 

hkO,  UO,  SitO.  km (1), 

A  similar  prism  t  ]A-/iO|   can  Ui  fonned  by  drawiiig  the  faces 

igh  the  remaining  edges  of  Fig,   177  ;  but  it  ha«  no  iiece«8ary 

lection  with  r  {AAOJ,  though  the  faces  can  be  placed  in  a  Niniilar 

oraetrit-al  p«j«ition  by  rotation  thi'ouyh  ISO"  aljout  tlio  line  OM  or 

line  OJ/,.      But  sucli  a  rotation  interchaugen  ditlerunt  ends  of 

1«  tetrad  axis ;  and  the  facial  development  and  physical  chanicters 

two  ends  are  dissimilar.     The  two  prisma  cannot  tlierefore  bo 

;ht  into  similar  positions  without  di.sturbing  the  arrangement 

of  pnrts  having  the  same  physical  characters. 

34.  Tft^  tetragonal  pi^ramid^  t  [hhf.\.  Through  the  lines  AA\ 
^^^,  itc,  of  Fig.  173  in  which  the  faces  of  the  prism  {WO]  meet  the 
|>l*ne  XOYf  faces  can  be  drawn  to  meet  the  tfltrad  (dci.s  at  a  finite 
distance  on  either  side  of  the  origin.  One  of  the  faces  which 
Biwt  at  an  apex  L  has  the  intercepts  OA  :  OA* :  OL,  or  a:a^:hc^f, 
\iQL  =  hc^l.  The  face  has  ther<>fore  the  symbol  {h}U).  The  three 
other  faces  all  pass  through  X,  and  the  signs  of  the  first  two  indices 
*re  alone  changed.     Hence  t  \hh(\  consists  of  : 

AA/,  M,  hhf,  W. (m). 

Again,  if  o  is  u^ed  to  represent  the  faces  of  the  particular  case 
in  which  A  =  /,  then  the  pyramid  o  is  r  { 1 1 1  j ;  it  comprises  the  faces  : 
111.  Ill,  Til,  III. 

The  inclinationH  of  these  two  pyramids  to  the  pedion,  or  to  the 
XOYf  are  given  by  equations  (5)  and  (6)  of  Art.  13. 

35.  TVi*  IHragonal  pyramid,  r\hU\.  Similarly,  through  the 
lit^Tiiat©  edges  HK,  K'i!^,,  //AT,,,  KJI'  of  Fig.  177  faces  can  be 
*^fawn  to  meet  the  tetnuj  axis  at  a  point  L,  where  OL  =€-r/.  These 
'our  faces  are  interchangeable  by  rotation  about  the  tetrad  axis  and 

^^^Qstitute  a  pyramid  T{hkl\^  and  have  the  symbols  : 

H  Ai-/.  khl,  W,  khi (n). 

^H   In  all  the  preceding  pyramids  the  ap*^x  /-  may  Ix*  on  either  side 
^      L.C.  17 
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the  origin;  and  if  we  reraeaiber  that  /  may  represent  either  a 
tive  or  a  negative  number,  the  above  expi*eafiiions  include  oU 
which  can  occur. 


36.  "We  have  therefor©  pyramids  t  JA0/(,  t  JM/),  t  {hk/\  which 
may  be  said  to  belong  to  three  series.  In  the  tirst  the  edges  of  the 
base  are  parallel  to  tlie  axes,  iii  tlie  Hecoud  they  are  at  45'  to  th* 
axes,  and  in  the  third  they  niay  occupy  any  azimuth  wtticli  U 
limited  by  the  equation  inn ^00  ^k-h.  But  we  have  nlrwdT 
stated  that  ant/  pyramid  may  be  taken  to  give  the  directions  of  J 
and  }'.  There  can  therefore  be  no  essential  distinction  betvefio 
pyramids  of  the  diflerent  series.  The  only  difference  wliich  will  be 
cjxuseH  by  changing  the  series,  to  which  the  pyramid  giving  thf 
element  belongs,  is  to  alter  the  value  of  the  element  (whether  it  be 
E  or  r  -i- «) ;  and  tliis  new  value  can  be  determined  when  we  know 
the  pyramids  which  have  l>een  changed  and  the  element  corre- 
sponding to  one  of  them.  Thus,  let  p(lOl)  and  o(lll)  Im?  the  Hef^ 
of  two  pyrauiida  in  the  first  representation,  and  let  A"  or  c -a  be 
the  corn'sptmiling  element;  and  in  the  second  representation  let  o 
be  ma<ie  (101),  so  that  Co  is  £'  and  the  corresponding  parametral 
ratio  is  c  :  a'. 

Now,  by  equation  (2), 

tan  E  =  tan  Ce  =  c~a. 
And  by  equation  (6)» 

UuCo=c^2^a  =  ^2tanE. 
But  Co  -  S\  and  tan  E'  -c  -r-  a'. 

If  it  and  a  are  both  taken  to  be  unity,  then 

c'  =  tan  ^' =  tanCo=  ^2  tan  ^=  fl72. 
The  new  parameter  c'  is  therefore   the  original  c   multipl 
by   ^2. 

From  equation   (9)  we  can  find  £"  and  c"  the  values  of 
elements  when  a  face  t  of  the  pyramid  T\hkl\  is  taken  to  be  (lOT 
For  Ct^£",  and  c"  -  tan  ^"  whena".   1, 

Thus,  if  (hkl)  is  (211),  c"  =  c^5. 


«— tan^  =  ^VAi  +  ;t». 


37.     If,  however,  the  crystals  arc  regarded  as  merohedral, 
pyramids  t  {hOl\,  r  {hJU\^   have  each  one-half   the  faces  in  the 
pyramidK  {hOf\  urtd   {hhl\  of  Class  11,  which  has  the  greatest  sym- 
metry possible  in  the  syHtem,  and  the  ft.)rm8  of  which  are  regarded 
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a  ^olohedral.  The  pyramids  t  1A0/[  and  t  [/(A/|  are  therefore  hemi- 
iMidral.  But  the  pyramid  r  \hkl\  has  only  uue-fourth  the  faces  of 
Lhfi  ditetragonal  bipyraniid  \hk/\  of  Class  11,  and  ir  therefore 
teiartohedral.  As,  however,  it  ih  a  matter  of  choice  on  the  part 
^  the  crystallographer  which  of  the  series  of  pyramids  is  selectad 
to  give  the  axe»,  the  different  serie«  cannot  be  some  of  them  heroi- 
»«iral  and  the  others  tetartohetlnil.  For  )iy  taking  (AAV)  to  give 
■he  element  *?"  we  change  a  tetartohedral  form  into  a  lieniihedral 
ne;  or  rather,  a  form  which  was  in  the  first  representation  re- 
!>utled  HH  tetartohedrat  has  in  the  second  case  to  be  regarded  as 
emihedral. 

Similarly,  tiie  prisms  {100},  jllO!  are  regarded  as  holohwlral, 
hiiflt  r  j/iX'Oi  is  tjiken  to  he  heutihedral  ;  and  by  a  variation  in  the 
beg  of  reference  OX  and  OK,  we  cnn  vary  the  manner  in  which 
^B  prisms  are  regarded. 

^H?e  see,  therefore,  that  the  viewK  underlying  the  idea  of  mero- 
Mrism  lead  to  inconsist'Cucios,  and  to  rep reson tuitions  of  the 
•ystals  whicli  are  not  in  accordance  with  the  facts.  These 
ifficulties  are  avoided  when  each  class  is  treated  aa  consisting  of 
group  of  crystals  having  definite  elements  of  symmetry,  of 
^hicb  the  facial  development  and  the  physical  characters  are  the 
onsecjuence. 

38.  It  i»  clear  that  analytically  the  method  of  determining  the 
yml)oU  of  the  faces  and  the  parametral  ratio  from  the  nieasunxl 
>ngles,  or  of  determining  the  angles  from  the  symbols  and  e]*-ii»('nt. 
uiut  in  this  class  be  exactly  the  same  as  that  given  in  preceding 
ectiona. 

39.  Crystals  of  imlfenite  (PhMoO^)  have  been  described  which  show 
foftos  of  this  kind.     The  crystal  nhuwii  in  Fig.  207 

[»fter  Xaiimann)  includes  the  forms:  »=r{lU), 
l»-r{Ul},  fl-r(IOil,  3=t|432),  ^=t  {.IUJ.  The 
alMoent  ^=67^37*5',  and  c=l-5771. 

The  princi|Md  axis  lieing  ouo  of  unitemiinal 
P'ftinietry  should  be  a  pjTo-electric  axis  :  this  has 
^  been  establisbed  in  widfcnito;  but  in  boriuni- 
«itimonyl  dextrotartrate,  Ba(SbO)a(C\H^Oo), .  H.^O, 
^6  orystals  of  which  are  held  to  beh>rig  aIho  to 
this  class,  the  tetrad  axis  has  been  found  to  be  a 
pyw^-electric  axis. 

Crystals  of  those  two  fmbetances  do  not  n^itate 
laue  of  i>oUnzati<ni. 


1 
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IV.      Oiplohedral  tetragonal  clasa  ;   tt  i^/(. 

40.  Crystals  o£  this  cliisa  possess  a  tetrad  axis,  a  centre  <rf 
Rymmetry,  and  therefore,  by  Chap,  ix.  Prop.  4»  a  plane  of  symiMiry 
n,  perpendicular  to  the  tetrad  axis.     The  forms  can,  therefore, 
deduced  from  those  of  the  preceding  clasH  by  the  addition  of 
parallel  to  those  given  in  Arts.  32 — 35.     Or  the  new  faces  can  b 
obtained  by  regarding  the  plane  n  as  a  mirror  in  which  the 
are  reciprocal  reOexions. 

41.  We  can  clearly  take  axes  ha^nng  to  one  another  the  same 
relation  as  the  axes  of  crystals  of  class  III  ;  i.e.  OZ  is  the  tetrad^ 
axis,  OX  and  OY  are  parallel  to  the  horizontal  edges  of  any 
tetragonal  bipyraniid,  and  equal  parameters  are  taken  on  them.  Thft' 
element  c,  or  J?,  is  obtained  from  the  possible  or  actual  pyramid  U> 
which  the  symbol  {101}  is  given.  ! 

The  analytical  relations  of  the  element,  angles  and  face-indice^ 
and  the  methods  of  solution  of  the  problenm  whic}i  may  occur,  ai^ 
identical  with  those  of  crystals  belonging  to  the  preceding  claasefi. 

42.  The  prisms  given  in  class  III  remain  unaltered,  for  thi 
faces,  being  pamllef  to  a  tetrad  axi«,  occur  in  pairs  which  an 
parallel   to  one  another.      Hence : 

jlOOj  consists  of  100,  010,  TOO,  OTO. 

1110}        „        „    110,  Tie,  TTO,  ITO. 


n\hkQ\--^r\fM\ 


hkO,  AAO,   hkO,  khO. 


The  faces  p4^r})eijdicu]ar  to  the  tetrad  axis  both  occur  togetbi 
and  form  tlie  pinakijid  [OOlj. 


43.     The  tetragonal  pyramids  become  diplohedral,  and  each 
them  encloses  n  finite  portion  of  space.     Tliey  can,  therefore,  occ 
alone  on  crystals  of  this  class. 

The  bipyraniid  {A0/(,  Fig.   17l>.  having  its  faces  parallel  to 
axes  of  X  and   )',  is  geometrically  identical  with  that  described  in 
Arts.  8  and  22  as  a  possible  form  in  each  of  classes  T  and  II.     T 
bipyraniid  includi^  the  eight  faces  given  in  table  e. 

Thr  bipyninn'd  \fih/\,  which  has  its  honzontjil  edges  parallel  to  thi 
diagonals  of  the  square  formed  by  bipyramids  of  the  tirst  series,  i$ 
geometrically  identical  with  \hhl\  of  Art.  23  and  may  be  represented 


KUB 
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bj  Fig.  190 :  it  coiuprises  the  faces  given  in  t^ble  i.    The  tetragonal 
bipynnnids  of  these  two  series  are  therefore  apparently  holohedral. 

The  bipyraniiJ  tt  \hkf\  consists  of  the  eight  faces  of  tiible  j, 
Art.  24,  which  pa^s  tlirough  the  sides  of  the  square  furnie<l  by  the 
alternate  sides  of  the  ditetragon  of  Fig.  177,  and  have  the  symbob : 

W,  kid,  hkl,  kkK  fJcl,  khl  hkl  khl (O). 

The  genera]  appearance  of  the  form  is  the  same  as  that  of  each 
<^f  the  bipyraniids  |Ai>/|  and  jM/j;  but,  as  it  has  only  one-half  tlie 
i^ioeA  of  the  bipyniinid  of  Art.  24,  it  waa  regarded  as  being  hemi- 
h«dral  with  parallel  facvs. 


^^ 


44.  Since  a  bipyraraid  of  any  soriivs  may  U»  st'leoted  arbitrarily 
give  the  axes  of  X  and  }',  and  the  element,  there  is  no  e.Hseniial 
I  --iatinction  between  the  tetragonal  bipyramids  uf  the  different  series. 
^^M«o,  when  a  change  is  made  in  the  axeH  and  element,  by  selecting 
^^(  bipyramid  of  a  diJlerent  series  to  give  them^  the  values  of  the 
'  dement  in  the  two  representations  are  connected  by  the  equations 
given  in  Art  36. 

It  is  clearly  inconsistent  with  the  symmetry  of  the  crystals,  of 
wliich  these  several  forma  are  the  iinruediiite  consequence,  to  regard 
»*o  of  the  series  as  holohedi-al  and  the  others  as  hemihedrnl. 
iHfferunt  crystallographers  might,  by  a  mere  change  in  the  series 
to  vhich  the  bipyramid  selected  as  (101  [  Wongs,  make  a  definite 
tipjramid  holobedral  in  the  one  ca«e  and  Lemiiie<iral  in  tlio  other. 

The  same  remarks  apply  to  prisms  {100},  jllOf  which  are 
S^metrically  identical  with  those  of  the  three  previous  clasties, 
vhilfit  ir{fM\  hsA  only  half  the  faces  present  in  {/i^O}  of  classes  I 
uulll. 


46.  Crystab  of  scajwHte  (wemerite),  mCa4Al3vSigO^+  /jNa^AlaSijjOjj^Cl ; 
offlcboolitc,  CaWO^;  of  stolzite,  PbWO^ ;  of  eryliiroghiciiie,  C^H,oO, ; 
^ong  to  this  class. 

Fig.  208  represents  a  crystal  of  meionitt'^  in  which 
'■riety  of  bcajKilit©  /W  ;  n  nuigert  from  1:0  to  3  :  1. 
The  (bnns  are:  a  1100),  m  (IIOJ,  r^lli;,  rti.di=Trl3U). 
The  angle  mr^SS"  y,  and  from  equation  (6}  c  =  -4»925. 
The  double  refraction  is  weak  and  negative,  and  it 
^uiuQiahes  as  the  amount  of  sodiuni  increases. 

CryutaLt  of  sc/tediie  are  oj)ti(jally  positive,  l-'ig.  200 
■hows  a  crystal  having  the  forms:  «(101},  uilUJ, 
*•»  {313},  #-fr  [131J.  The  faces  o  aro  usually  prciieiit 
lUid  aro  sometimes  those  which  predominate  :  as  a  rule, 


/^^^ 
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they  jire  l)riglit  and  smooth,  ftnd  give  good  roHoxioDB.     The  faces  * 
aro  striiitod  piimlld  to  the  edges  [eiA],  and  givo  [Kx>r  refloxions.     Ueuec 
clement  is  uouiputod  from  rueaeurement  of  the  auglo  oo,,=iQ°  27'. 


By  equAtion  (6)» 


-.  Co=00°- 00^-^2=66°  16*5'. 
/.  /J « 50"  56-6',  c  =  l'5366. 


/Cone  \ehos].     Mcasurvmeut  or  the  angles  in  the  zone  [eh]  vnftbl««  tiB 
determine  the  eymbola  of  the  fncou ;  or,  yico  vorsd,  knowing  the  symbols 
the  element,  we  can  determine  the  angleH  which  h,  o  and  «  make  with  e.    For,  a« 
shown  in  Fig,  210,  the  poles  lie  in  the  zone  [A'eA^].     Uenoe,  if  T  is  taJkeu  to  be 
a  pole  {hkh)  lying  in  thia  zone,  we  have  from  the 
A.B.  {A' Toe) 


tan  JTr-tan.J'o 


010 

101  1 

hkh 

010     • 

lOl 

lU 

nil 

But,   from   the   right*angled   triimgle  A'um,   wu 
have 

eo8  A'o=eo» {A'm^W)  cob (itu) »24°  43-5'), 

.;  A'o=50P  2-25', 
HcnoG,  if  T  is  taken  to  bo  n  (131), 
.-.  tan  .!'*  =  tan50^  2-25' -r3;   and  A'li  =  21'^  Al'6' ; 
and  if  to  be  h  (313), 

.-.  taa.rA  =  3tan{>0'2'25',  .-.  a'A^TA^"  23-6'. 
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Tiro  cooBtruction  vt  the  Htereogram.  Fig.  210,  preBenls  no  dilfieuliiea. 
poleB  A,  iM,4fto.,  are  marked  off  on  the  primitive 
at  45'^  to  one  anothei-.  Tlte  diametral  zones 
[CA\,  [<'"*],  At'.,  are  then  drawn;  an. I  by  the 
ooDstruQtion  of  Chap,  vii.  Prop.  1,  the  pole  e, 
or  0,  ia  determined  on  \CA]  or  [Vm].  The 
xone-circleM[J'e],  [.■ie'],4c, ,  are  thezj  described. 

The  simplest  way  of  deterniiniDg  the  points  4 
h  and  «  i%  to  find  /  and  /'  in  {Am],  where 
/is  (:-IlO)  and  /'  (130),  and  AJ=A'J'^\^  20'. 
The  diameters  through  the  points  /  and  /' 
give,  by  their  inler»oolion  with  the  Kooe'cirole 
[m],  the  poles  h  and  ».  The  poles  below  tho 
paper  woald  bo  given  by  circlets  sarrounding 
each  dot. 

In  rig.  2tKi  the  axes  have  been  tnrned  45*^  more  to  the  left  than  is 
that  '>(ni)  id  in  the  position  usually  occupied  by  {hQl).     The  devel< 
is  belter  shown   in  this  position  than   in  one  conforming   to    the 
arrungement. 


y 

■s 

:>v 

^ 

iui 
p. 

-^ 

£\ 

\    lii 

h'  / 
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V 
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V.      Trapezohedrai  clajM  ;    a  \hkf\. 

46.  In  crystalH  of  tliin  olasa  the  tetrad  axis  is  a&souititod  with 
)urdjrad  axes  all  perpendicular  to  it,  which  necessarily  consist  of 

tvo|iair8  of  like  axes.  The  one  pair  may  as  in  class  II  be  denoted 
by  A,  Aj  the  other  pair  by  S,  8,.  Again,  tho  like  iixes  A,  A^  must 
^  at  90*  to  one  another,  and  the  angles  between  them  be  bisected 
V toother  pair  S)  8;  for  a  rotation  of  90^  about  the  tetrad  axis 
interchanges  like  elements  of  the  crystal.  This  class  differs  from  II 
lAasmucli  a«  it  lias  no  centre  and  no  planes  of  symmetry.  The 
general  form  may,  therefore,  bo  denoted  by  the  symbol  a  [hki]. 

47.  The  tetrad  axis  being  OZ,  a  pair  of  like  dyad  axes  which 
pfty  denote  as  the  pair  5,  8^,  are  taken  as  OX  and  OY.     Tlie 

e  face  i>ei'pendicular  to  A  is  then  tho  most  convenient  one  to 
select  to  give  the  parameters  on  OX  and  OF,  for  it  meets  them  at 
equal  distances  from  the  origin,  and  a  =  b.  Any  plane  through  the 
trace  of  this  face  in  the  plane  XOY^  which  moets  OZ  at  a  finite 
distance  from  the  origin,  may  be  taken  as  parametral  plane  {111), 
ftwl  will  give  the  parameter  c  by  equation  (6).  Hence  we  have 
•octangular  axes  with  equal  parameterH  on  OX  anil  OY^  but  a 
Qtflerent  parameter  on  OZ,  The  arrangement  of  axes  and  para- 
'^tml  plane  is  the  same  as  that  in  classes  I  and  II,  save  that  in 
^-RtAls  of  this  class  there  .are  no  planes  of  symmetry.  The  pivsence, 
or  aUsence,  of  planes  of  synunetry  does  not,  however,  affect  the 
wmulffi  connecting  angles,  parameters  and  face-indices,  and  con- 
uently  all  those  established  for  class  I  hold  for  tliib  class  also. 


h 


48.     Such  of  the  forms  of  class  II  as  have  faces  parallel  to  the 

^%es  of  symmetry  will  be  commoa  to  this  class  also.     For  rotation 

J***  rough  180°,  or  2  X  90",  aV»out  a  dya<l,  or  betratl,  axis  necessarily 

''^terchanges  a  pair  of  parallel  face«  which  are  both  parallel  to  the 

^^j»  of  rotation.     Hence  : 

The  pinakoid  {001}  has  the  faces  (001),  (001). 
The  two  tetragonal  prisms,  m  { 1 10[  and  A  { lUO],  will  each  consist 
*-*€  four  facea,  which  have  the  symlKjls  given  in  Arts.  5  and  6;  and 
^lie  ditetragonal  prism  \hkO\  will  consist  of  the  eight  faces  given  in 
Art.  7. 

The  tetragonal  bipyramid  {hQl\  will  be  the  same  as  that  given  in 
Art.  8. 
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The  tetragonal  bipyrAmid  {hh/\  txjnsists  of  the  eight  faces  ^ren 
in  the  similar  form  in  Art.  23, 

In  all  the  above  fornin  the  Greek  prefix  is  usually  omitted;  for, 
georaetrically,  the  formK  do  not  dirti'r  from  thtise  of  clatts  II.  And. 
na  has  been  seen,  several  uf  theui  are  uoiumon  to  the  other  claijse» 
already  discussed. 

49.  The  general  form  a  (AjWJ,  Fig.  2J1,  in  which  A  and  A  are 
finite  and  unequal,  i»  the  only 
one  geometrically  characteristic 
of  the  class.  It  consists  of  ei£;ht 
four-sided  similar  faces  which  arc 
all  metastropliic.  Each  face  has 
two  like  polar  edges,  such  as  La 
and  £fy,  which  change  places 
when  the  crystal  is  turned 
through  90'  about  the  tetrad 
axis.  The  median  edges  ap  and 
py  of  each  face  are  dissimilar 
and  are  iucl  intxi  to  the  axial 
plane  XOV  at  different  angles; 
and  each  of  them  is  perpendicular 

to,  and  bisected  by,  a  dissimilar  dyad  axis.  The  form  is  called 
trapezolysdron^  and  gives  its  name  to  the  class.  Geometrically,  iC- 
may  be  regarded  its  made  up  of  that  set  of  the  faces  of  th^ 
bipyramid  \hki\  of  Art,  24,  which  are  interchangeable  by  rotation. 
about  the  axes  of  symmetry.  Hence,  a  {A^}  has  the  following 
faces : 

hkl,  khl,  khl,  hkl,  Ikh  khl,  khl,  A*f (p). 

It  will  be  noticed  that  the  first  two  indices  of  the  pairs  of  faces, 
which  meet  in  like  median  edges,  a^,  yS,  .fee.,  perpendicular  to  A  or 
A^,  intercliaugo  places,  since  a  rotation  of  It^O*'  alx>ut  either  of  these 
axes  interchanges  the  axes  of  X  and  V,  The  same  rotation  inter- 
changes opposite  ends  of  the  axis  of  ^,  and  the  last  index  changes 
sign.  A  pair  of  faces,  meeting  in  edges  perpendicular  to  5  or  5^^ 
have  A  and  k  in  the  same  order,  but  the  signs  of  tlie  intercepts  on 
the  two  axes  of  reference,  which  the  edge  does  not  meet,  are 
lUfi'ereut;  for  a  rotation  of  ISO"  about  OA  iutorchanges  equal  and 
opposite  lengths  on  OV  and  OJSf  and  an  equal  rotation  about  0/ 
interchanges  equal  and  oppoHitc  lengths  on  0*X  and  O^.     Gy  paying 
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tntion  to  the  nifect  ai  rutatiun  about  the  axes  of  Ryrametry,  the 
«3nnbol5  of  all  the  faces  can  lie  directly  obtained  without  refereuce 
to  Art.  24. 


50.  Tt  18  clear  that  the  trapezohedron  has  three  difierent 
juiglcs  between  fai.^(«  which  meet  in  edges ;  viz.  thoue  over  polar  edges 
/a,  nnd  angles  over  the  dissimilar  median  edges  ap  and  py ;  and  no 
two  of  these  angles  can  l>e  permanently  equal.  We  need  not  discuss 
the  possibility  uf  making  the  angle  over  La  equal  to  either  of  the 
uilfter  two;  for,  if  a  ciise  were  found,  an  alteration  of  temperature, 
csaasing  a  change  in  the  ratio  of  c  :  a,  would  necejisarily  disturb  the 
equality  and  would  make  the  angles  unequal. 

Tlic  Hiiii[>lo8t  Aiid  miwit  direct  iiro<»f,  that  the  angle  PP^  over  the  edge 
afi  is  not  L-qiiiU  to  A  ^^^'3  "vcr  liy^  is  obtained  in  the  same  way  na  that, 
given  in  Art.  36,  for  the  currcMpuuding  relation  of  the  anglou  of  {A^^.  For 
using  the  equations  and  notation  of  that  Article,  wo  have: 


far  /'»(iA4 

cos  AP^     cmA'P^     etMsCP^      1 
k               k       '       -I      ~N' 

for  />»(A^4 

cmAP^     oiMA'F^     ccobC/'j      I 

cos/* A 


\=(2/d:-^--y^  (16); 

ooaPA.(A»-^-J])-.V» (17). 


Hence,  il  PP.  =  PP, 


2Ai--.=A''-*« 


it^A-^/2-l. 
Wc  oao  also  prove  the  propoaition  as  follows.  Assume  PP^=^PP^. 
Then  A  ///'-  ^MP:  for  A  iIP=PP:,^%  and  A  MP=PP^^2.  Kenco 
the  pl.-vnis  through  the  tctntd  iuih  and  the  normal  OJ*  mxist  meet  the  sphere 
with  oentre  at  C  in  a  circle  which  intersects  the  zone-circle  [^//iJ]  in  a 
pale  /  lying  exactly  midway  between  A  and  m  ;  i,e,  Af^tT  SO'.  But  it 
W«  been  shown  in  Art.  So  that  no  prism-face  can  bo  inclined  to  a  vertical 
4xial  {Jane  at  22'  3</.     Hence,  PP^  can  never  be  equal  to  PP^. 

51-    The  form  a  fAK}  may  bo  drawn  as  follows.     The  axes  having  been 
rcgrscted  (Chap,  vi,  Art   13),  ptints  //,  l{\  H,y  ^„,  A',  A'',  A',  K,,  are 
lined  on  the  axes  of  A'  and   T,  where  OH=a-^h^  OH'  =  OK—a~-k^ 
moA  the  ditetmgon  of  Fig.  212  is  then  drawn  in  the  projected  phuio 
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A'Oi';  the  points  M^  M\  Ac.,  and  A'  and  it«j  houiolfigiiw  tioing  oIk*  obtained 
The  upper  poliu-  edges  La^  &c.,  are  tlie  Hues  j»Muiug  L  on  OZ  (wbere 
OL^OL,=c-T't)  to  jVand  tho  three  homologous  pointa,  in  wbtch  altenutte 


sides  of  the  ditetrngon  intersect.  For  the  face  {fitV)  passes  tliroi^h  HITi 
and  (Jcfd)  through  tho  jdtcnmte  trmie  H„K'.  We  hiive,  now,  U»  dctcnnin 
the  poiuUi  a,  y,  &c.,  on  thoe>c  poUr  txlgos.  Tho  uiediiin  edge  thmiigb  //ieT 
parallel  to  the  zone  ax  in  \hH^  hH\y  which  i8  the  sjune  as  [/iX-/,  /li/J;  but 
these  latter  faces  pass  thn^u^h  the  line  LK^  which  therefore  givos  the 
direction  of  the  edge  ^//y.  The  ix^int  y  is  detenniupd  hy  the  intersection 
of  this  edge  with  Ly,  and  H^=Hy  in  then  intyusurod  off  by  a  {Mir  of 
couapasBOs.  Siuiiljirly,  A"u  is  [parallel  to  the  line  L,U\  and  A',d  to  LB\ 
The  point'4  a  and  t  nn?  tlierufore  found;  uad  the  {totutti  equidiKtant  from 
A''  and  A',  are  then  detormined  hy  a  pair  of  compasses.  The  reoiainiog 
median  edge«  OjS,  yJ,  &c.,  are  then  easily  drawn  and  will  be  found  to  pa» 
through  J/,  jV,,  &c.  Finally  the  edges  Z,^»  L<^,  »fcc.,  are  drawn  and 
conipluto  the  trftpez<thedraii. 

Or  wo  njay  determine  the  median  edges  aJ/)3,  &c.,  as  follows.  The 
line  LU  is  produced  to  meet  L,IV  in  «.  Ut  and  /-,//'  are  shown  in 
Fig.  211  by  linca  of  internipted  strokes.  The  line  M$  gives  the  direction 
of  tho  etlgc  a.VjS.  If  the  direction  La  is  known,  a  is  dotcnnincd ;  and 
M^='Ma,  If  yH(i  ia  known,  /3  is  determined;  and  a  obtained  by  a  pair 
of  compaHfieu.  The  boinuloguiis  edges  J/,d,  &c.,  are  obtained  by  a  siiuilor 
construction. 

The  student  will  be  guided  iu  bis  selection  of  the  method  he  punue^ 
by  con.siderationH  of  the  accuracy  attainable,  in  any  particular  case,  in  th< 
determination  of  the  pctinta  *;Vand  ji. 

52.  The  coitiplomont-ary  form  a  \Uil\  has  ftU  its  faces,  and,  there- 
fore, all  its  edges,  parallel  respectively  to  those  of  a\hkl\.    Hence, 


TETKAGONAL  TRAPKZiJHKDItA. 


267 
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213  showing  a  {kJU\  is  immediately  made  by  drawing  througb  K' 
aline  parallel  to  Sc  of  Fig.  211  and 
through  K^  a  line  parallel  to  aA". 
SimiUrly,  the  edges  through  // 
•nd  //,  are  reciprocally  inter* 
duioged.  Again  the  polar  edges 
through  L  in  Fig.  213  are  parallel 
b)  tliofle  through  L^  in  Fig.  211, 
ud  vice  versa.  The  remaining 
iMiAn  edges  through  Af  are  then 
easily  drawn. 

53.  The  two  forms  are  clearly 

'^dprocal  reflexions  with  respect 

to  auy  one  of  the  axial  planes,  and  are  enantiomorphous.     With 

ifcia  character  a  difference  in  the  optical  properties  may  he  expected. 

Arguiug    from    the    analogy   of    quartz    (Chap,    xvi,    class    IV), 

crystals  of  this  class  should  rotate  the  plane  of  polan'xation  of  a 

pUne-polarised  beam  traversing  the  crystal  along  the  principal  axis. 

The  direction  of  rotation  may  Ikj  with,  or  against,  the  hands  of  a 

watch.     If  crystals,  on  which  a  \fiAI\  is  developed,  rotiite  the  plane 

of  polarization  clockwise,  those  in  which  the  complementary  form  is 

dDvclopod  may  be  expected   to  give  a  rotation  counter-clockwiso. 

Unfortunately,  no  crystals,  save  those  of  guanidine  carlx>aate,  have 

yet  been  observed  showing  eitlier  of  the  two  general  fonns ;    but 

cfjrstAlif  on  which  special  forms  are  alone  developed  have  Iwen  found 

to  cause  rotation  of  the  plane  of  polarization.     The  substances  are 

therefore  placed  in  this  class;  and  we  may  hope,  by  variation  of  the 

conditions  under  which   their  crystals  are  grown,  to  establish  the 

correlation  by  the  development  of  genenil   foruts. 

54.  Tetragonal  cryfltals  of  the  following  substances  rotate  the  pUno  of 
itioD  of  a  beam  transmitted  along  the  principal  axis  and  are  there- 
placed  in  this  olaiis. 

EthffUne-diamim  tulpfuite,  C^H^{iiil^)f,  H^SO^.    c=  1-4943.    The  crys- 

^•reaimbinations  of  the  pinakoid  c  |(X>1|  with  ouo  or  several  Uipyramids 
^  f22II,  IIOIJ,  {2Ui;.     The  crystals  aru  optically  jKraitive;  aud  by  a 

fMate  1  nun.  thick  the  rotation  for  sodium  light  of  the  phkuo  of  i>olanzation 
is  16"  30'. 

Onanidirte  carbonate^  (CHjNjjjHjCOj.  c^'QQlO,  The  crystals  are 
bipyramidB  {111}  with  the  forms  {001},  {100]  slightly  developed;  small 
doll  faces  of  a  tra])ozuhedron  have  been  observed,  but  the  Hymlwla  could 
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nut  be  tletoni lined.  'I'ho  double  refraction  ia  weak,  aiid  ni^gativc.  The" 
iviUtiiHi  for  )i  pint*?  I  mm.  Hiick  is  ir  30"  (Li),  U'  34'  (Na),  IT  4"  iTli, 
(Bodewig,  /*<«/;/.  Ann.  Cl.vu,  p.  122,  1876.). 

iJmceti/l-pLtt*»lphi<Ui^n,   CjoUijO^iC^HaO),.     c==  1-3.^93.     The 
jire  optically  nogiittvc,  and  rotato  the  plane  of  polarization  somctjiDce 
ttiQ  right,  soiuetimos  t^i   the  left :    the  rotation  fur  1  mm.  is  171 
19-r  (Na),  23-8'  ('H). 

.SVryrArt/m-  tulfJiaUy  (C„  IlaN'A),.  H,SO, .  CH,0.  c  =  3-312. 
cry»taU  ore  combinationH  of  [111}  with  ^H)!}.  There  is  a  good  cleftvi 
IKtrallel  U>  (001);  and  cloavage  platoa^  otohod  by  dilute  hydroc^hloric 
(ihow  tino  reotAngubir  atrin^  inclined  to  the  edges  of  the  plate  on  o^ 
Hides  of  it.  Id  directionn  which  conform  to  symmetry  with  respect 
dyad  uxih  inr^iondioular  U>  the  edges  of  the  plate,  but  not  XA^  a  centre  >V 
symmetry.  The  crystals  are  negatiro  and  Isevogyral ;  and  the  rotation  for 
1  mm.  is  alxiut  9°  for  red  light 


YI.     AcUisUnui  diUtrti^oncU  cla$8  ;    /u  (A/:/}. 

65.  Crystals  of  this  class  have  a  tetrad  axis  and  four  pl&n< 
symmetry  intersecting  in  it,  but  no  other  clement  of  symmetry. 
The  planes  of  symmetry  consist  of  two  pairs  S  and  2  of  like  planw; 
for  each  pair  of  like  planes  are  at  90"  to  one  another  and  change 
places  when  the  crystal  is  turned  through  90°  atx>ut  the  tetrad  axis. 
The  planes  uf  oue  pair,  alscj,  bisect  the  angles  between  the  other 
pair.  Geometrical [y,  the  forms  of  this  class  consist  of  those  plaaes 
which  in  tho  corresponding  forms  of  cliiss  II  meet  at  only  one  apex 
on  tho  principal  axis.  From  this  point  of  view  the  planes  meeting 
the  axis  at  the  opposite  apex  form  a  tautomorphous  comple- 
mentary form.  Forms  with  faces  parallel  to  the  principal  axis, 
t.e.  prisms,  will  bo  identical  with  those  of  class  II.  The  tetnul 
axis  is  unitorminal  and  is  an  axis  of  pyro-  and  piezo-electric 
polarity ;   and  the  crystals  are  hemimorphic. 

56.  The  possible  zone-axes  perpendicular  to  %  and  2'  can  be 
taken  as  the  axes  OX  and  0}']  luid,  as  was  shown  in  class  I,  the 
parameters  on  thorn  are  equal,  for  the  angles  between  thorn  are 
bisected  by  the  planes  S  and  .S*'.  The  only  paramet4:<r,  which 
Taiies  with  tiie  substance,  is  c  measured  on  the  principal  axis.  It 
is  determined  in  the  manner  given  in  Art.  8. 

57.  The  prisuiH  {llOJ,  jlOO},  [hkO]  have  clearly  the  same  tmem 
as  the  similarly  placed  prisms  of  cloasea  I  and  II,  and  need  no 
Greek  prefix ;  they,  respectively,  comprise  the  faces  given  in  tables 
b,  O  and  d« 
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The  class  will  W.  uullHil  the 


The  other  forms  possible  are  the  following : 

/.     PedioDH  ;  of  which  /i  |001|  is  one;  the  complementary  pediou 

M{OOTf. 

^.     AcleistoujB  tetragonal  pyramids : 

^{A0/(  consisting  of  AO/,  OM,  hOl,  OA/; 
/I  {hJU\  „  „    AA/,  AA/,  AA/,  AA/. 

lese  pyramids  have  the  same  fac&s  as  those  denoted  by  t  {AO^J 

r  JAA/j    in    class    III.      The 
iple  possible  crystal  represented 
Fig.  206   may  belong  both  to 
and  to  this  class. 

S.  Acl^touM  diutragorial  py- 
ramiflt  like  Fig.  214  of  which  the 
^neral  symbol  is  fi  {AX;/}.  The 
form  comprises  the  faces  :  Fio.  814. 

hkl,  khl,  khl,  hkl,  hkh  khU  AM  hkl (q). 

None  of  the  fomis  are  closed,  and  the  crystals  must  in  all  cases 
be  combinations  of  two  or  more  forms. 
ftcUisUms  diUtTogonal  class. 

56.  Crystals  of  silver  fluoride,  AgF .  H^O  ; 
CiHiOjNl  ;  and  of  iKsnta-orythrite,  OjH„0^,  be- 
long to  this  class. 

A  crystal  of  tmccin-iodimtde  having  the  forms 
m|nO},  o=fi{lll),  v=,i{22IJ  and  r'=^I22!]  is 
idiowii  in  Fig.  21.5.  The  element  c  given  by 
Plofeau>r  Oroth  is  '8733.  Hence^  by  eqnation 
(6X  Co^sro*,  »w=*3ro';  aud  mv=22'2-6'.  The 
more  obtusely  terminated  end  is  the  antilogous 
pole^  the  more  acutely  terminated  end  the  analcguus 
pole.  This  is  indicatetl  by  tlio  +  and  -  .signs  which 
give  the  c  loot  ri  Heat  ions  with  fulhiig  t(imp«rature. 

Crystals  are  sometimes  i>htaiiicd  which,  as  the 
temperatnrc  falht,  mmufost  negative  clectriticatiuns 
at  the  opponite  cuds  of  the  prtnci[>n1  axis,  so  that 
both  ends  are  analogous  poles.  This  ])cculiarity  is 
explained  by  supposing  the  crystal  U>  be  a  comixfHite 
or  twinned  crystal  (Chap,  xviii)  in  which  two 
similar  lialves  are  joined  iUoug  a  pediou.  CoiTosinfi- 
ex]ierjtuenta  have  confirmed  this  view  ;  for,  whilst 
normid  untwinned  crystals  give  on  the  faces  m  {110} 
»  single  seric?s  of  pits  having  thu  sltaix*  of  ifjoscolen 
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triangles  with  tbeir  upict^tj  all  ilirecled  towards  the  aualogous  poK 

shown  by  the  throe  triangles  drawn  on  m  iii  Fig.  215, 

the  crystals  having  analngoiis  poles  at  opposite  enda 

of  a  face  hi,  give  two  HorieH  of  triangular  pita  with 

upicoH  din?cted  resiwctively  towards  the  opjMMjite 

ondH. 

Fig.  216  shows  a  crystal  of  peHia-etytfirite 
having  the  forms:  li  (ICH)},  o-^^U|,  o)=(i{lll|, 
<.'=^  JOOI ;.  The  ^larametcr  c  =  \  0230.  The  crystala 
are  optically  negative,  and  often  show  anomalouii 
optic  photiouK'ua. 

VII.     Sphenoidal  cfoM  ;    Tg  {hkl\. 

69.  Attention  lins  l>een  called  to  the  possibility  of  a  claitf  vi 
crystals  in  whioh  every  furni  is  a  t<»tragonjil  splienotd,  save  *bea 
the  faeeH  are  parallel  or  perpendicular  to  the  principal  axiit  (thougi) 
no  crystal  of  the  kind  has  ever  been  found).     Such  a  form,  pUo«l 


Pio.  316. 


r 


Fio.  218.1 


in  a  general  azimuth,  may  be  represented  by  Pig,  218,  and  may  be 
obtAinod  by  drawin*;  through  the  opposite  sides  U'lCyfJ^K  of 
Fig.  217  a  pair  of   faces  to  meet  the  principal  axis  ut  Z,  where 

LOL  =  e^L  The  two  faces  have  the  symbols  (ihl)^  (Shi);  and 
are  interchangeable  by  a  semi -revolution  alnimt  OZ.  They  are 
associated  with  a  second  pair  of  faces  whicli  pass  through  the 
parallel  sidcfl  I/K,^  and  I/^K  of  the  ditetragon  of  Fig.  217,  and 
^  The  sphenoid  rv{kMl  hae  been  drawn  in  preferenoo  to  r^l^kl]  becaoM 
the  figaro  givca  the  (geometrical  relations  of  the  sphenoid  more  clearly  tlian  a 
drawing  of  the-  Intter.  The  more  dit^taut  points  II',  K,,^  Ac,  of  Fig.  217  are  not 
shown  in  Fig  218:  the  podtiona  of  M,  M',  &o.,  are  indicated  by  short  Rtrokea 
biseoting  m,  n\  &c. 


TBTRAOONAL  SPHENOIDS. 


271 


leet  OZ  nt  L^^  where  OL  =  c  —  I:  the  new  fnces  have  therefore  the 
ymUls  (/**/),  (hki).  But  the  liiK^  /?'A",  //A^  //.A'^,  //A;.  are 
lltemnte  Mdea  of  the  ditetmgon,  and  are,  wh«*n  tiiken  in  succesaioii, 
W  90'  to  one  another  («ee  Art,  7).  The  tigure  foiined  by  these 
Btdes  in  the  plane  XOY  is  thorofore  a  s(|uare.  But  the  edge  nu  is 
purnUel  to  H'K\  And  *#,  to  //A'^ .  These  two  edgea  are  therefore 
fWfpendicular  to  the  principal  axis  and  are  at  right  angles  to  one 
Uother.  Hence  the  form  Tg\khl\  is  a  sphenoid  Kitnihir  to  that 
deficribed  in  Art.  9,  but  it  is  now  placed  in  a  general  azimuth  with 
mpect  to  the  axial  planes ;  it  consists  of  the  four  faces : 

H  kfU,  hkl  Ul,  fiil (r). 

^^gain,  the  plane  Aw  is  at  right  angles  to  the  edge  «»',  and  the 
ine  A»  in  the  face  (khf)  must  therefore  be  at  00°  to  »«';  but  by  a 
teoil-revolutioii  about  OJiy  n  and  n  are  interchanged,  and  Ln=  Ln, 
Bence  the  triangles  **/.«,  sLh'  are  equal ;  for  two  sides  uL^  Lh  of 
the  one  are  equal  to  two  sides  n  L^  La  of  the  uther,  and  the  included 
BM^He  equal.  Therefore  »ii  =  an  \  and  the  face  snii  is  an  isosceles 
HBpR  Sijuilarly,  n^  =  /t«,;  and  7*'tf  =  n'e.  The  faces  are  therefore 
n^TuI  iHOflceles  triangles. 

It  follows  that  any  particular  sphenoid  is  divide<l  symmetrically 

t»5  the  two  perpendicular  planes  which  pass  through  the  principal 

*xig  and  the  horizontal  edges,  such  as  nW  and  m,,  in  the  some  way 

'Wthe  sphenoid  of  Art.  9  is  divided  by  the  planes  of  symmetry  S 

*nd.?'.     But  if  a  crystal  hjis  several  spliPiioids  in  differont  azimuths, 

*8i  for  instance,  the  three  sphenoids    Tbi10I|,  TajlllJ,   Ta\hkf.\  of 

^%  219,    then    the  pair  of  verticrtl  planes  which  bisect  the  faces 

(*f  one  of  them  will  not  divide  the  others  symmetrically ;  and  the 

'Crystal  has  no  planes  of  symmetry. 


60.  Of  the  sphenoids  jtossibic  on  a  cryata)  of  this  class  one  is 
Beleci«d  to  give  by  its  horizontal  edges  the  axes  of  JT  and  K ;  and 
M  the  faceK  meet  the  horizontal  plane  through  the  middle  point  of 
thi;  principal  axis  in  a  square  it  folluwb  thai  eiiiial  parameters  can 
be  taken  on  the  axes  of  X  and  Y.  This  can  also  be  proved  from 
the  relations  of  the  tetragonal  prisms  which  we  shall  show  can  occur 
30  such  crystals. 

le  sphenoids  of  the  series  taken  to  give  the  axes  of  X  and  }' 

'have  the  general  symbol  t,  {AG/],  the  fac(!8  of  which  are : 

AO/,  OA/.  m,  oil (S). 
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One  of  the  flphenoMs  of  tliin  Heries  Ih  selected  to  gii 
ratio   c  :  aj  and    its   symbol    is   t,  {lOlj. 
Measurement  uf   the  angle  over  one  of 
the  horizontal  rxigefl  gives 

i0\A\0i=2Ce=2S, 
if,  an  in  Fig.  219,  «  is  the  pole  (101). 
Hence,  aa  in  (2)  of  Art  8, 
c  -r  o  =  ton  E. 

If  n  is  the  face  (AO/)  uf  a  sphenoid 

T,{AO/|.  then 

tan  Cn 


-  tan  E. 


This  latter  sphenoid  can  bo  easily  derived  from 
shown  in  Fig.  220  by  drawing  through  A 
an  edge  parallel  to  AfM^  and  through  L^  an 
edge  parallel  to  AfM\  Again,  through  M 
an  edge  iu  drawn  parallel  to  LM^,  for  ttie 
edge  [hOl,  0/U]  is  parallel  to  [hOi,  Ohl]. 
Similarly,  tiirough  M^  an  edge  is  drawn 
parallul  to  LA/.  Let  q  be  the  point  at 
which  these  new  edges  meet  the  horizontal 
line  through  L^ ;  then  it  is  clear  that  the 
trianglw  M(fAf^  in  isosceles,  for  the  plane 
figure  LAff/Af^  is  a  rhomhuK.  Hence  the  face 
{hOf)  of  tlio  sphenoid  is  an  isosceles  triaeigle 
having  its  wides  double  those  of  MqM^.  The 
same  is  true  of  the  other  faces  of  the  sphenoid  t«  \fiQl 


J 


61.  Again,  since  the  edge  Mq  of  the  sphenoid  t, 
to  AiV  of  Fig.  220,  tlie  face  through  Afq  parallel 
axis  OZ  is  a  poHsible  face  and  in  parallel  tn  the  planoj 
But  this  latter  plane  passes  tlirongh  Af^M\  and  the 
is  an  isosceles  triangle  having  the  angles  at  M^  and 
Tlie  trace  MAI'  is  therefore  inclined  at  45"  to  the 
Hence  the  vertical  face  thrnugh  Mq  meets  these  a 
taiices  from  the  origin  ;  and  equal  parameters  can. 
Art.  00,  be  taken  rm  the  axes  of  -T  and  Y:  the  t 
But  through  each  of  the  other  slanting  edges  of 
T„  i/(0/|.  a  similar  vertical  face  can  lie  drawn,  which 
edge  and  meets  the  axes  at  equal  distances  from 
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ilnif  nave  n  rectangular  prism  (110]  similar  to  that  obtained  in  each 
3{  the  preceding  classes,  and  coaiprisiug  the  8amo  faces :  the  poles 
ire  Bhown  in  Fig.  219. 

Tl»e  vertical  faces  through  the  sides  of  tlie  Bqaare,  in  which  the 
ipbenokl  t,  jlOlj  or  t,  {A0/[  meets  the  axial  plane  X0}\  compose  a 
lecond  tetragonal  prism  |100j,  the  poles  of  which  are  at  A,  A\  Ac., 
of  Fig.  2 19.     This  prism  is  also  similar  to  that  obtained  in  all  the 

R other  cl^^Qgea^  and  oumprises  the  same  faces. 
■D^  face  parallel  to  the  pair  of  horizontal  edges  of  any  sphenoid 
possible  face ;  and  since  no  distinction  has,  in  the  d<^tinition  of 
the  lornafi  of   the  class,  been  made  between  opposite  ends  of   the 
priucii>a.l  axis,  we  must  have  the  two  faces  of  the  pinakoid  {001  j. 

V62.  Again,  a  crystal  may  hare  sphenoids  t,  \fdd\  geometrically 
identical  with  k  {hhl\  of  class  I ;  and  only  ditfering  from  the  latter 
in  that  the  two  vertical  planes  through  the  principal  axis  which 
™rt  the  fscea  are  no  longer  planes  of  symmetiy.  The  vertical 
P^UM  truncating  the  slanting  edges  of  the  sphenotds  of  tliis  series 
^i^ipose  the  tetragonal  prism  {100} ;  the  vertical  faces  parallel  to  the 

t^^'^Uee  bisecting  the  faces  of  the  sphenoid  compose  the  priuni  {110}. 
63.  It  is  clear  that  from  every  sphtinoid  two  tetragonal  prisms 
be  derived:  the  one  is  that  forme<]  hy  the  vertical  fiu:es  tlirougli 
toe  tides  of  the  sqoare  in  which  the  sphenoid  meet«i  the  plane  XOY ) 
*«se  hccA  are  parallel  to  the  vertical  planes  drawn  througli  each  of 
^  horizontal  edges  bisecting  pains  of  tlie  faces  of  the  sphenoid, 
^  other  is  that  formed  by  the  vertical  faces  whicli  truncate  the 
^Unting  edges  of  the  sphenoid  ;  the  faces  of  tliis  latter  prism  are 
ptTftUel  to  the  diagonals  of  the  square  formed  by  the  former  prism. 
^  the  symbol  of  the  sphenoid  is  given,  those  of  the  two  prisms  can 
be  cftsily  determined.  Thus,  taking  t„  jH/},  the  former  prism  is 
T,|jt/iOf  and  comprises  the  faces:  ^/^0,  Ai-0.  AAO,  /lifcO.  The  symbol 
of  the  second  prism  can  be  obtained  (i)  by  Weiss's  zone-law  ;  or 
(ii)  from  the  fact  that  its  faces  are  inclined  to  those  of  t^  {khQ\  at 
ugles  of  45".     Let  the  second  prism  have  the  symbol  r,  \qp^\* 

Bi  If  the  face  {qpO)  truncates  the  edge  ins  of  Fig.  218,  it  lies  in 
the  zone  [khl,  kkl\     Hence  by  Weiss's  zone-lnw, 

q{h~k)-p(h^k)  =  0~- 

tn  equation  which  gives  the  ratio  of  ^  :  p, 

L,  c.  18 
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ii.     Let  OF  be  the  normal  to  (qpO\  and  00"  be  the  nonnal  to 
(MO).     n»en  XOG'  -  46*  +  XOF.     But,  by  equation  ( I ), 

tan  XOF=^p^q\ 

uid  ia.nXOG'  =  k-rk. 

.   P     ..    j^r^r.,      .«..       tan  vT06"  -  tan  45" 
"'  9 


tan(XOff'-45')  = 


1  +  tan  45'  tan  XOO' ' 
If  tan  XOG'  is  replaced  by  h^k  and  tan  45"  by  1,  we  have 

9 


h  +  k 


which  is  the  same  result  as  before. 

A  zone,  in  which  a  face  inclined  at  45*  to  any  face  of  the  zoi 
pOBsible^  will  be  called  teiragona/  (Chap,  ix,  Art.  1 2). 

64.  Some  crystallographers  give  the  relations  of  the  taoeB 
the  sphenoid  t,  [Jehl]  in  the  following  manner.  A  face  (k/U)  of 
the  form  is  taken  and  rotated  alxyut  the  principal  axis  OZ  tbroQ^fc 
&0*.  The  transposed  face  now  occupies  a  position  which  is  the 
reflexion  in  a  mirror,  situated  in  XOT^  of  a  second  face  of  the 
form.  This  face  must  therefore  slope  in  a  direction  opposite  to  th^t 
of  the  first  face  so  as  to  meet  OZ  at  Z,.  The  second  face  meet£  tJte 
plane  XOY  in  HK^  of  Fig.  217;  and  its  symbol  is  (hkl).  On  » 
second  rotation  of  90*  about  OZ  in  the  same  direction  the  nme 
operation  is  repeated :  the  face  (hkl)  being,  after  rotation,  reflected 
in  the  plane  XO  F,  the  homologous  face  (khi)  must  meet  the  principal 
axis  in  the  same  point  L  ns  the  first  face.  The  joint  result  of  tiw 
two  operations  is  cqufyolent  to  a  simple  rotAtion  of  180'  about  (?/■ 
When  the  operation  is,  again,  repeated,  a  face  (hkl)  meeting  OZ  at 
L^  is  obtained  ;  and  a  third  repetition  of  the  operation  bringH  th« 
face  to  its  original  position.  The  lines  B'K\  -ffA',,,  &c.,  in  which 
the  transposed  face  meets  the  plane  XOY  after  each  rotatioDi 
necessarily  form  a  square. 

The  special  forma  derived  from  this  principle  are  :  (1)  a  pinakoia 
{001},  {2)  tetragonal  prisms  r^  {A:/jO),  ttc,  such  as  have  already 
deflcribed. 


CHAPTER  XV. 


THE    CUBIC    SYSTEM. 


1.  Ijf  Chapter  x,  the  cubic  syatem  was  stated  to  include  all 
crystaU  haring  four  triad  axes,  the  directiuns  of  which  are  given 
by  the  diagonals  of  a  cube :  they  are  therefore  similarly  situated 
with  respect  to  three  rectangular  axes,  parallel  to  the  edges  of  the 
cabe,  which  are  either  tetrad  or  dyad  axes.  The  crystalH  fall  into 
the  five  following  clanaea  : 

I.  The  plctgihedrcU  (pentagoruU-icoeUetrtJi^dral)  class,  iii  which 
tht  rectangular  axes  are  tetrad  axes,  and  the  ap]>o8ite  ends  of  the 
triad  aZ6ft  are  similar  and  interchangeable.  These  seven  axes  involve 
the  presence  of  six  like  dyad  axes  which  are  parallel  to  the  face- 
dbgODftls  of  the  cube  of  which  the  triad  axes  are  the  diagonals. 

II.  The  hexakix-oclahedral  {diphhedraJ  ditriyoiial^  holohedra!) 
dass,  the  crystals  of  which  have  a  centre  of  syinnietiy  associated 
»ith  the  thirteen  axes  of  symmetry  described  under  class  I.  It 
follows  that  the  crystals  have  also  nine  planes  of  syuiiuetry — 
dvee  cubic  ptaites,  each  perpendicular  to  a  tetrad  axis ;  and  six 
dodtoahedral  jtlxxnci^  each  perpendicular  to  one  of   the  dyad  axes. 

III.  The  Utrahedral  (polar  trigonal f  teirafiedral-peniuf/onal- 
iadeeoKtdrol^  tetartohedreU)  class,  in  which  the  rectangular  axes, 
parallel  to  the  edges  of  the  cul>e,  are  dyad  axes,  and  the  triad  axes 
<re   uniterminal   and    hemimorphic     The   crystals  have  no   other 

it  of  symmetry. 

IV.  The    dyakis-dodecaltedrvd.    (diplohedral    trifjmial,    pandlel- 
KefnUurdral)  claas^  in   Which    the  rectangular  axen   are  dyad 

and  &re  associated  with  a  centre  of  symmetry  and  with  three 
of  symmetry,  each  perpendicular  to  one  of  tlie  dyad  axes : 
distribution  of  faces  about  opposite  ends  of  each  triad  axis  is 
■ioulAT,  but  the  ends  are  not  interchangeable. 
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V.  The  hfxahia-Utrniuidral  {potar  ditrigonaJ,  htmihedral 
inclined  factnf)  class,  in  which  the  three  dyad  and  four  tiiad  axes  o< 
symmetry  characteristic  of  class  III,  are  associat-ed  with  six  dodeca- 
hedral  planes  of  symmetry  intersecting  in  sets  of  three  in  each 
the  triad  axes  and  in  pairs  in  each  of  the  dyad  axes. 

2.  We  shall  begin  with  the  two  claasen  of  crystals  having  U 
tetrad  axes  at  right  angles  to  one  another.  TheHe  axes  are  n( 
earily  like  and  interchangeable ;  for  rotation  through  90^  about  any] 
one  of  them  interchanges  the  two  others,  and  therefore  any  faoeil 
similarly  situated  with  respect  to  each  of  them. 

Tn  Chap.  IX,  Prop.  12,  ii  (c),  it  was  shown  that  the  above  isi 
the  only  possible  airangement  of  several  tetrad  axes;  but  it  is  easy! 
to  establish  the  pmposition  independently.  For  assume  two  tetrad 
axes  to  be  inclinrxl  to  one  another  at  an  angle  a  <  90",  and  let  their  | 
directions  be  given  by  the  radii  of  a  sphere  emerging  at  T  and  7*.  I 
of  Fig.  221  :  further,  let  a  be  the  least  angle 
possible  between  any  pair  of  such  axes.  If 
the  sphere  and  crystal — supposed  to  be  rigidly 
connected  together — are  tunied  about  the 
diameter  T  through  90°,  then  T^  is  l)rought  to 
T,  on  the  great  circle  CT,  where  CT1\  -  90°, 
and  A  7T,  =  A  TT,.  TIioq  the  diameter 
through  T^  must  l>e  the  direction  of  a  tetrad 
axis  similar  to  that  emerging  at  T^ .  Hiniitarly, 
by  a  rotation  of  90°  about  the  diameter  through 

Tjf  T  is  brought  to  7\  on  the  great  circle  CT, ;  and  the  diainetrr 
through  T^  must  be  the  direction  of  a  tetrad  axis  similar  to  that 
emerging  at  T:  also  A  T^Ti^  \TT^.  But  the  point  G,  in  whidi 
the  great  circles  CT,  CT^  intersect,  is  the  pole  of  the  great  circle 
TTi,  for  the  angles  at  T  and  7",  are  right  angles.  It  follows, 
therefore,  that  T^T^  is  leas  tlian  7T,.  This  contravenes  the 
limitation  imposed  on  a,  viz.  that  it  is  the  least  angle  betwMO 
tetrad  axes.  It  is  also  clear  that,  if  7\  and  7",  are  taken  as  the 
initial  pair  of  axes,  we  can  in  a  similar  manner  find  new  tdnd  \ 
axes  inclined  to  one  another  at  a  still  smaller  angle ;  and  that  Utf 
process  can  be  continued  indefinitely,  But  in  a  crystalline  sul 
bounded  by  pianos  inclined  to  one  another  at  finite  angles, 
cannot  be  an  infinite  number  of  tetrad  axes  making  indefinitely'' 
small  angles  with  one  another.     Hence  a  cannot  be  less  than  90' 

If,  however,  T  and  T,  are  90'  from  one  another,  the  points  ft 
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r,  of  Fig.  321  obtained  by  a  rotatiou  of  90'  about  T  and  r,  re- 

ively  coinciff^i  in  the  point  C,  the  pole  of  the  great  circle  7*7*,. 

rhene  can  therefore  be  threti  tetrad  axes  mutually  at  right  angles 

to  one  another;  uud,  as  a  rot^ition  of  90^  about  any  one  of  them 

Iterchanges  the  remaining  two,  they  are  all  like  and  interchangeable 

Ind  axes ;  ».«.  tlie  distribution  and  arrangement  of  faces  about 

b  of  them  are  similar,  and  the  faces  at  each  end  of  the  axes  are 

erchangeable. 

3.  It  was  shown  in  Chap.  JX,  Prop.  12,  ii  (c),  that  the  three 
tnd  axes  are  associated  with  four  like  triad  axes,  whioh  are  the 
IgooaU  of  the  cube  having  its  edges  parallel  to  the  three  tetrad 

.    This  proposition  can  also  be  establislied  independeutly. 

u    Let,  in  Fig.  222,  the  three  tetrad  ares  meet  the  sphere  at 

points  Ty  T\  T'\  and  conntruct  ac- 
inling  to  Eoler's  theorem  (Chap,  ix, 
lop.  T),  the  triangle  TpT\  where 

ben  p  is  the  extremity  of  a  diameter, 
lion   about    which    is  equivalent   to 
icceKgive    rotations   of    90°    about   the 
iwneters     through     T    and     7".      The 
pherical  triangle  TpT'  is  isosceles ;  and 
the  great  circle   T"ph"   bisects  the  side 
T\  and  meets  it  at  90°  in  the  point  5". 
nee  in  the  right-angled  spherical  triangle  /"pS",  we  have 
cos  Tph"  =  sin  pTT  cos  7^"  =  sin  45'  cos  45*  -  I  -^  2 
A  Tph''  -  60%  and  A  TpT  =  2TpS"  =  130". 
tttemal  angle  SpT'  of  the  triangle  at  p  is  60°,  and  the  least 
e  of  rotation  about  the  diameter  through  p  is  120" :  the  dia- 
r  is  therefore  a  triad  axis. 

The  same  point  p  and  the  suiiio  angle  of  rotation  are  obtained,  if 
ve  rotations  of  90^  clockwise  about  the  diameters  through 
and  7*'  are  taken.     Hence  all  the  angles  at  p  are  GO"  j   and 
7/j  =  A  T'p=.  A  T"p.     The   diameter    through    p   is   therefore   a 

nal  of  the  cube  having  its  edges  parallel  to  the  tetrad  axes. 
Similarly,  the  points  p\  p",  p'"  in  tiach  of  the  remaining  octants 
ve  the  paper  are  the  extremities  of  cliiiraeters  which  are  triad 
similar  to,  and  interchangeable  with,  Op:  they  also  are  diagonals 
the  cube. 


CUBIC  SYSTEBL 

j9.     We  can  also  prove  the  proposition  in  the  following  way 
In  Fig.  223  (a),  the  sphero,  with  the  crystal  rigidly  attached  to  i^ 
is  in   the  initial   position ;   and  the  tetrad  axes  emerge  at  T^ 
and  T".     The  sphere  is  then  turned  through  90'  about  the  diame 
through  T"  in  the  direction  of  the  arrow.    The  point  T  is  trai 
posed  to  T\  and  T'  to  f,  when  the  sphere  is  given  by  Fig.  223  ( 
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The  sphere  is  now  turned  through  90°  about  the  right^and-U 
diaineter,  which  has  its  extremity  at  T  of  Fig.  223  (b);  the  directfov 
of  potation  being  indicated  by  the  arrow  at  7*.  The  positions  of  th» 
several  axes  after  this  second  rotation  are  shown  in  Fig.  223  (c); 
and  are  exactly  the  same  aa  if  the  crystal  had  been  turned  onoft 
through  120''  in  the  direction  of  the  arrow  about  the  diameter 
through  p,  wliich  is  equally  inclined  to  the  diameters  through  f,  f 
and  T". 

In  the  same  way  it  may  be  shown  that  the  diameters  thniugb 
p\  p"t  p"  of  Fig.  223  (a)  are  also  triad  axes  equally  inclined  to  IbB 
adjacent  tetrad  axes.  It  is  also  clear  that  successive  rotatioiu  o^ 
90"  about  the  diameter  through  T"  brings  the  axis  p  into  the 
position  of  each  of  the  other  similar  triad  axes  p\  p",  p", 

4.  Successive  rotations  about  a  tetrad  axis  T  and  n  tiW 
axis  py  Fig.  223  (a),  are,  by  Euler's  theorem,  equivalent  to  a  tan^ 
rotation  of  180^  about  an  axis  emerging  at  S",  the  apex  of  tbt 
triangle  pTfi".  For  the  angle  7>S "  =  60",  and  A  p^S"  =  45',  es^k^ 
being  one-half  the  angle  of  rotation  about  the  respective  axis: 
angle  at  5"  is  also  a  right  angle  and  the  equivalent  angle  of 
about  OS"  is  180°.     Henoe  5"  is  the  extremity  of  a  dyad 

Similarly,  the  other  points  S,  5\  drc,  bisecting  each  cl  tl^^ 
quadrant^}  T'T"j  T"T^  Ac,  are  also  the  extremities  of  similar  djn' 
axes  interchangeable  with  3"  and  each  other. 


THIKTEEN   AXKS  OF  SYMMETRT. 


5.  We  have  therefore  thirteen  axes  of  S3rmmetry — three  tetrad, 
four  triad,  and  six  dyad  axes — which  meet  the  sphere  in  the  points 
r, pand  S  of  Fig.  222,  respectively;  and  which  are  alHO  shovm  in 
^.  234.    In  this  latter  diagram  the  tetrad  axes  are  parallel  to  the 
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of  the  cuhe,  and  are  indicated  by  lines  of  strokes  and  four 

^^^,  the  triad  axes  are  the  diagonala  of  the  cube,  and  are  indicated 

"y linen  of  strokCvS  and  three  dots;  and  the  dyad  axes  arc  parallel 

to  the  face-diagonals,  and  are  given  by  lines  of  strokes  and  two  dots. 

It  is  now  necessary  to  prove  that  successive  rotations  about  any 

pair  of  these  axes  give  rise  to  no  new  axes.    The  combinations  which 

rtmaiu  to  \te  examined  are  those  in  which  pairs  of  dyad  axes,  pairs 

ut  triad  axes,  or  a  dyad  and  triad  axis  together  or  each  with  a 

brad  axis,  are  those  of  successive  rotation. 

6.  If  two  dyad  axes  aro  token  as  those  of  succossivo  rotations,  we 
have  two  coaes  to  consider :  (i)  that  in  which  the  plane  of  the  dyad  axes 
oootains  u  pair  of  tetrad  axes ;  (ii)  that  in  which  their  plane  does  not 
contain  a  tetrad  axis. 

i.  Suppose  the  pair  to  be  d",  fi'",  those  in  the  plane  of  the  primitive  of 
Fig.  226.  Then  Euler's  construction  gives  the  triangle  S'T'S:";  and  OT" 
is  the  equivalent  axis  of  rotation.  But,  since  the  angle  Sf'T"i"'—90''t  the 
external  angle  at  T"  is  also  90" ;  and  the  angle  of  rotation  about  OT"  is 
ISO'.  Uonce  succeusive  rotations  of  180°  about  the  pair  of  dyad  axes  are 
equivalent  to  a  single  rotation  of  180**  about  the  tetrad  axis  OT".  No 
new  axis,  and  no  new  rotation  has  been  introduced  ;  for  180°  =  2  x  90*  is 
made  up  of  two  rotations  of  90°  about  the  tetrad  axis. 

ii.    Suppose  9*  and  d*  of  Fig.  225  to  bo  the  pair  of  dyad  axea.    Now 
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A*  nnd  V  are  in  the  same  plane  with  T"  and  at  45'  from  it :  they  an 
therefore  nt  90*  fn«n  one  another.     The  axia  It*  i&  also  at  90'  from  T :  it 
is  therefore  at  90°  from  every  point  in  the  great  circle  T'pd\  and  theanr 
pi*  =  dO\    Similarly,  ^  is  at  90*  from  both  d  and  7\  and  from  every  pnini 
in  the  great  circle  Tpi:  hence  arc  pa'=90*.     In  the  Hanje  way  it  caii  be 
proved  that  py"«p5,„=90^     It  follows  that  p  is  the  pole  of  the  grwt 
circle    d*d^   which    passes    through   fl"'fl,„.     Further,    every   great   drcle 
through  p  must  meet  the  great  circle  V'H^lfi  at  right  angles.     But  to  fiiA 
the  alia  equivalent  to  successive  rotations  about  the  axes  d*  and  **,  ■«« 
have,  by  Euler'a  theorem,  to  draw  great  circles  through  A*  and  ft"  at  rigl»-^ 
angles  to  the  great  circle  d*d*  :  those  circles  meet  at  p,  which  is,  thcrefoB"^*' 
the  extremity  of  the  equivalent  axis. 

Again,    from    the    right-angled    triangle 

008  d*«*=co«  rV  COS  r'd*=coa«  45"  =  1  -^2. 

.'.   A«*d*=60*.     Similarly, 

Ar'a*=Aa*a,.=6o\ 

Hence,  we  have  three  dyad  axes  in  the  plane 

of   the  great  circle   d"'S*6^  inclined   to  one 

another    at    angles    of    60'.     By   Chap,   ix. 

Prop.  11,  the  diameter  Op  perpendicular  to 

their  plane  is  a  triad  axis.     Or  we  con  esta- 

hliMh  this  independently  as  follows.    The  arc 

d*Ji^—  A  ^pS*  auhtoudcd  at  the  pole  of  the  groat  circle  S^ft*.     Hence,  t- 

extenial  angl«  of  the  triangle  d!*p9°  at  p  is  120°.     The  angle  of  rotatL     "^^ 

al)out  the  equivalent  axis  Op  is  therefore 

2xl20'=360''-120'. 
Henco,  after  rotations  of  180"  about  OS*  and  Olfi,  the  crystal  is  in  exac 
the  same  position  as  if  it  bad  been  turned  through  120''  about  Op  i 
direction  opposite  to  that  required  by  Euler'a  theorem.    The  least  anglt  ■ — ^  ^ 
rotation  being  120",  the  axis  is  a  triad  axis. 

In  the  same  way  it  may  bo  proved  that  the  directions  of  any  oi 
I>air  of  dyad  axes  (not  in  a  plane  with  a  tetrad  axis)  are  at  60*  to 
another  and  perpendicular  to  one  or  other  of  the  triad  axea.  Hen^w"* 
successive  rotations  about  any  pair  arc  equivalent  to  a  rotation  of  L  ^^ 
about  the  triad  axis  perpendicular  to  both  the  dyad  axes. 

7,  Successive  rotations  about  a  pair  of  triad  axes  give  do  new  aj^cia. 
Fur  if  p  and  p'  are  taken,  the  triangle  formed  according  to  Euler'a  theoin^'^ 
ia  pT"p\  or  pT'p*  according  to  the  order  and  direction  of  the  rotatio'^*- 
Tho  angles  pT"p'  and  pT^'p'  are  each  90'.  Hence  the  two  rotations  *re 
etpiivalent  to  a  rotation  of  180"  about  T"  or  7".  These  are  the  same  »^ 
two  rotations  of  90*  about  each  axis ;  and  bonce  wn  have  no  new  axis  a/i^ 
DO  new  rotation. 
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If  the  two  aie«  p  ami  p*  of  Fig.  t2't  arc  taken,  tho  triangle  formed  by 
ilulor's  couHlructiou  is  ^ipp"  or  pp"'p"  according  Ui  the  order  and  direction 
c»f  the  first  rotations.  But  the  anglew  pp'p't  pp"p"  are  each  120".  The 
A.xigle  of  rotation  about  the  cquiraleat  axis  p'  or  p"  is  therefore  120\ 
aLtf.  that  about  a  triad  axis. 

8w    SucceMive  rotatious  about  a  tetrad  axis  T"  and  au  adjaoeut  dyad 

ti^xia  d  are  equivalent  to  a  rotation  of  240°  about  the  adjacent  triad  axis 

f»  or  p.    But  this  is  tho  same  as  a  rotation  of  120'  iu  the  opposite  direction 

^l>out  the  same  axi8.     Similarly,  a  c<»mbination  of  an  adjacent  p  and  d 

^Tis  one  of  the  adjacent  tetrad  azca. 

9.    Tho  only  remaining  combinationa  ore  thoBe  in  which  a  tetrad  or 
trifld  axis  is  combined  with  a  dyad  axis  inchned  to  it  at  90°. 

Botations  about  a  tetrad  axis  T"  and  a  dyad  axis  d"  are  equivalent  to 
«na  of  180^  about  Tor  T*.    Hence  we  have  no  new  axis  or  rotation. 

SimiUrly,  sacceasive  rotations  about  p  and  ^  are  equivalent  to  a  single 

WitatioD  of  180°  about  ft"*  or  i*.     For  according  to  Eiiler'a  theorem  Tft*e 

^*e  to  construct  a  spherical  triangle  pd'*d'"  or  p5*d^,  in  which  the  angles  at 

P  lire  60*  and  those  at  d*  are  90".     Hence,  the  apex  is  at  d"'  or  d*,  and  the 

*ogl6  of  rotation  is  2  x  p^d* = ^pK'^  =  1 80". 

10.  The  angles  between  tho  several  axes  of  symmetry  are 
*Wly  fixed  and  constant,  for  the  triad  and  dyad  axes  are  a 
'"^Mssaiy  consequence  of  tlie  coexistence  of  three  teti-ad  axes,  and 
i(  vu  proved  that  these  latter  must  be  at  90'*.  The  angles  can  be 
■il  determined  without  difficulty.  The  triad  axes  Op,  (be,  are  all 
(^mily  inclined  to  each  of  tho  betnid  axes ;  hence,  in  Fig.  225, 
?'p=rp=r"p.  Furtlier,  the  planes  containing  each  a  tetrad  and 
*  triad  axis,  such  as  T"pj  bisects  the  angle  between  the  two 
"fW  tptrad  axes.  Honce,  7T  =  S"7"  =  »fec.  =  45".  Rut  the  arc 
^  18  equal  to  the  angle  TT"^\  for  T"  is  the  pole  of  the  great 
QTcle  TT.  The  angles  pT"T  ^  pT'T'  =  pTT'  =  Ac.  =  45". 
Hence,  from  the  right^ngled  triangle  7"  pS,  we  have 

Bin  r"S  =  tan  p5  cot  BT"p, 
Bat  A  T"S  =  A8r>  =  45',  and  cot  45°  =  1. 

.*.  tanpS^sin  45° ;  and  Ap£-35°16'. 
Hence  App'  =  2p8  ^  70'  32'  =  ^pp"  =  Ac. 

^  lire  Tp  =  90'  -  /)8  =  54"  44'  =  pT'  =  pT'\ 

.\  App"  =  2pr' -  109^*  28'  =  ApV"  =  'fee. 
It  has  already  been  shown  (Art.  6,  ii.)  that 

A  S*«»  =  A  5'"^*  =  ifec.  =  60'. 
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11.  It  is  clear  that  cAch  octant  in  ?Hg.  ^^ft  included  betvem' 
tetrad  axes  is  made  up  of  six  equal  triangles  having  a  oor 
apex  at  a  point  p,  where  the  triad  axis  emerges.  Rotation  tl 
120°  about  Op  will  necessarily  interchange  three  of  these  triangla. 
Thus,  taking  the  first  octant  TT'T''^  we  have  the  three  equnl  tri- 
angles ?p^',  T'p&j  T"ph\  interchangeable  by  rotation  about  />.  We 
have  also  the  three  similar  equal  triangles  T'p^\  T^'V^.  Tp^  '^^^'^ 
are  interchaugeable  with  oae  another  but  not  with  any  one  of 
first  set. 

If  now  the  sphere  is  turned  through  90*  about  a  tetrad 
Bach  as  T'\  each  of  the  above  sets  of  three  triangles  is  interchange^ 
with  a  flimtlar  set  in  either  of  the  adjacent  octants.  Further^  if 
sphere  is  turned  through  180*  about  a  dyad  axis,  h^  say,  lying  in 
plane  dividing  the  octants,  we  must  clearly  interchange  similar 
of  three  triangles.  It  is  easily  seen  that  the  set«  interchanged  bf 
the  latter  rotation  are  identical  with  the  sets  interchanged  ^  • 
rotation  of  90"  about  T'\  although  the  individual  triangles  of  the 
two  sets  which  change  places  with  one  another  are  different. 

Hence  the  sphere  is  divided  into  forty-eight  equal  triangl«) 
each  of  whicli  has  its  angles  at  one  of  the  points  T,  p,  fi,  ^-i 
respectively.  These  triangles  are  divisible  into  two  sets  of  twenty- 
four,  such  that  the  triangles  of  one  set  are  interchangeable  with  ona 
another,  but  not  with  thaA<»  of  the  other  set. 

12.  We  shall  in  each  class  of  the  system  adopt  as  axes  of 
reference  the  three  axes  parallel  to  the  edges  of  the  cube,  for  they 
are  either  dyad,  or  tetrad,  axes  which  remain  at  right  angles  to  one 
another  at  all  temperatures. 

When  the  axes  of  reference  are  tetrad  axes,  the  lines  bisecting 
the  angles  between  each  pair  are  dyad  axes,  and  therefore  necessarily 
possible  zone-axes  (Chap,  ix,  Prop.  2).  When  the  axes  of  reference 
are  only  dyad  axes,  the  face-diagonals  of  the  cube  are  the  directions 
of  zone-axes  but  nut  of  dyad  axes :  for  each  of  them  is  the  inter- 
section of  a  face  of  the  cube  with  the  possible  plane  containing  the 
two  triad  axes  which  join  the  extremities  of  the  face-diagonal  to  the 
centre  of  the  cube.  But  in  Art.  6,  ii,  it  was  shown  that  the  radii 
to  h"\  h*t  S*  all  made  90'  with  that  through  p.  Hence  the  diagonal 
Op  of  the  cube  is  perpendicular  to  the  possible  face  parallel  to  the 
radii  through  h"\  h*  and  ??  i  thin  face  is  always  taken  as  the  para- 
metral plane  (HI).    But  by  a  rotation  of  ISO""  about  Op  th 
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reference  are  interchanged,  whilst  the  direction  of  the  plane  (111) 
remains  the  same.  Hence  it  must  meet  the  axes  at  equal  distancea 
from  the  origin  ;  and 

o  =  6  =  fl (1). 

This  may  also  be  proved  from  the  equations  to  the  normal  Op  of 
the  parametral  plane,  which  are 

acoa  Tp  =  b  cos  T'p~c  cos  T"p. 
Bat  it  was  shown  that       Tp  =  T'p  =  T"p. 

Henoe  oob  7>  =  oca  T'p  =  cos  T"p. 

.'.  a  =  6  =  c. 

We  shall  denote  the  pole  (100)  by  A,  (010)  by  A'  and  (001)  by  A": 
theyooincide  with  T,  T\  T"  of  Fig.  225.  respectively. 

The  points  p  are  the  positions  of  the  poles  of  the  faces  of  the 
oob^edron,  which  we  shall  denote  by  the  letter  o.  Further,  we 
shall  denote  by  a^  a  length  measured  on  0  T  equal  to  a  on  O-V,  and 
by  \  the  same  length  measured  on  OZ, 

13.     It  follows   that  in  the  cubic  system   no  clement  of   the 
crystal  varies  with  the  substance,  and  that  the  angles  between  faces 
»ith  known  symbols  must  be  fixed  and  constant.     This  can  also  be 
pfoved  from  the  equations  of  the  normal ;  for,  if  T'  is  the  pole  {)i}d) 
the  equations  are 

HkCOAAl*  _  a^cosA'P  __  a„  cos  A"F 
h  k         ~  I  • 

equal  lengths,  a,  a^,  «^  can   be  each  taken  as  unity  or 
,  when  the  equations  become 

(xmAP     oo^A'P     co^A"P  1 

Let  each  of  the  first  three 


^=^^ (2). 


h  k  I 

The  last  term  is  obtained  as  follows 
tenns  -  t ;  then 

ki  =  co^AP,  and  A'f  =  cos' .a /* ; 
kt  =  CQBA'P,  „  k'^^coa'A'P; 
It  ^  COS  A" P,    „      Pt^  =  co8^A"P. 

Adding  the  squared  equations  together,  we  have 

i:'{h-'  +  k^  +  P)^cofii'AP  +  co^A'P  +  co^A"P=l; 
for,  the  axes  being  rectangular,  oof^AP  +  oob^A'P  +  <ioe?A"P=  1. 

1 
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It  is  clear  therefore  that  tho  arcs  AP^  A'P^  A" F  cad  be  computai 
for  any  values  of  A,  k  and  t  introduced  into  equations  (*J).  The 
angles  botween  any  two  faces  whether  of  the  same  or  of  diffenot 
forms,  must  consequently  be  fixed  and  constant  For,  tAkiiig 
/'  (hkl)  and  Q  (pqr)  to  be  the  poles  of  any  two  faces,  we  have  for  /* 
the  equations  (2),  and  for  Q  the  simiUr  equations : 

p     ~     q     ~      r     '  J^T^^' 

But  the  general  expression  for  the  angle  between  two  poles,  giwB 
in  Chap,  xiii,  Art.  36,  is  in  this  system 

COB  PQ  -  coa  A  P  cos  AQ  +  cos  A'P  cos  A'Q  +  cos  ^4"/*  cos  A"Q. 
Introducing  the  value  of  cos  AP^  cos  AQ,  (tc,  from  tlie  equation*  of 
the  two  normals,  we  have 


COB  PQ 


hpA-kq  +  lr 


.(3). 


Tt  ia  therefore  only  necessary  to  introduce  on  the  right  side  of  (3) 
the  numerical  values  of  the  face-indices  to  obtain  the  cosine  of  the 
angle  between  any  pair  of  faces. 

From  equations  (2)  and  (3)  all  the  angles  corresponding  to anj 
particular  cases  can  be  deduced,  as  will  1>e  shown  in  hiter  articles 


I.     Ploffihedral  class;    a\fhkl\. 

14,  The  class  having  three  tetrad  axes,  four  triad  axes  and  sw 
dyad  axes,  but  no  other  element  of  symmetry,  we  shall  call  «* 
j}l(iyi/beUnU  class  of  the  cubic  system;  and  we  shall  use  the  symb^ 
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«fXX/}  to  denot<»  the  general  form  which  is  a  pentagonal  icositetra- 
bedron.     This  form  is  the  only  one  which  is  peculiar  to  t!ie  class, 
ihe  Greek  prefix  will  be  omitted  before  the  symbols   of   the 
forms  which  are  common  to  this  and  the  next  class. 

1&.  The  CT*6*,  {100}.  The  simplest  form  is  that  in  which  each 
fwe  is  parallel  to  two  of  the  tetnid  axes  and  therefore  perpendicular 
to  the  third.  If  the  vertical  face  (100)  is  turned  through  90" 
three  timeA  successively  about  OT"  of  Fig.  226,  it  la  brought  into 
tlie  position  of  three  other  faces  which  have  the  symbrjls  (010), 
(100),  (010),  respectively.  By  similar  rotations  of  90'  about  0T\  it 
u  brought  to  the  positions  in  which  the  faces  have  the  symbols 

H),  (100),  (001).  respectively. 

We  have  already  seen  (Art.  3)  that  successive  rotations  about 

"  and  OT"  are  equivalent  to  a  single  rotation  about  one  of  the 
tri*d  axes.     Hence  no  other  faces  can  belong  to  the  form,  which 
lujr  be  denoted  by  the  symbol  {lOOJ,  and  includes  the  six  faces: 
100   010   001    Too    010   OOT (a). 

The  edges,  parallel  to  the  teti-ad  axes,  meet  in  sets  of   three 

I  coigns  p  on  one  or  other  of  the  triatl  axes,  and  are  each  bisected 

right  angles  by  one  of  the  dyad  axen.    In  theoretical  discussiona 

fioes  are,  except  when  the  contrary  is  expressly  stated,  supposed 

of  equal  dimensionn.    8uch  an  ideal  figure  is  shown  in  Fig.  226: 

it  serves  as  the  basis  for  the  construction  of  several  iuiportant 

of   the  system,  we  shall,  for  convenience,  denote  its  faces, 

and   coigns   as   CTtAir  /acesy   cubic    ed^eu    and   cttbic   eoigriA^ 

tvely.      The   method    of    drawing    the    cube    was   descriljed 

Chap.  VI,  Arts.  9-12  and  22,  23.     The  faces  are  usually  denoted 

by  thft  letter  a ;  and  the  poles  by  Aj  A\  A",  &c. 


16.     T^ie   octahedron,    {lUJ.      The   form 

letral  plane  is  a  face,  is  a  regular  octa- 
Iron,  Fig.   227,  with   eight  equal  faces, 
of  which  is  an  equilateral  triangle : 

111  iTi  m  Till 

111  ill   HI   nij ^  ^' 

The  coigns  are  at  the  points  7*,  T\  T'\ 

Ly  in  Fig.  226  where  the  tetrad  axes  meet 

lie  cubic  faces,  so  that  the  figure  is  readily 

Imwn,  when  the  cube  has  been  projected  by 


111),    of   which   the 


Fio.  227. 
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either  of  the  methods  given  in  Chnp.  vi.     The  triad  axes  are  per- 
pendicular to  pairs  of  parallel  faceft,  and  pass  through  their  zuiddj 
points ;   and  the  dyad  axes  are  parallel  to  the  edges.     When 
form  is  equably  developed,  each  face  is  an 
equilateral  triangle.     In  Nature  the  faces 
are  apt,  owing  to  the  accidents  attending 
the  deposition  of  the  crystalline  matter,  to 
be  very  unequally  developed,  as  is  shown 
in  Fig.  228.     The  angles  over  the  edges  of 
adjacent  faces  of   the   regular   figure   are 
clearly  all  equal  to  the  leaflt  angle  between 
the  triad  axes,  i.e.  to  70"  32' ;  for  it  was 
provMl  in  Art   10  that  pp' =  p'p"  =  Ac.  =  70°  32'. 

This  angle  can   al&o   be  found  from   the  equations  (3)  of 
normal,  which  become  for  o(lll): 

coailo  =  oo8i4'o  =  co8il"o=  1-i-  ^3 (4). 

.-.  t«nMo  =  8ecMo-l  =  3-l  =  2 

.-.  tan  ^0=^2 (5). 

/.  Ailo  =  5r44\  and   Aoo'  =  180"- 2y!o=  70*32'. 


C- 
■^^ 


Fio.  «8. 


17.  TJte  rhombic  dodecaJi^droiiy  JllOj.  Another  importAnt  foi 
is  that  which  has  each  of  its  faces  perpendicular  to  one  of  the  dyad 
axes.  Each  face  is  therefore  parallel  to  two  triad  axes  ;  for  it  ww 
proved  in  Art.  6  that  h*  of  Fig.  225  is  at  90"  from  p,  and,  similarly, 
it  is  at  90*  from  p"'.  The  face  of  which  h*  is  the  pole  is  also  parallel 
to  the  tetrad  axis  OT'  and  the  dyad  axis  Oh\  for  the  arcs  h^T* 
8*5'  are  also  90° :  the  face  is  equally 
inclined  to  the  two  other  tetrad 
axes,  for  A  8*7'=  N^T" ;  it  there- 
fore makea  equal  intercepts  on 
these  axes  of  reference,  and  its 
symbol  is  (TOl).  The  same  rela- 
tions hold  for  the  faces  perpen- 
dicular to  each  of  the  other  dyad 
axes,  and  the  form  must  consist 
of  twelve  similar  and  interchange- 
able faces,  pairs  of  which  are 
parallel,  for  they  are  parallel  to 
both  a  tetrad  and  dyad  axis. 
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The  form.  Fig.  229,  ia  most  easily  drawn  by  6rat  conBtmcting 

the  cube,  and  taking  the  axes   OA^  OA',  &c.y  through   its  middle 

^oint.     On  these  axes  points  />,  D\  iJec,  are  marked  off;   where 

0/)  =  2OJ,   OD'  =  'ZOA\  itc.     These  points  are  then  joined  to  the 

Euar  adjacent  cubic  coigns  p;  and  give  the  edges  of  the  form.     In 

Il»  diagram  the  front   edges  of  the  cube  are  Hhowu  Vjy  lines  of 

,  interrupted    strokes.     It    is    clear   that   u   face,    such   as   DpD'p^^ 

crm tains  the  cubic  edge  ftp,^,  parallel  to  the  tetrad  axis  OD" ;  and 

that  Diy  lies  in  the  face  and  bisects  the  line  pp^^  at  h".     For 

A'D'^OA'^OD'^%  and  AT  =  pp' -.2^0D^% 
Hence  A'D'  :  A'^'^OD'  :  OD. 

The  point  S"  therefore  lies  on  DD'  and  bisects  it 

Also,  since  OD  is  equal  and  pai*allel  to  pp\  the  plane  figure 
ODpp  is  a  pai-allelogram.  Therefore  Dp  is  equal  and  parallel  to 
Op.  The  edges  of  the  rhombic  dodecahedron  are  therefore  equal 
uid  parallel  to  the  triad  axes  joining  the  centre  to  the  coigns  of  the 
cube. 
^^Thefonn  includes  the  twelve  faces: 

^^H        no  tio  110 

^^H  on 

^^"  101  TOT  TOl  IOT) 

^PThe  faces  having  their  symbols  in  a  row  are  parallel  to  and 

interchangeable  about  the  tetrad  axes  OZ,  OX  and  0  Vj  respectively. 

Thoae  which  have  their  symbols  in  a  column  meet  at  the  alternate 

coigns  p,  p^^^,  p'\  p  ,  respectively.     Again,  the  angles  l>etween  ad- 

jtcent  faces  which  meet  in  edges,  such  as  Dp^  parallel  to  the  triad 

tiis  are  each  of  them  60*  (Art.  6) ;  the  angles  between  alternate 

faces  meeting  at  tetragonal  coigns,  />,  D\  &c.,  are  each  of  them  90'. 

In  Nature  the  faces  are  often  very  unequally  developed,  and 

Uie  crystals  then  sometimes  simulate  tetragonal 

CTjrstals,  OS  in  Fig.  230,  when  four  of  the  faces 

ptrallel  to  one  of  the  tetrad  axis  are  very  largely 

^kveloped    in    comparison    with    the    remaining 

ei^ht.    In  other  cases  they  simulate  rhombohedral 

crystals.     The   physical   character   of   the   faces 

will  often  enaVile  the  student  to  see  that  they  are 

iQ  homologous  faces ;  and  measurement  on  the 

goniometer  will  establish  the  fact  that  the  only 

are  60'  and  90'.  Fia.  2B0. 


110\ 
OFll 


(c). 
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18.     When  the  face<t  are  parallel  to  only  one  of  the  dyad, 
tetradi  axes  we  have  special  forms  of  tliree  diflierent  types. 

The  tehrJcis-heacaJtedron^  \hM)\,     Suppose  a  face  of  tlie  form  to 
parallel  to  a  tetrad  axin,  but  not  to  any  othor  axin  of  Hyinmetr 
As  this  ia  an  axis  of  reference  the  corresponding  index  must  be  Ktt 
and  the  face  meets  the  two  other  tetrad  axes  at  unequal  but  fixiil 
distances  from  the  origin^  or  it  will 
be  parallel  to  a  second  tetrad  axis, 
when    it   is   a   face   of   the   cube ; 
or   to  a  dyad   axis,   when   it  is  a 
face  of  the  rhombic  dodecahedron. 
Hence,  one  of  the  faces  parallel  to 
OA"  (say)  is  {hJcO) ;  and  the  form 
\hkO},    Fig.    231,   has   twenty-fuur 
faties  each  of    which   is   a   similar 
isosceles  triangle.     On  referring  to 
Chap,  XIV,  ArU.  7,  22,  48,  and  57, 
the  rnador  will  seo  that  eight  faces 
parallel  to  the  principal  (tetra<l)  axift  and  passing  through  the  lin^l 
ffK,  Jto.,  of  Fig.  177  are  associated  together,     llie  same  relfttioO 
holds  in  the  form  now  under  discussion,  so  that  Fig.  177  applies  »b* 
to  this  case.     The  ditfeience  in  the  form  is  due  to  the  triad  sxeS 
which  interchange  the  tetrad  axis  OZ  with  each  of  the  axes  OX 
and  OT  at  right  angles  to  it  and  to  one  another.     Hence  Ute  eigbfi 
faces  pHPallel  to  0^  drawn  through  the  lines  //A',  ic.  of  Kig.  171 
are  associated   with    two  >timilar   sets   of   eight  faces  parallel  n 
spectively  to  the  axis  OJC  and  OY ;    the  symbols  of  the  two  nel 
sets   of    fac(>8   being    given    by    constructing    similar    and    eqoi 
ditetragona  in  each  of  the  planes   YO^t  ZOX. 

The  form.  Fig.  231,  therefore  consists  of  the  following  faces 

hko  kho  kho   hj^  hio  iho  kho  hio 

Ohk     Okh     Okh     Ohk     Ohk     Qkh     Okh     Ohk 
kOh     hOk    hOk    kQh    M    hOk    hOk    kOh 

The  simplest  way  of  constructing  the  form  is  first  to  draw  tl 
cube.  Tlie  axes  through  the  middle  points  A,  A\  <&c.,  of  the  foot 
are  then  produced  to  points  Z/,  II\  Ac,  equally  distant  from  tft 
origin,  where  Al/-i~OA  =  A'H'-^OA'  =  kc  z^k^h.  The  lines  joinin 
i7,  U\  H'\  &c.,  to  the  four  nearest  coigns  />  of  the  cube  give  tl 
equal  aides  of  the  faces,  the  third  sides  being  the  cubic  edges  p^ 


•<dy. 


THE  TETnAKIS-HEXAHEDnON.  289 

method  of  construction  we  may  regard  the  form 
result  of  placing  ou  each  cuVnc  face  a  like  tetnuji^nal 
!pynunid ;  and  henc4>  its  nunie.  Further,  the  limits  of  the  form  are 
fjivm :  (i)  hy  suppf^ing  the  height  of  the  pyramid  to  be  nil  ;  when 
iKe  four  faces  ineetiiig  at  a  tetragonal  coign,  such  as  //,  coalesce  in 
the  culiic  face.  Tho  limiting  form  is  then  the  vulte  |lOOf  ;  for 
1=0,  aud  two  of  the  indices  of  each  face  are  zei*o.  (ii)  The  height 
oumfit  be  mode  greater  than  OA ,  when  the  line  ////'  passes 
through  S,  the  point  of  bisection  of  the  cubic  edge  pp^^.  At  this 
limit  tlie  two  faces  (hkO),  (khQ)  coalesce  in  a  face  of  the  rhombic 
(iodrcahedron  {ll'*l,  ami  011=  OH'  =■  20A.  Hence  k  is  always  less 
than  h. 

Four  faces  meet  in  a  tetragonal  coign  at  each  of  the  points 
iKU\  iVc,  and  the  edges  from  these  points  to  the  adjacent  coigns 
"{ the  cul>e  are  all  like  and  interchangeable  edges,  the  angles  over 
*hich  are  er]ual  and  will  be  denoted  by  G.  The  angles  between 
•d^nt  faces  meeting  in  the  edges  pp^  ,  J:c.,  of  the  cul^e  used  in  the 
^■Mruction  are  also  all  necessarily  equal  and  will  be  denoted  by  F. 
The  symlxvls  of  the  six  face-s  meeting  at  a  flitriijonnl  cnign  (p.  292) 
w  the  triad  axis  Op  are  gi\'en  in  the  tirst  two  columns  of  table  d ; 

tthe  pair  of  them  in  each  row  meet  in  one  of  the  cubic  edges 
ing  the  cubic  coign  p.  Tt  can  also  l>e  seen  from  Fig.  231 
that  the  faces  which  change  places,  when  the  crystal  is  turned 
thrmigh  120"  about  Op,  are  alternate  faces.  Rotation  through  120" 
*bout  this  axis,  counter-clockwise,  briogs  //  to  //',  //'  to  //",  and 
^"  to  U\  and  interchange^i  the  three  faces  given  in  tlie  first 
column,  OS  well  as  the  three  faces  given  in  the  second  column  ;  but 
iiiit  n  face  of  the  one  column  with  a  fftce  of  the  second. 

The  indices  in  the  8ymb<>l8  of  each  triad  are  in  cyclical  order 
(Art.  19),  whilst  the  cyclical  order  of  the  one  triad  is  the  reverse 
of  tliat  in  the  second  triad. 

It  will  be  noticed  that  adjacent  faces  meeting  in  a  tetragonal 
ewgn,  such  as  //,  have  symlx)ls  in  which  the  indices  are  in  reverse 
C)-clical  orders;  for  rotation  through  90  aljout  OX  brings  OY 
to  OZ  ii,nd  UZ  to  OY^t  but  leaves  OX  unchanged.  Hence  the  face 
(MO)  changes  place  with  (kOk).  If  the  ixitation  is  in  the  opposite 
faction,  (A^)  is  brought  to  {hOk). 

^blie  dyad  axes  each  bisect  a  pair  of  opposite  cubic  edges  ;  and 
titation  through  IHO"  about  one  of  them  interchanges  the  pair  of 
d  ax(ts  co-planar  with  the  dyad  axis  and  op|KJsite  ends  uf  i\w 
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perpendicular  tetrad  axis.     Tims   by   rotation   about  OS  the  hee 
(hkO)  changes  place  with  (*/»0) ;  and  similarly  (hkO)  with  (*A0). 

If  00  ifl  the  nonnal  to  the  face  (AM)),  wo  have,  as  in  Chaji.  itr, 
Art  7, 

tAuAOG^^k^h (6). 

Further,  alternate  faces  in  a  tetragonal  zone,  Buch  as  (AAO),  (WO), 
are  at  90^*  to  one  another,  see  Chap,  xiv,  Arts.  7  and  63. 

Fig.  23*2  is  a  st*ireogram  of  the  polos  of  the  form  jAXO),  from 
which  the  angles  F  and  6*  can  be 
easily  found.     Thus, 

Hence, 

cos  F  =  coa  (/y^  =  sin  2  Ay 
=  2  sin  Ay  cos  Ay  =  2  tan  Ay  cos'  Ay 
__  2  tan  Ay  _    2  tan  Ay 
sec*  Ay       1  +  tan'  Ay  ' 

Replacing  tan  Ay  by   its   value 
given  in  (6),  we  have 


(^ 

1 

^*fl 

Uo/ 

/ 

y 

^ 

\e:V 

^ 

V  oi  A 

okh 

VNv 

tC 

V            f 

1 

A'' 
koh 

1  *^i^ 

w<\ 

V 
0           ^ 

5-— 

^  m 
^ 

C<W/'=T-, —  „ 


(7). 
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Again,  in  Fig.  232,  the  arc  O  between  two  adjacent  poles,  such 
as  y  and  y*,  is  the  hypothenuse  of  an  iaoacelea  righl-angle«i  tmo^ 
yAy^,     Hence,  by  Napier's  rules. 


But 


OOB  G  =  COS  yy^  =  cos  Ay  cos  Atf  -  oos*  Ay. 

1  A» 

cosM^  =  -r~ -  — j-p  -(from  (6))£r— r,. 
1  +  tan'  Ay    ^  ^  ''  A*  +  A* 


.'.oostf  = 


A^^k» 


(8). 


The  values  of  cos  F  and  cos  G  can  be  easily  found  from  th« 
general  expression  (3). 

The  following  are  the  angles  for  a  few  of  the  tetrakis-ho.xahodn 
of  most  frequent  occurrenoe: 


jAiOJ 

J,7-100AA)H) 

F=hlOKkhO 

<?-AiOAAO* 

{210} 

26"  34' 

3C'  62' 

38*  6y 

1310} 

18   26 

53      B 

25    b\ 

{410] 

14      2 

ei    5G 

19   4d 
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19.     The  cydical  orders  employed  in  Art.  18  can  \te  explained 
>y  FigH.   233  {«)  and  (6).     In   the  former  u  siimll   circle  may  be 

PI^Bt  to  be  described  through  the  extremities  X,  V,  Z  of  the 

4X68  with  p  (the  extremity  of  the  triad  axis)  as  centre.     Tlie  indices 

^»4and  /  of  the  first  face  of  a  triad,  interchangeable  by  rotations  of 

120"  about  Op,   are  attached   to    -V,    )'  and   Z.     Whon   now   the 

cryisUi!  is  rotated  with  the  arrow  through  120°  about  Op,  any  length 

on  OX  is  transferred  t<»  the  axis  0Y\   and,  similarly,  a  length  on 

or  LB  transferred   to  OZ^  and  one  on   OZ  to  OX.     The  axes  of 

f'^erence  themselves  retain  fixed  directions  in  space,  but  the  faces 

l^tlie  crystal  and  the  axes  of  symmetry  are  move<l  into  lioiiiologous 

Britions.    Hence  the  length  a  •=-  /d  on  OX  is  after  rotation  tueasured 

Mn-Zi  on  OY \  and,  simihirly,  a^  —  h  on  OKas  «„-^^*  on  OZ^  and 

•..•f/  on  OZ  ojA  a~~l  on  OX     The  Byuil)ol  of  the  face  in  lis  new 

pontion  is  therefore  (IhJc).     The  change  in  the  order  is  indicated  in 

J'ig.  233  (rt)  by  writing  the  indices  againwt  the  corresptmding  axes 

outside  the  circle  and  in  different  type.     A  aecoud  rotation  in  the 

^me  direction  produces  similar  changes ;   and  the  length  a  -^  /  on 

'^X is  now  transferred  to  OK,  a^  —  h  on  0)'iH  now  meaHured  on  OZ, 

•nd  a^^-^k  on  OZ  as  a^k  on  OX.     The  symbol  of  the  new  face 

H  (jUA)  ;   and  the  change  is  shown  in  the  diagram   by  letters  of 

different  type  placed  inside  the  circle.     A  third  repetition  brings 

the  face  back  to  its  original  position  ;   and  the  rea<ler  can  eusily 

verify  that  a  repetition  of  the  process  on  the  last  arrangement  of 

the  indices  gives   the  original   sot.      The  three   face^    connected 

together  and  interchangeable  by  rotation  about  a  tria<l  axis  are  kki^ 

Ihkf  and  klh,  the  symbols  of  wluch  have  one  cyclical  order.     If  the 

indices  in  the  symbols  are  taken  in  the  reverse  order,  we  have  a 

Kcond  triad  of  faces  interchangeable  by  rotation  successively  through 

120*  alx>ut  the  triad  axis,  the  symbols  of  which  are  said  to  l»e  in 

tiie  reverse,  or  opposite,  cyclical  order. 
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If  the  indices  alone  are  written  on  the  circumference  of  Ibp 
circle,  Fig.  233  (6),  and  if,  starting  from  each  index  in  turu,  tbey 
are  taken  in  the  direction  of  the  feathered  arrow,  we  obtain  th* 
syuibols  of  the  triad  of  face«  in  one  cyclicjil  order  ,  viz.  hicl,  X-M,  Ihk. 
If,  however,  sttirting  from  each  index  in  turn,  we  take  them  in  the 
reverse  order,  given  by  tlie  unfeatherod  arrow,  we  obtain  the  triad 
of  faces,  the  Byu»lx>l8  of  which  are  in  the  reverse,  or  opposite, 
cyclical  order  to  the  firHt ;   viz,  Ik/i^  AA/,  fiJk. 

The  cyclical  orders  of  the  above  symbols  are  a  necessary 
consequence  of  the  fact  that  rotation  through  120'  alioat  a  tnArt 
axis  interchanges  the  axea  OX^  OY  and  OZ.  They  are  of  oon- 
siderable  assistance  in  verifying  the  correctness  of  the  symbols  of 
tlie  faces  of  a  form.  Thus  the  symbols  in  each  of  the  columns 
of  (d)  are  those  of  triads,  the  faces  of  each  of  which  cait  Iv 
interchanged  by  rotation  about  Op,  The  faces  can  be  esuly 
rearrangwl  in  triatls  such  that  the  faces  of  each  triad  are  iiitd^ 
changCHb!e  about  any  of  the  other  triad  axes;  and  the  faces'^ 
each  triad  are  in  cyclical  order. 

A  coign  formed  by  three  faces  having  their  Kyrnbols  in  cycli«l 
order  is  catted  a  truj<mal  ciitgii ;  one  fonutMi  by  two  triads  of  face* 
the  indices  of  which  are  the  same  numl)erH  taken  in  opposite  cyolicftl 
orders  is  calletl  a  flitriyonal  coign, 

20.  If  the  faces  of  the  form  are  parallel  each  to  oidy  one  dyafl 
axis,  i.f..  to  an  edge  of  the  octahedron,  we  have  two  fonns  Mrilh 
parallel  faces  which  can  be  constructed  as  follows.  Two  planes  an 
drawn  through  each  edge  of  the  octahwJron  to  meet  on  opposite 
sides  of  the  origin  thiit  tetrad  axis  which  is  perpendicular  t^)  the 
octahedral  edge  at  distances  fta  -r  /.  The  number  of  octahedral 
edges  being  twelve,  the  forms  have  twenty-four  faces  :  they  differ- 
in  angles  and  in  the  shapes  of  the  faces  according  as  h^i. 

The  triakis-octakedron,  {A/*/[,  h>L  Let,  in  Fig.  234,  U"AA\ 
U^^A'  be  two  fiicea  drawn  through  the  octahednd  edge  AA'  to  mr«et 
OZ  in  //",  //^,  where  0//"  -  0//,  -  Vw.,- /— the  points  //  being 
more  remote  from  the  origin  than  the  points  A.  Through  tlu» 
similar  edges  ^i'vl",  A"A^^  ttc,  pairs  of  like  planes  can  be  drawn  ta 
n  and  /?  on  OX  \  and  through  A"A^  ^^,t*  ^^'»  pairs  of  similar 
planes  can  be  drawn  to  H'  and  H^  on  07,  wliere 

Oll^OU'^iiC.  =ha^l. 
The  facas  AA'H'\  AA"U'  pass  through  A^  and  meet  th»«  plane 


THE  TIUAKIS-OCTA.HEDRON. 


S9S 


H' 


Fio.  2341. 


'  in  the  lines  A'ir\  A'*H\  respectively.  Those  linos  inter- 
red at  8  on  the  (iya<l  axis  0^,  nnd  the  two  faces  meet  in  the 
edge   Ah. 

SimilArly,  the  faces  AA'H'\  A'A"H  have  A'  in  common, 
and  meet  the  plane  ZOX  in  the  lines  AH'\  A"H^  respectively. 
The  e<lge  of  intersection  is  therefore  A'^\  S'  l>eiug  u  point  on  the 
dyad  axitt  OS'  in  which  AH"  and 
A"U  intersect. 

The  two  edges  A^  and  A'^'  are 
common  to  the  face  AA'J/'\  and 
therefore  meet  in  a  point  p  which 
mast  lie  on  the  triad  axis ;  for  the 
three  faces  are  interchange*:!  by  a."  A 
rotations  of  120^  about  this  axis, 
Mid  must  therefore  meet  at  a 
point  on  it. 

Similarly,  the  two  faces  A'A"hl 
AQd  A" All'  meet  in  the  line  A"^' 
which  also  parses  through  p. 

Again,  rotation  alwut  the  dyad 
uts  O^'  must  interchange  X  and  /,  and  equal  {Kwitive  atid 
negative  lengths  on  OZ.  We  tliereforft  have  the  three  faces 
i&eeting  in  the  edges  i(p^^,  j4'p,^,  ^*,P„i  which  can  be  drawn  in  the 
taiue  way  as  those  meeting  at  p.  Tlie  edge  AA'  is  ut  right  angles 
to  05"  and  is  common  to  Ijoth  the  face*^  AA'H'\  AA'H^^. 

The  tria^is  meeting  at  p"'  and  p^  are  obtained  in  a  similar  manner; 
wifl  the  four  triada  can  be  interchanged  by  8UcceHj?ive  rtttations  of 
yO"  about  OX.  Four  similar  triads,  having  A  for  comnion  ditetra- 
gooal  coign,  occupy  the  four  octants  behiiid  the  paper. 

The  figure  may  Ix)  regarded  as  the  result  of  placing  on  each 
f*ce  of  the  octahedron  ft  like  trigonal  pyramid  having  its  Iwme 
congruent  with  the  octiihedral  face  on  wliich  it  is  set.  The  form 
U  known  as  the  triaJeiit-ot',taht>dron. 

In  Fig.  235  the  face  //'  drawn  through  AA'll"  of  Fig.  23-i  has 
the  intercept*  a:  a/,  /uj,^  ~  L  When  transposed  parallel  to  itself, 
the  face  may  be  given  hy  a ^  h  \  a^~- h  \  a^^  ^  I,  and  by  the  symbol 

'  To   avoid  complicating  the  diagram   tho  lines  of  coufltniction  are  not 
all  shown.     Several  of  tho  points  on  the  dyad  axes  ore  indicated  by  crofisca ; 
ily  one  dyad  axift  is  drawn,  and  tbe  tetrad  aies  are  not  ooulinuod  ttirough 
origin, 
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(Mtf).  Similarly,  tho  face  p  is  A'A"If  of  Fig.  234  ;ind  int^rccpfr 
lengths  on  the  axes  iu  the  nitios  a-^  I  :  a^-^  h  :  a^^-r-  h\  it  is  (UJi). 
In  the  ftante  way  it  may  be  shown  that  p'  is  (AM).  The  indices  in 
the  throe  symbols  are  in  cyclical  order  ;  and,  since  two  of  the  indicw 
arc  equal,  there  is  only  one  such  arrangement. 

The  triads  in  the  other  octants  only  tlitlier  from  the  preoediii]; 
tnad  inasmuch  as  one  or  more  of  the  axes  of  reference  are  met  oo 
the  negative  side  of  the  origin  ;  conse*iuently  one  or  more  of  the 
indicea  change  signs.     The  form  consists  of  the  following  faces: 
iU    hlh     M     Ihh     hlh     hhl 

ihh  }Jii   hlh   ihh    hhf    hlh 
Ihh  hlh   hhi   ihh    hlh 
ijih  hhi   hlh   i/ih    Ul 

Ts  particular  instances  we  have  (221  j,  j33Ij, 


hhl 
hlh 


Ifl). 


;3321,  i-U3!. 


In  the  stereogram,  Fig.  236,  the  poles  lie  on  the  zone-circles  iu 


Fio.  235. 
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wkioli  the  planes  containing  two  triad  axes,  one  tetrad  and  one 
dyad  axis  meet  the  sphere.  From  the  construction  it  is  clear  that 
piurs  of  the  faces  are  tautozoual  with  pairs  of  octahedral  face^,  and 
that  a  dyad  axis  is  parallel  to  each  of  the  edges  which  lie  in  the 
axial  planes.  It  is  clear  hIho  that  a  combination  of  the  octahedron 
j  1 1 1  j  with  {hhl\,  h>  l^  Is  obtained  by  drawing  thruugh  points  on  Ap^ 
A'p,  6us.t  equally  distant  from  p,  p\  il:o.,  lines  parallel  to  the  octa- 
hedral tnlgcs.  The  faces  of  \hhl\y  therefore,  bevel  in  pairs  the  edges 
uf  the  octahedron;  and  in  drawing  the  combination  \hhl\  sliould. 
drawn  first. 

The  limit-s  of  this  form  are  given  :  (i)  by  talking  the  height 
the  trigonal  pyramid  above  the  octaheilial  face  to  be  nil;  when 
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Kts  //,  H\  //",  Ac,  coincide  with  A,  A%  A"j  »fcc. :  the  three  faces 
coalesce  in  a  face  of  {lllj.  (ii)  By  removing  the  points 
ff,  n\  Ac,  to  infinity;  when  /  =  0.  The  two  faces  through  each 
octahedral  edge  then  coale^co  iu  a  piano  parallel  to  that  tetrad  axis 
which  is  perpendicular  to  the  edge :  thin  plane  in  a  face  of  the 
rhombic  dodecahedron,  {110}. 

The  angles,  such  as  pj)',  p'p"i  Ac.,  over  edges  A"p,  Ap,  Ac,  are 
dearly  all  equal  and  will  be  denoted  by  G.  Similarly,  the  angles 
ovor  octahedral  edgett,  such  as  AA\  Ac,  are  all  equal,  and  will  be 
denoted  by  D. 

W'e  can  obtain  the  inclination  of  p  (Ihh),  Ac,  to  the  axial  poles 
i.  A',  Ac.,  from  equationn  (2).  The  angle  Ap  can 
bIbo  he  obtained  from  the  a.  r.  \Aopd) ;  or  from  the 
geunictry  of  Fig.  237,  which  gives  part  of  a  section 
in  the  plane  J08  of  Fig.  234.  Now  OH^fia^f, 
Od=  OA'  oo«  45*  =  a  -^  ^2  ;  and  Op  being  the  normal 
to  the  face,  A  ^Op  =  A  OdU, 
Br.  Uti  AOp=  Uai  OUH ^  OH ^  Od 

I         =T-;^=^^ (^)- 

^Kt^rtber,  when  A  =  /,  we  have  seen  tliat  p   becomes  coincident 
TO»  o(lll).      /.  tan  Jo  =^2, 


Pio.  337. 


_  J       A  . 

Lenoe,  tan  Ap~j  tan  Ao 


(10). 


The    latter   expression    ia    identical    with    that    obtained   from 
^^    A.B.   \Aopd\. 

Taking  the  equations  of  the  normaU  to  p,  p\  p\  we  can  find,  by 
the  general  expression,  the  cosines  of  the  angles  G  and  D.     Thus, 
^-      ^ /iiiv       COB  J/>  _  oorj4'^  _  cmA"p  1 


h>r  p{lhh), 

for  //  (A/A), 
for /»*(AiA), 


I 

-      A 

~      A 

COBAp' 

h 

co&A'p 
I 

C08i4 

~        A 

y 

con  Ap^ 

h 

cosA'p* 
-I 

h 

y 

Hence,  by  the  general  relation  (3), 
ooe  G  =  cos  pp*  ~ 


2A«  +  /» 


oo8/)  =  oos;>P*=2A5  +  /» 


1 

^'rh^+f 

(11). 

(12). 
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The  latter  expression  can  easily  be  deduced  from  (9) ;  for 

D=  ISO' -2Ap. 

.'.  COB  />  =  -  008  2Ap  =  sin*  Ap  —  oob*  Ap 

9in' Ap ~ cm'' Ap     tsLXx^ Ap ~  i      S/i'-r* 

sin'  Ap  +  co«'  Ap     tan^  Ap  +  I  ~  2A'  +  /* ' 

The  angle  G  may  be  obtained  from  the  relations  of  the  triaugle 
j)p'o  of  Fig.  236,  )*ut  the  trigonometrical  transformations  are  not 
so  simple  as  those  pv(»n  for  cos  D. 

The  following  table   gives   the  angles  of  some  of  the  triakifi- 
octahedra  of  most  common  occurrence: 


{kJU\ 

Ap=^\o()^lhJ, 

D=UkMdh 

(J^lhhKhlh 

{3311 

76' 44' 

26'  32' 

ZT  b2' 

<Wl) 

70  32 

38   57 

27   16 

{838} 

64   40 

60   29 

17   20 

21.  The  icoftitetmh^tirofi^  \hAf\,  h<L  When  h^f,  the  form^ 
l)0unclwl  liy  four-sided  faces  which  are  not  parallelograms :  it  is 
therefore  sometimes  called  the  trapezoKedroTi.  As  in  the  preceding 
f{>m>,  three  like  faces  moot  at  i-oigna  on  c-ach  of  the  triafl  axes,  but 
they  do  not  coinpoRe  a  pyramid  having  its  base  congruent  with  the 
faoe  of  the  octahedi-on. 

The  faces  I  of  the  icoat tetrahedron  {AA/j,  Fig,  238,  have  the  same 
general  symbols  as  the  triakis- 
octahedron,  which  only  differ  in 
that  now  the  equal  indices  are 
each  less  than  the  third  index. 
The  form  consists  of  : 

hfif       hhl       W       hhn 
IhJi 
hlh 


Ihh 


hlh 


..(f). 


hhl    m    yu    hhl 

IKJi       Ihh       Ihh      Ihh 
hlh      hlh      hlh       hlh^ 

The  edges  in  the  planes 
XOY,  YOZ,  ZOX  are  the  lines 
Ail\  A'H,  A'H'\  Ac,  in  Fig.  238, 
which   join   the  coigns   of    the 

octahedron  to  the  points  Hy  //',  H'\  i&c,  at  distances  Aa  -^  /  on 
tetrad  axes.     These  lines  intersect  in  points  S",  S,  ifec.,  situated  on 


Fio.  238. 
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the  dyad  ascea,  and  fomt  similar  and  interchaugeftble  edges  //S", 
£"//',  &c.  Each  of  the  edges  meeting  at  a  trigonal  coign  p  join  it 
to  an  adjacent  point  5,  and  will,  if  continued,  pass  through  a  point 
A  on  th«  tetrad  axiH  lying  in  tlie  plane  which  contains  the  etJge 
And  the  triad  axis  thmugh  p :  these  edges  are  similar  and  inter- 
cliangeable ;  and  the  angles  over  them  (denoted  by  F)  arc  all  equal 
to  otu'  another.  Tlie  equal  angles  over  each  of  the  e<lges  J/S",  //S', 
A'C,  will  be  denoted  by  Z). 

The  expression  for  coh  /'  will  be  of  the  same  form  a»  that  for 
coaCr  of  the  previous   Article,   for   the  only  difference  is  in  the 


relfttive  magnitudes  of  A  and  /.     Hence,  oo&F=^-. 


2A/4-A' 


2A»+/» 


(13). 


We  can  find  cos/)  from  the  general  relations  (3);  it  ih  given 

^y  '^^'w^ <'*>• 

It  may  alao  be  easily  found  from  equations  (2)  and  tlie  right- 
angled  spherical  triangle  M«*  of  Fig.  239.     For,  since  A  ti<^  =  90% 

COS^/^  =  C08i4<CO8.H^  =  cos'j^^ 
But  fhini  the  equatiims  of  the  normal 

co«  Ai     afS  A't  _  cos  A"i  _        1 

"  "~A^   ''JWTP' 


I 


h 

cos  D 


'^''^'-2WVP 


Also, 


UiuAt^  sfsec*At~\  =  J  ^2  =  y  tan^o...(15}. 


The   limit««   of  the  form   are  given  by  the  limiting  values  of 
kn  —  /.     When  this  is  zero,  A  =  0.  A 

and  two  indices  of  each  face  are 
zero.  Elach  face  is  parallel  to  two 
axea  of  reference,  and  the  limiting 
form  is  the  cul>e.  On  thf*  other 
ii&nd,  when  the  distance  01/  l>«i- 
comes  OAj  h^lf  and  the  three  in- 
dices  become  equal :  the  limiting 
form  ia  the  octahedron.  Beyond 
this  limit  the  form  changes  the 
shape  of  its  facets  and  becomes 
the  triakis-octahedron  described 
in  the  last  Article. 


A 


^'t/^Jhk/ 

\bj>yl"' 

'^^^Tf^^/A 

]c       t\ 

/P^k  d  ^NJ 

\gh  y^y 

.^i-V^ 

\^  MAV/* 

yuihj/d'' 

A 
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The  icasitptrahednin  |H2|,  in  which  ^=2A,  has  its  faces  in 
sets  of  six,  tHUto7.onal  with  aix  faces  of  the  rhombic  dodecahedron 
(IIOJ,  as  shown  by  the  poleu  (/  and  n  in  the  stereogram,  Fig.  239, 
Such  a  zone  has  a  triad  axis  for  zone-axis.  A  face  of  {1121  ^^^^' 
cates  each  of  the  etlges  of  {110} ;  and,  conversely,  a  face  of  the 
rhombic  dodecahedron  makes  equal  angles  with  pairs  of  tlto  faces 
n  which  lie  in  a  zone  with  it.  In  a  com- 
bination of  the  forms,  Fig.  240,  the  foetn 
of  |I10|  will  Im  rhombuses  replacing  the 
coigns  £,  and  the  edges  will  be  parallel  to 
the  diagonals  Up  of  the  faces  ?«.  If  the 
faces  {110}  are  large,  the  faces  of  J21IJ 
will  be  narrow  planes  truncating  the  edgeH 
of  jllO|.  In  constructing  such  a  com- 
bination, it  is  best  to  draw  \\\2\  first  and 
then  to  iatixKluce  the  faces  of  {HO}.  The 
ooigns  S  must  all  be  modified  in  a  similar  manner,  and  the  deed 
lengths  of  Z/*^,  tbc,  are  readily  determined  by  means  of  proportional 
compasses. 

The  forms  of  this  series  most  commonly  met  with  are  {112)  an 
{113},  the  angles  of  which  ai-e  : 

{112}  35*16  4«"  ir  33^33' 

{113}  Sfi  14  30  6  50   29. 


i 


Fio.  240. 


redfl 


22.  The  special  forms  given  in  the  ]>receding  articles  all  \t%\ 
parallel   faces   and   are   geometrically  centPo-syn»metricaL     This 
due   to    the   face^   in    each    form    being   j)arallel   to   one   or 
dyad  axes.     The  forms  therefore  remain  unchanged  when  a  oeD< 
of  symmetry  is  added   to  the  axes  of  symmetry.     The  cube  a&d 
rhombic  dodecahedron  are,  as   we  shall  »ee,  common    to   all  fi« 
cla&seN  of  the  cubic  system  ;    tho  four  other  forms  are  oomnioo 
this  and  to  two  other  classes  of  the  system. 

23.  The  /teiUat/omU  ic-osiUArahedron^  u  \hkl\.     When  the  ii 
are  all  unequal  finite  integers,  we  obttiin  forms  of  the  type 
in  Fig.  241,  in  which  each  face  is  a  pentagon.     The  form  isc 
the  pentagonal  icoaiUtnUtedrvn^  and  its  symbol  is  a  \hkl].    O^ 
the  axes  of  symmetry,  three  like  and  interchangeable  faces 
similar  trigonal  colitis  at  opposite  ends  of  each  of  the  trind 
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and  £uur  faces  at  similar  tetragonal  coigns  on  each  of  the  tetrad 
^xes.  Hence  two  Like  edges  of  eacli  face  meet  at  a  point  p  on  one 
of  the  triad  axes,  and  also  two  Riiiiilar  edgeK  at  points,  such  as  //", 
on  tiae  (if  the  t^'tnid  axes.  But  tho  pair  i^f  edgtja  meeting  at  p  are 
Iways  unlike  tliose  niei-ting  at  //". 
kin  the  fifth  (ifhujU)  edge  is  per- 
•ndicular  to,  and  bisect«d  by,  the 
dvad  axis,  and  is  always  ditTcreut 
from  the  four  other  edges.  In  Art. 
10  we  discussed  the  connection  be- 
tween the  three  faces  which  change 
places  by  rotations  through  120" 
About  a  triad  axin.  and  explained  the 
cyclical  arrangement  of  their  sym- 
Iwls.  It  follows  that,  if  {fikl)  is  one 
rf  the  faces,  the  two  others  meeting 
»tp»re(/M-)  and  {klh). 

On  the  other  hand,  a  rotation  of 
^*  about  a  tetrad  axis  interchange^)  faces  the  syniliolK  of  which 
•re  ill  opposite  cyclical  orders,  whilst  the  sign  of  one  <if  the  indices 
"herring  to  the  rotated  t4?tra<i  axes  is  changMl.  Thiia,  rotation 
»i«iit  OX  brings  P(h)d)  to  F"  {hlk)  on  one  side,  and  to  {hlk)  on 
^  other.  The  same  relation  holds  for  each  of  the  tetrad  axes,  and 
oaoiequently  for  faces  arranged  about  OY  and  OZ.  Two  successive 
f^Utiona  of  90'  in  the  same  direction  are  the  same  as  a  single 
"*  '  f  180"  about  the  same  axis,  But  this  only  changes  equal 
>d  negative  lengths  on  each  of  the  axes  at  right  angles  to 
^^axis  of  rotation.  Hence  the  fourtli  face  meeting  at  II  is  {hJd) ; 
W8  cyclical  order  being  the  same  as  at  first. 

A  fzure  will  \ie  said  to  lie  in  that  octant  in  wliidi  its  pole  lies 
in  the  corresponding  stereogram  of  the  form,  such  as  Fig.  242 ; 
Ws  will  I>e  said  to  lie  in  arfjaccnt  octanlti  when  their  poles  occupy 
yctant**  wi>arated  by  <me  of  the  axial  pianos;  and  tlioy  will  lie  said 
i>ccupy  altemaU  oeUinU  whet!  the  poles  He  in  octants  having 
common  nnly  one  of  the  axps  of  reference ;  and  in  oyj)osite  octanU 

the  octants  have  only  the  origin  in  conunou. 

k  follows  from  the  prece<ling  discussion  that  the  synilx)ls  of  the 

in  one  octant  are  in  the   reverse  cyclical  order  to  those  of 

facess  in  the  two  adjaceut  octfints  and  in  the  opposite  octant; 

that    the   triads  in  alternate  octants  have   the   same  cyclical 
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order.     The   symlwU  of   the  faces  can   thoi-efore  he  easily  giwnt^ 
and  the  form  a\W\  has  the  following  twenty-four  faces: 

hkl  Ihk  Wi  kkl    hlk  UJi 

khl  hlk  Ikh  hkl    M  Oh 

hif  lU  kih  Uil  hlk  ikh 

khl  hlk  fkh  hkl  (hk  klh 

The  four  faces  in  each  column 
are  symmetrical  witli  respect  to 
OZ,  and  interchange  placets  on 
Kuccesaivc  rotationa  of  90"  alxiut 
this  axis.  The  faces  may  also  be 
arranged  in  tetrmb  symmetrical 
with  respect  to  OX  or  to  0Y\ 
and  in  pairs  symmetrical  with 
respect  to  each  of  the  dyad  axes. 
The  form  has  three  different  angles  between  adjacent  faceM  mevting' 
iu  edges.  These  are ;  F  between  faces  meeting  at  a  trigonal  coign, 
e.g.  PF  or  /*/*"  of  Figa.  241  and  242  ;  T  between  faceis  meeting  at 
a  tetragonal  coign,  e.g.  PI*"' ;  and  A  over  the  edge  bisected  i^ 
right  angles  by  a  dyad  axis,  e.g.  p"p" 

The  equations  of  the  normals  to  adjacent  faces  of  the  form  are  " 

008.4/*     cosil'i*     coaA"P  I 


P{hkl), 
P'iihk), 
P"(klh), 
P'"{hlk), 


009AP' 

GoaAP" 


oosAP' 
h 


006^P'_ 
h  ~ 

owA'P" 

I 

COS  A'P'" 
-I 


GOS  A"P' 

k 

h 

corA"P' 
k 


1 

'-        1 

1 


(16). 


Jh^^U'^-l^ 

Hence,   combining  the  normals  in   pairs,  and  introducing 
corresponding  values  into  equations  (3)  of  Art.   13,  we  have 

^^        cos  r=  COB PP"  =  cos  {hM^hlk) -        ^' 


cos  A  =  coe  F'P'  =  cos  {kih  A  hlk) 
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24.     Hy  the  law  of  rational  indices  we  ki»ow  that,  if  (AA/)  iH  a 

possible  face,  tJie  parallel  face  (hkl)  is  also  poHsible ;  although  the 

iwo  faces  cannut  occur  together  iin  nieral>ersi  of  one  fonn  of  this 

dasB,  for  there  is  no  centre  of  symmetry.     If  then  (hkl)  duea  occur, 

it  belongs  to  a  HiKtinctly  a^paratA  form  which  may  be  denoted  by 

the  »yinbol   a  {AJt/j,   or  tt{M7i|.     The   rrauler  will,   on   referring  to 

table  ^  perceive  that  the  triad  of 

faces,   in   which    all    the   indices 

are  negative,  have  their  symbols 

in    the   reverse  cyclical   order  ia 

thc«e  in   which    the   indices   are 

ftU  positive  :  tfie  symbols  of  faces 

in   other     opposite     octants     are 

»l»o  in  reverse  cyclical  orders.   Ab 

00  limit  has  been  placetl  on  the 

feUtive  values  of  A,  k  and  /,  ex- 

^pt    that    they    are    finite    and 

anecjual,   the    relation    is   clearly 

^nftral.     Hence,  the  jHjntagonal- 

itetrahedron  a  \lkh\,  Fig.  243.  conaiHts  of  the  twenty  four  faces : 


Ikh  htk  W  klh   Ul   Uik  , 

klh  hkl  Ihk  Ikh   hfk  khl 

Ikh  hik  khl  klh  hii  Uik 

klh  hkl  ihk  Ikh  hik  khl 


(h). 


Tt  will  be  noticed  that  each  of  the  faces  in  tliiH  form  is  parallel 
one  of  those  in  the  preceding  ftirm  ;  and  this  relation  nec^rssarily 
^*^taiU  that  the  faces  are  similar,  and  that  the  angleH  over  the  edges 
^  a  face  are  the  same  as  those  over  the  edges  of  the  parallel  face  of 
*  \fikl\.     The  two  fornxs  are  complementary  and  enantioniorphouB  ; 
^or,  as  is  evideJit  from  the  figures,  the  two  formw  are  reciprocal  re- 
flections of  one  another  with  respect  to  the  axial  planes. 

The  crystals  of  tiiis  cla*w  would  therefore  l^e  expected  t-o  rotate 
tbe  plane  of  polarization;  but  tliis  hivs  not  been  olwei-ved  in  any  of 
the  substances  so  far  placed  in  the  clans. 

The  method  of  drawing  the  above  forma  will  be  best  given  at  a 
later  stage,  when  the  drawing  of  the  general  forms  characteristic  of 
nil  classes  of  the  system  can  be  discussed  at  the  same  time. 
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25.  The  cryHUlH  of  wilt,  NaCl ;  of  s^lvino,  KCt ;  of  aiumnoium 
chloride,  NH^Cl;  provisioiuUly  of  silver  chloride,  AgCl,  and  of  cuiirile, 
CUfO  ore  pliiued  in  thitt  cUbs  ;  althutigh  general  foruiH,  a  {hJtPi,  \\tk\z  onl; 
been  oUnerved  on  crj&t&ls  of  cuprite,  and  not  one  of  the  sxibedanceB  nitAto 
Uie  pUne  nf  |M)l&riKation.  The  alkaline  chlorides 
lire  inclndod  in  the  cl/Wi,  as  a  roHult  of  experi- 
nientn  (in  the  corrosion  of  the  cryHtal-ftuses. 

^Salt  \h  iiHually  found  in  cubes  :  Hometimee  in 
cubeH  having  their  edges  bevelled  by  faoes  of 
{310},  OH  shown  in  Fig.  244.  Occasionally  the 
crystaU  are  octJihodra ;  and  these  Hometinieti 
have  tlioir  edges  truncated  by  the  fnccB  of  the 
rhoniinc  il»Mlecaliedn>n  {llOJ,  Fig.  246.  The 
corriwiaii-figures  on  the  cubic  faces  indicate  the 
presence  of  tetntd  axen,  and  the  abaence  of  planen 
of  symmetry. 

Cuprite.  The  crybtala  are  often  ainglo  forms— the  octahedFon  {lU}, 
or  the  cube  {100},  *ir  the  rhumbic  dodewihwlron  {llOJ.  Combiaationsflf 
two,  or  wore,  of  these  forms  mm  also  common  ;  «.^.  the  cubo-octabedron, 
Fig.  245— {111}  with  {110},  Fig.  24G— and  {111}  with  {110}  lind   {100}, 


^--'  <i"   imi 

< 

^ 

-^ 

m — 

\ 

0'    Mil 
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Fio.  247. 


Fig.  247.     A    form   a  {896}   was  first  obser\'e<l    hy    Professor   Miens  on 
co'stalH  from  Cornwall,  like  Fig.  248,  {PhU.  Matj.  [v]  xvm,  p.  187,  1884). 


Fio.  248. 


Fio.  249. 


The  formi*  shown  in  Fig.  248  are  a{U>0},  o{lllJ,  j-»n{8901.     lu  other' 
crystals  the  habit  is  different  owing  to  the  pre«b»minftnce  of  the  faces 
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the  smAUnosft  of  the  focw  of  the  cube.  SimiUr  crystals.  Fig.  249,  to 
tbcfie  but  have  beeu  doscribed  by  Dr.  J.  H.  Pratt,  in  which  the  predomi- 
nant fnc(!H  z  belong  to  a  {13  10  12|. 


I 


IL     Jfe3caku~oct<Utedral  clasa ;  \hkl\. 


26.  If  to  the  axes  of  symmetry  characteristic  of  the  last  clasa 
a  centre  of  symmetry  is  added,  then  nine  planes  of  aymnietry  must 
alao  be  present ;  for,  by  CJwip.  ix.  Prop.  4,  a  plane  of  symmetry  is 
|>erpendicular  to  each  dyivd  and  tetrad  axis  of  a  contro-symmetrical 
crystal. 

Tlie  pianos  of  symmetry  perpendicular  to  tlie  tetrad  axes  are 
parallel  to  the  faces  of  the  cube;  and,  being  int-erchangeahle  by 
rolAtions  of  120^  about  each  uf  the  triad  axes,  they  are  like  planes: 
they  \rill  be  called  the  athic  planes  of  nymmetry  IT,  11',  IT". 

Each  of  the  six  planes  of  symmetry  perpendicular  to  a  dyad  axis 
«  pirftllel  to  two  faces  of  the  rhombic  dodecahedron,  and  (Art.  17) 
contains  one  tetrad,  one  dyad  and  two  triad,  axes.  They  are  called 
the  dodecaJteJttU  planes  of  symmetry,  and  will  be  denoted  by  2  : 
^^^y  intersect  one  another  in  sets  uf  three  in  each  of  the  triad  axes 
(Cliaji.  IX,  Prop.  9),  and  the  least  angle  between  any  pair  of  planes 
w»  triad  is  00".  They  also  intersect  in  pairs  in  each  of  the  tetrad 
**68.  Hence  the  tetrad  axes  are  the  lines  in  which  four  planes  of 
7t'«iietry  meet,  two  of  which  are  cubic  planes  and  two  are  dodeca- 
''*^ral  i  the  dyad  axes  are  also  the  lines  of  intorsoction  of  a  cubic 
•^th  a  dodecahedral  plane  of  symmetry, 

Tlie  planes  parallel  to  the  faces  of  the  octjvfiedruu,  l>eing  each 
Perpendicular  to  one  of  the  triad  axes,  cannot  l»e  planes  of  symmetry. 
For,  in  a  centro-symmetrical  crystal,  the  axis  pei-pendieular  to  a 
I  pUne  ol  symmetry  is  one  of  even  degree.  Further,  the  faces  of  the 
I  octahedron  are  inclined  to  one  another  at  angles  of  70"  32',  and  to 
I  tile  faoeB  of  the  cube — now  parallel  to  planes  of  symmetry  IT — at 
I  vif^  of  54*  44',  which  are  neither  of  them  angles  possible  between 
f  planes  of  symmetry  (Chap,  ix,  Pn»p.  5), 
^K  The  elements  of  symmetry  present  in  crystals  of  tlits  class  are : 

H  4p,   3T,  6S,  C,  3n  and  62. 

^"    This  is  the  greatest  number,  and  mont  complex  set,  of  elements 
of  symmetry  possible  in  any  crystal. 


30+ 
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27.  It  IB  clearly  coavenient  to  retain  the  three  tetrad  ax»  for 
axes  of  reference,  aud  a  face  of  the  octahedron  for  parametral  plane. 
Hence,  as  in  the  preceding  class,  a  =  6  =  r. 

The  nquationH  of  tho  nomia!  P  (hkl)  are,  a.M  before,  those  given  id 
equations  (2)  Art.  13;  and  the  angle  between  /*{hkl)  and  V(f^| 
is  given  by  the  genera]  expreHsion  (3). 

28.  The  special  formn  of  the  last  class  all  have  tb«ir  faoc 
parallel  in  pairs  to  at  least  one  dyad,  or  Uttrad,  axis ;  and  «« 
therefore  unchanged  by  the  introduction  of  a  centre  of  symmetry. 
Hence,  tho  following  special  forms  are  common  to  Ixith  classes; 

;.  Thecul>e{1001,  Art.  15. 

j9.  The  octahedron  jlll!,  Art.  16.  ~ 

3.  The  rhombic  dodecahedron  lllOJ,  Art.  17. 

4.  The  tetrakis-hexahedrou  \hkO],  Art.  18. 
o.  The  tnakisK>otahodron  {/iA/|,  h>l,  Art.  20. 
fj.  The  icositetraliedron  j/*A/},  /i-c/.  Art.  21. 
The><e  fonna  are  eaaily  seen  to  he  geometrically  symmetrical  wit»* 

respect  to  the  planes  II  and  2,  aud  need  no  fresh  description  :  wh?**" 
they  are  forms  of  this  class,  11  and  2  are  actual  pUnea  of  symmetry  ' 

29.  Th«  hexalUocfahedroH,  \hlcll  The  addition  of  parallel 
facefi  to  the  general  form  a  \M\  of  the  preceding  class  is  clearly  thr 
same  as  the  association  of  a\hkf\  with  a\lkh\.  Hence,  the  fonn 
{hkl\.  Pig.  250,  consists  of  the  following  forty-eight  facen : 


hkl 

Ihk 

kih 

Ikh 

hlk 

kU 

khl 

hlk 

ikh 

in, 

Ihk 

hkl 

hkl 

Ihk 

kih 

Ikh 

hlk 

khl 

kid 

hlk 

M 

klh 

ihk 

/til 

hkl 

UA 

Ml 

khl 

hlk 

Ikh 

khl 

m 

Ikh 

hkl 

ihk 

klh 

hki 

ihk 

klh 

khl 

m 

ikh 

khl 

hlk 

Ikh 

hki 

Ihk 

klh 

(i). 


It  remains  to  prove  that  these  faces  arc  symmetrical  in  [tairs 
with  respect  to  the  planes  of  symmetry  n  and  2,  The  leader  will, 
on  referring  to  Chap,  xiv.  Arts.  7  and  10,  nee  that  the  rule  con- 
necting the  syailx*ls  of  a  pair  of  faces,  symmetrically  placed  witl» 
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respect  to  »  plane  of  symmetry  passing  tbrough  one  axis  of  reference 

and  biseuling  the  angle  l^etwoen  the  two  other  axes,  is  that  the 

^tadioee  referring  to  the  Ifttter  axes  are  interchanged.      Fig.  177  of 

that  Article  can  be  drawn  in  each  of  the  axial  planes;  and  the 

figures  give   the   relationR   of    the 

indices  of  the  faoen  symmetrically 

pUoed  with  reapect  to  thoee  dode- 

c*hedrftl  planes  of  symmetry  which 

^re  perpemlicular  lo  the  planes  of 

^hi  Bguree ;  for  each  plane  S  pasneH 

tliwogh  one  axis  of  reference  and 

l>i«cte  the  angle  l>etween  the  two 

o-ther  axes.   Thus,  (hk/)  and  (khi)  are 

^.ymmetrical  with    respect  to  that 

I*laDe  2  through  OZ  which  bisects 

^lie   angle    between    the    po'nitive 

'iirections   of   the  axes  of   X  and 

T':  and  so  are,  likewise,  the  several 

piiire,  AM,  M7i  ;  kiA,  lih  ;  hV,  khi ;  and  the  several  pairs  of  parallel 

**CCB  which  meet  OZ  on  the  negative  side  of  the  origin.    Wr  clearly 

waw  eight  similar  pjiirs  of  faces   meeting  in,  and  symmetrically 

Vitaated  about,  each  of  the  %  plane.s.     The  Ramo  ia  true  of  pairs  of 

moontiguous  faces,  such  as  (khJ)  and  (hX-f).     Tn  taking  distant  pairs 

•^  fftoes,  the  student  must  bo  careful  as  to  tlie  signs  of  the  axes 

*^iicli  are  reciprocal  reflexions  in  the  particular  plane  of  synmietry. 

The  faoeA  can  easily  be  arranged  in  pairs  whicli  meet  in,  and  are 

*rtttDetrically  placed  with  respect  to,  each  of  the  planea  U,  11',  11". 

T^Ufi,  A/X-,  hU-;  klh^kih]  hkiy  hkl,  Ac,  are  symmetrica!  with  n>Kpect 

*Olheplnne  11'  which  contains  OX  and  OZ.    The  faces  symmetrically 

fUced  with  reapect  to  this  plane  differ  in  the  sign  of  the  second 

^-^ ;  for  equal  lengths  on  0  Y  on  opposite  sides  of  the  origin  are 

Reciprocal  reflexions  in  this  plane. 

The  six  faces,  given  by  the  symboU  in  each  row  of  table  i,  meet 
*t  a  ditrigonal  coign  on  one  of  the  triad  axen,  and  compose  two 
triads  such  that  the  members  of  one  triad  with  symbols  in  cyclical 
<»der  are  interchangeable  amongst  one  another,  but  not  with  those 
of  the  other  triad,  the  symbols  of  which  are  in  the  opposite  cyclical 
order.  The  faces  of  the  one  triad  are  antistrophic  in  pairs  to  those 
the  other,  for  they  are  reciprocal  re£extonB  each  to  each  in 
ledral  planes  2. 

L,c  20 
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Again,  tlie  facoa  meot  in  seta  of  eight  in  ditetragonul  ooigoa 
//,  H\  i^'C,  where  OH  ~a-h  is  the  shortest  int<?rcept,  and  k  is  the 
gn^t«st  integer.  The  sj^nibols  of  the  eij^ht  faces,  meeting  the  axb 
in  the  same  poiut,  have  h  in  the  same  position.  Thus,  the  hcti 
meeting  at  //  are:  hAi,  hlk^  hlk,  hit,  hkl,  hlk,  hik,  hkl  The  re- 
maining faces  of  table  i  can  be  arranged  in  similar  setit  of  eiglit 
which  meet  at  the  other  ditetragonal  coigns. 

Four  faces  meet  at  a  coign  on  each  of  the  dyad  axes ;  thus,  for 
example,  hkl,  kht^  khj,  hkl  meet  at  d". 

Bach  face  is  a  similar  and  equal  Mcalene  triaugU*,  the  edges  of 
which  join  pairs  of  coigns  of  different  character,  and  He  in  the  cubic 
and  dodecahedral  plane-s  of  symmetry  :  tlie  angles  over  each  of 
these  edges  are  in  all  cases  dlH'erent.  Twenty-four  of  the  faces — 
those  constituting  geometrically  the  form  a\Kkl\ — are  interchangeable 
with  one  another.  Similarly  the  remaining  twenty-four  faces  are 
interchangeable  with  one  another,  for  they  have  the  same  symbols  as 
the  faces  of  a  \lkh\ ;  and  the  focej*  of  the  second  set  are  each  of  them 
parallel  to  a  face  of  the  first  set.  The  faces  of  the  two  sets  are 
likewise  antistrophicr  for  a  face  of  the  one  set  is  the  reciprocal 
reflexion  of  a  face  of  tlie  second  in  one  of  the  planes  of  8ynin»etry. 

The  angles  over  the  dissimilar  edges  may  be  denoted  by  />,  F 
and  G ;  and  can  l)e  n»adily  found  from  equation  (3)  by  introducing 
into  this  tH|uatinn  the  indicea  of  two  adjacent  faces  taken  in  pairs 
over  clissiniilar  edges. 

ThuH,  in  Figs.  250  and  251, 

D1    -       ylfA     cos/i/'       GO&A'P       c<mA"P  1 

F  bemg  (hkl). 


P" 


p» 


Henoe 


(Mi), 
(hkl). 


h 

owAF 

k 
coiA'F 

K 
cobA'F' 

h 

I 
cmA"P' 

I 
ismA'*F' 

k 
cos^'T, 

1 

k 
coeAP" 

1 

I 
cos  AP^ 

1 

-^        J^+F^p 


cos  /)  =  cos  pp.  = 


coa  F=  COS  PF  =^ 


cog  (?  =  cos  FF'  = 


2hk  +  P 
W  +  f^  +  P 

h*  *  2kl 
h^+k^  +  f 


(16). 
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30.  CrystalM  of  the  aubstancea  given  in  the  folluwing  list 
belong  to  this  class.  In  the  table 
of  common  forms  and  cumbioa- 
tions  we  shall  denote  the  forma  by 
the  letters  attached  to  the  sym- 
bols:  «{100(.  o(in|,  t/|llO). 
t|2101,n|2ll|.m{311i,  ;>j221}. 
«{321|,  I  {421],  When  a  single 
letter  is  given*  it  denotes  that 
crystals  consisting  of  the  single 
form  occur ;  when  two  or  more 
letters  are  joined  together,  they 
denot-e  a  combination  of  the  cor- 
responding fomiH,  that  placed 
first  being  usually  the  predo- 
minant form.  The  same  letters  will  be  used  in  giving  corresponding 
forms  in  other  classes  of  cubic  crystals.  Tliey  are  Bysteinatically  used 
in  Brooke  and  Miller's  MintTtdoyy  and  also  in  Dana's  AfiwnUof/i/. 


Fxo.  351. 


^^  SuUtanet, 

Chtmieal  eompo»ition. 

Forms  and  eomhimttiotu. 

^BUicoii 

Si 

0  ;  often  twinned. 

ms^ 

Fe 

0. 

■PSinm 

Pt 

a. 

'      Copper 

Cu 

«,  0,  rf,  ao,  ae,  aod^  aode. 
Twins  fretjuent 

Silver 

Ag 

a,o,  e,  m,  ao  (Fig.  252),  mn^ode. 
Twins  frequent 

B^ 

Aa 

a,  0,  e/,  e,  rn,  ani,  o-tn. 

Htt 

Pb 

0,  ao. 

^^ 

PbS 

OyO^aa,  aod  (Fig.  254X  aodp. 

'      AfgeuUte 

Ag^ 

OyOfdyOOj  ad  (Fig.  2&5),  aodn. 

Arsenite 

A«,0, 

0. 

Senarmontite 

Sb,0, 

0. 

Spniel 

MgO.Al^O, 

o»  rf,  od  (Fig.  253),  odm,  odmp. 
Often  twinned. 

Magnetite 

FeO.FejO, 

Of  dy  ff,  aOf  od.  Twins  fairly 
common. 

w- 

CaF, 

a,  0,  rf,  ni,  ao,  ad^  am,  o/,  ap. 
Often  twinned. 

Garnet 

(C5,Fe«Al,Fo)^i,0,, 

rf,  n,  nd  (Fig.  2fil),  due,  dnt. 

Analcime 

NaAl(SiOj)8 

H,0 

n,  an. 

Uraninite  eontj 

uns  UO*,  UO. 

,  helium,  Ac 

0,  Ofi. 

20—2 


CUBIC  SYSTEM,  CLASS  IT. 

Tho  crytttula  of  tho  above  Biibstiiuccs  gencmllj'  conBist  of  single  fonM— 
the  cube,  the  octahcxlron,  the  rhombic-dodecahodron  <»r  the  icoeitetrabedron 
{ill] — or  of  Hiinplo  combination 8  of  the  tint  three  forms.  In  drawing 
Bimple  combiiuktiona,  such  as  Fig.  253,  it  is  best  to  coustruct  (110}  fiwt 
aiid  tlieii  to  introduce  tho  faces  of  {111).     Fig.  254  might  be  constructed 


Fio.  S£S. 


Fio.  253. 


Fio.  354. 


in  the  same  way  ;  but  it  would  probably  be  simpler  to  draw  (111]  fint| 
and  then  to  introduce  {100}  and  (110), 


I'^io.  265. 


Fio.  25«. 


The  combination  shown  in  Fig.  25(1  ia  fVequent  on  crystals  of  mpper: 
the  tetrakis-hoxahodron  {210}  should  I*  drawn  first ;  the  faces  of  the  cube 
are  then  iutroduccd  by  cutting  ofi'  by  proiwrtional  compaasoB  equal  lengths 
on  each  edge  joining  a  tetragonal  to  a  ditrigoual  coigu. 


Fio.  257. 


Fio.  968. 
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A  mmiUr  combination  occurs  in  crystAls  nf,/ftM>r,  but  tho  fjices  bevelling 

the  edgoH  of  tho  oubo  generally  boluiig  to  the  fonn  {3I0[.    In  theije  crvHUiU 

tlie  reUtive  dicueuHions  of  the  fucea  of  tho  two  form»  vftr^'  much.     Fluor 

oryaUia  have  also    been    fouod   in   Cornwall   which    have    the    gonoral 

appearance  of  octahodra,  built  up  of  small  cubes  in  the  manner  shown 

in  Fig.  257. 

Fig.  255  rcprosenlB  a  combination  of  tho  cube  and  rhombic  dodeca- 
hedron {UOJ  which  often  occurs  on  crystals  of  aryoutite,  fluor,  and  other 
BuliertAnces  of  this  and  of  the  other  claasos.  Thus,  for  instance,  it  is  not 
unootnmon  on  crystaU  of  cuprite. 

In  ftnalame  the  common  form  is  n  {211).    Cr3mtal8  from  a  few  localities 
have  the  habit  shown  in  Fig.  2A0 :  in  this  oombiuation  tho  icoaitetrahodrou 


Fia.  35t». 


Flo.  260. 


^iHqld  be  drawn  first ;  from  the  coigns  on  the  dyad  axes  the  cidgas  [an] 
09  then  drawn  and  com]tlete  the  tigure. 

(feneral  forms  such  as  s  {321}  y  t  {421},  &c.,  are  rare  ;  and  esi>eci(illy  ho 

'Staple  forms.     The  form  ^{421}  sometimes  occurs  oe^sociated  with  tho 

oulieon  crystals  of  fluor,  as  is  shown  in  Fig.  258.    Tho  form  t  should  be 

Jfait  oompletely  drawn,  when  the  faces  a  of  the  cube  are  easily  introduced. 

Fig.  360  represents  a  crystal  of  magnetite  showing  a  rare  form  v  {A3I} 

■nociated   with   the   rhombic  dodecahedron    (110},   the  icositutrahodrou 

{311}   and   the   octahedrou   o  {111}.     In  drawing   this  cximbinatiou,  if 


Fio.  261. 


Fjo.  263. 


310 


CUBIC  SYSTEM,  CLASSKS   lit — '' 


Bliould  be  coDsiructed  first ;  then  the  faces  m  aod  d  vhould  be  introduced, 
aiul  lAHtly  the  fjicea  o. 

(Jamet  occurs  frequeutl^  aa  Bimplo  rhombic  dodecfthedra  {UO],  ud 
abo  as  icositetrahedra  ni2llj,  The 
two  forms  are  also  often  associated 
together^  and  the  relative  dimensions 
of  the  fooes  of  tho  two  forma  vary 
muub  :  sometiuos  wo  get  crystals  re- 
sembling Fig.  261,  in  other  cases  tlie 
faces  n  appear  as  mirrciw  planes  tniu- 
cating  the  edges  of  {UO}.  Pig.  262 
roprescutfi  a  crystal  shoving  the  forms 
d  {llOj,  and  «{321} :  in  such  a  cum- 
biniitiun  the  form  s  should  bo  drawn 
first.  Fig.  263  shows  a  crystal  in 
which  the  fonns  d{noi  «{321}  and 
n  {211 }  occur  together  :  when  the  pre- 
vious figure  baa  been  drawn,  the  in- 
truductiunoftbefocesof  »  (21 1)  is  i 


Fio.  263. 


her 


31.  The  two  preceding  classes  have  exhausted  the  cases  in 
which  throe  t«ti-acl  axes  occur ;  and  we  shall  now  consider  the  other 
classes  of  the  cubic  system  in  which  tetrad  axes  do  not  occ 
There  are  threti  elti^ses  in  which  four  triad  axes,  inclined  to  o 
another  at  iht-  sjimo  angles  as  those  in  t!ie  preceding  classes, 
aasociat-ed  with  three  dyad  axes  parallel  to  the  edges  of  a  cube^ 
In  Chap.  IX,  Prup.  12,  iii  (c)  and  (d),  it  is  shown  that  the  only 
arrangements  of  several  triad  axes,  not  included  in  the  two  pre- 
oediug  classes,  are  those  in  which  :  (J)  four  like  and  interchangeable 
triad  axes  of  unitermitud  symmetry  are  given  by  the  lines  joining 
the  centre  to  the  col^s  of  a  regular  tetrahedron ;  and  (i?)  four  like 
axes  are  given  by  the  four  diagonals  of  a  cube,  but  the  facial 
development  at  adjacent  coigns  of  tlie  cube  though  similar  is  antij 
stropbiCf  whilst  that  at  alternate  coigns  is  alone  metastrophic.  I 

It  is  indeed  obvious  from  the  definition  of  a  triad  axis  that,  if 
two  triad  axes  are  present  inclined  to  one  another  at  a  finite  angle^ 
there  must  be  at  least  two  others ;  fur  a  rotation  of  1 20°  both  wuys 
about  one  of  them  must  bring  the  second  into  two  now  positions, 
which  must  l>e  the  directions  of  like  triad  axes.     Having,  however, 
■        estJiblished  the  propoeitiou  generally  in  Ohap.  ix,  Prop.  1 2,  we  need 
I        not  repeat  the  proof  that  there  can  only  be  four  such  axes,  and  that 
B        they  occupy  the  positions  just  given. 
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We  shall  discuss  the  classes  in  the  following  onl»>r : — 

III.  The  tJiiraJmdral  class,  in  which  the  four  triad  axes  of  case  (7) 
are  associated  with  three  dyad  axes,  each  joining  the  n\id<lle  points  of 
a  pair  of  op[K>site  edges  of  the  tetrahedron,  Fig.  264. 

rV.  The  dyakU-diydecahedrcU  class,  in  which  the  axes  of 
lymmetry  of  clatis  III  are  associated  with  a  centre  of  synimetry, 
and  three  plane*  of  symmetry  d,  each  perpendicular  to  one  of 
the  dyad  axes.     This  class  is  coextensive  with  cose  {2). 

V.  The  heOMkU-MroAadrcd  class,  in  whicli  the  axes  of  symmetry 
||  of  class  III  are  aasociated  with  six  like  planes  of  8ymmetry  2»  which 
^^otersect  in  sets  of  throe  in  each  of  the  triad  axes. 


32. 


Ill,     Tetrahedral  class;  r{hkl\. 
The  crystals  of   this  class  have  four  similar  triad  axes, 


Fir.  2C4. 


which  join  the  middle  point  0  of  a  tetrahedron,  Fig.  264,  to  its 

coigns  p\  p"\  (tc,  and  which — when 

produced    towards   r,    r,,   Ac, — meet 

the  faces  opposite  to  the  coigns  at 

right  angles  in   their  middle  puints. 

For  a  rotation  of  120°  about  ouch  of 

the  triad  axen,  such  as,  for  instance, 

pr,  interchanges    similar   extremities 

of  each  of  the  three  other  axes,  and 

therefore  leaves  the  direction  of  the 

face  pV'V«  through  these  extremities 

unchanged.    Again,  the  lines  joining 
e  niiddlo  points  of  opposite  edges 

of  the  tetrahedron  are  dyad  axes,  for  roUvtions  of   ISO"  uhuut  any 
Lone  of   them  interchange   similar   ends  of   the    triad  axes ;   e.g.   a 
^^■btation  of  180"  alxiut  the  axis  B  intercliaiiges  the  similar  pairs  of 
^^BXtreraities  r,  r  and  p^^,  p". 
I  We  shall  now  show  that,  when  the  opposite  extremities  of  the 

triad  axes  are  dissimilar,  or  similar  but  not  interchangeable,  the 
^^mly  ax<«  of  symmetry  which  can  be  associated  with  theiu  are  the 
^Hbrec  dyad  axes  bisecting  opposite  edges  of  the  tetrahe<]ron. 
"  Let  a  sphere,  Fig.  265,  be  described  with  centre  at  the  middle 

^^oiut  0  of  the  tetrahedron,  Fig.  264,  and  with  radius  Op  ;  and 
^Bbi  the  triad  axis  pr  be  the  diameter  perpendicular  to  the  paper. 
"  The  similar  extremities  p,  p"\  p^^  He  on  diametral  circles  inclined 
one  another  at  angles  of  120",  and  are  equally  tliatant  from  the 
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central  point  r.     Further,  tho  great  circles  p'/)^  ,  pp"  are  inclined  to] 

one  auother  at  an  angle  of    120°,  far  a  rotation  of   this  arnuunt 

about  Op   interchanges  p^^  and  p" \  and  the  angle  p,jp'p"'  ia  bisect 

by  the  great  circle  rp' :  hence  f\  fpp„  =  A  'pV  =  ^0"-     Tbe  some  is 

true  of  each  of   tho  angles  at  p,^  and  p".     Again,  the   angles  in 

which  the  diametral  circle  rp  meets  the 

great  circle  p^p"  are  right  angles ;  and 

the  arc  p^p"  is  bisected  at  6,    Similarly, 

each  of  the  arcs  p^jp^  p*p"  is  bisected  at 

right  angles  in  the  points  S',  S",  re«i>ec- 

tively. 

By  Euler's  theorem  (Chap,  ix,  Art. 
13)  successive  rotations  of  120°,  clock- 
wise, alK>ut  the  diameters  through  p^^ 
and  p"*  are  equivalent  to  a  single  rota- 
tion clockwise  about  the  diameter  pOr; 

and,  since  the  external  angle  p^rh'  =  60%  the  least  angle  of  rotation 
alxiut  r  is  1 20'*,  and  the  diameter  through  r  Ls  a  triad  axis.  Again,  by 
the  same  theorem,  successive  rotations  of  120*,  clockwise,  about  the 
diameters  through  r  and  p  are  equivaleut  to  a  rotation  about  the 
diameter  through  5';  and,  since  the  external  angle  r^p^^of  the  tri 
angle  rh'p'  is  90",  the  least  angle  of  rotation  is  180\  and  the  diame 
is  a  dyad  axis. 

yuccessive  rotations,  counterclockwise,  of  180"  about  0^  and 
120°  about  Op^^  are  equivalent  to  a  single  rotation  of  240"  about  Or, 
But  this  rotation  leaies  the  sphere  in  the  position  in  which  it  would 
Ije  left  by  a  rotation  of  120"  about  Or  in  the  opposite  direction. 
Hence,  wc  have  no  now  axis  and  no  new  rotation.  Similarly, 
successive  rotations  of  120*  about  Or  and  180°  about  £>$,  counter- 
clockwise, are  equivalent  to  a  rotation  of  240°  about  Op^/,  we  ha 
then  no  new  axis  and  no  new  rotation. 

The  class  liaving  only  four  triad  axes  and  three  dyad  axes 

shall  call  tho  tetruJiedrnl  claaa.     The  angles  between  the  axes  are 

fixed*  and  do  not  vary  either  with  the  substance  or  with  the  tem- 

■       perature.     The  angles  at  r  and  p^^  in   the  nght-angled  apheiical 

I       triangle  rhp^^  being  60°,  we  have: 

I  cos  rp^^  =  cot  8rp^^  cot  Sp^^r  =  cot*  60' ; 

H  cos  8p^^r  =  COS  rS  sin  Srp^^,  .*.  cos  rfi  =  cot  5jp„r  =  cot  60' 

B  cos  Brp^^  =  cos  Sp^  sin  8p  r,  .'.  cos  Sp   =  cot  8rp^^  =  oot  60 
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33*     The  dyad  axen,  being  at  right  angles  to  one  another,  are 

the  moftt  convenient  axes  of  refprence,  and  we  Khali  take  OX  to 

coincide  with  65,  OY  with  05',  and  OZ  with  05".     We  sliall  also 

lice  the  face  pp"p„  of  Fig.  264  to  be  the  parametral  phine  (111); 

id,  as  it  is  perpendicular  to  pOr^  it  will  retain  the  same  direction 

each  rotation  of   120^  about  this  axin.      But  a  rotation  of  120" 

•bout  pOr  interchanges  OS,  OS'  and  0^\  whicli  must  therefore  be 

6i}iuil  lengths     Hence  the  lengths  intercepted  by  (111)  on  the  axes 

ire  equal ;  and 

rhese  equalities   can    also   be   proved   from    the  equations  of   the 
Qonual  Or  to  the  face  (HI),  which  are 

a  006  XOr  __  b  cos  YOr     c  cos  ZOr 

i      "     i      '~     r^  ' 

But  XOr^YOr^ZOr; 

We  shall,  as  IjeforOi  use  A  to  represent  the  pole  (100),  ^'(010) 
^"(001);  and  wy  shall  denote  a  length  a  by  a^  when  it  is 
ired  on  OK,  and  by  a^^  when  it  is  mejisurod  on  OZ. 
As  the  above  axes  of  symmetry  with  their  consequent  rotations 
®3Q«t  in  all  cubic  crystals  (Art.  1),  being  the  least  assemblage  of 
*xes  of  symmetry  which  can  occur  in  any  crystal  having  more  than 
One  triad  axis,  it  follows  that  the  same  axes  and  parameters  can  be 
taken  for  crystals  of  all  classes. 

Further,  the  equations  of  the  pole  P  {JkkV)  are 

coBiif     coe^T     oo8ii"J*  1 

A  k  i  s//i'+A"+i«' 

«qoatioDs  already  establiflhed  in  Art.  1 3. 

It  follows  also  that  exprestsion  (3)  holds  for  the  cosine  of  the 
luigle  between  auy  two  pules  P  and  ^,  whicliever  the  class  to 
which  the  crystal  belongs. 


34.  The  teir(U^edro7^j  t{111[.  This  form  consists  of  the  four 
faces:  111    111    111    111  (j). 

The  form  is  most  easily  drawn  by  tirst  constructing  the  cube  by 
one  of  the  methodfi  given  in  Chap.  vi.  Opposite  corners  of  each 
face,  such  as  p\  p"  of  Fig.  326,  are  then  joined  so  that  three  edges 
bouudiug  each  face  cut  ofl'  portions  of  the  cul>o  at  alternate  coigns. 
By  tracing  Fig.  226  on  thin  paper,  and  joining  the  pairs  of  points 
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p',  p"\  p"\  p,/,  p,,,  p'f  »kc.,  Uie  student  will  form  »  tetrahedron  t\\ 
siiuilar  lind  similarly  placed  to  Fig.  364.  From  the  methtxJ  of 
construction  it  is  clear  th&t  each  f&ce  is  an  equilatenU  triangle,  for 
tliu  edges  are  all  diagonals  of  the  faces  of  the  cube. 

If  the  pairs  of  coigns  p,  p";  p,  p^;  itc.^  of  Fig.  226  are  joined, 
we  obtain  the  complementary  tetrahedron  rjllT).  This  is  tauto- 
morphous  with  r{lll{,  for  a  rotation  through  90*  about  one  of 
the  dyad  axes^parallel  to  the  aiges  of  the  cube — interchangw  the 
two  diagonals  of  the  cubic  face  to  which  the  axis  is  perpendicuUr, 
and  adjacent  coigns  of  the  cube. 

As  WMS  shown  in  Chap,  iii,  Art.  2,  the  tetrahedron  can  be 
derived  from  the  regular  octahedron  by 
omitting  alternate  faces  of  the  latter,  and 
extending  the  faces  retained  to  intersect  one 
another  as  shown  in  Fig.  266.  Further,  a 
geometrically  equal  and  similar  tetrahedron 
can  he  formed  from  the  same  octahedron  by 
retaining  the  faces  omitted  in  the  first  \  and 
the  faces  of  tlie  one  arc  parallel  to  those  of 
the  other.  Hence  the  complementary  tetra- 
hedron can  be  repre^seuted  either  as  rjlllj  or  by  r{lll|; 
comprises  the  faces : 

111  in  111  111. 

Wp  shall  use  the  letters  o  to  denote  the  faces  of  r  JMl),  and 

generally  the  letters  w  t<j  denote  those  of  the  complementary  form 

rJllll. 


35.  77w  cithe^  jlOOJ.  The  cube,  the  faces  of  which  are  given 
in  table  a,  Art.  15,  is  a  possible  form  of  this  class.  The  faces  ars 
rnch  parallel  Ui  two  dyad  axes,  and  must  therefore  occur  in  paire  at 
parallel  faces  which  truucate  opposite  edges  of  the  tetrabedran 
For  each  face  is  pcrpencliculnr  to  a  dyiid  axis,  which  bisecta  tbt 
angle  between  the  noi-mals  to  the  two  tetrahedral  faces  meeting 
in  that  edge  through  the  middle  point  of  which  the  axis  passes 

Figs.  2()7  attd  2C8  rcpresont  two  possible  crystals  in  which  the 
cube  is  combined  with  a  tetrahedron.  In  the  first  the  tetrahedroa 
o  =  t|111[  is  the  predominant  form,  and  the  faces  of  (lOOj  ara 
narrow  planes  truncating  the  edges.  In  the  aeoond  the  cnbic  fac«M 
are  large,  and  those  of  the  tetrahedron  r|lll}  are  smali.  la 
drawing  such  combinations   the  cube  should  be  first  construct^M). 


THE  RHOMBIC  nOUECAHEDRON. 


315 


^A^ual  lengthH,  measured  from  alternate  coigns,  are  then  cut  off  by 
proportional  compassea  on  each  cubic  edge ;  and  Uie  paira  of  points 


Pio.  267. 


Fio.  208. 


vhich  gia*e  edges  parallel  to  the  £ace-diagonalH  are  afterwards  joined, 
and  complete  the  figure. 

36.     The   rhonihic   dodeeaiiedrmi^   {1I0{.      If   a   face  is  drawn 
through  an  edge  of  the  cube  making  equal  angles  with  the  cubic 
t&oes  forming  the  edge,  it  muHt  meet  the  two  dyad  axes  peqxindicular 
to  that  edge  at  equal  distances  from  the  origin.     Suppos**  tht^  face 
t<»  k'  drawn  through  the  upper  horizontal  cubic  edge  piirallol  to  O  K; 
then  its  syinlx>l  ia  (101).     Hy  a  semi-revolutiuu  about  OX  thi»  fuco 
18  brought  into  the  poaitiuu  of  onf*  through   tlie  Inwer  hi>rizontnl 
tuUc  edge  and  meeting  OZ  at  the  same  dintance  fmin  the  origin  as 
^♦he  first,  but  on  the  negative  side;   its  symbol  ia  therefore  (101). 
in,  a  semi-revolution  a1x>ut  C^K  brings  thetfe  two  faces  into  the 
poeitioiis  of  pjkrallel  fa4"es.     Wt?  therefore  Imve  the  four  tautozonal 
fcces :    101,    101,   101,   101  ;   and  the  angles   they  make  with  one 
ftDother  are  90'.     By  rotations  of  120"  about  one  of  the  triad  axes, 
the  axis  OY  Ls  broup[ht  in  succeH- 
sion  into  the  position  f»f  OZ  and 
OX,  and  the  four  faces  just  given 
roust  1x3  repeated   in   two  set^i   of 
four  similar  fiices  passing  through 
the  cubic  edges  parallel  to  the  axes 
of  OZ  and  OX.     The  fonn  so  con-  Q 
stmctod    is  the    rhombic    dodeca- 
hedron {110|,  which  was  fully  de- 
ibed  in  Art  17.     As  was  there 
own  the  edges  ai-e  parcJlel  to  the 
triad  axes;  and  Fig,  269  is  most 
eattUy  drawn  by  determining  the 


Kyeri 
Kho 
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pointH  />,  ly^  &c.,  on  the  axes  at  distance  2a   from    the  origio, 
unci  joining  these  points  to  the  four  nearest  coigns  of  the  cabe. 
^Vh  the  eleuienU  of  symiueiry  characteristic  of  tliis  clnss  occur 
in  all  clossefl  of  the  cubic  system,  it  follows  that  the  cube  and 
rhombic  dodecahedron  are  common  to  all  classes  of  the  system. 


37.  The  dihedtal  peiUtufonal  dodecaiudron^  r  {AJkO}.  When  a 
face,  drawn  through  a  cubic  edge  is  unequally  inclined  to  the  cubic 
faces  through  that  edge,  it  meets  the  axes  perpendicular  to  the 
edge  at  unequal  distances  from  the  origin.  Thus,  let  the  face  be 
lipp^^  of  Fig.  270 ;  its  symbol  is  (A/:0),  where  h  is  greater  than  k 
A  semi- re  volution  about  OX  brings  the  face  into  the  fiosition  tfp'p,, 
in  which  it  meets  OY  eX  the  same  distance  on  the  negative  side  (A 
the  origin ;  and  the  new  face  is  (AiO).  Again,  a  serai-revolu- 
tion about  the  dyad  axis  OZ,  parallel  to  the  two  faces,  brings 
them  into  positions  parallel  to  their  original  ones.  The  new  pair  dt 
faces  therefore  have  the  symbols  (AAO),  (AA-0). 

Owing  to  the  triad  axes,  this  set  of  taut<>zonaI  faces  ts  repeated] 
in  two  other  similar  sets  of  four  faces  paralleli  respectively,  to  0^ 
and   OY.     We  have  also  seen   in   Art.    19    that   the   faces   inter- 
changeable by  rotations  of   120^   about   a   triad   axis   have    their 
symbols  in  cyclical  order.     Kenoe  (^0),  (OA^t),  (AOA)  constitute 
triad  meeting  at  an  apex  on  Op,  and  the  two  new  faces  must  beloi 
to  the  form  r  {/iAO} ;  whicli  ttjerefore  consists  of  the  twelve  faces 

hkO  hkO  AJ^O  hJsi) 
0/ik  Ohk  Ohk  Ohk 
kOh     kOh    kOh    kOh 

On  comparing  this  table  with  (d)  of  Art.  18,  it  will  be 
that  twelve  of  the  faces  of  the  tetrakia-hexahodron  have 
retained,  viz.  those  which  have  their  symbols  in  the  same  eye! 
order.  The  form,  Fig.  270^  can  be  most  easily  drawn 
Fig.  231.  Of  the  four  faces  meeting  at  a  tetragonal  coign  II,  where 
AU-A'H' ~^c.=ka-h^  two  only  are  retained  which  intersect  in  an 
edge  e'e^y  parallel  to  the  vertical  axis.  Similarly,  through  H\  //",  &e, 
horizontal  edges  have  to  be  drawn  parallel  respectively  to  the 
of  X  and  Y.  The  above  edges  are  often  called  the  cMc  td^t^^  M 
they  are  parallel  to  those  of  the  cube.  The  cubic  coigns  p  remain 
coigns  of  T  j/U-OJ,  for  three  faces  of  Fig.  231  still  meet  at  these  coigns 
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in  the  new  figure.     It  ia,  therefore,  only  neceas&ry  to  find  the  points 
tj  e',  &c.,  to  be  able  to  complete  the  figure.     The  triice  //&"  in  the 
plane  XOY  of  the  face  (AAO),  drawn  to  the  middle  point  5"  of  /)/i„, 
tt  prodaced  in  Fig.  270  to  meet  the 
horizontal  cubic  edge  througli  I/'  in 
the  point  marked  e".     SimilftHy,  //'8 
is  prolonged  to  meet  the  cubic  edge 
through  II"  in  e,  and  //"S'  to  meet 
the  vertical  cubic  edge  through  //  in 
e*;  and  so  on  for  all  the  homologous 
potntfl   e.     Each   of   these   points   is 
then  joined  to  the  two  nearest  coigns 
of  tbo  cube,  and  the  figure  ia  com- 
pleted. 

Each  face  ia  a  similar  and  equal 
pentagon,   four   sides   of   which   are 

like  edges,  whilst  the  fifth — the  cubic  edge — diflfera  from  the  others. 
The  form  is  generally  called  the  pentagonal  dodecahedron  ;  but, 
irhen  it  has  to  be  distinguished  from  the  less  common  form  described 
[b  Art.  43,  it  may  be  called  the  dVi^drtti  pentagonal  dodecahedron ; 
For  the  faces  occur  in  pairs  meeting  in  cubic  edges,  and  also  in  pairs 
which  are  parallel.  Ky  a  rotation  of  120"  about  Op,  the  three  faces 
meeting  at  p  are  interchanged ;  and  the  edgea  pe,  pe\  pe"  must  be 
Buntlar,  and  tho  angles  over  tliimi  equal.  Again,  by  rotation  through 
180'  alx>ut  the  dyad  axis  OJT,  tho  coigns  p  and  p^  are  interchanged  ; 
kod  the  triad  of  edgea  meeting  at  p^  must  be  similar  and  e<|ual  to 
those  meeting  at  p,  and  the  angles  over  both  sets  of  edges  must  be 
ill  equal.  But  the  form  consists  uf  pairs  of  parallel  faces  :  hence, 
the  edges  at  the  coign  p'  must  be  siniilur  and  parallel  to  those 
it  p^t  and  the  angles  over  them  must  be  equal.  Hence,  the  edges 
ftt  p'  are  simUar  to  those  at  p,  and  the  angles  over  them  are 
ill  equal.  Therefore  p'*  =  pc  =  p«"  =  ifec.  The  same  ia  true  of  each 
of  the  other  faces.  We  shall  denote  the  angle  l>etwcen  pairs 
of  faces  meeting  in  an  edge,  such  as  pe,  by  ^^ ;  and  that  over  a 
mbic  edge,  such  as  eNe^j  by  />.  The  angles  D  and  U  can  never  be 
squal,  as  can  be  easily  proved  from  expressions  (17)  and  (18) 
[p.  318),  which  can  be  obtained  either  from  the  general  expre-saion 
3),  or  from  the  geometry  of  the  figure. 

ThoBtinFig.  270,  A'B'=ka^h,  and  ^'8 -a  (see  Art.  18); 
,-.  tan  On'&  =  A'^^A'ff'  =  h^k, 
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But  if  A  and  P  of  Pig.  371  are  the  poles  (100)  and  (AAO), 

-•-  AP^  90"  -  0//S"  -  90*  -  Oli'l 
.*.  UnAP  =  ootOJ/'&^k^h, 
This  is  tliG  Hatno  expression  as  was  shown  in  (Thap.  xir.  Art  7,  to 
hold  for  the  angle  Ag  in  a  tetragonal  sone. 

Bviioo»D=^oos2AP  =  c<»''AP-^mi*AP 

Hiuce  cos'  AP  +  sin*  AP=  \. 

Dividing  the  numerator  and  denomi- 
nator of  the  last  ratio  by  cns^  AP^  and 
replacing  tan  AP  by  it«  value  k-^fif  we 
have 

l~tAn*AP     1-Jt='-A' 

l  +  tan*^r 


co^AP-an*AP 
oosM/'f  sin*i4i»' 


Utf 


(17). 


COB/)-,  ..„-j^^_,. 

Again,  in  FHg.  271,  which  shows  the 
poles  P  of  the  form  t  jAArO),  we  have  the 
right-angled  triangle /^i4'/*' ;  and 
cos  U=  COS  /V  =  cos /!'/*' cos -•!'/*- cos  J7* sin  i4^; 
since  A*r  =  AP,  and  A'P^  90*  -  AP, 

Tninsfonning  the  equation,  replacing  9ec*AP  by  I  +tanM7*,  ftfld 
tan  AP  hy  k-  /i,  we  have 


COS  f/  =  cos^  A P tan  AP  = 


tfiuAP^   J^nAP     _     hk 
i^^AP  ~  iTtauM/*  "  A'TP"**     '■ 
The  following  are  the  angle**  for  a  few  of  the  forms  of  DiO«t 
common  occurrence: 


T  {WO} 

t{3I0} 
r{210| 
r{320} 
r(430} 


AP^\OC^^hX<^ 
I  ft"  20' 
S6  34 
33  41  4 
3G  53 


36*52' 

&3     fl 
67  S2-8 
73  44 


7r  32'5' 
66  ft5 
6S  21 

01   19. 


38.  SupjKMie  the  cubic  edges  through  //,  ff\  II"  to  be 
prkrallel  to  the  axes  OT,  OJ?  and  OX  respectively,  that  li? 
directions  at  right  angles  to  those  in  the  form  t  {hkO).  Let  alsOi 
new  lines  of  construction  US',  II'h'\  <tc.,  be  each  prolonged  to  m\ 
the  cubic  edges  in  the  same  axial  plane  in  new  points  wliirh  may 
denoted  by  €*,  Ac;  and  let  these  points  be  joined,  as  before,  to  Um 
nearest  coigns  p  of  tho  cube.  The  dniwing  represents  the  comple- 
nientary  form  t  ]A7iO[,  the  face«  of  which  have  their  aymViols  in  the 
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cverse  cyclical  order  to  thosn  of  t  {A>M)).  By  rotation  through  90° 
ibont  one  of  the  dyad  axes  the  form  t  {^0|  can  be  brought  into  a 
poation  geometrically  identical  with  r{/jAK)},  and  the  two  comple- 
mentary forms  are  tautornorphous.  Tho  angles  over  corresponding 
edges  are  thei^forc  e<jaal  for  the  same  values  of  A  and  k. 

39.  We  ithall  now  show  that  the  regular  pentagonal  dt^KJccahedrun 
of  geometry  is  not  an  admia&ible  form  of  tliis  kind.  For,  in  the  r^ular 
poly  hod  n>n,  the  edges  are  all  equal,  and  it  may  lie  regarded  as  the 
pirticular  case  of  r  [hli>\  in  which  the  angles  over  all  the  edges  beccHue 
«Hial.     Hence.  D=Ci  and  cos /)=c<«  i/. 


involving  a  snrd.  The  iodicas  are  therefore  not  rational ;  and 
^he  furm  is  inadmisaiblo  ns  a  [Mtrticular  case  of  this  type  of  pentagonal 
dodecahedron. 

40.  By  drawing  pairs  of  faces  through  each  edge  of  the 
•^tndiedron  to  meet  the  two  dyad  axes,  which  do  not  int-t^rsect 
Uiat  edge,  at  distances  la-h  from  the  origin,  we  obtain  special 
forms,  corresponding  to  those  similarly  derived  in  Arts.  20  and  21 
trom  the  octahedron.    Tl»e  forms  an?  known  as  tlie  triukis-tetrahedron 

t{AA/[,  when  A</;  and  as  the  deltoid  dodecahedron  r  {AA/j,  A*/. 
The  triahU-Ulrahedroit,  t  \hhl\,  A  <  /.     Suppose  the  tetrahedron 

p'p,/'%   ^'S*  272,  to  be  constructed, 

and  let  the  axes  intersect  the  edges  at 

A,  A',  A"y  &c,,  at  distances  a  from  the 

origin.     Points  Z,  L\  L'\  (fee,  are  now 

taken  on  the  axe«  at  distances  fa-h 

from  the  origin.     Then  LI/  is  parallel 

to  AA\  and  AA'  is  parallel  to  p'p". 

The  face  through   L   and   p'p"'   must 

therefore   {»ass    through    L\   and   the 

[inea  Lpt  Lp"  must  both  lie  in  the 

hce.     But  this  face  meets  the  axes  at 

iistaucee    la-h  \la_~h  \  a.    and     a 
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parallel  face  has  the  intercepts  «  -  A  :  a -/i  :  rt  -  / ;  its  symbol  i«. 
therefore  {hhl).  Similarly,  tlie  fnce  through  L  and  p'p^^  also  p48ea 
through  A",  and  contains  tlie  lines  Ijp\  I^"p„  '•  the  intercepts  on  tlu 
axes  are  la~h  :  a^  :  la^^  —  hf  &nd  the  sym)jol  is  (AM).  But  the  line 
Lp'  \f\  comiuon  to  both  faces,  and  is  therefore  one  of  the  edges  of 
the  form.  For  the  same  reason,  L*p",  L"p^^,  «kc,  are  all  «dges  of 
the  form.  Hence  the  figure  is  drawn  by  joining  each  coign  of  tlie 
tetriihedron  to  the  poinUs  L  which  are  most  distant  from  it.  The 
figure  consists  of  an  equal  and  similar  trigonal  pyramid  pUced  on 
each  face  of  the  tetrahedron,  and  having  itH  base  congruent  with  the 
tetmhtNlral  fa<?e  nn  which  it  stands.  The  form  rjAA/l  consists  uf 
t^e  twelve  following  faces : 


hhl 

hrh 

ihh 

hhl 

hih 

ihh 

hhl 

hlh 

Uth 

hhl 

hlh 

ihh 

.Q). 


The  limits  of  the  form  are  given :  (i)  by  making  l^h^  when  tbo 
points  L  coincide  with  the  points  A  in  the  tetrahedral  edges :  the 
height  of  the  pyramid  is  then  nil ;  and  the  form  coincides  with  the 
tetrahedron,  (ii)  The  other  limit  is  given  by  remo\'ing  the  |H>int8 
L  to  infinity.  Tlie  index  h  must  then  become  zero,  and  the  face - 
(Ihh)  Ijecomes  (100) :  the  limiting  form  is  therefore  the  cube.  I 

Ttie  positions  of  the  poles  of  t  \hhl\  are  given  l>y  the  three  poles 
t  of  Fig.  239  which  He  in  the  alternate  octant's  above  the  paper  in 
which  o  and  o"  lie;  those  below  the  paper  would  be  given  by 
circlets  surrounding  the  corresponding  poles  in  the  two  other  octaula. 
The  form  ha.s  two  different  angles  between  pairs  of  adjacent  faces 
meeting  in  edges;  vii,  angles  F=  Ihh  A  A/A,  over  edges  joining  a 
trigonal  coign  p  of  the  tetrahedron  to  the  apex  r  of  the  pyramidi 
and  angles  T  over  tetrahedral  edges. 

If  <  is  the  pole  (?AA),  then,  as  was  shown  in  Art,  21, 

tanil«  =  AV2H-/=*tan^o (19). 

But,  Figs.  239  and  272,  T^lhh  A  MA=2i4<. 

1  -  tan'  At 
cos  7*  =  COS  %At  =  co8«  At  -  sin'  At  ^  -z — ^     ,  .^  (see  Art.  37), 

1  4*  tan  iii( 


(from  (10)) 


/«-2A' 
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The  angle  F  is  most  easily  obtained  from  expression  (3),  which 

(21). 


008/*-  cos  (/AA  A  hlh)  =  ^^  ^' 


2A*  +  r 

Hence  the  angles  for  the  following  forms  are : 

r{lhh}        At=lOO/\l/Ji         T=lhhMUt        F=lhhKhlh 
r  J311)  25°  14'  50*  29'  50"  29* 

t(21I}  36    16  70   32  33   33 


Fio.  273. 


The  complementary  form  rjAA/j,  Fig.  273,  is  tautornorphous, 
aad  offers  no  fresh  characters.  It  can  be  constnicte<i  in  a  manner 
nmil&r  to  t  \hhl\'j  the  tetrahedron  t  [1 1  Ij  being  taken  as  the  auxiliary 


41.  The  deUoid  dodecahedron^  T\hhJ\^  h>l.  This  form  can 
be  constructed  from  the  auxiliary  tetrahedron  rjlllj  xn  a  manner 
einiilar  to  tliat  employed  in  Art.  40  to  give  the  triakiH-tetrnlie<lron. 
Let,  in  Fig.  274,  the  auxiliary  tetrahedron  be  pV  V*,/ >  '^"^  *^''*  the 
&xe8  OAj  0A\  0A'\  tkc,  let  the  points  L,  L\  L'\  A'c,  l»e  t^ken  at 
distances  la-i-h  from  the  origin.  Since  these  points  and  the  edges 
of  the  figure  lie  within  the  auxiliary  tetrahedron,  the  axe^  and 
several  other  lines  of  construction  are  omitted,  as  they  would  un- 
duly complicate  the  diagram.  The  line  L'L"  is  parallel  to  A'A"j 
and  the  latter  is  parallel  to  ft„p"'.  Similarly,  LL\  LL'\  A'c, 
are  parallel  to  the  opposite  edges  pV  "»  PP„t  ^^-y  ^^  *'^*®  tetrahedron. 
Hence  the  face  through  L  and  p'p"  also  passes  through  L\  and 
contains  the  lines  joining  L  and  L*  tt^  the  opposite  tetrahedral 
coigns  p  and  p"'.  Similarly,  the  plane  through  L'  and  p"'p^^  also 
contains  A"  and  the  lines  L'p"\  L"p".  The  line  L'p"  is  common  to 
le  two  face^,  and  is  an  edge  of  the  form.     For  the  same  reason 


L.  c. 


21 
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l^*P„i  Lp\  ^c,  are  similar  edges  of  the  form.     They  meet  in  triads 
at  trigonal  coigns  r. 

Again,  the  Hue  Lp"  is  common  to  tlie  faces  LtL'  and  LrL^t 
for  a  face  has  to  be  drawn  through  L  and  p"p  which  also  piseei 
tlirough  L^^.  The  line  Lp"  has  therefore  to  be  produced  on  the  aide 
remote  from  p'"  to  form  the  edge.  The  Bimilar  Hues  L'p\  L"p,  Ac, 
have  to  be  produced,  eacli  away  from  tlie  totrabedral  ooign;  and 
these  edges  meet  in  triads  at  the  trigonal  coigns  R. 


'~\% 


Fio.  274. 

Each  face  is  bounded  by  two  different  pain  of  like 
each  pair  of  like  edges  me«»ting  at  a  dissimilar  trigonal  coign, 
each  pair  of  unlike  edges  meeting  at  a  coign  on  a  dyad  axis. 
Since  the  face  approximates  in  shape  to  a  delta,  the  form  is  calif 
the  deltoid  dodecahedron.  The  general  sjTnbola  of  the  faces  are  given] 
in  table  1,  but  the  relative  magnitude  of  the  equal  indices  to  thai 
third  ia  altered,  the  latter  being  the  least.  We  give  the  symbols  olj 
the  faces  of  the  particular  case  t  |221}  in  the  following  table: 


(m). 


221 

221 

221 

221 

122 

122 

T25 

T22 

212 

2l2 

512 

212 

The  limits  of  the  form  are  easily  determined,  i.  The  points  L 
cannot  1>e  further  from  the  origin  than  the  pointe  A  :  at  this  limit 
the  three  faces  meeting  at  a  coign  r  coalesce  in  the  face  of  the>i 
tetrahedron  t{]111  overlying  them.  ii.  The  limit  in  the  other 
direction  is  attained  when  the  points  Z,  L\  A-c.,  reach  the  origin. 
But  OL  =  /a  -  A,  and  at  the  limit  1  =  0:  the  face  (Ihh)  then  l>ecomeft] 
(01 1).    Or  it  may  bo  stated  thus.     Each  face  is  parallel  to  the  ph 


THE   DELTOID   DODECAHEDRON. 


323 


paasing  through  a  tetraherlral  edge  ami  the  origin :  this  plaue, 
contaixung  an  axis  of  reference  and  two  triad  axes  is  parallel 
to  two  faces  of  tlie  rhombic  dodecahedron  {110},  which  is  the 
^limiting  form. 
^H  In  a  stereogram  the  poles  lie  on  the  zone-circlcR  [Ao],  &c.y 
^^Betwe«n  the  t«trahedra1  poles  n  and  the  adjacent  poles  d  of  the 
^^^ontbic  dodecahedron.  Thus  the  poles  p,  which  lie  in  the  alter- 
r  natc  octants  containing  o  and  o"  of  Fig.  236,  are  those  above  the 
plane  of  the  primitive;  those  below  the  paper  would  be  given  by 
circlets  in  the  two  remaining  octants. 

The  form  has  two  different  angles,  viz.  G-hlhf\hM  over  edges 
joining  the  obtuse  trigonal  coigns  r  to  the  coigns  L,  and  T~  hlht\hhl 
over  edges  joining  the  coigns  L  to  the  acute  trigonal  coigns  R.  The 
form  {110}  is  the  limiting  case  in  whici*  both  these  angles  become 
equal  to  00°.  The  expressions  for  the  cosines  of  these  angles  are 
most  easily  found  from  (3),  or  they  may  be  deduced  from  the 
geometry  of  the  figure ;   they  are : 


A*  +  2A/ 

oobC  =  co8{;iMAAA/)  =  "  t^„ 

^  '      2/1*  +  P 


(22). 


cos  T=  cos  {hih  A  fJil) 


(23). 


For  the  following  particular  cases  we  have 


t{A/i/} 
t{332) 

t{221) 

r{331} 


'P  =00\  A hhi 

70  32 

7ti  44 


17*20-5' 
S7  16 
37  52 


97"  50' 
90  0 
80  65 


42,  If  the  complementary  tetrahedron  t{11T 
the  coigns  joined  to  the  points  Z,  //,  *fcc., 
in  the  manner  described  in  Art.  41,  we 
obtain  the  complementary  deltoid  dodeca- 
he<lron  rjA/W),  Fig.  275,  the  faces  of 
which  are  each  parallel  to  one  of  the 
faces  of  T  \hlil\.  The  two  forme  have 
therefore  equal  angles ;  they  are  also 
tautoraorphous,  for  a  rotation  of  90°  about 
one  of  the  dyad  axes  will  bring  the  faces 
of  one  of  them  into  the  same  position  as 
those  of  the  other. 


is  taken,  and 


21—2 
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43.     Tlte  tetrahedral  penlfUfotuil  doiUcahetlroiij  r  \hJcl\,     "When 
the  faces  uf  tlie  form  occupy  a  geucnil  position,  so  that  A,  k  and  i 
are  all  unequal  finite  numlx'rs,  the  fomi  is  bounded  by  twelve  simiUr 
and   interchangeable   ]>entagons.       The   faces   are   grouped    round 
each  triad  axis  in  sets  of  three,  such  that  those  meeting  at  opposite 
ends  of  each  triad  axis  compose  dissimilar  trigonal  coigns,  which 
are  respectively  denoted  by  p  and  R  in  Figs.  276  and  278.     The 
three  faoe.9  meeting  at  a  trigonal  coign  are  similar  and  interchange- 
able, and   have  their  symbols   in   cyclical  order:    thus,  the   fuces 
meeting  at  p  in  Fig.  276  are  (/lA-/),  (llhk)  and  (Hh),     The  faces  are 
also  groupefl  in  pairs,  each  of  which  meets  in  an  edge — the  single 
edge — passing  through  one  of  the  points  //,  where  OB  is  tlie  least 
intercept  on  the  axes:  each  of  these  edges  is  bisected  by,  and  at 
right   angles    to,   the   axis    tlirough   the    point.      Thus    the    face 
{hkl}  is  repeated  in  a  face  {hkl) ;  and,  A  being  the  greatest  index, 
these  are  adjacent  faces  intepKecting  in  a  line  at  right  angles  to 
OX:  when  the  fonu  is,  like  the  figure,  equably  developed,  the  edge 
will  also  bo  bisected  at  H,     But  {hkl)  also  meets  (i-//*),  and  thej'  are 
two  faces  of  a  triad  meeting  at  a  trigonal  coign  W".     The  third 
face  must  have  its  indices  in  the  same  cyclical  order,  and  must 
meet  OY  at  the  point  H^^  for  the  triad  axis  OH'"  interchanges  the 
three  points  //,  //^  and  II" :  hence  the  face  has  the  symbol  (ihi). 
The   same    process   can    be   repeated 
N^nth  respect  to  each  set  of  faces ;  so 
that  the  form  r  {fikl\  consists  of  the 
faces: 

hkl    Jikl    hkl 

(n). 


hkl 
l/tk 

klh 


Ihk 
klh 


ihk 
klh 


Ihk 
kUi 


On  referring  to  table  g,  of  Art.  23, 
the  reader  will  perceive  that  geometri- 
cally the  form  consists  of  that  half  of 
the  faccH  of  a  {hkl\y  which  meet  at  coigns  p  in  alternate  octant^ 
and  have  their  symbols  in  the  same  cyclical  order.  The  second 
half  of  the  faces  of  a\hkl\  would  give  rise  to  a  similar  pentagonal 
dodecahedron  r  {ikh\,  which  is  tautomorphous  with  t  \hkl\  ;  for  the 
faces  of  a  lhkl\  in  adjacent  octants  are  interchangeable  by  a  rotation 
of  90°  about  each  of  the  axes  of  reference.  Again,  it  was  seen  in 
Art.  29  that  a  \W\  consiste  geometrically  of  one-lmlf  of  the 


^Bi  the  form  [hkl].  Hence  t  {hfcl}  has  ono-fourth  of  the  number 
of  faces  in  this  latter  form,  and  waa  formerly  regarded  as  a  tetar- 
tohcdral  foi*m ;  the  poles  of  the  form  are  ahowu  in  Fig,  277. 

The   five  edges  of   each  face  oonaist  of  a  pair  of  like   edges 
meeting  at   a   trigonal  coign  p, 
of  a  second  pair  of   like   edges 
meeting  at  a  trigonal  coigii  72, 
and  of   the  single  edge  paHsing 
through  the  point  //  on  the  axis 
of  reference.     The  edges  meeting 
at  p  and  Ji  are  never  similar  to 
e  another  or  to  the  single  edge; 
the    angles    over    the    dis- 
similar edges  are  always  did'erent. 
Hence  we  have   three   different 
angles   between   adjacent   faces, 
which   we    shall    denote    by    F, 
and    T;    r    being    hUMdh, 

being  klhf\hjA,  and  T  being  hkl/\M.  Expressions  for  the 
'oosinea  of  these  angles  can  be  easily  obtained  from  expression  (3), 
and  are: 

/i^  +  H+ZA  ^ 

hk-kl-lh 
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I        at^ 


¥m.  377. 


008  r  =  COS  (hkl  A  kiA)  := 
COS  ff*  =  COS  (A-/A  A  ^ikl)  = 
co»T^co»{fikl/\hkl) 


(24). 


44.     From  a  \fkh\  of  Art.  24  wo  can  also  obtain  two  similar 
pentagonal    doducahedia,    t \lkh\    and 
7  \/ikl\  \    of    which    th«    latter,    shown 

t 


/^;  hkl  hkl  hkl ) 

Ihi    Ilk    Vik    Ihk 

klh    klh    klh    klh 


(o). 


The  two  dodecahedra,  t  \lkh)  and 
T\hkl\t  are  tautomorphuus,  for  each  of 
them  consists  geometrically  of  those 
faces    of    a  {fkh\    wliich    are    situated 
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in  alternate  octants ;  and  all  the  faces  of  a  \lkh]  can  be 
changed  by  successive  rotations  of  90°  a1x>ut  any  of  the  axes 
reference  But  neither  t  {hkl\  nor  r  \ikh\  can  be  brought  into  a 
position  of  congruence  with  r  {hJcl\  or  t  {lkh\.  The  dodecahedron 
T  \ftJci\f  Fig.  278,  may  be  said  to  be  the  inverse  of  t  \fi/lcl\  of  Fig.  276; 
and  vice  versA.  For,  the  numerical  values  of  the  indices  being  the 
same,  the  faces  of  the  one  are  parallel  to  those  of  the  other ;  and 
parallel  facets  can  only  be  interchanged  by  the  axes  of  symmetry  of 
this  claes,  when  the  former  are  parallel  to  one  of  the  dyad  axes.  Again, 
T  I  AAV  I  and  t  \hM\,  are  enantiomorphous,  for  the  faces  of  the  one 
are  reflexions  of  those  of  the  other  in  the  axial  planes.  Crystals 
of  this  class  may  be  expected  to  rotate  the  plane  of  polariia- 
tion  of  a  beam  of  plane-polarined  light  traversing  them  :  this  has 
been  establinhod  for  crystals  of  soflium  chlorate  and  sodiam  bi 
bat  not  for  all  the  substances  placed  in  the  clan. 

45.  If  the  regular  pentagonal  dodecahedron  of  geometry  can  be 
particular  CAse  of  this  form,  the  angl&i  r,  ^  and  T  must  be  all  equaL 
Ck^uating  the  expressions  for  cos  r  and  coa  0  given  in  (S4X  wo  have 

.•.<A+it)/=0. 

This  e<|uatiun  is  satisfied  if /  =  0,  or  if  A+jI*=0.  The  first  indicates 
that  the  symbol  mu.it  be  r(AjtO},  a  case  already  diacusaed  in  Art.  39. 
When  A+ir=(j,  the  form  has  the  symbol  r[fiAl}^  and  is  a  triakis-tetra- 
hoiJn>Q  (Art  40)  or  a  deltoid  dodecabedrou  (Art.  41),  and  the  faces  are  not 
pentagons. 

It  follows  that  the  regular  pentagonal  dodecahedron  is  uot  admisBible 
as  a  form  of  this  type. 

46.  Crystals  of  the  following  sulmtances  belong  to  this  clana  : 


Subttance. 
Barium  nitrate 
StnHitiuTii  nitrate 
Lead  nitrate 

Sodium  chlomtc 

Sodium  bromatc 
Sodium  uranyl  acetate 
Sudium  tiulptianiimuuutc 
Sodiam  struutiuiu  ariwjnale 


Chemical  eomptiMition 
Ba(N03)j 

Sr(N03), 
Pb(NO^ 

NaClO, 


Formt  and  eombmatioru. 

outf  owa. 

o«,  ouotf =r  {210}, 

o.»acp  =  {10  5  6). 
*idop=T{210},Fig.280(ii); 
(wfop=r{120),Fig.280(6);o 
NaBrOg  aond. 

NaUOj(CsHjO,).i     od, 

NagSbSf .  9Hfi        o^^tde,  omde=r  {\Z0] . 


BARIUM   NITRATE,   SODIUM   CHLORATE. 
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Barium  nitrate.     Fig.  279  represents  a  plan  ou  the  plaue  YOZ  of 
crystaJ   showing   aa    exceptionally   hx^ 
number    of    different    forms ;    namely :  ^, 

a{010},  o=T{in},  i=T{13l),  r  =  r{2l4}, 
n«r{3M),  A«r{2T4},  «=t{211). 

Dr.  WiUff  (Gnith's  Zeiiach.  f.  KrysL  u. 
Mill.,  IV,  122,  1879)  has  exliaustively 
studied  the  cr3*stalN  of  harium,  Htrontium 
and  load  nitratee.  Uo  obaerved  that 
when  crysioU  of  barium  nitrate  are 
deposited  from  pure  aqueous  solutions 
the  cube  predominates.  The  cubic  coigna 
are  modified  by  faces  of  the  complementary 
tetnhodra  of  unequal  size,  and  of  which  Fia.  279. 

the  largest  were  taken  to  be  r  {III]  :  the 

oryBialii  alfio  shuwed  Kometimes  facea  of  r{120},  and  Humetimoe  elongated 
triangular  faces  of  a  tetrabedral  pentagonal  dodecahedron  X.  The  iiositions 
of  the  faces  X  could  not  be  fiilly  determined,  but  they  approached  thoeo 
of  r{421}.  When  sodium  nitrate  is  present  in  the  sohition,  crj'stals  ore 
deposited  which  rottemblo  regular  octfvhedra,  having  their  coigns  modified 
by  faces  of  the  cube  {100}  and  by  very  small  facos  of  the  forma  X  aud 
r{120}.  From  solutions  containing  also  potassium  nitrate  and  sugar,  he 
obtained  more  complicated  crystals  in  which  the  facea  of  the  cube  and 
tetrahedra  were  abaent ;  the  predominant  form  wa.'^  r{2U},  and  the 
forms  X,  r  (120)  and  r  {221}  appeared  oa  small  faces  modifying  the  acute 
coigns  of  the  triakis-t«trahedron.  In  all  the  above  crystals  t{120}  and 
the  tetrabedral  pentagonal  dodecahedron  X  occupied  the  same  relative 
poaitiona,  so  that  the  X  faces  were  nearer  in  position  to  the  faces  of 
tba  complementary  form  r{210}  than  to  those  of  r{120}. 

The  crystals  manifest  a  weak,  but  anomalous,  double  refraction,  and  no 

tion  of  the  plane  of  |)olanzation  has  been  establishod.  Crystals  of 
ttronttum  nitrate  and  of  lead  nitrate  have  very  nearly  the  same  characters  ; 
they  also  manifest  anomalous  double  refraction  but  no  rotation  of  the 
plane  of  jwlarization. 

Sodium  chlorate.     lr\1ien  obtained  fiMm  aqueous  solutions  at  ordinary 

temperatures,  the  crystals  are  cubes  k  {100},  having  their  edges  and  coigns 

odified  :  (i)  by  narrow  faces  d{]  lUJ, ;^  =  t{210}  and  tetrahedra  o=T|lil}, 

.2flO(a);  or(ii)  by  rf{U0I,^=r{12U},anilo  =  T{lll),  Fig.  280(6).  The 
complementary  pentagonal  dodecahedra,  r{210}  and  r  {120},  never  occur 
together  on  the  same  crystal-  The  crystals  represented  by  Fig.  280  (a), 
rotate  the  plane  of  polarization  of  a  plaue- polarised  beam  to  the  left ;  i.e. 
to  an  observer  receiving  the  light  transmitted  by  a  plate  of  the  crystal  the 
rotation  is  comiter-clockwise.  The  crj'sUds  shown  in  Fig.  280  {b)  rotate 
the  plane  of  polarization  to  the  right ;   t.c.  under  similar  circumstances 

those  of  the  tint  cilso  the  rotation  is  clockwise.     This  rotatory  power  ia 


tbe 

^' 

H|bta 

'      ttroT 

thej 

plai 

tem 
[     com 
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The  rule  connecting  tho  direction  of  notation  with  the  facial  deTClqv 
meat  may  be  given  bs  foUowa.  The  cube  being  plaood  in  the  usuaI 
position  with  the  tetrahedron  as  t{111},  then  in  a  hevogyral  crystal  the 
peutagoiukl  doUucahedron  is  r  {210),  and  iU  vertiutl  faoe  (210)  in  to  the  left 
of  (110) ;  iu  a  dextrogyral  crystal  the  fomi  is  r{120},  and  its  vertical  fnoo 
(120)  is  to  the  right  of  (1 10). 

General  forma,  >.«.  forms  having  finite  unequal  indicca,  have  never  been 
observed.  But  wo  uuiy  anticipate  that,  if  such  furniu  arc  discovered, 
lievogyral  crystals  will  have  ri/UPf  and  7-[Ai/}  in  which  h>l->l;  tor  in 
these  forms  the  limit,  when  ^=0,  is  a  pentagonal  dodecahedron,  rfAiOh 
having  the  vertical  face  to  the  left  of  (1 10).  Dextrogyral  cry.'^tala  may,  on 
tlie  other  hand,  IfC  expected  to  show  t{/'A/J  and  T{ihIU  the  limiting  form 
r  \i-/t(il  having  ita  vertical  face  to  the  right  of  (110). 

Tho  triad  nxes  in  uiitwinned  cr^'stJiU  have  been  fomid  to  be  pyro^eotrio 
axes  (Friedel  and  Curie  ;  Bull,  Socfranf,  tU  Mvu  vi,  p.  191,  1883). 


strio  J 


IV.      DyakU-dodecahedtal  clctsg ;    v  {hkl]. 

47.  If  a  centre  of  symmetry  is  added  to  the  assemblage  of 
of  symmetry  characteristic  of  the  last  class,  there  must  also  be  tlir«e 
planes  of  symmetry,  each  pei-pendicular  to  one  of  the  dyad  axes. 
These  planes  are  parallel  to  the  faces  of  the  cube  having  its  edgea 
parallel  to  the  dyad  axes,  and  are  called  the  cubic  planes  of 
HjTTimfttry,  n.  The  elements  of  symmetry  of  the  class  may  be 
represented  by : 

4p,  3S,  C,  3n. 

The  arrangement  of  axes  and  parametral  plane  (111)  of  the  last 
class  is  clearly  not  altered  \  and,  as  licfore, 

The  general  equations  (2)  and  (3)  of  Art.  13  will  therefore  hold 
for  the  angular  relations  of  faces  in  this  class. 
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48-  The  forma  of  Clasa  TIT  having  each  of  their  f»ce8  parallel 
to  one  or  two  dyad  axes  belong  also  to  this  class,  for  they  have 
parallel  faces.  Hence,  the  cnbe  {100},  the  rliombic  dodecahedron 
(llOj,  the  pentagonal  dodecahedron  r  {hkO],  have  the  same  facial 
development,  whether  thoy  apj^iar  in  crystals  of  this  class  or  of 
Claaa  ITT.  The  reader  will,  on  referring  to  Arts.  15,  17,  and  37, 
perceive  that  the  faces  of  these  forms  are  symmetrically  placed  with 
reelect  to  the  axial  planes,  and  that  groups  of  them  are  bisected 
mt  right  angles  by  these  planes.  The  dihedral  pentagonal  dodeca- 
hedron, of  wliich  good  instances  are  observed  in  pyrites,  is  tleuoted 
by  the  syndnd  ir  |A^OJ,  when  it  is  regarded  as  a  fonn  of  this  class: 
the  ayinbols  of  the  faces  are  given  in  table  k. 

49.  The  reDiaining  forms  of  Class  III  are  all  inodiiictl  by  the 
addition  of  parallel  faces.  Thus,  from  the  tetrahedron  t{1  1 1[,  we 
obtain  the  octahedron  {11 1[,  the  faces  of  which  are  given  in  table  b 
a€  Art.  16.  From  the  triakis-tctrahedron  r  j/t/t/|,  A  <  /,  we  obtain 
llie  icoei tetrahedron  {hhl\f  identical  geometrically  with  that  de- 
scribed in  Art  21  and  represented  in  Fig.  238;  and  from  the 
deltuid  dodecahedron  t  {^lA/J,  /*  >  ^,  we  have  the  triakis-<K:tahodi*on 
(JUU),  described  in  Art  20  and  represented  in  Fig.  235.  No  Greek 
prefix  is  placed  before  the  brackets  in  the  syml>ols  of  these 
forms ;  for  geometrically  they  are  the  same  as  the  similar  ftntiis 
oi  ChiBS  II.    Tlie  fonns,  having  been  fully  describeil  in  Arts.  16,  20 

■  i:\,  need  no  fresh  discussion  ;  but  they  can  l>c  derived  inde- 
ntXy  from  the  elonieuts  of  symmetry  characteristic  of  tins  class 
jkmAoner  identical  with  that  given  in  the  Articles  quoted.  Thus 
draw  through  any  edge  of  the  octahedron  a  pair  of  faces 
iBqBftUy  inclined  to  the  cubic  plane  of  syiiunetry  through  this  edge; 
ibe  bees  meeting  the  axis  of  reference  perpendicular  to  the  cubic 
fUnr  lit  points  L  at  equal  distances  on  opposite  sides  of  the  origin, 
>h'j\v  OL  -hn  ~l.  This  jMiir  of  faces  must  bo  aaaociated  with  a 
of  similar  faces  through  the  same  points  L  and  the  opposite 
of  the  octahedron ;  but  the  four  faces  are  those  in  the  .similar 
iction  of  Arts.  20  and  21  ;  and  the  forms  are  therefore 
»trically  identical.  The  symbols  of  the  faces  are  given  in 
e  and  f;  and  the  forma  are  common  to  Classes  I,  II  and  lY. 

50.  7^<  i{(/akis-dodee€ihedrmii  ir{hkl\.    The  face  (hkl),  the  indices 
k  and  /  being  finite  and  unequal,  is  associated  with  two  other 

'Vf  face^  (fhk),  (klh)^  the  symbols  of  which  are  in  the  same  cyclical 
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order  (Art.  19).  Again,  Bince  tho  axes  of  reference  are  dyad  axes, 
there  luu^t  be  similar  triads,  having  tlieir  Hymbols  in  the  sune 
cyclical  order,  in  each  of  the  altoruato  octanta.  The  twelve  Um 
ao  coniif^cted  constitute  the  form  t  {hkl\  of  Art.  43.  But,  since  tl» 
crystals  in  the  present  class  are  centro-syinmetrical,  the  abow 
twelve  faces  are  associated  with  «  set  of  twelve  faces,  each  of  whidi 
is  parallel  to  one  of  the  first  set ;  the  aeoond  set  of  faooB  ooiuitittfr 


ing  T  {/wt/J  of  Art.  44.     The  form  n-  \hkll  Figs.  281  and  282,  coDStrts 
therefore  of  the  twenty-four  following  faces  : 

h/cl     hki    hkl 

ihi 
kih 


ihk 

kfh 

hkl 
ihk 

klh 


Ihk 
klh 

hkl 
Ihk 

kih 


hkl 

ihk 
klh 


hkl'' 

Ihk 
klh 

hkl 
Ihk 
Uh 


* 


(P)- 


Tlio  faces  in  the  upper  half  of  each  column  are  symmetrical  ia 
pairs  to  those  in  the  lower  half  of  tlie  same  column  with  respect  to 
the  horizontiil  plane  of  synnnotry  fl".  The  faces  can  also  be 
arrangpii  in  paim,  Huch  as  (hkf)  and  {hkl)^  symmetrical  with  respect 
to  one  or  other  of  the  planes  of  symmetry  IT'  and  H. 

Since  twotve  faces,  consisting  of  the  triads  in  alt«mate  octaota, 
are  interchangeable,  and  the  remaining  twelve  are  parallel  and 
opposite  each  to  a  face  of  the  first  set,  it  follows  that  tlie  faoea  are 
all  simitar  and  equal  trapezia.  Two  of  the  edges  of  each  face  meetiug 
at  a  trigonal  coign  are  also  equal,  for  they  change  placea  when  thtf 
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turned  throogh  120*  about  the  axis  through  the  coign. 
Tho  four  edges  meeting  at  a  point  U  on.  an  axis  of  reference  consifib 
of  two  di5^roilar  pairs,  one  pair  of  like  edges  Ijring  in  the  same  axial 
plane.  Hence  the  crystal  has  three  different  angles  between  ad- 
jacent pairs  of  faces ;  viz.  V*^hkl  A  Mh  over  edges  converging  to  a 
triad  coign,  D  -  KH  A  hkl  over  the  longer  edges  lying  in  the  axial 
planesf  and  W=hkl  A  hkl  over  the  shorter  edges  lying  in  the  axial 
planea.  Expressions  (25)  for  the  cosines  of  these  angles  am  easily 
obtained  from  (3)  j  they  are  : 

n  nit  A   in,      Wr  +  W  +  'A 

cos  r  ^  COS  (hh-l  A  JwA)  =  -rj — Tj-   n  » 


cos  Z)  =  COS  {hkl  hhkl)=  ^j_^^-p 


(25). 


cos  W  =^  COS  {hJcl^  hkl)  = 


The  values  of  the  angles  for  eomo  of  the  forma  moat  oonunonly 
met  with  are : 


w{hiX\ 

AP=^\(^hkkl 

r 

D 

W 

r{ai) 

38'  42" 

38°  13' 

ZV    ff 

64"  37 

t[421) 

39    12 

48    11 

25    13 

51    45 

ir{&31} 

32    19 

48    55 

19    28 

60    56 

6L     By  the  law  of   rational   indicas,  the   faces   having   their 
abols   in   the   reverse    cyclical    order    to    those    in    n  {hkl\    are 
poteible,  but  they  cannot  occur  aa 
•  part  of  this  form.    They  however 
constitute  a   complementary  form 
r\lkh\.  Fig.  283,  which  can  by  a 
wtation  of  90"  about  any  one  of 
the  axes  of  reference  lie  brought 
into  a  position  identical  with  that 
of   IT  \Md\ ;    for    it    was    seen,   in 
Art^   24,   that  a   rotation   of   90" 
about  an  axis  of  reference  inter- 
changes facets  haWng  their  symbols 
in    oppoaito    cyclical    orders.      It 
follows,    therefore,   that    the    two 
forma  are  tautomorphousj  and  that 

the  angles  over  corresponding  o<]goa  are,  for  tho  same  values  of  the 
indices,  equal. 
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52.     CryHtoIs  of  the  following  substances  belong  to  this  di 
SubtUince.    Chemical  composition,  Fornu  and  coinbinatiotu. 


Pyrites 
OobAltiuc 

FeS, 

CoAsS 

a,  0,  e^iriSlO},  {331},  <M»iri3Sl]i 

[CKI,4C 

a,  Of  e,  a€,  oe,  aoe. 

Smaltino 

Si)errylito 

Skuttenidito 

Ilauerito 

CoAb, 
PtA% 
CoAa, 

MuSa 

rt,  no,  foTTWi  V  {AiOj  rare, 
rt,  ao,  aeo. 
on=[211],ojKi. 

0,09, 

Potaah  Alum 

K,A1,(S0,)4 

.24H3O 

0,  a,  oa,  orfu,  oe. 

aIho  the 
Stannic  iodide 

isomorphous 
SnI, 

sjilts  of  aiumoniuin,  &o. 

OS. 

Fza.  2ai. 


Pyrites,  This  very  common  naineral  is  found  in  ciystals  which  are  gew- 
rally  single  forms  or  simple  combinations.  The  cubo 
is  comuiuu  ;  aurl  the  faces  are  often  striated,  as  shovru 
in  Fig.  284.  Tho  striso  on  adjacent  faces  meeting  iu 
a  coign  are  parallel  renpectively  to  the  edges  lUGetiug 
in  it,  80  that  a  rotation  of  120*  about  the  triad  axis 
interchanges  tho  Btria>.  Another  common  form  is  tho 
octahedron  {1 1 1  J,  the  faces  of  which  iiro  usually  smooth 
and  bright :  occabioimlly  they  eaicli  have  throe  seta 
of  sti-iie,  j>arallel  to  tho  Linoi»  in  which  the  face  would 
intersect  the  adjacent  faces  of  n-  [210J.  The  pentAgonal  dodecahedron  w  {2101 
is  fairly  common  ;  and  tho  faces  are  usually  striated  :  the  crystals  oaii  ^ 
divided  into  two  groups,  in  one  of  which  the  strieo  are  parallel  to  ibo 
cubic  edges,  iu  the  other  they  are  perpendicular  to  these  edges.  Bo« 
dificoverotl  that  tho  crystals  of  the  two  grou|is  are  thermo-eloctricaDy 
active;  and  J.  Curio  {Hail  Hoc.  fran^.  <ie  Jfin.  vui,  127,  1885)  has  shown 
that  the  crystals  striated  |>aral!el  to 
the  cubic  edges  are  more  jwaitive  than 
antimony,  whilst  those  striated  t>cri>cii- 
dicuiar  to  tho  cubic  edges  are  about  as 
negative  as  bismuth.  Differout  i>i>rtioiis 
of  tho  fiwme  face  are  stanotimes  striated  in 
directions  at  right  angles  to  one  another, 
and  these  portions  aro  thormo -electrically 
difforout.  A  combination  of  tho  cube 
and  7r{210},  which  is  fairly  common,  is 
shown  in  Fig.  285 :  in  such  crystals 
each  face  of  tho  cube  is  usually  striated 
parallel  to  those  faces  of  n  [210j  which 

are  inclined  to  it  at  the  least  angle;    thus   (100)  would    be  striatodj 
vertically,  i.e.  parallol  to  [«c"].     Tho  relative  dimensions  of  tho  two  forms' 
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v&ry  much.     In  drawing  mich  a  combination,  the  form  ir  [210]  should  be 
firot  completed,  when  the  fjicc»  of  the  cube  are  ensily  intrdduoed. 

The  combination  of  the  octahedron  (111}  with  ir  (2iOJ  (slightly 
ilereloped)  shown  in  Fig.  286  in  aonietimes  found  in  crystals  of  pyrites, 
bnt  it  is  more  frequent  in  crystals  of  cobaltine.  The  crystAla  of  this 
latter  mineral  are  also  often  found  with  the  habit  given  in  Fig.  285. 


Fm.  2«7. 

Fig.  287  represents  a  ootabination  not  infrequently  observed  in 
ClTSfaals  of  pyrites*  from  Elba.  The  forms  are  a  [KK)),  0(111},  ff=fr  {210], 
and  #=■'(321}.  The  dyalds-dodecahedron  frJ321}  also  occurs  as  a  single 
ftinn  in  crystals  from  Elba.  In  drawing  the  combination  it  is  best  to 
fsooBtrtict  fr(331}  first,  the  octahedral  faces  can  then  1>c  introduced  ;  and 
iKe  edges  [se]  are  parallel  to  adjacent  edgca  [to]  (o,  «,  e  being  taubozonol), 
«o  that  the  figure  is  quickly  coraplctod. 


63. 


V.     H exakis-Uirahedral  class ;   /x  [Ait/}. 

To  the  Assemblage  of  four  triad  and  three  dyad  axes  of 
III  six  planes  of  symmptry,  2,  may  Ix;  added,  which  intersect 
in  oeta  of  three  in  each  of  the  triad  axes  and  in  pairs  in  each  of  the 
dj^i  axes.  The  planes  are  parallel  to  pairs  of  faces  of  the  rliombic 
Aodecahedrou,  ai»d  are  called  the  tlodecahedral  planes  of  syninietry. 
The  formfi  are  not  centro-symmetrical,  for  each  of  the  planes  of 
letry  would  in  that  case  be  associated  with  a  dyad  axis 
dicular  to  it,  and  we  should  have  four  axes  of  symmetry 
a  plane,  inclined  to  one  another  at  angles  of  45".  The  axis  of 
:ry  perpendicular  to  this  plane  would  then  be  a  tetrad  axis 
nt,  Prop.  11) ;  and  the  elements  of  Hjrmmetry  would  l>o  those 
!teristic  of  Class  II.  The  triad  axes  are  uniterminal,  and  have 
shown  to  be  pyro-electric  axes  in  crystals  of  blende  and  boracite: 
pyro-electricity  can  be  tested  by  a  simple  method  invented  by 
If.  Frietlel  and  Curie  {Bull  Socfratui.  de  Min,  vi,  p.  191,  1883). 
The  elements  of  symmetry  of  the  class  may  be  represented  by : 


334 


CUBIC  SYSTEM.  CtARS  V. 


54.  The  cube,  the  rhombic  dodecahedron  and  the  tetrahfdroc 
of  Class  HI  belong  also  to  this  class.  It  is  easy  to  see  that  theep 
forma  are  geometrically  Hymmetrical  with  respect  to  the  planes  of 
symmetry.  As,  moreover,  the  planes  of  symmetry  are  parallel 
to  possible  faces,  viz.  to  those  of  the  rhombic  dodecahedron,  we 
can  in  this  class  prove  thnt  the  triad  axe-s  are  possible  zone^xn; 
for  they  are  parallel  to  the  edges  of  this  form.  The  faces  of  tbfl 
tetrahedron  arc  also  possible,  for  the  edges  arc  pandlel  to  the 
normals  of  the  planes  of  symmetry  ;  and,  as  we  saw  in  Clmp.  ix, 
Prop,   i,  these  normals  are  possible  zone-axes. 

The  dyad  axes  are  selected  as  axes  of  reference,  and  a  fftoe  of 
the  tetrahedron  as  parametral  plane  (111).  Hence,  as  bdEore. 
a  =  b  =  c;  and  the  analytical  relations  established  in  Art.  13  hold 
for  crystals  of  this  class. 

55.  Aj^ain,  the  triakis-totrahedron  and  the  deltoid  dodeoi- 
hedron  of  Arts.  40  and  41  belong  to  this  class.  The  studeut  wHl 
perceive  that  Figs.  272,  273  and  274  are  symmetrical  with  respect 
to  planes  passing  each  through  an  axis  of  reference  and  a  triad  Axiit. 
For  instance,  the  plane  through  OL  and  Or  of  Fig.  288,  identic*! 
geometrically  with  Fig.  272»  bisects  the 

planes  p^rp"\  p,r^"\  and  contains  the 

edges  rp\  r/j   formed  by  faces  which 

are  reciprocal  reflexions  in  the  plane. 

It  is  clear  that  tlie  plane  of  symmetry 

repeats  the  point  L'  in  L",  and  vice 

versa.    Hence,  the  one  face  being  (A/A), 

the  other  is  (hhl).     We  have  therefore 

the  triad  (AA/),  (/AA),  (A^A)  in  the  first 

octant,    sjmim et rical    in    pairs     with 

respect    to    the   planes   of    symmetry 

through    Or    and    each   of   the    axes 

OL,  OL',   OL".     Further,  the  second 

plane  of  symmetry  through  OL  also  passes  through  />„p'",  and  the 

above  triad  of  faces  is  repeated  over  the  plane  in  a  similar  triad 

meeting  at  r.     But  this  is  the  triad  obtained  by  a  rotation  of  180' 

about  the  axis  OX,     Hence  no  new   faces  are  introduced.     The 

figures,  having  been  fully  discussed  in  Arts.  40  and  41,   need  no 

fresh  description.     When  they  are  forms  of  this  class,  the  symbols 

fi  {AA/J  are  used.     The  symbols  of  the  faces  in  p.  {hhl\  are  given  in 
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table  1,  p.  320 :  for  the  tnakis-totrahedroii  A  </,  and  for  the  deltoid 
dcxlecahedroQ  h>L 

66.  TAi?  Utraki9-hexohf!tiroii^  JAI*Oj.  Tn  Chap,  xiv,  Art  7  it  wob 
shown  tliat  a  face  (AArO)  parallel  to  a  dyad  axis,  in  which  two  planes 
of  symmetry  intersect  at  right  angles,  these  angles  being  bisected 
by  two  dyad  axf«  p^rpendirular  to  the  first  axis,  in  ropoatod  in 
seven  other  faces.  Their  traces  in  the  axial  plane  perpendicular 
to  the  first  dyad  axis  are  given  by  the  lines  forming  the  di- 
tetragon  of  Fig.  177.  Hence  the  faces,  hkO,  khO,  khO,  hkO,  kkO, 
khO,  khO,  hkOf  occur  together  in  any  form  wliich  has  such  an 
arrangement  of  elements  uf  symmetry.  The  triad  axes  interchange 
the  axes  OJT,  OY  and  OZ ;  and  at  the  same  time  any  faces  synmietri- 
cally  related  t*>  them.  Hence,  there  must  be  two  other  similar  sets 
of  eight  faces  parallel,  respectively, 
to  OX  and  OY  and  symmetrical 
with  respect  bo  the  pairs  of  planes  2 
through  these  axes.  "We,  therefore, 
obtain  a  twenty-four  faced  figure, 
Fig.  289,  geometrically  identical 
with  Fig.  231  described  in  Art.  18. 
The  planes  uf  symmetry  pass  each 
through  a  set  of  edges,  such  as  pp\ 
Up,  Jfp^  of  that  figure.  The  (Tre<'k 
prefix  is  flropj^ed  l>efore  the  syaiboi 
{AjW}  of  the  form,  which  includes 
tlie  faces  given  in  table  d.  The  form  is  therefore  common  to  Classes 
I,  II  and  V. 

57.  The  /lexaku-tetrahedronj  fi  \hkl].  A  face  (hkf)  liaving  any 
general  position,  i.e.  A,  k  and  /  being  Unite  and  unequal  nuniljers,  is 
aasoctated  with  five  other  faces,  the  uymlxjls  of  which  are  obtained 
by  taking  the  indices  in  the  two  opposite  cyclical  orders.  For 
rotations  of  120' about  the  triad  axis  bring  the  face  to  the  positions 
given  by  (Utk)  and  (klh).  Again,  the  faces  are  arninged  in  pairs 
equally  inclined  to  each  of  the  three  planes  of  symmetry  traversing 
the  octant  which  contains  the  face.  Thus  {hki)  being  one  of  the 
faces,  (>t^*0  '^  ^^^  reciprocal  reflexion  in  the  piano  of  symmetry 
through  OJC  and  bisecting  the  angle  between  the  axes  of  X  and  Y : 
nniilarly,  (Ihk)  and  (hlk),  {kih)  and  (Ikh)  are  pairs  of  faces  which 
reciprocal  reflexions  in  the  same  plane.     But  (A:/*/),  (hlk)^  (fkJi) 


a 
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nre  in  cjclicol  order — that  opposed  to  the  Bmt ;  and  there  can  ho  do 
other  homologous  faces  meeting  at  the  same  coign  on  the  triad  axis. 
The  six  £aoes  meeting  at  a  ditrigoiial  coign  in  ono  octant  art : 

fikl     Ihk    klh     kfU    Ikh    hit. 

These  six  faces  are  repeated  in  a  similar  set  of  six  faces  bj  esdi 
of  the  dyad  axes  fonniug  the  edges  of  the  octant ;  and  the  four  sets 
occupy  alternate  octants.  Now  rotation  of  180'  about  an  axis  of 
reference  changes  the  signs  of  the  indices  on  the  two  other  axes  bot 
not  their  order.  The  form  ^  {hkl\,  Fig.  290,  includes  therefore  the 
faces : 

fiki  ihk   klh      m  hik  khi 


Fio.  390. 


Pio.  391. 


L surrounding  the  tctrahedral  polos  o  dtu&ted  in  alteniate  octants: 
they  are  shown  in  the  stereogram  Fig.  291. 
The  form  may  be  regarded  as  the  result  of  placing  ou  each  face 
of  the  tetrahedron  a  similar  ditrigonal  pyramid,  and  hence  it  is 
called  the  hexakis'teJrahedron.  The  faces  are  all  equal  and  similar 
scalene  triangles,  and  the  form  has  three  different  angles,  Wz.  those 
over  the  dissimilar  edges  of  ea<.li  face :    we  shall  denote  them  by 
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ibeleitftrs,  F^  G  and  7",     Exprosstons  for  their  coftinrs  are  obtained 
{rom  (3) ;  they  are 


a»<7  =  coB(UM  A/*:) 


A'  +  Jt'  +  Z" 


.(26). 


OOB  r  =  COS  (AiU  A  hlk)       '*'  "  ^^^ 


For  the  following  particular  can^s,  the  angles  are : 

fL\hkC)                      F                         O  T 

^  {3il}  %V  47'  21*  47'  69"  5' 

/*|42ll  17   45  Sr*   57  fifi   9 

/iI531}  27   40  27    40  67   7 

58.     By  raising  similar  ditrigonal  pyrarnidH,  one  on  each  faceuf 

t'je  tetrahedron  ^{lTl|,  we  obtain 

*      complementary     hexafcift-r,etra- 

iedn>n  fx\Ml  Fig.  292,  the  faces 

^    which  are  parallel  respectively 

*o     those    of    fi  \hkl\.       The     two 

wrins    are    tautoniorphous,   for    a 

rotation   of   90'  about  one  of  the 

AKea  of  reference  interchanges  faces 

ia     mdjocent    octants.     The   angles 

^^^r  Uie  corresponding   edges  are 

f*luaJ  for  the  same  numerical  values 

'^  the  iudiceti. 


59.     CrystaU  of  the  fijllowing  substances  belong  to  this  class 


^^^Umcc.         Chemical  eomptttition. 
l%izioDd         C 
Blende  ZuS 


f»lUen  »:Cii^  Fe)S .  (Sh,  Ab^B^ 

Bonu-jte  Mg^BigOjoClj 

Hftlvine  (Be,  Md,  To^Hifiy^ 

flaUj-no  Na./^fl(NaSO^A])AlSijO,j 

Eolytine  Bi^SisOu 

Dutmond,  This   tiiineral    is  HonHitiinoA  found   n\  apparently  regular 
QCtahedra,  which  have  their  edges  replaced  by  groove.'^  in  the  way  shown 

in   Fig.  £93.  Another    apparently    regular    octahedron    is    shown    in 

L.C.  22 


Fonnt  and  comhinaiiom. 
o«,  d,  ad,  p  {221  j,  r{430}.  &c. 
dj  a,  aw,  cu>tt,  ow,  duo,  nm, 
dm,  &c. 

O,  0«,  (Xly  71,  O-W,  &C. 

om,  cok/,  ond^  onji, 
ouy  da. 
Hf  vanfi. 
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Fig.  294,  the  edges  of  which  ato  aluo  replaced  by  grtJovoH ;  but  id  tba 
cas«  the  sidoa  of  the  groovoa  iu*o  mnde  by  rounded  face^  belonging  to  a 


Fio.  293. 


Fio.  394. 


indotormiiuito  form  fi  {Mi}.  A  few  crystals  have  been  nbaen-ed  which  nre 
bexAki«-tetrahedra,  the  fncas  being  ton  roundod  for  the  angles  to  hi 
measured  :  oocabionaUy  the  obtuse  coigns  of  the&e  hcxaki^tctrahodra  an; 
modified  by  faoea  of  the  totrtihodron. 

Blende,  The  cryatals  are  sometimes  combinations  of  o=;i  (HI)  with 
M==^{lll},  the  faces  of  the  latter  being 
slightly  developed,  and  often  dull  and 
pitted,  whilst  the  faces  o  arc  largo,  bright, 
and  striated.  Those  two  forms  are  often 
ADsociatetl  with  the  cube,  the  ftLcea  of  which 
appear  an  narrow  truncatioim  of  the  edges  of 
/t{lU}  when  this  form  predominates.  But 
the  moHt  c«jmmon  and  pmrninont  form  is 
the  rhombic  iludecahalnm  ;  it«  faces  being 
|)araliul  to  perfect  cleavages.  This  form  is 
usually  associated  with  faces  of  the  cube 
and  of  the  tetrahedron  /ijlll}  :  it  is  also 
froitiiontly  associated  with  elongated  triangular  and  rounded  fiweti  of  ft 
form  fi  {AA/},  /i<lf  m(»difying  thfwe  txiges  which  meet  the  trigniw]  coigns  in 
alternate  octants.  Were  the  form  fi  { 1 13J,  we  should  bare  the  crystal  abown 
in  Fig.  295. 

Fig.  295  is  made  by  first  drawing  {llOf  (Art.  17).  On  each  of  tho  avM 
of  reference  points  L  are  marked  off,  where  OL^ZOA  ;  and  the  lines  DZ),  ;>•/>,, 
(fro.,  are  drawn  throngh  the  origin  parallel  to  the  edges  of  the  tetrahedron. 
They  give  the  traces  of  planes  through  the  origin  parallel  to  thone  faces  of 
{110}  which  are  perpendicular  to  tlic  axial  plane  containing  DD^  D^D^,  fto. 
Drawing  thu  faue«  of  {311}  throngh  the  points  L,  their  traoea  on  the  aiial 
planes  will  l>e  A'l/'t  A'L^^,  da.:  these  traces  meet  Z)/>.  D^D^,  Ac,,  in  the  points 
D,  D«,  &c,  marked  on  them  ;  and.  00  being  the  semi-diagonal  of  the  Gubie 
face,  OD  =  0/>j,=ifee.  =  3(W-^2.  The  edges  [pe]  of  interaeetion  of  the  two  forma 
are  giveu  by  joiuiug  tbo  puiuts  L  on  oue  axis  to  the  points  D  sitnated  in  the 
perpendicnlar  axial  plane.     Thus,  the  edge  /»— [011»  ISIJ  is  parallel  to  the  liua 
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LB^,  the  edge  [110,  113]  ii  parallel  to  LI3»\  and  soon.  The  edge  [311.  311] 
U  then  drawn  parallel  to  the  edge  of  the  teCrafaudrun  m  till}  intereectiDg  the 
,*xie  OL  on  the  ftame  side  of  the  origin ;  and  similarly  fur  &i\  the  homologous 

;ea. 

Fakltrs.    The  habit  is  markedlj'  tctrahedraJ  owing  to  the  iiredominance 
^  ^[lUJ,  which  sometimetf  uccura  aloiio.     Tho  tetruhedron  \a  sometimes 


Fig.  296. 


F[0.  297. 


aaaociated  with  luurow  faoea  of  (lOO},  Fig.  29C  ;  sometimea  with  those 
of  {1 10],  Fig.  297  ;  and  sometimes  with  /*  {211},  Fig.  298.  Several  of  these 
sabordiuate  forme  often  occur  together,  niodifying 
the  edges  and  coigns  of  ^  {111|.  Ocoatiiouully  Iho 
complementary  tetrahedron  ^{111}  ia  present,  tho 
faces  being  usually  amalL 


In  drawing  Fig.  297  the  tetrahedron  /iU^^}  i^ 
ftrBt  constructed.  Equal  leugtlis  on  all  the  edges, 
mesanred  from  the  coigns,  are  then  cut  off  by  pro- 
portional compasses.  If  the  points  so  obtained  are 
joined  in  pairs  by  lines  parallel  to  the  opposite  sides,  p^g    •jgg^ 

■  combiuatioo  of  ^  {111}  with  fx  {Hi}'  is  made.     On 

each  of  the  faces  of  the  latter  a  trigonal  pyramid  ia  raised  by  drawing  through 
Ihe  ooigns  lines  parallel  to  the  edges  of  the  rhombic  dodecahedron,  the  directions 
of  which  are  obtained  in  the  manner  given  in  Art.  17. 

BoraHte,    These  crystala  are  found  in  t«trahedrafi{Ul),  oocaHionally 
alone  and  occasionally  with  their  edgea  truncated  by  narrow  planes  uf 
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{100},  Kig.  29«.  In  some  cryBtals,  Fig.  299,  the  rhombic  dodecohedrc* 
{110}  prcdomtnatee,  its  coigns  being  modified  by  faces  of  the  cube  |10^ 
aud  of  the  tetrahedron  ^{111}.  A  common  form  is  thnt  in  which  thoc&4 
predomimvteR,  it«  edg68  being  trun&ited  by  {110;,  and  its  cfiigtia 
mudilicd  by  one  or  both  tetrahedro.  A  crystal  of  tliia  habit  showing 
fonuii  n,-fi  {211}  aud  v«;i{531)  is  re|iretM5tited  in  Fig.  300. 

To  draw  ike  geturral  forma  {hkl],  fi{hkll  ir  {hki\,  a  [hkl] 
and  r  {hkl\. 

60.  \hUl\.  The  drawing  of  tho  hoxakis-octahedron  {k 
made  the  Ijasts  for  that  of  the  general  forms  of  the  utber  oil 
On  each  of  the  axes  three  |»ointB  //, 
K  and  L  are  determined,  as  shown 
in  Fig.  301,  where  OH  =  a  -  h, 
OK=a^kjOL^a^l;  points  on  OF 
being  distinguished  by  single  dashes, 
points  on  OZ  by  double  dashee. 
When  these  lengths  are  very  short, 
all  three  are  multiplied  by  some  con- 
venient number  r.  Thus  in  drawing 
{32l|,  it  is  best  to  take  0Il=^2a, 
OK-Za^  OL^Ga,  each  toeing  six 
times  the  length  given  by  the  face- 
8ymlx>l, 

Assume  OH  to  be  the  least  intercept  and  OL  the  greal 
theroforeA>X:>/.  Then  eight  faces, 
having  symlwls  in  which  A  occupies 
tlie  same  place,  meet  in  each  point 
H.  Pairs  of  linos  are  drawn  cross- 
wise in  each  axial  plane  joining  a 
point  L  on  one  axis  to  a  point  A"  on 
the  other  J  e.g.  L'K"  and  A"/."  in 
Fig,  301.  These  pairs  intersect  in 
points  S,  S',  §",  Ac,  on  the  dyad 
axes  lying  in  tlieir  plane.  The 
lines  //fi,  //'S',  //"8",  &e.,  give  tho 
edges  Up,  //>,  ic,  of  Fig.  302. 
For  the  face  {kH)  passes  through 
UK'L\  and  (hlk)  through  ///.'A'"; 
and  similarly  for  other  pairs  of  the  faces. 
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Thu  coigna  p  on  the  triad  axes  t>euig  uow  detoruiined,  it  only 
remains  to  find  the  points  U  at  which  twu  pairs  of  faces,  such  as 
(Ajfc/)  and  {khl),  {)tkl)  and  (hhl^  meet  the  re8{)cctive  dyad  axiM. 
Tliese  points  are  found  by  joining  crosswise  in  pairs  the  |X)inta  11 
on  one  axis  to  the  points:  K'  and  K"  on  the  others,  and  the  points 
^  to  the  points  H\  B'\  kc.  Thus,  in  Fi^.  301,  JI'K"  and  K'll" 
io-tersect  in  r/  on  the  dyad  axis  in  thoir  plane,  and  the  Hue  Ld 
eoincideii  with  the  edge  pd  of  Fig.  303.  The  figure  is  uow  com- 
M|ieted  by  joining  the  points  H  to  the  adjacent  points  d, 

^^      61.     /i  |/*^|.     CreomotricHlly  this  forai  consists  of  tlie  faces  of 
{/tiL7j    which  <iccupy  alternate   <x^tAnt-«   in   sets   of   six.      Hence  the 
I    <^oigns  py  p\  p^f  p^^^t  and  the  edges  p//,  pU\  pd,  pd\  ikc.^  remain 
LgainAMd  edgp.4  of  p.  \kkl\.    But  at 
MHII^JIBli  d  only  two  faces  meet, 
a,nd  the  edges  Lpd^  L'pdt  L*'pd"y  ^bc, 
liave   to  l>e  all  prolonged    to  meet 
^}ie  triafl  axis  traversing  the  a4ja- 
t^ont  octan  ts  at  the  points  /f ,  /T",  ibc, 
f    Fig.   303.     The   figure   ia   com- 
leteii  by  joining  each  of  the  points 
to  the  adjacent  cx)ign.H  R. 

62.     IT  {Ajt/[.     AH  the  coigns  //  ^^      — ^ 

md   p   of   \hk!\,    Fig.  302,   remain 
(igna  of   the  dyakis-dodecahedron 

\fikl\  ;  for  four  faces  meeting  at  Rach  coign  ^  are  common  to  ix»th 
forma,  and  of  the  six  faces,  meeting  at  each  ditrigonal  coign  of  the 
former, a  triatl  having  tlieij'8ymb«>ls 
in  cyclical  order  i-emain  in  the  new 
form.  Further,  one  pair  of  the 
edges  in  each  axial  plane  meeting 
at  coigns  //  remain  e<lges  of  ir  \hkl\. 
Thus,  the  e<lge  //'(/  of  Fig.  302 
and  the  corresponding  edge  joining 
i/'  to  a  point  K^^  on  OZ^  remain 
edges  of  Fig.  30+  :  they  have  to 
bo  prolongcil  to  meet  the  edges 
[klh,  Ilk]  and  [klh,  kih]  at  new 
coigns  e.  ThpHo  new  edges  are 
easily   constructed ;   for    they  are 
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the  lines  joining  the  pairs  of  points  U 
poinU  ff,   e\  e\  ifec.,    being  deter- 
inineJ,   tix    the   directions   of   tho 
|«dges  \pe],  [pe\  kc. 

The  complementary  form  » jWA}, 
Fig.  305,  iH  drawn  in  a  similar 
man  nor  ;  the  e<lges  //</*,  //"(/, 
U'd\  ifec,  being  prolonged!  to 
meet  new  edges  U"L  =  \pch^  lkh\ 
Ac,  in  liomologous  pointfi  ff^.  «,^,  &c. 
These  are  then  joined  to  the  adjiv- 
oont  points  p^  so  completing  the 
drawing. 


U  •,  &CL     The  homoln_'i 


63.  a  \hkl\.  The  coigns  H  and  p  of  Fig.  302  remain  coigns  of 
a  {M/j,  and  for  the  same  reASons  ah  were  given  in  Art.  62  for 
the  retention  of  thew  coigns  in  tt  \)ikl\ ;  but  the  edges  of  Fig.  303 
have  all  to  he  replaced  by  new  ones. 
The  triads  of  faces  of  a  {U/|,  Fig.  306, 
meeting  at  p,  p",  p^  and  p,^,  in  the  first' 
and  nltornnte  octants  are  the  same  as 
those  of  JT  \hkl\  which  lie  in  the  same 
octants.  Hence  the  edges  pe,  pe\  pe' 
of  Fig.  304,  and  their  homolo^ea  in 
the  alturnatti  octants  are  coumon  to 
both  forms.  In  the  adjacent  octants 
the  faces  of  a  \hkf\  are  tlie  same  as 
those  of  ir  J/XrA}  which  meet  at  the 
coigns  p',  p'",  p„,  p  of  Fig.  305 ;  and 
the  edges  in  these  octants  are  the 
edges  of  Fig.  306  which  meet  at  these  coigns. 

The  edges  of  a  \hkl]  meeting  at  a  tetragonal  coign  //  are  found 
by  joining  //  to  four  points  o,  which  are  tho  intersections  of 
alternate  sides  of  the  ditetragon  formed  by  joining  the  poinU  A' 
and  L  in  the  axial  plane  perpendicular  to  the  axis  through  ff. 
Thus,  in  Fig.  301,  the  face  (hkl)  meets  the  piano  >'0^  in  the  trace 
K'L" ;  the  face  {fUk)  meets  the  same  plane  in  a  trace  L'K^^^  where 
OK^^  is  rt,,-^A  measured  on  OZ^,  These  traces  meet  at  a',  and  the 
edge  [AA/,  hUc]  is  the  line  joining  //  to  o'.  Similarly,  the  edge 
'  By  fint  octant  is  meaat  th&t  In  wlucU  all  tbu  indioes  of  a  Cac«  are  positiw. 


i 
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\hkl^  hUc]  18  the  line  joining  //  to  a",  where  a"  is  the  intersection 
of  /TL"  and  L^&".  The  conutructioD  of  these  edges  is  Uie  same  as 
that  of  the  fH>lar  edges  of  a\hkl\  of  Chap,  xiv,  Art.  62.  Similar 
points  are  found  in  each  of  the  other  axial  planes  and  joined  to  a 
point  //  on  the  perpendicular  axis.  The  tines  //a,  //a",  Ac,  moot 
the  edgefl  from  p^y  p,  Ac.,  which  bound  the  same  faces  at  new  coigns; 
and  the  adjacent  pf^irs  of  tl»ese  coigns,  being  now  joined,  give  the 
edges  which  are  bisected  at  right  angles  by  the  dyad  axes  at  the 
paints  cT',  d,  tt,  kc. 

64.     T  {hkl\.     This  form  consists  geometrically  of  twelve  of  the 

faces  of  each  of  the  three  lust  forms,  viz.  df  those  triads  which  have 

their  symbols  in  one  cyclical   order  and  lie  in  alternate  octants. 

Hence  the  edges />«,  p^,  Ac,  situated  in  alternate  octants  of  Figs.  304 

and  50*1,  are  common  also  to  the  pentiigonal  dodecahedron,  Fig.  Ii07. 

Tlirough  the  point  //,  common  to  (A/W)  and  (/*H)i  ^  '*"*^  i^  drawn 

parallel  to  the  trace  K'L'\  Fig.  301, 

in  the  perpendicular  axial  plane ;  and 

the  similar  edges  through  each  of  the 
points  II\  H",  Ac,  are  obtained  in  a 

like  manner.     These  edges  meet  the 
^gw  P^t  •fec-f    in  new  coigns  which 

liave  t*>  be  joined  to  trigonal  coigns 

if",  ^,  Ac,  on  the  triad  axes  traversing 

the   adjacent   octants.     These   points 
I       Ii"\  Ac,  are  the  same  as  the  coigns  so 

marked  in  Fig.  303.     For  of  the  six 

faces  meeting  at   R"'   in    this   latter 
^Blgure,  three  remain  in  t  JAX/j  and  raust  in  Fig.  307  meet  at  the 
^^^me  point :  the  triad  is  (klh),  (hkl),  {Ihk),     The  same  is  true  of 
I       each  of  the  other  trigonal  coigns  B.     The  figure  can  then  be  com- 
I       pleted. 


^R' 


~lei 


65.     To  a  reader  familiar  with  anal5'tical  geometry,  a  simpler 
ethod  is  to  iind   the  lengtlis  Op^  Oh\  OU,   Ac.   in   terms  of   the 
rre8p>onduig  lines  of  the  cube,  Fig.  224  ;  and  then  to  mark  off  the 
lengtlis  on  these  lines  by  proportional  compasses,     Tlius,  if  Or  is 
e  semi-diogoiml  of  the  cube  giving  the  parauiutcrs,  then 
Op  =  Or^(h  +  k  +  l);  OJi"'  =  Or'"-i'{h  +  k-l);  Ac. 
And  'd  Od  is  one-half  of  the  face-diagonal,  Orf  =  Orf  -*-  (A  +  k). 


CHAPTER   XVI, 


THE   RHOMBOHEDRAL  SYKTKM. 


L  Tnis  system  inoludos  tho  seven  classes  of  cryBtals  wliicb 
have  a  siitglo  triv)  axis ;  and  we  shall  as.<4uriie  that  this  »xU 
is  in  all  classes  a  pussilile  zone-axis  perpendicular  to  a  possible 
fiwe.  This  can  be  proved  to  be  the  case  in  five  of  the  classf>8 ; 
but  it  cannot  be  established  »i8  a  deduction  from  the  law  of  rational 
indices  in  classes  I  and  II,  in  which  the  triad  axis  is  either  the 
only  element  of  syniuietry,  or  is  associated  with  only  a  centre  of 
symmetry.  0^*Tng  to  the  unique  character  of  the  triad  axis,  it  Is 
often  called  the  principal  iwpw  :  it  coincides  in  direction  with  the 
optic  axis.     Tho  claaKes  are  : 

I.  The  ncleistOHS  trigonal  (trJartohffdrai^  trigmietl-pyTainidal) 
class,  the  crystals  of  whicli  have  a  triad  axis  but  no  other  element 
of  symmetry.  i 

II.  The  diphft^lrai  irigoruU  (rhombohtsdndf  pi%rtdleUfaced  hemi- 
kedral)  class,  in  which  the  triad  axis  is  associated  only  with  a  centre 
of  symmetry. 

IIL  Tlje  scalenofiedrai  (dUrigonaUacaleno/tedral,  rhomht 
Iholohedral)  clafis,  in  which  the  elements  of  symmetry  of  class  II  orO' 
associated  with  three  like  planes  of  symmetry  intersecting  in  tho 
triad  axis  at  angles  of  00',  and  with  three  like  dyad  axes,  each 
perpendicular  to  one  of  the  planes  of  symmetry  and  therefore  to 
the   triad   axis. 

IV.  The  trapezoft^dral  {trigoJud-tntpezohedrtd}  class,  in  which 
the  triad  axis  is  associated  only  with  throe  like  dyad  axes  making 
right  angles  with  it  and  120°  with  one  another:  the  opposite  ends 
of  each  dyad  axis  are  dissimilar. 

V.  Tho  acf^infous  ditrig<yiujd  {hemimorjihicy  dUriganaJ-pyramidtil) 
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clzu^  ID  wtiich  the  triad  axis  is  aasocialcd   oD]y  with   throe  hko 
pln.ncs  oi  symmetry  ititeraccting  in  it  at  60*  to  one  another. 

VI.  The  trigtuKil  biptjramidal  cUiss,  in  wliich  tlie  triad  axU  is 
OMHuciatcxl  with  i>ne  plane  of  syiiiinet  ry  peiiiendicular  t<j  it. 

VII.  The  dUri*/o7tal  bipyrtiiwM  olafis,  in  which  tho  elements  of 
symmetry  of  class  VI  are  aasocifi-tefl  with  three  like  planes  of 
symmetry  intersecting  in  the  axis  at  00"  to  one  another:  the 
interseetions  of  these  planes  with  the  plane  of  symmetry  pei-pen- 
dicular  to  the  triad  axis  are  dyad  axes,  opposite  ends  of  which  are 
dissimilar. 

2.  Id  a  crystal  having  a  single  triad  axis  those  faces  which  arc 
■Dot  perpendicular  to  it  cjccur  in  sets  <»£  three  ;  and,  when  the  crystal 
"is  tarned  through  120'  about  the  axis,  the  three  faces  of  each  set 
change  plaoea  The  face  which  is  perpendicular  to  the  principal 
Axis  must  l>e  that  of  a  pinakoid  or  petHon,  accoixling  ns  the  facial 
wirelopment  at  opposite  ends  uf  the  axis  is  similar  or  dinsimilar: 
^I»i8  face  is  oft-en  called  the  hafte\  for  in  drawings  of  rhombohexlral 
^^''ystals  the  principal  axis  is  always  placed  vertically. 

When    the  faces  ai*e  pafallol   tt)  the  tnail  axis,   they  occur  in 
its  of  three  tAutoKoual  planes  inclined  to  one  another  at  angles 
'^  120',  and    in    some   classes  compose  a  trlyowtl  priitin,     Wlion, 
*Xirlher,  a  centre  of  s)'mmetry,  or  planes  of  symmetry  through  the 
^•3ci»,  or  <\yaA  axes  perpendicular  to  it,  occur  in  the  crystal,  the 
•liree   faces   are,   in   general,  associated   with    other  similar  triads 
kutozonal  with  the  tii-st  triad  ;  and  the  form  is  cither  a  hexagonal 
*T  a   diJiexaffOtuU  prism.     Their   zone  will    be  called  a  hejcagonal 
inf,  for  a  face  can  be  found  in  it  at  60*  to  any  other  of  its  faces 
;Chap.  IX,  Art.  12). 

Wlien  the  triad  axis  is  the  only  element  of  symmetry,  and  the 
are  inclined  to  the  axis  at 
l£nite  angles,  other  than  00%  they 
comjwse  an  acleislous  iriyomd 
pyramid^  such  qa  that  shown 
Fig.  30t^,  having  its  apex 
in  the  triad  axis.  Such  a 
pyramid  cannot  occur  alone, 
id  it  mast  in  any  crystal  be 
aasociatod  with  a  pedion,  as  in 

Fi{^   30d ;  or  with  another  iicleiHt4>u8  trigonal  pyramid  having  its 
»pex  nt  the  opposite  extremity  of  ttie  principal  axis. 
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3.  Tiie  simplest  cryMtal  possible  in  this  system  consistn  therefore 
of  a  trigonal  pyramiH  ha\-ing  the  pedion  for  base.  When  the  Uca 
of  the  pyraniUl  are  equably  developwl,  they  are  isosceles  triangles, 
and  the  brvse  is  an  equilateral  triangle  having  its  centre  in  the 
axis.  Such  a  crystal  may  I^  represented  by  the  upper  or  lower 
half  of  Fig.  309  ;  and  suffices  to  give  a  set  of  axes  of  reference 
and  parameters  which  will 
serve  for  every  class  of  the 
system.  We  select  for  the 
axes  of  -V,  V  an<l  Z  three 
lines  parallel  to  the  similar 
and  intercliangeable  edges 
of  any  trigonal  pyramid 
wliich  meet  at  an  apex  on 
the  triad  axis;  and  we 
select  the  base  (pedion  or 
£ace  of  the  pinakoid)  for 
the  parametral  plane  (111). 

The  set  of  axes.  Fig.  309,  resembles  the  legs  of  a  eroes- 
legged  stool,  the  seat  of  which  is  an  equilateral  triangle  antl  serves 
for  the  parametral  plane  (111).  If  X,  Y  and  Z  are  the  angular 
points  of  tfie  triangular  baae,  and  if  the  model  of  the  axes 
is  rotated  through  120^  alx>ut  the  principal  axis  Op,  the  axis  OX 
tfikes  the  place  of  OV,  OV  tliat  of  02,  and  OZ  that  of  OX  without 
disturbing  the  appaivnt  position  of  the  model  or  the  direction 
of  the  paramctra]  plane.  Hence  the  lines  pX,  pY  and  pZ  are 
all  equal  ;  and  so  are  also  the  angles  XOp,  YOp^  ZOp.  But  the 
angles  OpX,  Op  T,  OpZ  are  all  equal  to  90^ ;  for  the  parametral 
plane  is  perpendicular  to  the  triad  axis.  Hence  OX-OY  =OZ\ 
i.e.  if  the  pedion,  or  face  of  the  pinakoid,  is  taken  as  parametral 
plane  (111),  the  ptirameters  are  all  equal.     Further, 

KXpY^  A  YpZ^  AirpZ=  120"; 
and  the  sides  XX,  YZ^  ZX  are  all  etjual. 

The  above  relations  resemble  those  established  in  the  cubic 
system,  and  for  the  following  reason.  lu  both  systems  three  like 
and  into.rchangoable  lines  are  taken  as  axes,  and  a  face  perpendicular 
to  the  triad  axis,  which  interchanges  tlie  axes  of  reference,  is  taken 
to  be  (111) :  the  parametera  on  these  axes  are  therefore  equal,  and 
may  1^  taken  to  Ijo  unity.  The  two  cases  differ,  however,  in  a  very 
imporbaut  ruspeuU     lu  the  cubiu  system  tho  axes  are  at  90*  to  one 
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xuiother  and  are  themselves  axes  of  synimetry  of  even  degroe^  and 
tJie   angles  between  them  remain  fixed  and  constant  at  all  tem- 
peratures.    In   the  system  now  under  consideration  the  axe»  are 
not  axes  of  symmetry ;  fur,  if  they  wore,  it  is  clear  we  should  have 
tnore   than   one   triad   axis.     The    angles    between    them   are   not 
90*,  and  vary  with   the  temperature ;   and   so   do   the   angles  the 
pynmiid-edgc^  make  with    the  tria^l   axis.      Even  if,   under  certain 
special  circumstances,  a  set  of  pyramid-edges  were  found  at  right 
angles  to  one  another,  they  could  not  remain  so  at  all  temperatures  ; 
for  this  would  require  the  coeiHcient  of  expnnstciu  along  the  triad 
axis  to  be  the  same  as  that  in  directions  at  right  angles  to  it,  which 
not  the  case. 
We  shall,  as  already  stiited,  adopt  such  an  axial  system  in  every 
The  triad  axis  will  be  placed  vertically  and  the  parametral 
ilane  horizontally;  and  we  shall  take  the  p4xsitivc  directions  on  the 
iree  axes  U>  be  measured  upwards,  the  negative  directions  down- 
rards :    the  faces  and    normals  of    the  pyramid   which  gives  the 
rtions  of  the  axes  will  in  all  classes  be  denoted  by  r,  r',  r". 


4.  In  a  stereogram  the  triad  axis  will  be  piticed  perpendicular 
to  the  primitive,  and  the  eye  will  be  supposed  to  l)e  at  the  lower  end 
of  the  axis.  The  pole  (111),  tlenoted  by  C,  will  l>e  at  the  centre  and 
will  coincide  with  the  extremity  of  Op.  From  the  assumption  made 
am  to  Op  Ijcing  a  zone-axis,  there  will  be  in  the  primitive  a  number 
of  possible  poles  arranged  in  triads,  the  faces  of  which  are  inch'ucd 
at  120*  to  one  another.  Further,  since  the  angles  XOY^  YOZ  and 
ZOX  are  not  90*,  the  normals  r,  r',  r"  to  the  axial  planes  never 
ooiucide  with  the  axial  points  X^  K,  Z. 
rr'r"  are  polar  triangles  (see  Chap,  XI, 
Art.  6). 

We  proceed   to    show    the   relative 
poaitions  in  a  stereogram  of  the  pules  r 
the  axial  points  X^   F,  2, 

Let,  in  Fig.  310,  X,  F,  -ST  be  the  axial 
points ;  and  let  tn,  t»',  m"  be  the  points 
in  which  the  planes  A'Cp,  I'Op,  ZOp  of 
Fig.  309  meet  the  pninitivo — the  ex- 
tremity p  coinciding  with  the  pole  C 
(111).  Then  ACJr=  ACF- ACiT;  and 
^XCY^  A  YCZ=  hZCX=  120' ;  these 


The  triangles  XYZ  and 


Itlmf 


^mmJ 
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latti^r  attglos  aro  ftlso  tlie   arcs  mm\  m'w"  and  m'W     Now  the 

pole  r(lOO)  is  at  90'  from    Y  and  X;  for  the  normal  U>  a  face  i$ 

at  90*  to  every  line  in,  or  panillel  to,  it :  r  munt  therefore  i>e  in  the 

plane  XOp,  represented  in  Fig.  3 JO  by   the  diameter  Cw,  which 

bisects  tlie  angle  between  the  axes  of  Y 

and  ^.     But  the  arc  mm'  =  120",  and  the 

arc  Cm  =  90°.    Therefore  K,  lying  I^etween 

('  and  VI    makes  with  7n  an  angle  :>90'' 

Aud  with  C  an  angle  <  90".    Hence  there 

must  be  a  point  r   between  m  and   C 

which  is  at  90"  from  Y.     The  point  r  ia 

also  at  90*"  from  Z;  since,  for  any  point  r 

in  [Cm],  hrZ=  ^rY.     The  polo  r(IOO) 

lies  therefore  between  »»  and  C,  and  on 

the  same  side  of  C  as  tjie  axial  point  X 

Similarly,  r'  lies  near  )'  between  C  and 

m' ;  antZ  r"  near  Z  between  C  and  w". 

Again  r,  r',  r"  are  nearer  to  C,  or  more  remote  from  it,  than 
the  axial   pointfl  JT,   F,  Z  according  as   AJTK-  f\YZ  ~  t\ZX  arc 
each   of    them   greater   or   less   than   90°.     For   it    ia   clear   that 
XY:>'rYy  when  r  is,  as  in   Fig.  310,  nearer  tlian  X  to  C;  and 
rF  being  90".  Zr>  90". 

6.  The  angle  pOr^  or  the  arc  Cr^  between  the  triud  axis  aQ( 
the  normal  to  one  of  the  axial  planes  we  shall  denote  as  th^ 
anf/n/ur  eUment  D  of  a  rhoiidwhedral  crystal. 

We  ahall  now  show  how  from  the  angtilar  element  D  the  angh 
between  the  poles  r,  r  of  two  of  the  axial  planes,  and  the  angi 
XO  Y  between  any  j>air  of  the  axes  can  be  f(iund ;  and,  rice  versi 
how  the  angle  D  can  be  determined  when  either  of  the  angles  rr 
XO  Y  is  given. 

The    spherical    triangles   r€r\    XCY   are    l>oth    isosceles, 
have  the  common  angle  rVr  -  120".     The  sides  rr  and  XY  of  xh 
triangleB  are  also  bisected  at  right  angles  by  the  great  circle  ZO 
at  the  points  fl",  y.     Hence, 

sin  re"  =  sin  {rCt"  =  60')  sin  Cr ; 
,'.  sin  ^rr*  =  sin  60*  sin  D (1), 

Similarly,  sin  A  Xr=  sinCO'sinCX (9). 

^Vgain,  since  Zr  =  Zr'  =  90',  Z  is  at  90'  from  every  point  in 
great  circle  rr\ 

90%andC'Z  =  90*-C#" 
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AIao  CZ=^  CT~  CX \  and  from  the  8pUeric«l  triangle  rCc\ 
co8  60*  =  tanCe"cot(?r; 
.'.  J  =  cot  C^  cot  Cf; 
.'.  tanC-rtanf^r=tanC-rtan/>  =  2 (3). 

6.  We  shall  denote  by  c  a  length  on  the  triad  axi8.  such  as 
Ofi  of  Fig.  31 1»  which  is  the  distance  of  the  apex  of  the  axia.1 
pyramid  (often  calJcfl  the  /nrui^menf^l  pyramid)  from  the  pedion 
XYZ;  and  we  shall  denote  by  3a  the  length  of  one  of  the  sides  of 
the      equilateral      triangle 

X  YZ ;  t-ht'  factor  3  heing  ^    ^^———7^ 

introduced  to  avoid  the  re-    r.  ^r — '^^"^"""^^^^^'^  -^^^^bv.  v 
carrence  of  fractions^  and  *'*^^.  ;    /        .j^ 

to  conform  to  the  uuige  of  ^^^'^*s^    \/ ^         ' 

the  crystallographers  who  J^^^^  ' 

l*ke  for  element  the  ratio  ^*     'j      ^"^-Ji, 

e:a.     If  we  take  a  to  be  ^'         /     '  ^ 

unity,  we  may  call   c  the  '^^^^    •       'SZ,,^^-^^-^—^^^^' 

Utunr  element  of  a  rhombo-  '     y;  ^* 

Wfftl  crystal.  Fio,  311. 

"We  shall  now  find  the 
relation  between  c~a  and  D  from  the  geometry  of  Fig.  31 1. 

Since  A  ZaX=W,  and  ZG  bisecte  the  angle  XZ}\  ^  GZX=ZO''\ 

ZO  =  XZ  cos  ZO^^Za  COS  AO" (4). 

Affuxit  by  the  well-known  properties  of  the  centre  of  gravity  of 
Wrujgle,  Zp  -  2pG,  and  ZG  =  SpG. 

.:  p(7  =  acoM30* (4*). 

The  angular  element  D  is  the  angle  ZGO^  the  inclination  of  a 
ul  the  fundamental  pyramid  to  the  pedion.     Hence 

tan/>  =  0/»^pff  =  C4-aco8  30' (5). 

-•.  whena  =  l,  c  =  tan /)  cos  30* (6). 

Die  reader  must  not  confuse  the  a  =  Xl'-  3  of  this  Article  with 
*ii''K'ngUi  OX  which  is  used  in  Art.  3  as  the  Millerian  panimetor. 
'^^■-  two  are  connected  by  the  following  relation. 

OS  sin  XOp  ^  Xp  =  Yp  ^Zp^  2a  cos  30'. 

/.  OA'8inCjr=2acos30' (7). 

If  /)  is  known,  the  angle  CX  is  found  from  (3). 
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^^^1  I.     AcUistous  triifonal  cUiss ;   T\hkl\,  1 

^^^^  7.     The    crystals    of    this    class    having   a    single    triad   axil  I 

H  and    no  other   element   of    symmetry,    the   general    form   conFiste  I 

H  of  a   trigonal  pyramid  such    aw   was   employed   in    the    preceding 

■  articles  to  give  the  axes  of  reference  of  any  rhombohedral  crysUJ.  J 

■  Any  pyramid  possible  on  a  cryat^al  of  the  class  may  be  selected  «  I 

■  the  fundamental,  or  axial,  pyramid  t{100|.  That  pyramid  vtiidi  I 
H  is  most  fre<|uently  met  with,  and  has  the  largest  faces,  is  usiuilly  I 
H  taken  ;  but,  when  clpAVages  are  diHcnvered  parallel  to  the  facte  of   I 

■  a  pyramid,  it  is  most  convenient  to  take  tlic  intersections  of  tfaeite  I 
I  cleavages  for  the  axes  of  reference.  There  is,  however,  no  essentiftl  1 
I  difference  between  the  pyramid  r  {100)  and  that  ha\'ing  the  genenl 
B  symbol  r[hkl],  for  tlie  choice  has  been  gui*led  by  a  desir«  fw  | 
B  simplicity  of  Hymlx}lB  and  facility  of  identification.  1 
I                  The  pedions  r{111}  and  r{lil}  are  two  diiitinct  possible  special 

forms.     They  give  ei^ual  parameters  on  the  axes.  j 

8.  The  iTxyonal  pyramid^  t  \hkl].  From  the  facts  that  the 
axes  are  intcrchangeaible  in  order  and  the  parameters  are  equal,  it 
follows  that  the  form  r  \hkl\  consists  of  the  three  faces : 

hkl,  }hk,klh (a); 

in  which  the  indices  are   taken   in   cyclical   order.     This  cydica) 
order  was  explained  in  Chap,  xv,  Art.  19,  and  was  there  shown 
to  be  a  consequence  of  the  interchangeability  of  lengths  on  axcs| 
of   reference   similarly  placed  with  respect   to   a  tnod  axis.     The' 
fact  that  the  axes  are  no  longer  axes  of  symmetry  at  90*  to  each 
other  in  no  way  affects  the  cyclical  order. 

If  a  plane  (W),  intercepting  on  the  axes  the  lengths  o-^A,  a^^k^ 
a^^-^l  (a  being  OX)t  is  a  possible  face,  then  the  parallel  plane 
(hil)  is  also  a  possible  face;   for  the  indices  ore  rational  untl  onlyj 

L differ  in  sign  from  those  of  the  first  face.  The  second  fa*;e  doe» 
not  l>eloug  to  tlie  form  t  {hkl],  but  to  a  complementary  form  r  {hki\ 
which  includes  the  faces :  _  i 

hkl  Uk,  klh,  I 

Since  the  faces  arc  parallel  to  those  of  t  \hkl]t  the  angles  over 
the  polar  edges  (p.  1 1*2)  of  the  two  forms  are  equal. 
Again,  the  face  (hki)  being  possible,  then  {hlk)  is  also  a  poosible 
face.     From  the  t'qutil  inclination  of  the  axe«  to  the  vertical,  and 
from  tUcir  lying  in  vurtical  planer  at  120"  to  one  another,  it  follows 
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that  the  two  faces  are  equally  inclined  to  the  horizon  and  to  the 
vertical  plane  XOp ;  i.a  {hkl)  and  {Mk)  are  reciprocal  reflexions 
in  the  plane  XOp.  But  {hUc)  belongs  to  a  pyramid  t  {M\  consisting 
of  the  triad  of  faces  : 

hlk,  khl,  Ikh ; 

the  symbols  of  which  are  in  the  reverse  cyclical  order  to  those  of 
r\hkl].  Since  the  faces  of  the  two  pyramids  are  e<iually  inclined 
to  the  horizon,  they  are  geometricAlly  similar ;  and  the  angles  over 
the  polar  edges  are  equal.  But  the  two  pyramids  are  distinct  and 
separate  forms ;  and  they  can  only  be  brought  into  similar  positions 
by  turning  one  about  the  principal  axis  through  an  angle  which 
T&riee  with  h^  k  and  /. 

We  have  also  a  fourth  form  r\filk\y  the  faces  of  which  are 
parallel  to  those  last  discusned.  These  four  forms  being  geo- 
metrically similar  were,  according  to  the  principle  of  merohedrism, 
formerly  regarded  as  tetartohedral  forms  derived  from  the  general 
form  of  class  III. 

9.  The  trigonal  jyrisTn^  r  {Oil }.  Since  the  triad  axis  Op  and  the 
edges  of  the  pyramid  selected  to  give  the  axes  of  reference  are 
possible  rone-axes,  a  plane  containing  Op  and  one  of  the  axes,  OX 
I  (flay),  is  parallel  to  a  possible  face.  Since  tlie  face  is  parallel  to  OX 
the  first  index  is  zero.  Now  the  plane  containing  OX  and  Op  passes 
through  the  line  XpE  of  Fig.  309,  which  ia  the  trace  of  the  plane 
on  the  petlion  ;  and  since  the  triangle  formrtl  by  the  points  Xy 
T,  Z^  where  the  axes  meet  the  pedion,  Is  equilateral,  it  is  clear  that 
YE  -  EZ.  If  the  plane  OXpE  i«  transposed,  remaining  parallel  to 
itA  original  position,  until  it  passes  through  Z,  it  must  in  its  new 
position  meet  the  plane  YOZ  in  a  line  ZY^  parallel  to  OE^  as  shown 
in  Fig.  312,  which  gives  blie  Hues  in  the  plane 
TOE;  for  parallel  planes  meet  a  third  plane 
in  parallel  straight  lines  (Euclid  xi,  16); 
therefore  the  triangles  ZYY^^  EYO  are 
similar.     Hence  (Euclid  vi.  4), 

TJ'.70  =  ZY\EY=^1l:l\  /.  YY=WT) 
jud  OY^=OY. 

Hence  the  plane  in  its  transposed  position 
meets  the  axes  at  distances  OX  ^  0,  OY  -^\^  0Z~  1.     But  the  equal 
lengths  OXy  OY  and  OZ  can  l^e  taken  as  the  parameters.    Thei-efore 
the  face  has  the  symbol  (01 1 ). 


/0\ 


/ 


s 


.1/^ 


Fio.  313. 
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If  the  plane  OXptE  is  transposed  in  the  opposite  direction  w»  u 
to  pfljw  through  K,  it  is  easy  to  prove  that  it  will  meet  OZ  nt  / 
where  OZ^  =  -  OZ,  The  symbol  of  this  new  face  is  therefore  (i'll). 
The  two  parallel  faces  (Oil)  and  (Oil)  are  nut  associated  together 
in  crystals  of  this  class,  but  belong  to  separate  trigonal  prismi 
TJOll}  and  TJOU},  which  are  complementary.  Again,  rotatiuD 
through  120"  about  the  triad  axis  Op  brings  the  plane  OX^B 
into  the  position  OYpF,  and  the  face  (OTl)  into  a  position  in  whifh 
it  meets   OX  at   X^  and    OZ  at  Z^ 


where  OZ^  =  -  OZ.  The  new  face  haa 
therefore  the  symbol  (101).  A  second 
rotation  in  the  same  direction  brings 
the  plane  thntugh  Op  into  the  position 
OZpG\  and  the  parallel  face  to  meet 
OX  at  -\\  and  0  T  at  Y  \  its  syml}ol 
Ls  (1 10).     The  trigonal  prism  t{0T1|,  Fig.  313,  includes  the  faces: 

Oil,  lOT,  TlO (b). 

TliB  anglea  V>etween  the  faces  are  120" ;  and  the  poles  are  tho(W 
marked  <i,  a  and  a"  in  F*ig.  31€. 

The  complementary  trigonal  prism,  tJOITJ,  having  its  faces  also 
parallel  each  tu  the  triad  axis  and  to  one  of  the  axes  of  reference 
consists  of  the  faces  01 1,  101,  110.  Tlie  pules  are  indicated  by  a,  <t-^ 
and  rt^^.  Besides  differing  in  signs  from  those  of  the  lirst  triad  (bjl 
the  symlwls  of  this  lost  triad  of  faces  are  also  in  the  reverse  cyclical 
order  to  those  in  the  first;  hence  there  can  be  only  two  comply 
mentary  forms  having  these  symbols. 


Fio.  313. 


0. 


(8). 


10.     We  shall  now  establish  a  relation   existing  between    t1 
indices  A,  k^  I  i>f  a  face  N  wlit^ri  it  is  parallel  t-o  the  triad  axis,  ix.  ii 

tone  of  the  faces  of  a  trigonal  prism.  From  two  of  the  faces  o 
the  prism  t(011)  the  zone-symbol  can  be  determined,  for  the-so  face^ 
arc  not  parallel  to  nut.'  anotht^r.  By  the  rule  (Chap,  y,  Art.  4)  tb<^ 
zone-symbol  is  [01 1,  101]  ^  [1 1 1] ;  and  by  Wews's  law, 
A  +  A  +  / 
in 
Tl 


Hence  a  face  is  parallel  to  the  triad  axis  when  tlie  sum  of  its 
indices  is  zero :  aoriie  of  the  indices  mast  necessarily  be  negative. 
The  three  faces  of  the  prism  t  \hkl\  have  the  symbols ; 

hki,  fhk,  /•//*. 


THE  TRIOOVAL  PRTSM,   T  [1121 


11.  Thfi  trigoiinl  priant^  r  {113| 
that  of  which  each  of 
the  faces  posaes  through 
i»ne  edge  of  the  equilat<*ral 
triangle  in  which  the  axial 
pyramid  meets  the  pedion. 
The  symbols  of  the  faces 
can  be  found  from  the 
geometry  of  Fig.  314. 

Let  a  plane  be  drawn 
through  XGY  parallel  to 
the  triad  axia  Op,  and  meet 
OZ  in  L.     Tlien  a  plane 


An  important  trigonal  prism 


Fxo.  814. 


through  OZ  and  Op  intersects  the  prism  plane  XYL^  in  the  line 
OL^^  which  must  be  parallel  to  Op.  Therefore,  in  the  plane  ZGL^y 
the  two  triangles  ZOp^  ZLG  are  similar;  for  they  have  the  common 
angle  GZL^^  and  the  third  sides  Op  and  GL^^  are  parallel.  Hence 
(EucUd  VI,  4), 

0L^\  OZ  =  pQ\pZ. 

^t    But(Art  6),p-^-2p(?;   .-.  0^=SOX^. 

^H     Hence,  since   L^   lies  on   the  negative  side  of  the  origin,  the 
^^prism-faoo  XYL^  intercepts  on  the  axes  the  lengtha  OX^  0  Y,  OZ^  2. 
Tlie  Byml>jl  is  therefore  (112).     It  can  also  be  found  from  (8)  and 
the  fact  that  the  face  lies  in  the  zone  [111,  001]. 

Rotation  through  1 20 '  aljout  the  triad  axis  brings  the  face  into 
positions  in  whioli  it  passes  through  the  other  edges  of  the  triangle 
YZ.     The  prism  t  j  1 12|  consists  therefore  of  the  faces : 

112,   211,   121 (C). 

The  complementary  trigonal  prism  T{2n},  Fig.  315,  has  each 

faces   parallel   to   a   face   of   the 

ing   prism,  and    its  faces  can    Ije 

through  points,  such  as  X  ,  Y^^  L  of 

Fig.  315.    Its  faces  and  pules  will  always 

be  dftnotod  by  the  letters  »*,  »«',  r/t". 

The  prisms  in  Figs.  31. 'J  and  315  are 
terminated  by  the  complementary  podions 
^v{nij  andTJlllj. 


Fio.  316. 


12.     The  position  of  tlie  normal  P  to  any  face  {hkl)  can  >>e  given 
the  general  equationa  (1)  of  Chap.  iv. ;  but,  since  the  parameters 

u  c.  23 
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are  equal,  the  equations  can  be  simplified  by  taking  the  puraiuet^r  to 
be  unity.     Hence,  for  the  nomml  P  to  &  face  (fiM),  we  havo 

cosXP     cosTP     coaZP     ooaXP  +  cosYP-^eoBZP 


OP 


(9); 


Ji'm' 


h  k  I  A  +  A-  +  / 

the  Iftst  term  being  obtained  by  adding  the  numoratore  and 
denominators  of  the  three  preceding  ratios  to  form  a  new  ratio 
equal  to  each  of  the  preceding  terms. 

13.  Equation  (8)  connecting  the  indices  A,  k  and  I  vi 
priwn-facft  N  can  also  Ix*  found  from 
equations  (9).  In  Fig.  316,  let  the 
triad  axis,  emerging  at  the  jK>le  C  ( 1 1 1), 
be  the  diamoter  througli  the  eye;  and 
let  X^  Y  and  Z  be  the  axial  points. 
Tlien  the  poles  N,  N'  and  N"  of 
the  tngonal  prism  r  {hhJ\  lie  in  the 
primitive  at  120'  from  one  another. 
Describe  the  great  circles  XK^  YN, 
ZN \  then,  from  the  right-angled  tri- 
angles XmNj  Ym'Nf  Zm"^,  we  have 

cos  XN=  COB  Xm  cos  m.y  =  sin  CXeos  wiy,  A 

cos  YI{  ^  cos  Ym'  cos  jn'N  -Bin  CY  cos  m'iV,  > (10), 

cos  ZN  -  cos  Zm"  COS  m"y  =  sin  CZ  cos  m"N  ] 

BntCZ^CY=CX. 

Tlierefore  adding  equations  (10),  we  have 
cos  XiV  +  cos  YJ^  +  COS  ZN'-  sin  CX  (coe  rnl^  +  ooa  to'A"  -f  cos  r»"iV). 

But  m'N  =  1 20'  -  my,  and  m"2i  -  1 20'*  +  w A' ; 

,-.  coBOT*iV  +  co8wi"iV=oos(120'-w^)4Coa(120''  +  mA^ 

=  2  COS  1 20*  cos  »^^  =  -  coe  mX] 
since  2  cos  120°  =  —  1, 

.'.  cos^A^  +  cos  rJV"+cos^y=  sin  C-I' (cos  miV"- cos  m.y)  =  0...(1I). 

The  numerator  of  the  last  term  of  (9)  therefore  vanishes  wht 

the  fK>lo  (hM)  liofi  in  thn  primitive  {i.e.  when  the  face  is  Uiat  of 
prism)  :  the  denominator  must  consequently  vanish  ;  for  each  of  th< 
terms  of  (9)  is  equal  to  a  finite  length  OP,  that  of  tlie  perpendicuh 
on  the  face  fn^m  the  origin.     Hence,  the  sum  of  the  indices  A,  X:  anc 
I  of  any  prism-face  is  zero,  and 
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14.     The   nmnerator   of   the  last   term   of   equations   (9)    caa 
now  be  expressed  in  a  simplo  manner 
whatever  may  be  the  position  o£   the 
pole  P  (hkl). 

Let  Fig.  317  be  a  projection  of  the 
poles  /*  of  a  pyramid  t  \kkl\,  and  let 
the  diametral  zone  [CP\  meet  the 
primitive  at  N.  Describe  the  g^reat 
circles  PX,  PY  and  PZ,  Then,  from 
the  spherical  triangles  CXP,  C  YP^ 
CZP,  we  have  (McCl  and  P.  Spher. 
Tr\<f.   I.  p.  36) 

XP  -  cos  CJ  cos  C/*  +  sin  CX  sin  CP  cos  {XCP  =  mN), 
r/*  =  008  Cr  COB  CP  +  sin  C  r  sin  C/*  cos  (  rC/*  =  m'iV). 
cos  Z/'^  cos  CJ3^  cos  C/*  +  sin  C-?  sin  CP  cos  (^CP  =  m"iV)  J 

II      But  CZ=CY=CX;   .*.  by  addition, 
Los  XP  +  cos  r/*  ^^  cos  ^P 
[      =  3  cos  CXcos  (?P+  sin  CXsin  CP(co8f»Ar+  cos m'J\r+  cosm'W). 
I     Bat  it  was  proved  in  Art  1 3  that,  for  any  pole  N  lying  in  the 
primitive, 


Fid.  317. 


^ 


•0 


cos  mlf  +  COS  m' A"  +  cos  m"N  =  0. 

/.  cos  XP  +  COB  YP  +  cos  -^/'=  3  cos  CJ  cos  CP, 

Heuce,  equations  (9)  become 

cobXP     cos  TP     cos ZP     3  cos CXcoh  CP 
h 


0P  = 


h  +  k-i- 1 


(13). 


Sphere,    Pig.    317,   is  the  pole  (111)   of   the  parametral  plane,   it 
follows  that   iV,  the  p«jint  of   inU'rsection   of   the  zone-circle   [CP] 
ith  the  primitive,  is  a  possible  pijle  to  which  wo  shall  give  the 
nVtoI  (e/ffY 

JBot  we  have  already  seen  in  Art.  10  that  the  primitive  has  the 
nl*ol  [111];  and  by  Chap,  v,  Art.  4.  the  symbol  of  [CP\  is 
-/,  l~ht  h  —  k].     Hence  the  indices  of  i\^  are  given  in  terms  of 
k  and  /  by  the  following  equations  (Chap,  v,  table  23): 

e^h-k-{l-h}^Zh~-(h  +  k  +  l)^.U-eA 

/=k'l-{h-k)=3k-{h  +  k  +  l)^U-d\ (14), 

ff  =  /  -h-(k-  /)  -  3/  -  (/i  +  *•  +  iT)  =  3/  -  d  I 

23—2 
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where  $  =  h  +  k-¥l — an  aVibroviatiou  wliich  we  sliaU  use  in  the 
cussion  of  rhombohedral  and  hexagonal 
crystals  to  denote  the  sum  of  A,  k  and  /. 

But,  since  there  are  three  poles  W", 
Pf  C  in  the  zone  [CP],  anrJ  two  of 
them,  y  and  C,  are  at  90*  from  one 
another,  it  followH  that  Q  is  also  a  pos- 
sible i>ole.  where  ^  CQ  ^  ^  OP  (Chap. 
IX,  Art.  2) ;  and  the  n.  r.  \NPCQ\  =  1^2. 
Let  the  symbol  of  Q  Ije  (pqr) : 
it  is  re<iuirwi  to  find  the  relations  con- 
necting the  indices  of  P  and  Q, 

Now.  u.  R.  \NPCQ\  gives 

mnNP     sinQP     1 
8iniVC"sin<2C"2 


Ss- 


e/9 
hid 

111 

**- 

fMfr 
hkl 
pqr 
111 

(15). 


Employing  the  first  two  columns  in  the  a}x»ve  expression,  we  h&ve 
1      ek  —fh     pic-gh  ^ 

^3' 


from  (U), 


;)(2tf-3ifc)  =  ff(2e-3A). 
(by  symmetry) 


I 


,..(16), 


'•  2^-3A     W-^k     '  -^    ■' ■"  2^-3/ 

Thee<iuality  of  the  third  ratio  involving  r  and  /  to  the  others 
in  (16)  is  inferred  from  the  symmetrical  manner  in  which  the 
several  indices  eiit^ir  luto  the  expression  (15)  for  the  harmonic 
ratio.  It  can  Ijc  proved  by  taking  together  either  the  second  and 
third  columns  of  the  right  side  of  (15),  or  the  first  and  thirtl. 

\Vc  have  now  to  eHtablish  tliat  the  signs  of  the  equivalents 
for  {pqt)  given  by  (16)  are  correct.  To  prove  tins,  we  add  the 
numerators  and  deuomiuatorsi  together,  when  we  find  each  ratio 

"66'-3(A  +  ^  +  0  3fl      ^     '■ 

From  the  equations  of  the  nt»nnals  to  /*  and  (?,  Art.  1 4,  we  have 
cos  XP     cos  YP     co&ZP     3  cos  CX  cos  CP 


OP^ 


OQ^ 


h 
owXQ 


k 
COB  YQ 


T 


gobZQ     3coe<7Zco8(C<?  =  C.P) 
r      ~  p+q+r 
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numerators  of  the  last  ratios  in  tlie  equations  of  the  two 
normals  are  equal.  Hence  the  deaominators,  $  and  p-*-g  +  r,  must 
be  both  positive  wlien  P  and  Q  are  alwve  the  primitive;  and 
both  negative  when  the  two  pt>Ie«  are  below  the  primitive.  Hence, 
expression  (17)  is  positive.  The  pole  Q  given  by  the  ratios  (16) 
is  therefore  on  the  same  hemisphere  as  P,  as  is  required  hy  Fig.  317. 
The  relations  between  the  indices  uf  P  and  Q  can  also  be  given 
aa  foUows : 

p  =  2e-3h=^--h  +  2k+2lA 

q  =  2e~3k=^  2h-    *+20 (18). 

r  =  2^-3;=  2A  +  2A-   l] 

The  Huni  />  +  y  +  r  =  3  (/t  +/:  +  /)  ;   hence  the  sums  of  the  indices 
both  positive  or  lx)th  negative  at  the  same  time. 


16.     Fmm  equations  (16)  or  (18)  it  is  easy  to  obtain  expressions 
r  ht  k  and  /  in  terms  of  p,  q  and  r ;   so  that>  Q  being  the  known 
pole,  P  (the  unlniown  one)  is  determined  fi*om  Q, 
For,  adding  together  equations  (18),  we  have 

/>  +  9  +  r  =  6^  -  3  (A  +  >S:  +  ^)  =  3  (A  +  X:  +  /)  =  3d. 
Hence,  9A  =  2  (;>  +  9  +  r)  -  3/>,j 

U  =  2(p-\-q-¥r)-Zg}> (19). 

9/  =  2(;)  +  9  +  r)-  3rj 

The  common  factor  is  cancellwl,  when  the  indices  are  introJuced 
into  the  syiiiliol. 

Poles,  such  as  P  and  C,  connected  together  by  the  relations 
ven  in  (IG)  and  (19)  will  be  called  dlrhomhohedraf  p^ile^. 
They  belong  to  separate  forms,  which  will  be  Cidled  dirhomboftedrtU; 
for  the  forms  are  geometrically  simiKir  in  each  dona  of  the  system, 
and  the  angles  between  adjacent  faces  of  the  one  form  are  equal  to 
tho»e  between  corresponding  faces  of  the  other.  If  the  forms  tKxur 
together  equably  developed,  they  will  compose  liexagonal  ur  dihexa- 
gonal  pyramids  according  to  the  cla**  t^j  wIulIi  the  crystal  belongs. 
U  But  the  forms  are  independent,  and  when  tfoth  are  present  it  is  often 
I  easy  to  distinguish  by  their  physical  characters  the  faces  of  the  one 
^^rom  those  of  the  other. 

^^  17.  The  Htudent  should  Injar  in  mind  that  the  indices  of  the 
faces  of  a  general  form  neefl  not  lie  all  positive,  and  that  there  may 
be  several  forms  on  a  crystal  in  which  one,  two,  or  all   three,  of 
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the  indices  may  be  nogativc  Thus  in  the  prism  r|OTl[,  ono 
of  the  indices  is  always  negative;  in  T{2ll)t  two  are  always 
negative. 

Tt  is  therefore  often  necessary  to  determine  on  which  hemisphen* 
of  the  sphere  of  projection  a  pole  lies ;  or,  wimt  is  the  same  thing, 
to  determine  whether  a  face,  having  a  knt)wn  synilio!  (h/e/),  nieeta 
the  triad  axis  at  the  end  which  is  above  or  below  the  plane  of  the 
primitive. 

For  this  purpose  the  last  term  iti  equations  (13),  vU. 

3co3CJoobC/* 

hTkTl      ' 

affords  a  reafly  teat ;  for  the  ratio  must  be  always  positive.  But, 
since  A  CX  is  less  than  90  ,  the  sign  of  the  numerator  depends  on 
the  value  of  A  CP.  But  cos  CP  is  positive  when  CP  is  less 
than  1)0* ;  the  denominator  muHt  then  Iw  also  positive.  Hence, 
h  +  k  +  I >0j  for  (iny  pole  lying  al>ove  the  paper  in  the  stereogram. 
Fig.  317  ;  and  fur  any  face  which  meets  the  triad  axis  on  the  side  of 
the  origin  directed  upwards. 

But,  if  CP  is  greater  than  90",  then  oos  CP  is  negative ;  an 
A  +/t  +  /<0.  Hence  the  sum  of  the  indi<^s  of  a  face,  meeting  th 
triad  axis  at  the  end  directed  downwanls,  is  negative. 

The  positions  of  the  poles  with  reference  to  the  zone-circles 
[rV],  [r'r],  [>"r'],  are,  similarly,  determined  from  the  second,  third, 
and  fourth  terms  of  equations  ( 1 3)  respectively.  For,  if  /j  is  puaitive, 
cos  XP  is  positive,  and  XP  is  less  than  90'.  If  A  =  0,  cos  XP  =  0 ; 
and  AA7'-:90':  the  iH>le  P  then  lies  on  [rV"].  Hence^  C/*  being 
less  than  90",  P  lies  on  the  same  side  of  [rV]  as  C  when  /i  is  positive: 
and,  when  h  is  negative,  A->r/'>90',  and  P  lies  on  the  side 
[rV]  remote  from  C,  Similarly,  when  k  is  pi)sitive,  P  lies  on  tli 
same  aide  of  [r"r]  aa  C ;  and  when  k  is  negative,  P  and  C  lie  oi 
opposite  sides  of  [r'V],  In  the  same  way  t  is  positive  when  C  and 
are  on  the  Bamo  side  of  [rr'] ;  and  /  is  negative  when  C  anil  P  are 
on  opposite  sides  of  [rr'J.  Tlicse  relations  are  general,  and  hold  for 
all  classes  of  the  system. 


i 


e: 

I 


18.  It  was  shown  in  Art.  8  that,  for  any  particular  values 
hf  k  and  /,  twu  similar  pyramids,  t  \fihl\  and  t  \yk\,  are  possible,  the 
faces  {hkf)  and  (htk)  of  whicli  are  reciprocal  reflexions  in  the  vertical 
plane  XOp.  Similarly,  the  other  faces  of  the  two  pyramids  are,  in 
pairs,  reciprocal  reflexions  in  XOp ;  viz.  (IhJc)  and  {Ikik)^  (WA)  and 


I 


d 
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{kUf).  The  pyramids  are  therefore  enantiomorphous ;  ami  the 
crystals  should  rotate  the  plane  of  polarization  of  a  beam  of  plane- 
polarized  light  transmitted  along  the  triad  axis.  This  has  l>een 
established  in  crystals  of  sodium  periodate.  The  enantiomorphism 
can  only  be  recognised  geometrically,  when  pyramids  are  present 
having  their  normals  in  aziniutliH  ditfering  from  fiO" ;  ttius,  in 
Fig.  318,  the  angle  between  the  azimuths  containing  the  normals 
(010)  and  (185)  is  16°  6',  that  between  the  zone-axes  [111,  100] 
and  [111,  504]  in  Fig.  319  is  49*  6'. 

The  triad  axis  is  uniterminal,  and  should  he  a  pyro-electric  axis: 
this  does  not  seem  to  have  been  ])roved  for  crystals  of  sodium 
periodate. 


19.  Crystals  of  aodium  periodaU^  Nal0^.3H^0,  belong  to  this  clrtss. 
Figti.  31H  and  319  represent  [ilans  on  the  jwdioii  r[lTl)  of  twu  cryHtab 
descrilied  by   Professor  Oroth  {Poifg.  Ann,  cxxxvii,  p.  436,  1869);    the 


Fm.  318. 
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forms  being:  r-r{UK)}  and  c,—t{\\\\  (both  largely  tievelo|)ed),rf=T|on}, 
«— t{111J,  r=T(ft04),  and  /=T{l8r>|.  On  such  crystals  the  angle  f/,  or 
the  angle  rr\  may  bo  moasurod.  lu  the  former  ause,  the  angular  element 
/)=180*-c/=5r37'6'  is  obtiiiiied  by  direct  obeervation.     Mcwurement 

An^=100A010  gives  85^31'5',  from  which  J)  is  calculatc<l  by  equa- 

u  (1). 

The  angle  D  being  known,  the  height  c  of  the  ajrex  of  r  above  the  ]>cdiou 
ia  found  &om  oquution  (5)  in  terms  of  the  sides  of  the  triangular  base  :  it 
is  1-0937. 

The  crystals  rotate  the  plaue  of  polarization  of  a  beam  traversing  them 
in  the  direction  of  the  triad  axis  ;  and  sometimes  the  rotation  is  to  the 

ht,  sometimes  to  the  loft:   those  shi>wn  in  the  figures  arc  lajvogyral. 

iiipoMitc  crystals  are   sometimes  obtained,  which  show  in  cuuvergent 

larise*!   light   Airy's  spirals  :   such  crystals  are   generally  j-ogardod  as 

ins  of  a  dextro-  and  a  lievo-gyral  crystal  united  together  along  a  common 
uu  ;  the  U-lscs  c,  of  both  living  luu-jdlel  and  directed  outwards . 
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TI.     Dipiohedral  Irlgoruil  class;  ir  JAA/|. 

20.  When  a  centre  of  symmetry  is  associated  with  a  triad  axis, 
no  other  element  of  symmetry  ia  uecessjirily  invulved.  The  cUe 
huving  theue  two  elements  of  symmetry  we  Bbiill  call  the  diploKta^ral 
trigonal  class ;  it  has  been  known  as  the  parallel-faced  liemihednl 
class  of  the  system. 


i: 


Owing  to  the  triad  axis,  any  face  r,  Fig.  330,  inclined  at  a  finite 

anj^le  (other  than  90')  to  the  triad  axis  is  repeated  in  two  similar 
faces  r  and  r",  which  have  to  onu  another  the  relations  of  the  three 
faces  forming  a  pyramid  in  the  last  class :  hut,  since  the  crystals 
are  centro-symmetrical,  the  above  three  faces  are  associated  with 
three  similar  faces  ?,  t*,,  r,^,  eacli  parallel  to  one  of  the  first  set 
The  first  set  of  faces  meeting  at  nn  apex  T,  the  second  set  may  be 
drawn  through  an  apex  V^  at  an  equal  distance  from  the  origin. 
But,  since  the  face  r(y^^^^^^)  meet*  tlie  parallel  faces  r"  and  r  ,  the 
edges  Yfi^  and  /i;*^^  must  be  parallel  (Euclid  xr,  16)  :  and,  since  the 
face  r  meets  the  parallel  faces  r'  and  r^,  the  edges  Vfx  ^  and  /i  /i  must 
also  be  parallct.  Hence  the  face  IV,'*/*..  ^  ^  parallelogram.  It  is 
also  a  rhombus,  for  the  two  si<lcs  Vft^^  and  I'^t,,  meeting  at  the  apex, 
are  interchange/ihle  wlien  the  crystal  is  turned  through  120°  about 
the  triad  axis.  Similarly,  every  other  face  can  be  shown  to  !«  an 
e^jutvl  rtnd  similar  rhombus.  Hence  the  form  is  a  rhomboif^droa  ^ 
and  it  has  given  the  name  to  the  system.  Wc  shall  call  the  like  and 
interchangeable  edges  which  meet  at  the  same  apex,  such  as  F, 
co-polar  edges  \  those^  like  /i^^x,  /a/i^^,  A'c,  which  occupy  a  middle 
position   the   vicdian  edges. 
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2L  Since  the  three  faces  meeting  at  one  of  the  apices  are 
siiuilar  to  the  faces  of  the  pyniuiid  selected  in  Art.  3  to  give  the 

I  axial  planes,  we  may  take  the  axes  of  JT,  }'  and  /?"  to  be  three  lines 
through  the  middle  point  O  parallel,  respectively,  to  the  co-polar 
I'  edges   K^    ^, Mt    ^^m'  **^   some  conspicuous  rhomlx>li(^ron.     This 

Irh(imlx)liedrou  we   shall    therefore   call    the  /ntufam^ntni   rhombo 
Wlron ;  and  we  shall  denote  its  faces,  and  their  poles,  by  the  letters 
r,  r\  r",  Ac, 
1        We  shall  also  take  the  tipper  face  of  the  pinakoid  perpendicular 

ito  the  triad  axis  for  the  parametral  plane  (HI).  Tlje  (larameters 
are  therefore  equal ;  and  may  lie  taken  to  be  unity,  or  any  three 
I  equal  lengths  on  lines  parallel  to  the  axes  such  aa  F/IA,  V^M'  =  FJ/,, 
[and  V^M"  of  Fig.  320.  The  forniulre  of  computation  and  the  rela- 
tions l>etween  the  several  li«o«  of  the  axial  and  parametral  planes 
established  in  preceding  Articles  hold  for  crystals  of  this  class ; 
and  need  not  therefore  be  repeated. 

Tlie  fundamental  rhombohedron  r{100|,   Fig.   320,  includes  the 
^  following  faces : 
^fc  100  010  001   Too  010  OOT (d). 

[  22.  Any  face  {hki)  inclined  to  the  triad  axis  at  a  finite  angle 
(other  than  90")  gives  rise  to  a  rhombohedron  v  {AH},  which  includes 
the  faces : 

m  llJc  klh  hkl  Ihk  klh (e). 

^Bj*he  only  limits  to  the  relative  magnitudes  of  ky  k^  and  /  are :  (1) 
TvR,t  they  cannot  be  all  equal,  and  (;2)  that  k-^-k-^  ^>0. 

7.  If  h-k  =  /j  tha  face  belongs  to  the  pinakoid  jlH[,  which 
includes  the  faces  (111)  and  (111),  both  perpendicular  to  the  triad 
axis. 

j^Htf.  WJ»en  A+A  +  /  =  0,  the  face  is  parallel  to  the  triad  axis 
|MR  the  form  v  \hki\  consists  of  a  hexag^fual  prism,  adjacent  faces  of 
which  are  inclined  to  one  another  at  angles  of  GO".  The  symbols  of 
the  faces  of  the  prism  7r\hkf\  are  givtu  in  table  e,  the  difference 
between  the  symbols  of  the  general  form  and  of  a  prism  arising 
from  the  particular  relation  between  the  indices;  thu.s,  jlOl},  {21  If, 
ir{3:Jl;,  IT  {431}  are  hexagonal  prisras^  Tr|42lJ,  3r{42T}  are  rhombo- 
hedra. 

The  rhombohedron  {lOOJ  is  not  a  special  form:  it  only  difiers 
from   other  rbombohedra  inasmuch  as  the  axes  of  reference  have 
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btxMi  taken  parallel  to  its  three  copolar  eclges.  Similarly,  the  parti- 
cular ca.seH  of  the  hexagonal  prisms  {01 1  [;,  [21  \\  difler  in  no  esspntiMl 
resp<H^t  fniiii  the.  hexagonal  priani  ir  \hkl\  :  they  include  six  facei 
which  are  geometrically  identical  with  those  of  the  corresponding' 
pairs  of  complementary  prisms  of  the  last  class,  and  in  the  case  of 
the  two  former  with  the  six  faces  given  in  tables  f  and  g  of  class  UI. 

Crystallogntpliers  have  not  always  agreed  as  to  the  rbombuhedrun 
to  be  Helected  to  give  the  axes,  i.e.  as  jlOOJ.  By  comparing  the 
values  of  I)  or  r,  given  at  the  beginning  of  the  description  of  th« 
crystalSf  it  is  easy  to  see  whether  the  same  fundamental  rhombohe- 
dron  has  been  selected  or  noL  Thus,  in  diopULse,  CuHySiO^,  Miller's 
{100}  is  Dana's  {11  If.  The  faces  are  those 
IalM>lIed  «  in  Fig.  321.  Dana  dot^s  not  indeed 
arlupt  a  set  of  axes  such  as  that  descrilied  in 
Art.  3^  but  employs  four  axes  which  will  be 
uxpluint'd  in  the  next  rhapt^^r.  But  in  tnius- 
forming  from  Dana's  n'preaentation  to  Miller's, 
the  fundamental  rhombohedron  is  not  the  same. 
Miller  took  «,  the  rhombohedron  most  conspicu- 
ously developetl  on  the  crystals,  to  be  {100|; 
Daua  selected  as  axial  rhi>mlK>hedron  that  which 
is  parallel  to  the  cleavages  and  truncaten  the 
polar  edges  of  «,  which  then  becomes  {111}.  Hence  Miller  s 
/>-(lllM00)  =  50'39';  whilst  Dana's  Z)=(0001  A0rn)=3r40', 
and  this  latter  angle  is  Miller's  (111  AOll).  The  two  angles  do  not 
quite  accord  ;  for,  if  Dana's  value  is  accepted  as  correct^  then  Miller's 
aiij,'li3  sbuulil  l>o  50 "  58'. 

TJie  (Jreek  prefix  ir  is  omitted  l»efore  the  brackets  in  the  syinlwl 
of  the  form,  whenever  two  of  the  ii»dice«  are  equal  or  the  forms  aro 
one  or  other  of  the  hexagonal  prisms  {011}  and  !2I  1} ;  for  in  these 
cases  the  forms  are  geometrically  identical  with  the  corresponding 
forms  of  the  next  class,  which  was  by  Miller  regarded  as  thft 
holohedral  cla.H.s  of  the  rhoml>ohe<lni1  system.  We  shall  find  that 
one  or  other  of  these  forms  belongs  also  to  other  classes  of  the 
system. 

23.     Crystals  of  dioptase^  CuH^SiO^,  and  phenakite,  BejSiO, 
belong  to  tfiis  class. 

Fig.  321  represents  a  crystal  of  dioptatte  in  which  the  faces  «  an 
{III),  «  =  irjU3},  a;  =  IT {221}  and  « {Oil};  the  above  symlwls  being 
olitained   from   Dana's  fundamental   rhombohedron      Measurement 
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one  of  tlie  zones  [asom^x']  aaffioeH  to  determine  the  symbolB  of  all 

faces  by  means  of  the  A.  H.  of  four  tautozonal  faces;   for  the 

rnibols  of  «'(lll),  a^^(\\0)  and  s(lll)  are  easily  rletennined  from 

ie  assumption  of  the  fundamental  rhombohedron.     The  angles  are  : 

X  =  28"  iS\  a^2  -  39"  31',  a^^s^  a^/  --  47"  43'. 

Two  cry«tal»  of  p/nmniri/^  from  Colorado,  d6scril>od  by  Prof.  Peiifield, 
represented  iu  Figs.  332  and  323.    The  jwloa— indicated  by  the  same 
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letters— are  represBnUyl  in  Pig,  324.  Thu  forma  are;  rjlOO!,  d\\0\]y 
p  (on  the  right  of  rf,  Fig.  323)  =  fr  {201],  p'  (Ireing  p  on  the  left  of  d) 
-ir{102}.s=iT23),.r«7r{21l},  .v,=Tr{lT2}.  o  =  7r{3Tl},  #  =  frf20T},  a-IlIO}, 

It  should  bo  noticed  that  r  and  2,  p  and  p\  are  dirbombobedral  forms  ; 
d  that  the  indices  of  the  faces  of  the 
p  and  p\  X  and  x,.,  are  in  reverse 
CfjcUcal  orders.  The  faces  of  the  latter 
pairs  of  forms  Jire  assfwiated  together 
in  class  III  ;  and  the  mem1)crH  of  each 
pair  may  therefore  be  regarded  iis  com- 
pleuieiitary  forms.  The  symbtjl^  of 
the  forms  can  be  determined  by  obser- 
vation of,  and  measurement  of  the 
angles  in,  a  few  of  the  more  imix>rtant 
zones  ;  for  in  most  of  them  the  indices 
of  three  or  more  poles,  such  as  a,  m,/', 
3,  are  immediately  found  when  r  is 
selected  for  the  fundamental  rhom- 
bohe<lnm  {100}. 

Thos.  r  I'M  in  E*^™']  "•''d  [nr],  and  is  (ill) ;  also  »'  is  (212).  and  x  is  in  [ar] 
and  [mr"]i  it  is  therefore  (2il).  Similarly,  o,  p  and  d  are  in  pairs  of  zones. 
the  «ymboU  of  which  are  rcadilj'  detunnhiod,  asd  therefore  Itw  indices  ol  the 
Caeca. 
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We  o«n  dekormlne  the  element  X>,  and  the  aymboU  of  p\  p  and 
mcoBarementof  thozoQe[a,,rd;M].  For,adopttngft«tuGaBured  angles,  o"«  =  28^21'. 
aV  =  58°  18*,  a'>  =  7&'  22*,  a"rf-ilO',  a"p'=  101''  38' ;  then,  from  the  ri«ht-AngI*d 
trinDglo  Cdr  {C  being  the  central  |)ole  (HI):  at)  the  pinakoid  U  Dot  actual^ 
present,  the  pole  is  not  shown) 

sin  dr  =  sin  C0°  sin  I)  (see  Art.  5). 

Baft  rfr=9(y-rt,/  =  3r«';    .-.  D  =  37   21-3'. 

Again,  d  being  the  pole  between  p  and  p'  in  whioh  the  xoneii  [a"r]  and  [r^n. 
inttsrseot,  then  d  is  0 10) ;  and  since  it  is  at  OO""  from  a",  tku  a.  b.  {iiV<d|  gin 


Up  g'V 

tan  (i"« 


iio 

110 

010 

110 

■^ 

010 

no 

hkO 

hkO 

k  +  h' 


L  tan  (a'V«58°  ld')  =  10-20028 
Ltan(a"»  =28^  21')-    U-73205 
•47723: 
.-.  A  =  I,  fc  =  2; 


k-h 

k  +  h 


log  3. 


and  the  Bymbol  of  «  is  [120). 

Siinilarly,  for/i  in  the  same  zone  we  have  from  the  a.  b.  {a^r'pd) 

tan(«'>=7a= 


A  +  Jk 

k-li 


computation. 


tan  (tt'V  =  58*=' 18'. 
.*.  A  =  landib  =  3:  andpiB(120). 

Being  given  a£=62°  17'  and  ao=70'  42',  we  oan,  in  a  similar  manner,  M 
the  NymbuU  of  x  uud  o;  for  (ir  =  90^,  and  iif  can  be  eiuiily  fouud  fiom  tba 
right-angltid  apherical  triangle  m^a/'  in  which  \am,  and  a  nxm,  —  A  rm  are  bwi 
known.     Or,  conversely,  knowing  ;r  to  be  (2ll),  we  can  find  the  angle  ax. 

Thns,  tan  a/'^tan  (w/i  =  30^)-5-eo8(mrt/'  =  iFir)  =  tan30-i-ain37'*21-3' | 
,*.   by  computation,  o/'  =  43^34'6'. 

And,  nnoe  nr  — 90'',  we  haro  from  the  a.  a.  {af'zr\ 

tan  ax 


tan(o/'=43°34-6') 


Oil 

100 

all 
oil 

+ 

2ll 
100 

111 

111 

=2; 


.-.  by  computation,  ax  =  62°\G-7.V. 

Tlie  utereoqrnm,  Fi^.  324,  is  made  as  follows.    The  primitive  being  d< 
with  any  cunvenicnt  raiUus,  area  of  30*^  are  measured  off  on  it,  and 
zones  through  those  points  are  then  drawn.     The  altemalt*  points  at  60^ 
one  another  are  the  poles  a  {Oil!,  the  other  alternate  points  arv  tbe  \>oi 
m{2ni.    On  the  radius  through  m  an  are  rin«90"'-37-  21-3'  is  uark«ed 
(Otiap.  VII,  Prob.  1);  and  the  homologous  poles  r*,  r"  as  well  as  the  dir] 
hedral  poles  z,  t\  i"  are  then  found  at  thu  same  distauoe  from  the 
The  xonc-pirclos  [ar],  [n"r],  [mi'l  [m"r]  are  then  described,  and  fix  th« 
tiona  of  all  the  poles. 
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III,     Scalenohedral  class  ;   jAXVf. 

This  class,  tlic  mcwt  important  one  of  the  fiystem,  may  he 
erived  from  class  II  by  the  inti'oduction  of  a  dyad  axis,  or  plane 
[  vymmetry.  Suppose  a  dyad  axis  to  be  added  to  the  elements 
^pmnietry  of  class  II ;  it  must  be  at  right  angles  to  the  triad 
W^  or  it  will  introduce  other  triad  axes,  thus  contravening  the 
^nitioD  of  the  system,  viz.  thai  the  cryatala  have  only  one  triad 
as:  the  cases  in  which  there  are  several  triad  axes  have  been  dis- 
lased  in  Chap.  xv.  But  a  dyad  axis  perpendicular  ta  the  triad  axis 
Hat  be  associated  with  two  other  like  and  inteivhan^eabJe  dyad 
ces,  both  of  them  at  90"  to  the  principal  axis  and  at  120"  t<>  the 
•st  dyad  axis  and  to  one  another.  Again,  a  centro-fi^Tiiiuetricnl 
ystftl  must  have  a  plane  of  symmetry,  2,  perpendicular  to  each 
fad  axis.  There  must  therefore  l>e  three  like  and  interchangeable 
lanes  of  symmetry  iutensecting  in  the  triad  axis  at  aiiglcM  of  GO", 
he  crystals  of  this  class  have  therefore  the  following  elements  of 
imimetr)':  p,  35,  C,  35.  The  arrangement  of  the  planes  and  axes  of 
ymmetry  is  shown  in  Fig.  325. 

The  triad  axis  is  a  possible  zone-axin,  for  it  is  the  line  of  inter- 
■^tion  of  three  planes  S,  which,  by  Chap,  ix, 
rop.  1,  are  parallel  to  possible  faces.  It  is 
"0  per|)endicnlar  to  a  possible  face — that 
•fftllcl  t<i  the  three  dytui  axes.  Tlie  central 
Une  parallel  to  this  face  will,  in  this  aikd 
^»e  hexagonal  systems,  l*e  called  ihi'  equa- 
^fiai  pl/ine :  it  is  not  a  plane  of  symmetry 
K  Crystals  of  this  class. 


25.  The  rhombofifidron^  |lOOj.  Since  a 
f^  axis  is  a  possible  zone-axis,  a  form  is 
Ksible  having  a  face  parallel  to  this  axis,  and  perpendicular  there- 
re  to  the  plane  of  symmetry  of  which  the  dyad  axis  Is  the  normal. 
lien  the  face,  a«,  for  instance,  Vfijifi^^  of  Fig.  326,  is  inclined  to 
B  triad  ajcis  at  a  finite  angle,  other  than  90^  there  will  be  three 
;h  £Ace8  meeting  at  an  apex  in  the  triad  axis,  each  parallel  to  one 
the  dyad  axes  and  perpendicular  to  the  corrcspondirifr  plane  of 
nmetry.  Again,  since  the  cryatal  is  centro-symmetrical,  there 
II  be  three  like  faces  meeting  the  triiul  axis  at  an  opposite  apex, 
th  of  them  l)eing  parallel  Ia  a  <lyad  axis  an*]  jM^rpenflitadar  to 
te  ^     But  a  face  parallel  to  a  dyad  axis  is,  by  a   rotation 
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of  180°  nbout  this  axis,  brought  into  the  p<tiiitJoii  vt  the  paraiW 
face.  Thus  the  panille!  faces  T/i^/i/t^^,  T/i'/i/i"  are  parallel  to  OS  And 
interchangeable  by  a  Beiui-revolution  alx>ut  it.  Again,  the  faoai 
VfA^fi'Ji  and  V^/xfi/x"  change  places  when  the  crystal  is  turned 
through  ISO"  about  the  axis  OS  bisecting  the  edge  fi,^"  at  right 
angles.  The  facefi  meeting  at  opposite  apices  are  therefore  sym- 
metrical with  respect  to  the  dyad  axes ;  and  no  new  faceu  in 
introduced  by  them.  Similarly,  no  new  faces  are  introduced  by  tU 
plane«  of  synmietry,  each  of  them  being  perpendicular  to  a  yait 
of  parallel  fa<;os,  and  bisecting  the  angles  l)etwo*n  the  pairt)  of  other 
faces  meeting  at  on  apex.  The  figure  is  geometrically  aimilar  tu 
that  de8cril)ed  in  Art.  20,  and  is  a  rhomlwheflron. 

In  Fig.  326  the  dyad  axes  lire  the  lines  OS,  05',  Or  :  theyjasi 
each  th]*uugH  the  middle  poiutK  of  opposite  median  edges,  e.g.  /t,/ 
and  /*V,,,  ifec,  and  are  perpendicular  to  the  edges  which  they 


The  planes  S  pass  each  thivugh  a  pair  of  parallel  j>olar  e<iic»w,  »' 
alsu  through  the  pttlar  ditujonaU  of  tiie  |»ir  of  fac<w  to  which  tl» 
are  respectively  perpendicular.  Tims  2  passes  through  the 
edges   VjLf    F',/i,  and  through  the  |K»lHr  diagonals    T/i  and   Vj. 

26,     As  V>eff>re,  the  axes  of  X,  Y  and  Z  are  taken  parallei 
the  thret?  ct>-polar  etlges  of  any  possible  rhombohedron»  which  in 
called  the   fundamental   rhomboh*M.lr»»n ;    its  faces  are  denutwl 
r,  r\  Ac.     The  axes  lie  each  in  one  of   the  planes  of  aymmd 
and  we  shall  consider  XX ^  of  Fig.  309  to  lie  in  2.  KX,  in  2"  and 
in  2"  :  they  arc  parallel,  respectively,  to  KJ/,  VM^  and  I'J/.,. 

The  points  8  and  ^f  of  Fig.  326  are  projected  in  the  mai 
described  in  Chap,  vi.  Art  19 ;  Oh'  being  placed  in  the  prolongAt 
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lyC  of  Fig.  51:  the  rhomhohedral  axis  KF  which  is  perpendicuW 
05'  is  consequently  in  the  plane  CyA\  and  this  plane  coincides 
ith   2'.     The  poBitive   direction   of   the   rhombohedi-al   axis   OX 
QJects  to  the  front  and   riglit  in   a  vertical    plane  through   Cy 
lolined    to   jyCy  at   an   angle   of   30*".      Similarly,    the   negative 
irection  of  OZ  lies  to  the  front  and  left  in  a  vertical  plane  through 
ry   inclined   to  D'Cy  at  an  angle  of   30°.     This  arrangement  is 
adopted  in  Chap,  xvn  in  the  representation  of  hexagonal  crystals 
rhom)K>hedral  axes. 

Or  we  may,  os  is  the  case  in  most  of  the  drawings  of  calcite, 
Oh^^  in  tlie  back-and-fore  axis  CA'  of  the  culw  projtx^tod  in 
61,  when  the  axLs  ZZ^  lies  in  the  plane  D'Cy  which  now 
coincides  with  5".  The  rhomltohedral  axes  OX  and  OY  lie  in 
vertical  planes  inclined  to  D'Cy  at  angles  of  60"  on  opprtsite  sides 
of  it.  The  vertical  planes  containing  the  axes  of  reference  are  now 
in  azimuths  inclined  at  30"  to  those  of  the  first  position. 

Cy  is  the  unit  of  length  on  the  triad  axis,  and  OV  —  ck  Cy, 
the  linear  element  c  being  connected  with  D  by  equation  (6). 

The  methml  of  (inding  the  rhoniUjhedral  axes  from  Naumann's 
projection  of  the  cubic  axes  is  the  same  as  that  described  for  the 
case  where  Moha'  axes  serve  as  basis. 

The  parametral  plane  (111)  is  taken  to  be  the  face  perpendicular 
U>  the  triad  axis  and  parallel  thei-efore  to  the  dyad  axes  OS, 
08*,  Ofi",  The  parameters  may  therefor©  be  taken  to  be  any  throe 
equal  lengths  which  may  be  convenient;  and  in  theoretical  ex- 
pressions, such  as,  for  mstance,  the  e<iuations  of  a  normal,  may  be 
taken  to  be  unity.  The  expresHiuns  estjibliwhed  in  Arts.  5,  6, 
12 — 16,  hold  therefore  for  crystals  of  this  class.  The  angular  element 
D  is  the  inclination  U'i  the  e<iuatofial  plane  of  etvch  fac<:  of  the 
fundauientfl.!  rhornlHilu'Hmn,  and  is  the  angle  Cr  =  111  A  100.  It  is 
coniiectetl  with  tiie  angle  l>etwet)n  the  faces  r,  r'  by  equation  (1), 
with  c  by  equation  (6),  and  with  tlie  inclination  of  tlic  axes  of 
reference  to  the  principal  axis  by  equation  (3). 

27.  Other  special  forma  are  the  pinakoid,  and  hexagonal  and 
dihexagimal  prisms. 

/.  The  pinakoidt  \\\\\t  consists  of  the  foce^  (^H)  '"'^^  (m)» 
W)th  perpendicular  to  the  triad  axis. 

2.     The  h^xagmml  priam,  \\  10}.    When  a  face  is  parallel  to  one  of 

le  planes  of  symmetry  %  (say),  it  is  parallel  to  the  axis  of  reference 

in   this   plane :    the   corresponding   index    is   therefore   zero. 
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Thus,  in  tlie  iKirticulur  instance  of  the  face  iwing  {Mirallel  to  JfT, 

the  first  index  in  zero.     The  relation  between  the  two  otiier  iinlkm 

can  be  obtained  from   the  geometry  of  Fig.   309   in  the  manwr 

doflcribod  in  Art.  9.     Hence,  tlie  pair  of  faces 

parallel  to  S  and  to  XX ^  are  (Oil)  and  (01 1) : 

they   are   perpendicular   to   0&       By   rotation 

about  the  triatl  axis  through  120",  the  two  faces 

are  brought  successively  into  positions  in  which 

they   are   parallel    to    TY^   and   £Z^   and    ar^ 

respectively  perpendicular  to  O^  and  OS".    The 

fonn.  Fig.  327,  i«  therefore  a  hexagonal  prism 

having  the  faces : 

oTi  loi  110  on  101  110 (f). 

The  angles  between  adjacent  faces  are  clearly 
all  fi0°.     The  prism  is  constructed  by  drawing  lines  through  tht 
points  ft,  fi^t  fi\  ifec,  of  Fig.  32(>  parallel  to 
the  principal  axis. 

S.     The  hexagonal  pri^m,  j^i  M-     When  a 
face  is  parallel  to   the  triad    axis   and  to  a 
dyad  axis,  we  also   get  a   hexagonal    prism, 
the  angles  between  adjacent  faces  of  which 
are  CO".     A  face  of  the  prism  may  be  drawn 
through  one  edge   of   the   triangle  XYZ  of 
Fig.  309  ;  for  the  sides  of  this  triangle  are 
parallel  each  to  a  dya<i   axis,  and  they  are 
perpendicular  each  to  a  plane  of  symmetry. 
Heiicf,   the  ayniV>i)l  rif   the  face  XYL^  can  Ikj  obtained  from  the 
geometry  of  the  fi^mre  in  the  way  employtnl  in  Art.  II.     The  face 
has  therefore  the  symbol  (112);  and  the  form 
{21 1},  Fig.  328,  incIudeH  the  six  faces: 

211     121     i!2    211     121     112 (g). 

The  symbol  of  the  face  XYL^  can  also  be 
obtaiiietl   from    the   relations    of    the   two  zones 
to  which  it  is  common  :    viz.  the  zones 
[Oil,   101]  =  [111]  and  [111,  001]  =  [lT0]. 
Hence,  if  the  fivce  is  taken  to  be  (hkl),  we  have 
from  the  first  zone  A  +  A  +  /  =  0, 

and  from  the  second,         h  —  k       —  0. 
.'.  h'-k=\,  and/=-2;  or /*  =  Ar=  -  1,  and /  =  2. 
have  therefore  the  symbols  (1 12)  and  (1 12). 
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The  prism  is  constructed  hy  drawing  liiicfi  through  the  poiotfi 
,  S  ,,  S',  ifec,  of  Fig.  326  parallel  to  the  triaa  axis. 

The  faces  of  {21 1|  will  be  dcnotiHl  liy  the  letters  m  as  indicated 
a  Figs.  328  and  329,  the  faces  of  {01 1 J  by  a.  The  faces  of  the  one 
trisDi  truncate  the  edges  uf  the  other ;  and  adjacent  faces  a  and  m  aro 
ncline»d  to  one  another  at  angles  of  SO*".  A  combination  of  the  two 
irisms  and  the  pinakoid  jlll|  is  shown  in  Fig.  329.  The  poles  of 
.he  two  prisms  are  given  by  the  points  marked  m  and  a  in  Fig.  331. 

,^.  The  tlih^jcmjonal  jtrism^  I^'^'K  where  A  +  A  +  /  =  0,  has  ita 
bilii  arrauged  in  (uiirs  which  are  interchangeable  by  rotation  about 
hS  dynd  axes  X,  and  in  pairs  which  are 
lyminetrical  about  the  planes  X  The 
laces  can  also  be  arranged  in  triads  inter- 
changeable by  rotation  about  the  triad 
ftxis.  Hence  tlie  form  consists  of : — 
fikl  fhk  klh  fkh  hlk  khf\ 
W  Ihi  kJh 
riie  symbols  of  the  faces  in  each  of  the 
four  triad.*!  making  up  the  form  are  con- 
nected together  by  cyclical  order,  and 
the  faces  of  a  triad  change  places  with  one  another  on  rotation 
about  the  tria<i  axis.  Again,  the  two  f^ices  in  each  column  are 
parallel.     The  particular  oaao  J312)  is  shown  in  Fig.  330. 

It  remains  to  prove  that  triads  in  opposite  cyclical  orders  must 
coexist.  This  follows  from  the  fact  tJiat  an  axis  0.\  (say)  lies 
in  a  plane  5  with  respect  to  which  the  two  other  axen  OY  and 
0^  ore  reciprocal  reflexions,  for  2  is  the  plane  OXpE  of  Fig.  309. 
Hence  if  two  faces  are  symmetrical  with  respect  to  2,  they  must 
meet  OX  at  the  same  point,  whilst  the  intercepts  on  OY  and 
OZ  of  the  two  faces  are  reciprocal  reflexions.  If  therefore  (AH) 
is  one  of  the  faces,  the  otfier  is  {Mk)^  in  which  the  intercepts  on 
OY  and  OZ  have  changed  places;  the  symbols  bring  in  opposite 
cyclical  order.  Owing  to  the  triad  axis,  (ftkt)  is  repeated  in  {fUh) 
and  {lhk\  and  {hlk)  in  {kit!)  and  (ikh) ;  and  pairs  of  the  new  faces, 
one  from  each  of  the  triads,  are  symmetrical  with  rejjpect  to  S.  The 
six  faces  are  also  symmetrical  in  pairs  to  H'  and  2",  for  rotations 
)f  120*  about  the  trijul  axis  bring  2  to  2'  and  2"  in  succession. 

Again,  the  dyml  axis  OS  ^  is  pamllel  to  the  side  XY  of  the  base 
n  Fig.  309,  and  is  perpendicular  to  2"  and  OZ.  Hence,  it  is 
iqually  inclinefl  to  OX  and  OY^  and  bisectn  the  angle  XOY^.     A 

24 


370 


RHOMBOHEDRAL  SYSrrEM,  CLASS  HI. 


rotation  of  180*  about  08^^  interclianges  equal  positive  and  negntiTf 
lengths  on  OZ ;  and  changes  a  positive  length  ou  OX  with  a  ne^ativi 
one  on  OK,  and  vice  versfl..  A  face  (kkl)  is  therefore  hy  ih 
rotation  brought  into  a  position  given  liy  the  aym1>o1  (JOd).  Thi 
frtce  is  parallel  to  one  of  the  six  faces  ah*eady  obtained.  The  fo 
Imving  the  faces  given  in  (h)  is  therefore  complete. 

The  angles  between  pairs  of  arljacent  faces  are  constant,  nht 
those  over  two  adjacent  edges  iire  in  all  cases  unequal,  whilst  tJift 
angles  between  alternate  faces  are  60^  For  tlie  angle  over  u 
e<lge  lying  in  5,  such  as  hkl  A  hlk,  is  double  the  angle  eitlwt 
faco  makes  with  2.  Similarly,  the  angle,  such  as  hkl  A  ikh  orer 
the  luljacent  edge  meeting  08'  is  double  the  angle  which  (AW) 
makes  with  Oh\  the  extremity  of  which  coincides  with  the  pole  a' in 
Fig.  331.  But  2  and  the  adjacent  dyad  axis  Oh'  are  at  30*  to  one 
another.  Hence  the  angles  KM  A  klk  and  Jtkl  A  Ikk  are  togetlKf 
equal  to  60*.  Further,  if  the  two  angles  were  equal,  the  zontf  ffouU 
l>e  divided  iaogonally  by  |K>1bs  of  possible  faces  into  arcs  »»f  15' aw! 
45";  and  it  was  shown  in  Chap,  ix,  Art.  12,  that  angles  of  \^ 
cannot  occur  in  a  zone  corititiuing  angles  of  30'  nr  TtO*  rej>e«Uiiin 
succession  between  possible  faces. 

The  distribution  of  the  poles  of  the  prism  {AA/|  on  the  primitive 
is  shown  in  Fig.  331:  from  it  we 
can,  by  the  a.r.  of  four  tautozonal 
poles,  find  the  angles  mN  and 
hkl  A  hlk^  or  the  angles  a'N  and 
hkl  A  lkh^a.nd  prove  that  they  are  con- 
stant and  independent  of  the  crystal- 
element  D  which  varies  with  the 
subst-ance.  The  angles  can  indeed  be 
calculated  for  any  particular  values 
of  the  indices,  and  apply  to  all  crys- 
tals of  the  system  in  which  faces 
having  the  same  symbols  occur. 

Lot,  in  Fig.  331,  a\  the  pole  of 
the  plane  2^.  be  (lOl).   N  be  {hkl\  m  (211)  and  w.  (121),  w\ 
ma'  =  30°  and  m^a  =  90".     Then,  from  the  a.e.  {aWmm^),  wo  hAT« 


ton  a'JT-  tan  a'm  = 
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In  tbe  6gure,  and  also  in  the  a.r.»  the  pole  X  U  taken  to  lie 
ere  between  a'  and  w/,  hence  k  is  negative  and  2A  must  be 
nuiuerically  great*^r  than  k:  the  expression  on  the  right  of  (20)  is 
tlicreforo  positive,  as  is  required  by  the  way  in  which  the  poles  have 
been  taken  in  the  a.r.  The  angle  a^  can  therefore  be  computed 
when  the  indices  A  and  k  are  given  ;  and  all  the  angleii  of  any  prism 
can  then  be  found.     We  have  the  following  angles  for  the  prisms 

i'^ven  in  the  fii'st  column  : 
28.     For  drawing  the  dihexagonal  prism  and  other  forms  of  the 
rhombohedral   system.   Fig.   332 
is  useful.     In  it  the  paper  coin- 
cides with  the  equatorial  plane 
perpendicular  to  the  triad  axis ; 

I  Aii^  ^'^'^,  '*"*^  ^^^'./  *'"*^  *^^'^  dyad 
axes;  OM,  0M\  OM"  are  the 
tnuses  of  the  planes  of  sym- 
metry ;  J/.  *\f\  M"  are  t!ie 
points  in  which  the  lower  polar 
edges  V^ii,  V,fL\  r/'ofthefun- 
daniontul  rhonibohedron,  Fig. 
326,  meet  the  equatorial  plane. 
The  apex  V^  is  at  a  distance  c 
Mow  O.  Tlie  lengths  V^M, 
r  J/',    r  J/",  on  edges  parallel 

to  the  axes  OJT,  OY  and  OZ^  may  b©  taken  to  lie  the  Millerian  para- 
meters :  they  are  equal  and  parallel  to  OX^  OY  and  OZ  of  Fig.  30*J. 

We  shall  first  determine  the  relatiniiH  J^etween  the  lengths  OAf^ 
OAy  itc,  and  the  lengths  of  the  linea  in  the  triangle  X  YZ  of  Fig.  .309. 

The  triangle  MM' At"  is  equal  and  similarly  placed  to  XYZ  of 
Fig.  309  ;  for  the  three  rhombohedral  faces  through  V^  are  parallel 
to  the  axial  planes  through  C,  and  0  K  =  Op. 

Hence  MM'  -  MM"  =  MM  -  3^  of  Art.  6. 
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In  Art.  25  the  faces  of  the  rhoniboheciron  {100)  are  shown  to  be 
parallel  each  to  oiie  of  the  ciyad  axes ;  the  positions  of  whicb  are 
therefore  OA,  0A\  0A'\  parftllel  respectively  to  M' M'\  M"M  m^ 
MM\  and  to  YZ,  ZX  und  A' )'  of  Fig.  309. 

Since  0  is  the  centre  of  gravity  of  the  triangle  MM'W\  we 
iiave  On^On,  =  OB,^^OM^% 

Also  OA  :  BM" ^OM:  BM^2:S, 

.-.   0A=2BM"^^  =  M'M"^Z  =  a, 

Tht*  length  a  =  XT-  3  is  therefore  an  arbitrary  length  iw^asuml 
on   the   dyad   axis,    with    which 
the  linear  element  c  is  connected 
by  equation  (5). 

We  shall,  whenever  it  is 
neceBsory,  denote  a  length  a 
measured  on  OA'  by  a^,  and  on 
OA"  by  a^/j  and  similarly,  we 
shall  denote  lengths  =  OB  mea- 
sured on  OJ/,  OM'  and  OM"  by 
b,  b^  and  h^^j  respectivelj'. 

Again,  AOA^^  is  an  equi- 
lateral triangle,  for  its  sides  are 
parallel  to  those  of  MM'M" ; 
and  05^ bisects  the  angle  AOA^^y 
and  is  perpendicular  to  AA^^. 
Hence  05,  -  Oil  cos  30". 

.-.   OJ»  =  05,  =  OJ^,.  =  6=acos30*; 
and  OM^  OM'  =  OM"  =  10B=2b  =  L>rtcos  30" (21 

We  shall  now  find  the  lengths  cut  off  on  the  lines  of  Fig.  332 
the  prism-foco  {fikf);  and  show  how  to  derive  the  symlx)ls  of 
other  priara-facea,  one  method  having  already  l>een  given  in  Art.     ^f- 

The  dihexagon  ilh*ll,^...  is  the  ti-ace  on  the  equatorial  plane  f*f 
the  prism  \hkl\ ;  the  face  (Kkl)  meeting  the  axes  and  the  ^rmJM 
polar  edges  at  distances  K,  M  —  h,  V^  .1/'  -  k,  V^  M"  -=-  /.  But  in 
projections  by  means  of  {>arallol  rays,  leugths  on  any  line 
are  projected  in  lengths  having  to  one  another  the  same  rados. 
Hence,  OM  being  the  projection  on  the  equatorial  pliuie  of  Tif, 
and  OH  that  of  V^  M  -  /*,  it  follows  that  OH  ^  OM  -  /».  Similarly, 
03/' and  0A'=  O.V- A;  are  the  projections  of  V,M'  and  VM'~k\ 
and   OM"   and    OL^OM"  ^l   are    the   projections   of    V  M"  and 
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f,M'*'=~i,     The   trace  ffKL   of   the  prisra-fiice  (hkl)  is  given   by 
OM-K,  OM'^k,  OM"-i. 

The  planes  2,  2  ,  2..  pass  re-spectively  through  OAf,  0M\  0M'\ 
Mui  *re  perpendicular  tu  the  (taper.  Hence  the  face  (AA*/)  is  repeated 
by  Sin  a  face  which  meets  the  paper  in  the  traci»  KJIL,  where 
Kif  angle  0//A'.  ^  A  OUL.  But  A  HOL  -  A  HOK,  ^  m\  The  tri- 
■uil-Km  HOL  auil  UOK^  are  tlierefore  equal,  and 

OK^^OL  =  OM'^l\  and  A  0111=  A  O^T//. 

Again,  the  triangles)  OKL  and  OKJj^  are  equal,  for  they  have 
tbe  common  an^le  AY>i-120',  and  A  OLK ~  A  OKL^.  Also  the 
"idi;  Oi  =  the  side  OJT,.  The  reniaining  &ideM  are  tUerefoi-e  equal, 
MA0L^=OK^OM"^k. 

Hence  the  trace  KUL^  is  given  by  OH^OAf^h,  OK^^OM'-l, 
0L~OM" -  k;  and  these  lengths  are  the  projections  on  the  equa- 
toriiO  plane  of  lengths  r,  J/ -  A,  K^i/'-^/,  K^  J/"-X:  an  the  axes.  The 
new  fjic«  is,  an  before  (p.  3G9)»  (fifk). 

In  the  Hgure,  OH  is  the  short^t'st  length,  and  is  measured  on  the 
taaye  tide  a»  M :  the  corresponding  index  h  is  positive  and  numeri- 
Ilv  tbe  greatest.     The  points  A'  and  L  are  nieasure<l  atotiy  from 

ftod  M'\  and  the  corresponding  indices  k  and  I  are  negative. 

nu  cose  can  the  indiceii  be  all  pusitive,  for  h  -i-  k  + 1  =  0, 

By  a  semi-revolution  alioub  the  dyad  axis  A^A'  the  trace 
XHL  ifl  brought  to  tf57/.A".  when*  A  OS// ^  =  A  OS*//.  Tlie  angle 
^'On^  =  A  5'0//  -  30' ;  /.  O// ,  -  0//  -  OJ/"  -  h  ;  since  0// ,  U 
OtTAsured  on  tbe  aide  of  O  away  from  M". 

Similarly,  OG  =  OL^  OM -  J; 

}r  G  is  on   the  same  side  of  0  as  J/,  whilst  /^  and  M"  arc  on 
opposite  sides  of  0 :   the  sign  of  the  index  I  has  theref(»re  to  be 
iDged.     Again,  OK'  -  OK,  the  two  being  measured  in  opposite 

rtions  on  a  line  perpendicular  to  the  dyad  axis :  the  signs  of 

iudices  are  therefore  changed.     Hence  OK'  ~~  OK  =  OM'  -^k, 
trace  OH^^K'  is  given  by  OAf-r-C,  OM'  ^  k,  OM"  ^h)  and  the 

^rcepts  made  by  the  priam-face  through  G'H^^K'  are  V^M-l^ 
;jf'-ri,  \\M"-h.  The  symbol  of  the  face  is  therefore  (iAA). 
Je  mle  connecting  a  pair  of  prism-faces  interchanged  by  a  semi- 
rolution  alwnt  a  dyati  axis  is,  therefon*,  (a)  that  all  the  signs  of 

indices  are  changed,  and  {p)  that  the  indices  referring  to  the 
tiro  axes  incline<J  to  the  axis  of  rotation  change  places,  whilst 
tlie  index  referring  to  the  |>crpentlit'ular  axis  changes  sign  only  : 
the  symbols  are  therefore  in  reverse  cyclical  orders. 
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ITie  ttlxive  rules  connecting  the  symbols  of  consecutive  CiMsea 
syuimeti-ical  with  respect  to  ji  plane  2  and  to  a  dyad  axis  have  been 
established  for  the  dihexagonal  prism  only ;  but  tliey  will  be  shown 
to  hold  generally  whatever  Iw  tlie  position  of  the  face  {hkl). 

The  symbols  of  the  remaining  faces  of  the  priam  are  n^ily 
obtftinotl  by  n^pe*itin<»  the  al>ove  operations.  Tlius  the  face  through 
ff„I^„  is  {klh)r  the  next  through  IJ'  ia  {khl)  attd  that  through  //'&" 
is  (Uik). 

To  make  an  orthographic  or  clinograpliic  drawing,  all  that  is 
needed  is  to  describe,  iu  the  plane  of  the  horizontal  cubic  axes  of 
Chap.  VI,  a  figure  similar  to  Fig.  332.  The  vertical  lines  through 
the  projected  |K>ints  corresponding  to  //,  5',  H^^,  ifcc.  are  the  edges  of 
the  dihexagonal  prism. 

29.  We  can  now  determine  the  lengths  08',  Od^^  and  OB  in 
which  the  trace  JiKL  of  the  pi'ism-face  (A*/),  Fig.  333,  meets  tlio' 
three  dyad  axcA.  Fur,  since  the  triangles  fTOS' and  ^OL  makeup 
the  triangle  HOL^  wo  have 

OH.  OS'sin30"  +  OS*.  O^ain  30*  =  OH.  OZsinGO*. 
Dividing  by  OU .  OL  ,  Oh'  and  by  sin  30*  =  cos  60%  we  have 
tan  60'        1  1 


08' 


OH     OL' 


In  this  expression  OH  and  OL  are  treated 
as  positive  lengtlis.  Hence,  when  they  are 
replaced  by  thoir  e<iuivalenU  in  terms  of 
OM  and  the  indices,  attention  must  be  paid 
to  the  sigris  of  the  latter.  Thus  for  the  face 
taken,  h  is  positive  whilst  I  is  negative ; 
and  in  the  above  expression  OM-r-l  must  be 
taken  as  the  length  OL. 

Hence,   since    tan  60"  =  ^3   and,    from 

(21),  0Jtf'  =  aV3; 

J±_± I     ^h-l 

Oh'~OM     OM     ajr 

■■  "'-B-, 

In  a  similar  manner  Od^^  (d^^  being  the  point  in  which  HKL  cu*^ 
OAJ  can  be  found  from  the  triangles  HOd^^,  ^,ft^  '^^^  HOK. 

Sa 


Fio.  a33. 


.(22). 


Od^ 


k-k 


(23). 
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length  OJB  (E  being  the  point  in  which  II KL  meets  the  axis 
is  ohtainod  from  the  triangles  EO^t  ^^<i„  <^"<^  EOd^^,  the  augtes 
W&\  S'Ori,  being  both  60',     Thus 

OE .  Od^  sin  120"  -  OE .  0&'  sin  60**  +  OS' .  (9<,  sin  60". 
But  aiu  120'  -  sin  60" :  dividing  therefore  by  OE .  06' .  Od^^  sin  60", 


we  have 


J_        1 

m'~od^ 

.:  0E  = 


1 

_3ft 

k-l" 


(24). 


30.  By  the  aid  of  Fig.  333,  we  can  give  an  independent  proof 
of  the  relation,  A-fA:  +  /-0,  holding  between  the  indites  of  a 
prism-face.  For  the  triangle  KOL  contains  the  two  triangles  KOH 
and  HOL. 

:.   OK  .  OL  sin  1 20'  =  OH  .  OK  sin  60^  +  Oil .  OL  ain  60% 

Dividing  by  OH  ,  OK ,  OL  sin  fiO",  we  liave 

J_        1        J_ 

OH"  OL"^  ok 

in  which   the  lengths  are  all  positive.     We  niuKt  therefore  write 

GM  -  k  for  OKy  and  0 i^/'-^  I  for  0 A  ;  since  tlie  face  taken  nurets  the 

I  Botes  of  Y  and  Z  tm  the  negative  side  itf  the  origin. 
■     Hence,  h=~k-f^    and   h  +  k  +  l  =  0. 

I  yVre   Rfioiiiifolifdrwi. 

"^      31,     When  the  angle  /),  or  tl»e  angle  r'r  of    the  fundamental 
»*hoinbohe<lron  |1<>0[,  is  known,  wu  can  tind  the  distance  c  of  its 
Bpex  y  from  the  origin,  Oh'  (Fig.  335) 
l>eing   the   unit  of   length  a  on   the 
^yad  axis.      Let  Fig.   334   reprasent 
^^b  aeetirtn    through   the   plane    EOX 
^mA  Fig.  309  and  \\0.y  of  Fig,  335,  so 
that  the  point  p  of  Fig,  309  coincides 
with    the    apex     T,   and    XV^'IVH. 
Now    OX  is   parallel    to    \\M,    OE 
Ui   fkV   [the   polar    face- diagonal     of 
(100)]  ;  and  the  noniiai  Or  lies  in  2 
and  meets  /x  V  at  r.     Tlu;  inclination 
of  the  face  to  tlie  equatorial  plane  is 
therefore  D=  ^r/fO^^OEX^ h  VOr. 
Since  OT  =  OT,  and  OX  is  parallel 
r^itf,    .-.   from  (21).  0M=  VX  =  2a  cos  30\ 


376 


RUOMBOUEDUAI.   SYSTEM,  CLASS   UI. 


Also  OB^  V£^VX^2=^OM^2^aco% 30* (35). 

Hence,  c  =  Or=  Oi^tan /?  =  aoo8  30*  tan /? (5*), 

and        tan  VOX  ^it^n  OV^M  ^  OM^  OV^^WB^c  =  2coi  D. 

Therefore    C  being  the  \Mnnt  at  which   the  triad   axis  niwU  tk 
sphere  aud  X  \mng  the  axial  pjint, 

tanCJ:tan/>  =  '2 (3»). 

Fig.  336  represents  a  section  of  Fig.  335  in  the  phine  Vy\M'* 
exactly  similar  to,  and  on  the  same  scale  as,  Fig.  334. 

We  can  now  draw  tho  rhorabohedron   |iOO[. 

Taking  05^  to  be  the  unit  of  length  C/y  of  Fig.  51»  or  OY^ 
of  Fig.  60,  then  tho  apex  V  is  found  by  marking  off  on  Cy  or  OA" 
of  the  same  figures  lengths  equal  respectively  to  Cycos  30"  tan  D,  ot 
0^"co8  30''tan/>:  in  Fig.  335  0  K  has  been  taken  t<»  l)e  OA"  ^\l 
Again,  for  tho  cIeavagerliouilM>hech'on  r  of  calcite,  r'r  =  74°  56' ;  and, 
by  computation  from  (1),  /)  ^  44"  36*6'.     Therefore 

Oyr=oy  =  OA" cos 30"  tan 44"  36-6'  =  04"  x  -8543  : 

also  XOV=  YOy^ZOY=^  63'  44*76'. 


The  hexagon  5^85,...  nnd  the  points  M\  J/^,  i/,  »,tc.,  of 
Fig.  57,  being  projected  in  the  horizontal  plane  by  the  method 
descrilied  in  Chap,  vr,  Art.  19,  the  lower  polar  edges  join  K  to 
the  points  iV,  .1/',  M" ;  and   the  upper  jwlar  edges  join   V  to  tlte 
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«)>|KNiiie  pointa  if,  J/,  J/^.  Tho  median  edges  /x/x^,  ft,/i",  &c.,  are 
then  drawn  through  tho  jwiiits  8,^,  8,  ifcc,  parallel  respectively 
to  the  polar  edges   F*V^,    Ti!/,  ikc. 

The  nieHian  edges  aw,  liowever,  njoat  eiusUy  found  hy  means 
of  the  following  proposition  :  Tlie  mwliari  coigns  fi,  /*,,  »kc.,  lie  on 
Htruight  lines  piii-aljel  U*  0.\f,  0.\f^^  Ac,  which  trisect  at  t^  and  t 
the  leugtii  r  rinten-epteti  on  the  principal  axis  between  the  apices; 
^  fk^,  Ac,  ai-e  therefore  those  points  of  trisection  of  F^i/,  Fil/^,  Jjc, 
nearest  to  the  e«iufttorial  plane.  For  the  polar  edges  meeting  at  F, 
iMung  interchangeable,  are  et|ual  to  one  another ;  and  so  also  are 
tlioee  meeting  at  T .  Huppon^  lines  to  be  drawn  from  the  upper 
coigns  /I,  /*  ,  /i^  ,  and  also  from  the  lower  coigns  ^,  /i',  ft"  to  meet 
tht*  triad  axis  at  right  angles  at  the  |H>ints  i  and  t.^ :  the  pair  t^i 
t^fi  sure  shown  in  Fig.  334,  and  another  pair  in  Fig.  336. 
Then 

n  =  r,«,  =  r^fi  cos «,  K,if  =  v,^  cos  vox. 

The  lengths  Ff  and  F/^  are  the  orthogonal  projections  of  the  polar 
wlgcs  on  FT,  and  must  l>e  the  same  whichever  of  the  polar  edges  is 
Uken.  Hence,  tt^  is  the  orthogonal  projection  of  tho  median  edge 
|*#i„;  for  t^  is  the  projection  of  /i,  and  t  of  /*^  .  But  the  ortho- 
l^'tuil  projections  on  the  same  line  of  equal  and  pfirallcl  lines  are 
theajBclves  equal ;  and  fifi^^  of  Fig.  335  is  equal  and  panillel  to  Ffi,. 
Hence  U^-Vt=Vj^\  and  the  points  t  and  f  are  the  points  of 
'riseclion  of    VV,. 

Again,  the  right-angled  triangles    Vlfi^^,   ^OM^^  of  Fig.  336  are 
•Jinilar;  hence 

IV,.  :rj/;,=  Vt:  rO-2  :3. 

■•^orefore  /i^^  is  a  point  of  tri- 
llion of  FJr  ;  and  similarly,  /* 
'■^  Fig.  334  is  a  plaint  of  trisection 
^  r  J/.  The  same  is  true  of  all 
*-Be  other  median  coigns.  The 
l^iw  edges  are  therefore  found  by 
J^niag  the  apices  to  alternate 
l^^tjwted  points  M^  M\  ttc,  and 

^-^iswling  the  lines  so  obtuned  by  proportional  conipasses:  the 
I*oiiiU  of  trisection  nearest  to  the  equatorial  plane  being  joined 
^'i  pairs  parallel  to  the  polar  edge^  ^^'®  I'he  median  edges,  /i  ^, 
"z*,,  Ac. 
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32.  The  geometrical  relatione  of  the  rhonabohedron  are  6o  im- 
portant that  we  give  another  method  of 
tletenuining  th«m.  Let  Fig.  337  repre- 
sent one  of  the  equal  faces  of  {100| ; 
r^",  the  fnce-diagoDal  in  2",  being  the 
same  lineas  VB"fi."oi  Fig.  336.  The  face 
is  parallel  to  OS  ^^  and  may  b(?  supposed 
to  be  drawn  through  the  line  M^A/M 
of  Fig.  57  to  meet  the  principal  axis 
at  V.  Now  the  median  edges  /Jifi", 
/i"/i^  are  hifiected  hy  the  dyad  axej* 
meeting  them  at  A^  and  A,  coincident 

with  S^  and  8  in  Figs.  57  and  335  ;  for  V)y  a  semi-revolution  aljoul 
05,  tlie  e<lge  Vjk  of  Fig.  335  is  interchanged  with  P./i",  and  the 
points  Ji  and  ft!'  change  places.  Hence  AA^  of  Fig.  337  (the  same 
line  as  S8,  of  Fig.  335)  in  parallel  to  the  horizontal  face-diAgonttl  ^^^. 
Thei-efore  (Euclid  vi,  2),  /?'>"  =  »/*"- 2  -  T/'- 4 ;  since  the  div 
gonals  of  a  rhombus  bisect  one  another. 

Again,  from  Fig.  336, 

Or:0<,=  F^':-5V  =  3  :  1. 

.-.   0<,-OF^3  =  Or,^3. 

Hence  the  meilian  coigns  lie  on  the  lines  parallel  to  OM,  OAf^, 
drawn  through  tlic  jyoints  (  and  t^  which  tnaect  the  length   FK  . 
Again,  I7t  is  parallel  to  OX,  and  Vfi^  to  OT;  also 

tji8  =  AA^  =  OA  =  Of 

since  OAA^^  Fig.  332,  is  an  equilateral  triangle. 

Hence      Un  A  XO  r  ^  tau  *  Tp^  =  fis  ■;-  r«  =  3a  +  2  FJST, 

But  in  Fig.  336, 

OS'' ^  VB"  cos  D,  and  0-»"  =  a  oos  30*. 

.-.  tanJ2:0F=3oco«/>-r-20fi"=  V^coeZ? (26). 

33.  Tlie  direct  and  inverse  rhombohedra,  mR  and  -mR. 
The  mr-tKofl  of  drawing  the  rhomlMjIiedron  {lOOj  applies  to  all 

rhumUuln'iJni ;  fi>r  any  rhombt>lunli\>n  possible  on  the  crystnl  may 
be  selected  to  give  the  directionn  of  the  axes:  relations  er^uivalent 
to  those  given  iu  Arts.  31  and  32  for  jlOOj  hold  Ijetween  tlie  several 
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lines,  coigns  and  Angles  of  every  rhombohedron.  Further,  by  tho 
law  of  rational  indices^  fac«s  belonging  to  different  forms  of  tlie 
same  crystal  will,  if  drawn  through  the  same  point  on  any  zone- 
axis,  meet  other  Ki>ne-axes  at  distancea  measured  from  the  origin, 
which  are  to  one  another  in  commensurable  ratios.  Hence  three 
faces  of  all  rhoinbohedra  belonging  to  the  Bamc  substance  can  be 
drawn  through  the  lines  MM\  M' M'\  M'Moi  Fig.  57  or  Fig.  332 
to  meet  the  triad  axis  at  apices  F"*  or  K^,  where  OV*-  OKfl,  =  »»c, 
and  m  is  a  commensurable  number.  Two  rhombohedra  can  be 
obtained  for  each  value  of  ?/»,  according  tis  the  poiiiU  Jf,  M',  M" 
of  Fig.  57  are  joined  (i)  to  the  lower  apex  V^  in  the  manner 
adopted  in  constructing  Fig.  335,  or  (ii)  to  the  upper  apex   r**. 

i.  In  the  iirst  case  the  upper  polar  edges  are  given  by  K"'J/, 
r^J/^,  J^"'V,;  and  the  lower  polar 
edges  by  F„.V;  4kc.  The  (igure  is 
completed  in  the  manner  dcsortlied 
in  Art.  31  by  finding  the  points  of 
tri«*ction  X,  Fig.  338,  of  the  polar 
edges  nearest  to  the  equatorial  plane. 
This  rhomlH>lu'dron  is  called  by  Nau- 
maim  the  direct  rhomtohedrojif  and  ia 
denoted  by  the  symbol  mB.  Its 
poles  g  lie  in  the  diametral  zone- 
circles  Cr,  Or,  Cr"  of  Fig.  3U',  p.  382, 
and  on  the  same  side  of  C  aa  r,  r 
and  r".  When  m=l,  the  rhombo- 
hedron is  Hy  and  is  the  same  as 
Miller's  {100). 

Fig.  338  is  a  vertical  scxitiim  of  H  and  mH  showing  the  Iowpt 
polar  edges  T  .1/  and  V^  J/^  and  the  upper  polar  face-diagonals  Vfi 
and  r"*X  The  lines  fit^,  \t,  are  drawn  through  the  median  coigns  /t 
and  K  parallel  to  OM ;  and  meet  the  triad  axis  at  t^  and  r^. 

Hence,                 /x^,  :  OAf=  K,/*  :  KJf  =  2  :  3; 
and  since  Or,  =  OK^-  3, 
^h                                Xt,  :  0M=^  r^X  :  r„  Jf  =  2  :  3. 
^m  .-.   Xt  =/x«^^2Ci/':  3-(from  (21))  2«-  ^3 (27). 

^^  ii.  The  second  rhomlwhiMlnin,  cillucl  the  inverse  rlmmhohidrtm^ 
I  and  denoted  by  —  mH,  i.4  olitained  l>y  joining  the  points  ^f,  M\  Af" 
to  r**,  and  the  opposite  potnUi  .)/,  .J/^,  J/^  to  F,^;  t.r.  the  points  in 
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the  equatorial  plane  are  joined  to  the  apices  in  the  rererae  order  to 

that  a^iupted  in  th(>  tirst  case,  and  this 

iH  indicat4Hl  hy  making  m  negative. 

The    mode    of    construction    is    the 

same  as  that  given  for  |100S  and  viR. 

Fig.  339  repn>*entH  ihft  inverse  rhoni- 

bohedron  -  H,  or  [122),  the  faces  of     •' 

which  will  be  denoted  by  the  letter  s: 

it  corresponds   exactly  (except   that 

the  scale  has  been  reduced  in  the  nitio 

of  3  :  4)  with  the  direct  rhomboliedron 

R,  or  {100|,  shown  in  Fig,  335. 

Tlic  following  are  a  few  instances  of  rhonibohedra  which  ait 
frequently  observed  in  crystals  of  this  class:  kR,  R^  "IR^  3/?,  -\^^ 
-  R,  —*1R^  -  3^.  The  faces  of  the  direct  and  inverse  rhonibohedra, 
in  which  m  )ij\a  the  same  value,  are  connected  l»y  the  relation  of 
dirhouilwhedral  faces  given  in  Art.  15;  and  their  polefi  abrjve  the 
primitive  lie  in  the  diametral  zones,  \Cr\,  [^'^']»  [^''"]  *^  equal 
distances  from  C. 


34.  The  special  case,  where  m  ^  0,  gives  a  single  plane 
coinciding  with  the  equatorial  plane,  AfSi'M".  For  the  apex 
coincides  with  the  origin  0.  Hence  07?  is  Naumann's  symbol 
for  tlie  piimkoid    [111 J. 

Sianlarly,  when  in  =  -x,  ^  the  vertex  is  intinitely  distant,  and  the 
faces  are  those  of  the  prism  drawn  through  the  lines  MM\  J1*M'\ 
(fee,  all  parallel  X**  the  triad  axis.     Hence  x-A'  is  Naumann^s  symbol  | 
for  the  hexagonal  prism  J21 1|  descrilied  in  Art.  27. 

35.  To  find  tht!  Millerinu  symbols  for  the  faces  of  mR. 
A  face  through  JA  j1/,,  of  Fig.  335  and  an  apex  r™  meots  the  axes 

of  }*  and  Z  at  the  Mime  distance  from  the  origin  and  on  the  same 
side  of  it,  for  OK  and  OiTare  parallel  to  VM^  and  VM^,,  n»apectively. 
Hence  the  second  and  third  indices  of  the  face  are  equal,  for  the! 
parameters  are  equal.  But  the  axis  OX  will  be  met  at  a  different 
distance;  and  on  the  same  side  of  the  origin  as  OK  and  OZ^  if  the 
face  is  less  steeply  inclined  to  the  equatorial  plane  than  the  oorre- 
Bponding  face  of  the  fundament^il  rhombohedron,  i,e.  if  ("•■  liea 
nearer  to  O  than  V,  The  axis  tif  A'  will  be  met  on  the  opposite 
aide  of  the  origin,  if  F"*  is  further  away  from  0  than  V.  The  face 
therefore,  {Ul)  where  h  and  /  have  the  same,  or  opposite  sigoa 
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trding  as  the  pole  of  the  face  is  nearer  tt'»  C,  or  mor-e  remote 
from  it,  than  r  (100). 

Let  Fig.  340  represent  part  of  a  section  of  the  rhombohedra  mR 
and  R  in  tiie  plane  2  containing  OS  and  the  polar  edgeH 

r^A/,  K  M.     The  coign  X  is  on  the  line  drawn  parallel       r 
to   OM  through  t,  where  Ot^=OV^-S.     Also,    T^A.  \ 

is    the    polar   face-diagonal    ami  meets   OX  in   X,   OM       !    ^l^x 
in  B  and    V^M  in  /»,.     Adopting   P^iV  as  parameter,        j^  "^  /f  a/ 
then  OL-  V^M^h.     But^  from    the   similar   triangles*       :^  ^ 

r^L^T"'  and  OLV^,  we  have  '1i:    /^ 

From  the  similar  triangles  0 LB &nd  AfBL^,  we  have       Fm.  840. 

-Ur-OB-'  (29); 

aince  (Art.  31)  0^=  BM. 

Adding  (28)  and  (29),  we  have 

.       VMm+l^      2m+l 

A=-^   = +  1= (30). 

OL  m  m  ^     ' 

The  face  through  r"X  of  Fig.  340  meets  the  adjacent  plane  2' 
In  the  polar  edge    V^k^  which,  since   OV^>OV, 

must  be  prolonged  to  meet  O  J"  at  A'  on  the  nega-  -^ 

tive  side  of  the  origin.     Fig.  341  represents  part  yH 

of   a  f-ection  of   H  and  n»/?   in   2'.     But,   since  /  J 

IW  is  paniUel  to  OY,  the  triangles    V^KO  and  V/  = 

V^M^  V  are  similar  :  we  therefore  have  Jr^*  H 

YM^  _  VV^  _ mc-c  _ m-1  /      -^    \ 

OK  "OK""    mc     "'m     '     '■  /  ir     ''   I 

In  (31)  the  lengths  are  all  regarded  as  posi-  ^                  \: 

e;  but  /  is  }\M'^~OK.     Hence,  rJ 

OK  ~     OK        m    * 

The  Millerian  symbol  (A//)  is  therefore  given  by  the  ratios: 

-^  =  -^=    ^'-  (32)- 

id,  if  the  Millerian  symbol  is  known,  the  Naumantiian  ayiubul  »t/f 
found  from 


h-l 


(33). 
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The  same  equations  are  found  when  OF"*  is  takea  to  be  1« 
than  (J\\ 

36.  Equations  (32)  and  (33)  can  also  be  obtained  from  tb« 
A.H.  of  the  four  poles  \Ctjrm\\ 
where  C,  Fig.  342,  is  the  pole 
(HI),  i7(/i//),r(100)andm(2iri. 
For,  in  Fig.  338,  OBV"  ia  the 
inclination  to  tlie  pinakoid  of  the 
face  of  mh  through  T^X,  and  is 
therefore  the  angle  <7y.  Hence 
ia.nCt/  =  t&tiOBV'^=OV*^OB 

=  wtc  -=-  6. 
Again,     D  =  /\Cr  =  J\  OBV; 
and   tanZ)=tanO£F=c-r6. 
Dividing  the  former  tangent  by 
the  latter,  we  have 

t-anCy-;- tan /)  =  //» (34). 

But,  ivvmx  tl»»  A.R.  [Cyrm]  of  the  four  poles  given  above,  we 
have 


Fta.  342. 


sinCy 
sin  Cr 


sin  mg 
sin  mr 


t&nCg-^tAnCr~ 


111 

m 


211 

2TT 

100 


;#  +  2/ 


(35); 


111 

100 

since  mg  =  90"  -  Cg,  and  mr  -  90'  -  Cr. 

The  angles  on  the  left  sides  of  (34)  and  (35)  being  the  same,  the 
terms  on  the  right  must  1h3  equal. 


Hen 


ce, 


and 


A  +  2/' 


2m  +1      1  -  w 


Those  are  the  results  given  in  (32)  and  (33). 

The  special  forms  given  in  Art.  34  are  immediately  deduced 
fn>in  the  above  etjuatioas  ;  for,  if  m  =  0,  A  -  /,  and  the  face  is  (///)  or 
(111).  Tf  w  =  ao,  then  A  +  2/  =  0;  and  the  face  is  (211)  or  (211), 
and  the  form  is  the  hexagonal  prism  {211). 

^  A  different  type  has  here  be«n  aaed  to  repreacnt  the  pole  (3lT)  to  avoid 
oonfufiing  it  with  tlie  Naumannian  index  m. 
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37.  The  Millerian  aymlwl  for  the  inverse  rhombohedron  -mR 
is  found  from  equations  (32)  by  changing  the  sign  of  m :  it  can 
also  be  obtained  from  the  geometry  of  the  figure  as  follows. 

Let   Fig.    343   l)e   part   of   a   section    in    the   plane   5   of  the 
rhombohedra  R  and  —mR\   and  let  the   polar  face- 
diagonnl  r„-y  meet  OX  in  O  and  the  lower  polar  edge 
TiA  of  R  in   G.     Tlien   from    the   similar   triauglea 
\\0G  and    \\Vfi^,  we  have 

VG       VV^     mc-e     m-l 
OG  '  0V^~     mc     ~     m     "" 

Again,  from  the  similar  triangles  OBG  and  MBG^^ 
we  have 

^^     ^^     1 (37). 


.(36). 


OG      OB 
A  adding  (36)  and  (37), 

OG         m 


-t-1 


2»n-l 


m 


(38). 


Fig.  344  represents  a  section  of  the  same  rhombohedron  in  the 
lane  2',  where  Y^M^  is  the  pfilar  e^lge  of  the  face 
through    r^y   of   Fig.  343    and    meets   OY   at  F  on 
Uie  negative  side  of  the  origin. 

From    the   similar  triangles    V^FO^    F^A/  P,   we 
,     have 

I 

I       de 


live 


fn 


OF      OV^ 
Hence,  the  intercepts  on  the  axes  are  OG^ 

mV  M       fnV  Af       mV  M 


OF, 


OF,  or 


2ot-1'        l+m  '        1  +  m  * 
Tf  now  the  upper  face  parallfil   to  that  taken  is 
denoted  by  (f^JJ),  then  the  face  through   V„y  is  (hll)\  and  the 
intercepts  it  makes  on  the  axes  are  in  tha  ratios: — 


VM     VM     VM 


-/ 


Hence, 


Also 


T 

A, 
-2m 

I 
1  + 

«  =  i: 

-A 

f» 


A +2/ 


(40). 
(41). 


It  is  clear  that  these  expressions  differ  from  those  for  mA*  given 
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in  (32)  and  (33)  only  in  the  sign  of  m.  Hence,  expressions  (32) 
and  (33)  may  be  taken  to  apply  to  both  cases,  pro\'ided  care  ia 
taken  to  give  the  correct  sign  to  m.  Expression  (33)  serves  also  M 
a  ready  teat  for  determining  whether  a  rhomlxihedroii  |/*/?[  is  a 
direct  or  an  inverse  one.  Thus,  when  the  indices  of  (011}  are 
introduced  in  (33),  we  liave  for  m  the  value  -  |;  similarly,  {Tll[ 
gives  mi=— 2;  and  )3I1)  gives  m  ^  4. 

It  follows  tlierefore  that  the  simplest  way  of  drawing  any 
rhomUthoclron,  the  Millerian  symbol  of  which  is  given,  is  to  find  m 
from  equation  (33).  TIic  apiciw  T"  anil  V^  at  distances  me  from 
the  origin  can  then  \)e  marked  off  on  the  vertical  axis ;  and  the 
drawing  can  l>o  made  in  the  inaaner  described  in  Art.  31. 

38.  The  symbola  of  the  faces  of  the  rhombohedron  jlOOj  are 
given  in  table  d  of  class  II ;  those  of  {hU\y  which  may  be  either  a 
direct  or  inverse  rhombohedron,  are  : 

hii  ihi  Uh  ITl  iki  uh (J). 

These  rhombohedra  are  geometrically  common  to  classes  II,  III 
and  IV. 

39.  Since  the  iiieclian  «dges  of  rhombohedra  and  scalenohedra 
(Art.  40)  are  inclined  ti»  the  equatorial  plane  and  cross  it  in  zig7Ag 
fashion,  such  formn  can  be  ijuickly  drawn  in  the  following  simple 
manner.  The  eye  is  suppt»sed  to  l»e  situated  in  the  equatorial 
plane,  and  the  triad  axis  to  be  in  the  paper :  any  horizontal  plane 
is  then  reduced  to  a  straight  line. 

Two  straight  lines  yO\\  and  FOF^^  Fig.  345,  are  6rRt  drawn  at 


Fto.  346. 


right   angles   to  one   another.     On    FOF^   any   six    equal    lengths 
OS  =  iS>T=  TF-  08=  .y  r  -  7' /;,  are  marked  off.   Lengths  0  V  and  0  V, . 
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eqtini  to  the  distances  of  the  rhonil>ohedraI  apices  from  the  origin 
are  determined  on  the  verticnl  lino,  and  the  length  intercepted 
between  the  apices  is  then  trisected  in  tlie  points  t  and  t^.  Through 
the  points  of  trisection  lines  are  drawn  piirallol  to  FOF^  to  inter- 
sect the  verticals  through  T,  F,  &c.,  in  the  coigns  ^,  /a^,,  <tc. 
If  OV—c^  and  T/i^,,  Tft^,  <kc.,  are  drawn  as  in  the  figure,  we  obtain 
the  fundamental  rhoml)ohe<lron  i?=jlOO|.  To  draw  the  rhombo- 
hedron  mi?,  we  take  0  F"  =  0  r„  ==  mc,  trisect  V^'*V^  in  t  and  t,, 
and  join  tlie  apices  K„,  K"  to  the  coigns  \,  X^ ,  Ac,  in  which  the 
horizontal  lines  through  t,  and  t  meet  the  verticals  through,  7*,  /*,  ttc, 
the  median  coigns  being  taken  in  the  same  order  avS  that  adopted  for 
R.  The  inverse  rhomliohedron  -R  =  \\2.2\  is  given  by  joining  V 
to  the  points  of  intersection  of  the  horizontal  line  </x^^  with  the 
verticals  through  «S',  7' and  F^^  and  \\  to  the  median  coigns  on  the 
verticals  through  T^^  S^j  F:  the  figure  is  then  easily  completed. 
The  rhombohedron  ~viR  is  obtained  in  a  similar  manner. 

All  that  is  now  needed  to  draw  an)'  sctilenohedron  rnHn  (Art. 
40)  ia  to  take  F",  V^  on  the  triad  axis  at  distancefi  mnc  from  the 
origin,  and  join  them  to  the  uiediati  coigns  A  of  mli. 

To  find  the  unit  of  length  OA"  corresponding  to  the  arbitrary 
length  OS,  a  circle  is  descril>ed  with  centre  at  S,  and  radius  -  SS^ ; 
the  point  A  where  the  circle  cuts  the  vertical  /iT^A  is  at  unit 
distance  from  0 ;  and  OA"  -  OA.  The  length  OV ~c  for  any  par- 
ticular Hul_istance  is  therefore  OA  cos  30"  tan  D. 

Since  the  horizontal  plane  Ls  reduced  Ui  a.  line  the  method  is  not 
adapted  to  represent  crystals  in  which  lines  parallel  to  the  equatorial 
plane,  but  inclined  to  one  another,  have  ttj  be  shown. 

We  proceed  to  indicate  the  positions  of  the  planes  of  symmetry  in  such 
a  pitijection  as  Fig.  345,  and  to  prove  that  O^  is  the  unit  length  un  0  V. 

SuppKMe  the  rhombohedron  rqvresented  in  Fig.  346  to  be  turned 
through  90'  aVn^ut  the  line  FOF,y  and  to  be  projected  on  the  piiper:  it 
will  then  l>o  given  by  Fig.  346.  During  the  rotatiuu  the  cuigtiB  remain 
in  the  vertical  planas  through  the  points  JS,  T^  F,  &c. ;  and  the  pjirallol 
vertical  plane  through  the  eye  and  centre  may  bo  represented  by  £E^. 
The  dyad  axes  (of  which  06  is  aJone  shown)  now  lie  in  the  j>aper,  and 
bisect  pairs  of  opposite  median  edges. 

Let  E0^=6\  then  ^«/i=60"-tf,  and  />,,0=^„0^,=flO°  +  tf. 

From  the  right-angled  triangle  *V0^',  we  have 
OS^Ofi' fiiue\ 
from  the  triangle  rO/x,        0T=  Ofi  sin  (60'  -  6) ; 
d  from  the  triangle  FO^^,  0/'=f>,i„8in(60'  +  (J). 

25 
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But  0/i  =  0/  =  0^„; 

and  57=  OT-  OS^  0^  [sin  (00°  -$)-  siu  0\ ; 

3'/'=0/'- Or=  (>M  {»in  (60"  +  ^) - siu  C«>" - tf)}. 

Also  TF^ST=OS. 

.'.  Hiii(60''+^-mn(e0''-tf)  =  8m(60''-^-8intf=smfl„.(4a). 

Tho  first  find  \ani  tcnu»  of  (42)  are  equal  for  miy  value  of  6,  for 
sin  (GO"  +  tf)  -  »in  (60"  -  «}= 2 cos  60"  8t(i  tf^aio  6 ; 
since  S  cos  00°  ^  I. 

The  value  of  6y  corresponding  to  the  orientation  of  the  rhombohedron 
in  the  two  figures,  haa  thoroforo  to  bo  found  by  combining  tho  first  and 
second  tennn,  or  the  flecond  and  third.  Taking  the  first  pair  of  aides  in 
(42),  wo  have 

8in(60'+tf)+sin5=2Hin(60''-^=2co8(30''  +  5); 
since  (30*^  -  5 = 90*  -  (30" + 6). 

But 
8in(GO''  +  ^)  +  8intf=8in(30>tf  +  30')+«in(30'  +  tf-30') 

=  2ain(3O*  +  tf)coe30*. 
.-.  28in(»>*  +  5)coe30'=2oo»(30'  +  tf); 

and  cot(3*r  +  tf)=coB30' (43). 

Therefore,  by  computation, 

30"  +  tf  =  49="  6-4' ;  and  3=  19'  6'4'. 

Uouoe,  in  Fig.  345,  the  plane  Z, 
containing  T^ftaiid  tho  parallel  axis  OX, 
is  inclined  to  the  paper  at  an  angle  of 
49"  6*4'  to  tho  right  front ;  tlie  pUnea  2, 
and  S„  containing  OV  and  OZ  roH[>oc- 
tively,  are  inclined  to  tho  left  front  at 
anglc8  of  70"  53-6'  and  10' 536'  re8i»ec- 
tively. 

Wo  have  now  to  dettirmine  the  unit 
length  OA"  on  the  vertical  axiw  n*]  of 
Fig.  3^15  which  curresiHrnds  to  tho  arbi- 
trary length  OtS  taken  on  the  horizontal 
line.  In  Fig.  346  06  is  &  dyad  lixis,  and  its  length  is  that  denoted 
by  a.     But 

MiO£:=30''-{-e=  ^T,^o. 

.•.  r,A«r,0cotr,«0-r,0cot(30°  +  tf)  =  (from(43))r,0co830-=V3r,0^2, 
Alao,  S,T,=  7,0-^-2; 

.'.  -s',d«=r,8»+r,5,2=7;o»(3+i)-j-4=r,o". 

Hence  ^  lies  onacircle  described  with  centre  at5,andradiua«5*S^^205. 
To  obtain  OA"  in  Fig.  346,  n  circle  in  described  with  centre  at  S,  and 
radiu8  =  20*S':  the  jwiut  A,  in  which  the  circle  cuta  the  vertical  through  T,, 
in  at  distjiuco  a  from  0.  OA"  is  then  cut  off  equal  to  OA ;  and  OV  ia  found 
by  raultiplynig  this  length  by  r,  or  oo830'tan/>. 
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T7te  BcaUmohedron,   \hkl\, 

40.  By  tho  law  of  rational  indicf'-A,  fiiocs  lielonging  to  a  crystal 
can  be  drawn  through  an  edge  of  any  of  its  foriHS  to  meet  any  non- 
parallel  zone-axis  at  distancetj  which  are  coniDieuHurablc  Tiiultiples 
of  thfi  intercept  mafle  on  this  axis  by  one  of  the  faces.  The  form 
thrx>ugh  the  edge  uf  which  the  new  faces  have  to  \hs  drawn  will  be 
called  the  auxiliary  fonii.  Thus  a  pair  of  possible  faces  of  a 
crystal  of  this  class  can  bo  flrawn  through  a  median  edge  of  any 
rhombohedrou  inR  to  meet  the  triad  axis  at  puint-s  K.^,  T",  where 
OV^~0V*~  nOr„.  But  by  the  character  of  the  symmetry,  similar 
pairs  of  faces  must  be  drawn  through  each  of  the  remaining  meflian 
edge**.  Since  the  points  r„  and  T"  on  the  triad  axis  are  equally 
distant  from  the  centre  of  the  rhomliohedron  and  opposite  median 
edges  are  parallel,  it  follows  that  the  form,  Fig.  347,  hius  twelve 
faces  arranged  in  pairs  which  an.;  parallel.  Further,  each  face  ia 
&  scalene  triangle  having  its  polar  edges  in  two  of  the  planes  of 
symmetry  2,  2^,  2^,;  and  the 
angles  over  the  three  edges  are 
unequal.  The  form  is  therefore 
called  the  scalenohedron  of  the 
rhombohedral  system ;  and  as 
ita  faces  will  be  shown  to  meet 
the  Millerian  axes  of  reference 
at  unequal  distances,  its  symlHjl 
will  be  \hki\.  The  symbol  mfin 
wufi  used  by  Naumunu  to  denote 
the  fonn.  In  this  symlM*!  the 
number  wk  precfJiruj  H  indicates 
the  auxiliary  rhomlx^Iiedron,  the 
median  coigns  X,  \,  &c.,  of  which 
have  t-o  l>e  joined  U>  T"  and  r„. 
The  number  n  /oflowing  H  in- 
dicates the  multiple  of  OK^  re- 
quired to  give  Or»,  which  is 
therefore  tntt^. 

The  above  method  of  derivation  of  the  general  form  of  the  class 
is  similar  to  that  by  which  the  tetrakis-hexahedron  j/*A-0}  of  the 
cubic  system  was,  in  Chap,  xrv.,  Art.  18,  derived  from  the  cube. 
It  affords  a  ready  means  of  drawing  the  forni  when  the  Naumannian 
indices  m  and  n  have  been  determined. 

2B— 2 
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Frum  the  method  of  ooDstruotion  it  follows  that  the  medi&n 
coigns  of  the  ficAlcnohedron  lio  in  the  horizontal  planes  trisecting 
at  r  and  t  the  length  K"*  r„  intercepted  between  the  apices  of  the 
auxiliary  rhombohedron  mJ7.  Since  the  polar  edges  of  all  rhomlko- 
hedrA  join  the  apice«  to  the  points  M  in  the  equatorial  plane,  then, 
(Art.  33),  T,X-T,V'  =  &c, -20Jr-3  =  4ttoo8  30°-r3,  a  constant 
diHtance  independent  of  the  values  of  m  and  n.  Hence  the  median 
coigns  of  all  scalenohetlra  lie  in  the  vertical  edges  of  the  prism  {OTlJ, 
when  its  faces  are  drawn  througli  the  points  A^  A\  A'\  tfcc;  OA 
being  the  unit  of  length  a  on  the  dyad  axis  in  Fig.  332. 

41.  The  limits  of  the  series  of  scaleiiohedra  having  the  same 
me<lian  edges  as  the  auxiliary  rhombohedron  mR  are  given  by 
making:  (i)  n=  t,  when  the  scalenohedron  becomes  identical  with 
mli  itself ;  (ii)  n  =  oo ,  when  all  the  faces  become  parallel  to  the 
triad  axis.  The  form  then  becomes  the  hexagonal  prism,  the  faces 
of  which  truncate  the  median  edges  of  the  rhomlxtliedrun,  and  are 
therefore  perpendicular  each  to  one  of  the  dyad  axes:  this  prism 
was  shown  in  Art.  27  to  be  {01 1[. 


42.     We  proceed  to  find  the  intercepts  made  by  the  faces  on 

the  axes  of  roferenco ;  and  hence  to  determine  the  connection 
between  the  Millt*rian  symbol  \fJd\  and  the  Naumannian  symbol 
mRn.  Tncjdontally,  expressions  will  be  obtained  which  will  enable 
us  to  transform  the  alH>vp  aymlwls  to  those  involving  four  axes  of 
reference.  Khoiubuhedral  crystals  are 
still  frequently  referred  to  a  set  of  four 
axe.H  ;  but  such  axes  are  better  suited  to 
represent  the  forms  of  hexagonal  crystals, 
and  their  discussion  will  be  postponed  to 
the  next  chapter. 

Let  VXk^  be  the  face  (fUk).  In 
Fig.  348  two  faces  and  the  axes  OX  and 
OY  are  alone  Bhowu.  Tlie  ]Hjlar  edges 
F^A,  r„X  lie  in  tlie  plane  5  and  meet 
the  axis  OX  in  the  points  S  and  S\  and 
the  horizuntnl  line  OM  in  the  points  // 
and  //',  The  similar  polar  edges  r„X^, 
K"A.,  lib  in  S^^  and  meet  OY  in  the  points 
T  and  T .  and  the  horizontal  line  OM  in 
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f'and  K^.     The  median  edge  \\  meets  bbe  dyad  axis  at  A^^,  where 
OJ^^  =  a,  and  A^^X=^  A^^\. 

By  a  semi-revolution  about  OA^^  the  two  faces  change  places, 
[the  edges    T^A,   and    F,X  changing  places,   also    V'*X  and    Vn\- 
Hence,  OT^  on  OF  is  equal  to   OS*  measured  on    OX,  and   like- 
wise OT=(?»y.     Furthermore,  since  the  same  rotation  interchanges 
OM  and  OM^,  we  have  OK^OH,  and  OK,  =  OM'. 

Hence,  to  find  the  line  IIA^^K^,  in  which  the  face  r"AA^  meets 
the  equatorial  plane,  it  Hufficcs  to  determine  the  points  H  and  //' 
in  which  the  edges  V*\,  T.X  meet  OiU,  The  points  6*  and  S\ 
and  the  intercepts  OS  and  07\  are  then  easily  found. 

Let   Fig.   349   represent   a   section   of   the   scalenohodron   and 
of  the  rhombohedron  mR  by  the  plane  2,  which  contains  the  polar 
edges  K^X,  K^X,  and  OX  parallel  to  the  edge  K^J/  of  the  fundamen 
Ul  rhombohedron.     Now  Or  ^  OV,^  -  3  -  //w;  -  3,  and  r>  =  20M^  3. 

From  the  similar  triangles  OJIV*  and 
r^W\  wo  have 

.X     T.r*     mne  •¥  mc -r- Z     3^+1    ...^ 

(44); 


>£r     OF- 


7/mc 
O Jtf     3n  +  1 


3n 


(45). 


From   the   similar   triangles    OH'V„j 
K  F»,  we  have 

T  F«      mrw  —  itk; -?- 3      3n  —  1   .... 

(40); 


OF. 


OM  _3n 
OH' 


3n 


2n 


(47). 
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The  trace  of  the  face  iu  the  equatorial  plane  may  be  taken  to 
ide  with  the  lino  HKL^  of  Fig.  332,  p.  372.  The  distoaco 
uL^  on  0A£"  is  then  given  by  the  fact  that  the  triangle  KfiL  is 
made  up  of  KOU  and  HOL^^  of  which  the  angles  at  O  are  120' 
td  m\     Hence, 

OK^ ,  OL^  sin  1 20*  =  OK^ .  OH  sin  60'  +  OH .  OL  sin  60' ; 
OM     OM     OM     3n+l 
•  *  OZ,  ~0U~  OK^  "  "2^ 
Wnce  OK  -  OH'. 


3«-l  1  ..QV. 


43.     To  find  A,  ^,  Mn  terma  of  m  and  n. 

The    Millerian    indices    /i,  /,  ^,    are    given    by   h=  Y^M  -  Oi^t 
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/=  V^M'-rOT,  k  =  rjr^OU;   if,  aa  before,   TJf  is  the  pM»- 
metcr,  and  OS,  OT^  and  OU  are  the  intercepts  on  the  axes,  doc 
attention  being  paid  to  the  directions  in  which  they  are  measured. 
By  a  semi-revolution  about  OA^  the  polar 
edge  V^kT,  Fig.   348,  is  brought  to  the 
position   V^\ll'  which  meets   OX  in    jS". 
The  intercept  OT^^  measured  ia  the  nega- 
tive diroction  along  OY^  is  equal  to  OS' 
measured  on  OX.      Hence 

i==-r^M^os\ 

Since  OX  is  parallel  to  V^  M,  we  can, 
by  pairs  of  similar  triangles,  6nd  V^  M  -  OS 
and  V^M ^  0S\  and  therefore  the  indices 
h  and  /.  Let,  in  Fig.  349,  /  be  the  point 
of  intersection  of  T  jV  and  V**\  and/' 
that  of  V  M  and  F.X  From  the  similar 
triangles  OIIS,  MUf^  we  have 
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OS 


HM 

OH 


OM 
OH 


=  (from  (45))  -j-— 


n  +  1 


.(49). 


And  from  the  similar  triangles  OiS'F",  F/F",  we  have 

7»nc  +  c 


OS      OV* 


mnc 


mn  +  1 


1 

(50).       1 


Adding  (49)  and  (50),  wo  find 
A 


OS 


n  +  1      mn  +  1 

+ 


Smn  +  m  -I-  2 


2n  rmi  2mn 

Again,  from  the  aimilar  triangles  H'/'M,  H'OS',  we  have 


(61). 


/'M 
OS' 


H'M 

OH' 


r~  =  (from  (47)) -r 


OU 


-_1        _«-J 
n  2n 


.(M); 


and  from  the  similar  triangles  S'O  F„,  f  V^  F„, 


OS' 


OF. 


vine 


mnc 
adding  (52)  and  (53),  we  liavo 

VM     n-\      mn~\ 


mn 


U 


OS' 


.  -  1      mn 
2n  mn 


Spm  —  m  —  2 
2rnn 


(53). 


RELATIONS   BETWEEN    KQUlVAUiNT  SYMBOLS. 


391 


Again,   if,    in   Pig.   350,    V^L^  is   the   trace  of   (WA)   in    the 
)Line   2^^,   and  if  it  meets   OZ  and 
r  M"   produced   in    U  and   G^   then 
from    the    similar    triangles    UOL^^ 


,     M"a     M"L  ^  OM 

^BiT"  OL.  ~  OL 

H    So 
^    T] 


+  1 


(from  (48))  -  +  1  (66). 

And   from    the   similar    triangles 
01/,   V'V^O,  we  have 

ou  ~  or*  " 

Subtracting  (5G)  from  (55),  we  have 
UU       n  mn 
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mn+  1 


mn 


2(ot-1) 


i»7in 


(56). 


(57). 


The  above  equation  gives  the  auraerical  value  of  the  ratio 
V^M"  -i-  OU,  Since,  however,  OU  ia  measured  in  the  negative 
direction,  the  index 

Ik  =  -M"V^'rOU='Z{\-vi)^2mn (58). 
I    Hence  from  (01),  (54)  and  (58), 


m  +  2  +  'dmit     m  +  2  —  3mn 


2{l-m)   - 

44.  Equations  (59)  Butfice  for  finding  both  m  and  n  when  h, 
k  and  /  are  given.  For,  if  we  add  or  subtract  the  numurators,  and 
also  the  denominators,  uf  any  of  the  ratios,  we  obtain  a  ratio  equal 
to  any  one  of  theui.  Thus,  taking  the  first  and  second  terms,  we 
have  by  addition 

=  (doubling  the  terms  of   the  latter  and  sub- 
-67;i-=<^y  addition)  _g-. 

••"•=A-TITT <^^>  = 

Again,  subtracting  the  nutnerator  and  denominator  of  the  second 
member  of  (59)  from  those  of  the  first,  we  have 

K~i  k  .  ,       .A+A+i 

^n  =  2Tl^  m)  =  <'™'°  **~^^>  —6-  ' 

*-'     '         *-'  (01). 


2(fi*+2)     2(1-TO) 
tractiiig  from  the  former) 


h^k-^-lm     h^l-2k 
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^B  Kiiowiug  thcu  the  indices  A,  A,  /  of  one  face  of  the  Hcalenohedron, 

^M  wu  can  Hud  m  and  ji ;  and  can  then  draw  the  form  by  the  method 
^m         given  in  Art.  40. 

H  46.    To  find  the  symbols  of  aU  the  fax::es  of  \ftUl\. 

^H  Tlic  pair  of  faoeu  passing  through  XX^  of  Fig.  351  change  places 

^B  after  a  &emi-revolution  about  OS^.  This  axis,  being  perpendiculu 
^t^  to  OiT,  iuterchaugea  positive  with  equal  negative  lengths  on  it;  and 
^^^B  positive  lengths  on  OX  with  equal  negative  ones  on  OY,  and  vice 
^^^"  verBflw  Hence,  tlie  face  VXX^  being  (AM),  the  face  K,XA^  is  {Ihk), 
^m  Thiii  ia  also  obviuus  from  the  discussion  in  the  two  last  articles 
H         and  Fig.  348. 

^H  The   above  two   faco^  are  aAsociated   with   two   parallel   focea 

^t  drawn  through  the  median  edge  parallel  to  AA,.  The  symbols  of 
^^^K-the  latter  faces  are,  therefore,  (hlk)  and  (l/ik).  The  four  faces  are 
^^^m  necessarily  tautozonal  with  the  four  rhouibohedral  faces  meeting  in 
H^  the  same  median  edges,  and  with  the  two  prism-faces  (iTO)  and 
^m  (110)  trinicating  these  edges. 

H  Again,  by  rotations  of  120*  about  the  triad  axis  the  above  four 

H         faces  are  brought  into  tlie  positioms  of  two  other  sets  of  four  similsr 

faces.     We  have  alreiuly  seen   that  the  triads  of  interchangeable 

faces  have  their  symbols  in  the 

same  cyclical  order;   hence  the 

faces  of  the  sealenohodroti  fAX:/|, 

Fig.   351,  taken   in  oi-der  from 

K"X\  and   r.AA^,  have  the  fol- 
lowing symbols : 

m     hkl    Md     Ihk    Ikh     kUi 

Ihk  li'h  kVh  hik  hki  khi 

(k). 

The  pairs  of  faces  in  the  colunms 

are  interchangeable  byaeuii-revo- 

lutions  aU)ut  the  dyad  axes  S^^, 
^^         S^  and  S,  respectively. 
^M  It  ia  easy  to  see   that   the 

^1  above  faces  are  symmetrically 
^m  pluced  with  respect  to  the  planes 
^^  of  symmetry.  Thus  the  pairs  of 
^^^K  faces  meeting  in  the  edges  T'^X, 

If!: 


respectively,    where  OS 
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0S^~  V^M^l,  for  I  ia  &  negative  number  (Art.  43).  But  the 
plane  2  bisects  the  angle  between  OY  and  OZ,  and  the  intorocptB 
on  these  axes  are  reciprocal  reflexions.  The  face  V^Xk  l»eing  (A/A:), 
the  symbol  of  V'^KX^  is  {hkl);  and  the  face  F„XX^  being  (/A*)  the 
Gymbol  of  F^XA^  ia  {Ikh).  Similar  proofH  can  be  applied  to  the 
pairs  which  meet  in  polar  edges  V'*\  ,  «kc. ;  and  also  to  pairs  of  fac<?s 
which  do  not  meet  in  edges,  such  an  K^A.  A"  (Hh)  and  K''A'A^  (khl). 

46.  The  relations  of  the  poles  /'  of  the  acalenohedron  \ftkl\  =  mJin 
and  of  g  those  of  the  inscribed 
auxiliary  rhoralx)hedron  mi?,  are 
shown  in  Fig.  352.  The  two 
faoes  of  each  form  which  iiiuct 
in  the  edge  AX^  must  be  in  a  zone 
with  a^(irO),  the  priHra-face  per- 
pendicular to  the  dyad  axis  08^ ; 
and  this  face  would,  if  developed, 
truncate  the  edge.  It  iy  clear, 
however,  that  tlie  two  faces  of 
the  scalenohedron  make  a  smaller 
angle  with  (110)  than  the  two 
faces  of  the  rhoini>ohedroTi  </.  Hence  the  pole  P'  lies  between  a^^ 
and  ff.  If  P'  is  (hlk)  and  g  in  [«,/^']  is  (hl^l^) ;  then,  by  Weiss's 
zone  law, 

hk  ^n-l^{fi  +  l)  =  0. 

This  equation  is  satisfiod  by  making  h—h-k^- 1,  and  /  =  k.  The 
inscribed  rhotuboheclron  m/?  has  therefore  the  symbols  {h-k  +  I, 
it,  k\.  But,  in  Art.  36,  it  wa.H  shown  that,  if  m/i  is  identicjil  w^ith 
jA^/ / },  then  TO  =  (A^  -  I)  ^  (A^  +  2/ ).  Tntro<liicing  into  this  expression 
the  values  of  A^  and  l^  just  found,  we  have 

i,-k  +  l_~k  _h-2k  +  l     e-3k 
A-A  +  r+2jfc"  h-i-k  +  l  ~     e     ' 
le  result  as  is  given  in  (60). 


m  = 


number  h  can  now  be  found  from  equations  (59). 

47.  Although,  in  the  mothod  of  derivation  employed  in 
Art  40  and  in  all  the  succeeding  Articles,  the  uuuiber  m  has  b«en 
supposed  to  be  positive,  the  process  is  perfectly  general ;  and  all  the 
relations  hold  true  if  m  is  negative  and  the  inscribed  rhombohedron 
is  the  inverse  form,  —  mK.  All  tliat  is  necessary  is  to  make  vi 
negative  in  equations  (59)  and  in  all  equations  into  which  m  enters, 
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Such  a  RCAlenohedron  may,  when 
position  witb  re9{»ect  to  the  axes 
of  roforonco,  be  called  au  inveraa 
scaterwhetlron,  —  mUn. 

It  is  clear  Uiorofore  that, 
for  the  same  numerical  vului^s 
of  m  and  n,  we  have  two  tauto- 
niorj)hou8  ecalonohcdra,  the  posi- 
tions of  which  in  sptvco  are  deter- 
mined by  the  sign  of  m ;  and  the 
poles  of  which  are  shown  in 
Fig.  353. 

It  is  required  to  fiml  the 
relation  between  the  Millerian 
indices  of  the  direct  scalontv 
hedron  {/»A:/[  -  mRii  and  the  cor- 
relative inverse  scalcnohwlron  \j»p']  =  -  mRn. 

In  Alls.  43  and  44  wo  have  seen  that  for  the  face  {hlk)^ 
h  ^  I  k  h^k^^i 

m+2-i-3mn     m+2-3mn     2(l-m)  6 

Changing  the  sign  of  7/i,  wo  have,  for  the  opposite  £ace  (pr<i) 

P  _  ^  _     ^i 

2  (Urn) 


(63). 


—  ITU-  2  —  '6mn     — »;»  +  2  +  Zinn 
If  from  double  the  numerator  and  denominator  of  the  last  t«nn 
of  equations  (G2)  we  subtract  throe  times  the  numerator  and  de- 
nominator of  cjich  of  the  prc^ietling  tonus  in  turn,  we  have 
A  +  Jfc  +  /     2(A  +  ifc  +  0-3A     2{h  +  k  +  C)-V, 

T 


3(2-m-3irtn] 


3  (2  -  irt +  3m;*) 
2(/n-|-  +  /)-3X- 


(64). 


6(l  +  fn) 

The  denominators  in  the  last  three  terms  of  (64)  are  in  the  same 
I'atio  as  the  di-'iiumimitors  of  equation  (63) :  hence  the  nuiueratore 
must  be  in  the  same  ratios. 

.  P _? ^ 

"   2{h  +  k  +  l)3h''2{h^k  +  l)^U     2{h  +  k  +  l)-^ 

These  are  the  same  relations  as  were  found  in  Art.  15  to  oonnect 


(66). 


I 


tho  symbols  of  two  dirhombohedral  faces, 
easy  to  show  that 

h  k 


As  in  that  Article,  it  is 


2  (;>  +  V  ^  »•)  -  3;j     2  (;i  +  7  +  r)  -  3^     3  (p  +  7  +  r)  -  3r* 


(66). 
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48.  Aa  a  general  rale  the  forms  will  fall  into  zones  in  which 
le  angles  can  be  measured,  and  in  which  the  symbols  of  Heveral 
are  known  or  can  be  easily  found.  Hence,  the  auhnrmonic 
of  four  tautozonal  faces  will  usually  give  the  Millcrian  symbols 
the  unknown  faces. 
Wlien,  however,  the  byniWs  cannot  l>e  thu3  obtained,  we  can 
use  the  elegant  relations  between  the  angles  of  the  scidenohedron 
And  the  face-indices  which  we  pro- 
ceed to  determine  in  this  and  the 
two  next  articles. 

Let  the  angles  PF,  FF',  FP„^y 
er     the    diHsimilar    edges     T^X, 
'%  and  U  of  Fig.  351  be  denoted  «.* 
by   2|,    2i;    and    2  f ,    respec  ti  vely . 
Then,  in  Fig.  364. 

1?  =  u'V^  -  aO' -  a'P- =  90°  -  a,,/* ; 
and  l=a^,F  =  a'P, 

Henoe,  from    the  right-angled  spherical   triangles  aPN^  a'PN, 
u^.PN  we  have 

fiinf -cosajP-coaa^coB  A^/*,  ' 

sin  1}  =  COS  a^,P=  cos  o^^  A^cos  NP^ 
cos  I-  cos  ft'  /*  =  COB  o^V  cos  NP 
Adding  the  first  and  second  equations,  we  have 
sin  { -t-  sini;  =  COS  ^P  (cos  dN  +  cos  a^,N) 

=  cos  HIP  |cos  (60"  +  tt'Ji)  +  cos  (G0°  - 
=  2  cos  iVPcos  60'  cos  a'xV  =  cos  A'P  cos  aJ^ ; 
2  cos  60"  =  1. 

/.  sin  f -».  simy  =  ooB  { (fiS). 

This  etjuation  can  be  readily  thrown  into  a  fomi  auiUble  for 
logarithmic  computation  so  that,  when  two  of  the  angles  have  been 
found,  the  third  can  be  calculated. 

Thus  oosi=2Hini(f +  ,7)oo8i(f-i;V 


(67). 


a'y)] 


since 


ain  f  -  2  sin  J  (90*  -  »?  +  C)  sin  A  (90°  - 1?  -  0, 
simy  =  2  sin  J  (90'  -i  +  Q  sin  J  (90'  -  f  -  C) 


(69). 


49.     In  Art.  15  the  indices 
those  of    P(M),  are   shown   to 


e,  /j  If  oi  N  expressed  in  terms  of 
be  U  -$,  U-e,  V  -0;   and   in 
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Ast.  27  an  oppression  (20)  for  tan  a'X  was  found  in  terms  of  tk 
indices  of  Jf.     Hence,  introducing  the  values  of  e  and  /  in 
h,  k  and  /,  into  equation  (20),  we  have 

/^.       'V    -3/         3(g-3A) 

=  ^ (-)• 

But  from  (67), 
sin  {      Qo&iiN      006(60"-^  a'^) 
co« {  ~  otMoJf  ~       00ft aN 

=  cos  60'  -  sill  60"  tan  aN 
=  J(1  -^3Una'^). 
Hence,  introducing  the  value  of 
^3  tan  a'Nf  we  have 

ainf        /        O-Sk 

Similarly, 

aim;  _  co«  a^N     cos  (60'  —  a'N) 
cos  f      cos  a*N  COB  a'^ 

-J{1  +  V3tana'^)  = 


A- it 
h-l 


(72), 


2(A-0 
And,  since  ^CF  =  ^0*  —  PN,  we  have   from   the  last  equation 


in  (67) 
sin  CF 


1 


oos{       cosa  A 


Hence  from  (71)— (73), 
sin  (     sin  vj     oos  i 
k  "  *~ 


=  ^{\  +  ton'a'iV) -  (by  transformation  from  (70)) 
(h  - 1)  ^3 


(73). 


^3  sin  CP 


I     h-k     h-l 


'^2\{h-ky^{k-if 


(74). 


When  therefore  tho  indices  biuI  one  of  the  ttlx)ve  angles  are  known, 
oijuationH  (74)  enable  us  to  compute  each  of  the  remaining  angles. 

50.     To  oonnoct  the  angles  involved  in  (74)  with  the  angular 
element  of  the  crystal  we  shall  employ  equations  (12)  of  Art.  14 
Thus, 
cos  YP  =  COS CFcoB C/* (1  +  tan CX tan CPcosm'N) 
~  oos  ex  cos  CP  (1  -  t»vn  CX  tan  CPtan  a'K) ; 
since  C  T  =  CX,  and  in'N  =  90°  +  aN, 
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Intruducing  this  value  of  cofl  YP  into  equations  (13),  we  have 


1  -  tail  CX  tan  CP  sin  a'N  =  ~ 


But  from  (3).  tan  CJr=2coti>, 


2  tan  CPcot  D  sin  a'N^ 


tf-3Jfc 


(76). 


from  (70),  it  CAn  be  shown  ttiat 


Bin  a 


N 


B-^k 


\/2)(^-Jfe)«  +  (A-0'+(^-/0' 


Introducing  into  equation  (75),  we  have 


(A  +  *  +  /)  v2 


(7G). 


n  now  the  value  of  sin  C/*,  deduced  from  (76),  is  intr-oduced  into 
equatioDB  (74),  the  latter  can  be  given  in  th«  following  form: 

sin  i     sin  n     ooa  t  sin  60°  ain  D  ,... 
z.  —  — i  ~    — ■  s=  — —              —    -      (77) 

k-l     h-k     h~l     J{h  +  k  +  l)*-Z(hk  +  kl  +  lh)Bin*D"  ^     '■ 
The  last  term  of  (77)  is  uot  however  in  a  form  suitable  fur  log- 
Arithmic  computation :  it  is  l>etter  therefor*^  to  compute  CP  from 
|76),  and  then  to  substitute  the  value  in  equations  (74). 

Another  easy  way  of  finding  CP  is  first  to  calculate  Cp,  p  being 
;he  pole  of  the  fat^e  truucating  the  obtuse  edge   V^K  of  Fig.  351. 
Flence,  the  arc  Cp  of  Fig.  354  is  the  angle  VlIO  of  Fig.  349  j 
.*.   tan  Cp  =  tan  K^/ZO  ^OV-'OH; 

OB  ^  "  " 


2a  COB  30 
-j-acoflSO'^  tan/> 


3m  +  1      3«m  +  m  ^       _. 
^     -2n     =—4—  tan  A 


OAi    on 

ilooe 

But  from  (62), 

3fnn  +  m  +  2  -  2/4  (1  -  w*)  ^  jfc  =  6/1  -^  ^ ; 


-.       3mn  +  m         ^ 

tan  Cp  = J tan  D 


U-6 
2$ 


tan-D  = 


2h     k-l 
2(A  +  Jfe  +  /) 


XauD 

..(78). 


Expression  (76)  for  tan  CP  is  easily  deduced  from  (78)  by  the 
lid  of  the  right-angled  spherical  triangle  pCP^  «uid  the  known  value 
^Nl  for  tan  Ci*  =  tan  Cp  -^  008  {mN  =  30*  -  aJ!f), 

6L  If  the  scalenohcdron  P  {hkl\  is  the  only  fonn  present  in  a 
nystal  of  which  the  element  D  is  known,  the  equations  given  in 
^ri«.  48 — 50  enable  us  to  determine  the  indices,  when  two  of  the 
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unglet)  2^,  2jj  and  2^  liave  been  measured  ;  or,  assuming  the  mdiGesto 
be  liny  nunilKTS  conHiKtent  with  (74),  to  find  the  angular  elnneiit  V 
which  corresponds  to  the  measured  angles  and  the  assumed  indices 
Tims  two  of  the  angles  being  measured,  the  third  is  found  from  equ- 
tions  (69).  The  angle  PdX  can  then  l>e  computed  by  the  formula  ficir 
finding  the  angle  of  a  triangle  of  which  three  sides  are  known :  thus 
in  the  triangle  a  fa,  Fig.  354,  the  sidee  are:  a/'=90'-f,  a'P=( 
and  aVi-60".  Hence,  C;>  -  90° -^m  -  90"  - /*diV  is  known;  and 
equation  (78)  gives  a  simple  equation  between  the  indices.  A 
second  simple  equation  is  given  hy  (74).  The  solution  of  these  two 
equations  give*  the  ratios  A  ~l^  k-  /,  and  the  symlxd  of  the  face. 

KxampUf.     MilUr  ^iveB  the  element  of  oalcite  &■  44*^  36*6',  and  for  the 

scalouohcdron  v,  Fig.  S55,  common  on  Derb^-shire  crystals  he 

Kivea  2f  =  36^^^  36',  2yt  =  lh'  22'.     Hfooo.  from  (69) 

ooe  f^  2  Bin  27''  44-5'  cos  Si""  56-5' ; 

and  i*=2a'^30-5'. 

The  sides  of  the  triangle  a' Pa  are: 

ui>=9(y-^  =  72*12',  rt'P=23'Sr,  «a'=6(P. 

,      ,    ,.r,    ^      .  /Biii6^S«-5'mnl7'^51-5' 

,-.  tanA{i'aP=tanAiwp=.  /   .    --,--■,   . — . ..  .^-,; 
'  a  T     \r  8m77   61o'hiuo4-20'6' 

and,  bj  computation, 

rt'aP=mj)=22"4-8'. 
Henoe,  by  «qaation  (78) 
2h-k-l 
2(/i  +  A;  +  0 

.'.  /i  +  2*  +  2t=0. 
Again,  by  equations  (74) 

h-fc_Mn87°4r 
*-("Binir*48' 

.-.  /i-8*+2i=0 «....« (80). 

Subtracting  (8«)  from  (79),  we  have  5A;=0,  .-.  lk=0:  and  tboefore  *  +  2i= 
The  face  is  therefore  (201)  and  the  form  {SOlf. 

If  it  be  desired  to  determine  the  element  from  the  moasured  anglaa,  it  il 
ncceaaary  to  assume  definite  indices,  (201)  Baj.  for  the  face  P.    Then 
oomputation  of  mp^    wc  hsve  GotD  =  5tan22°4'8'-4-2.     But   it  is  clear 
equations  (74)  will  not  bo  aatisfiod  if  any  three   numbers  arc  assumed  fa 
indices :  an  arbitrary  choice  can  only  be  made  of  two  of  them,  and  the  third 
then  deduced  from  (71). 

52.  Each  scalenohodron  \hkl\=nilin  has  five  associated  rhom- 
Ij^jhodra,  tlie  symbols  of  which  can  be  readily  obtained  by  the  aid  of 
the  stereogram,  Fig.  356,  and  Weiss's  zone-law,  or  from  the 
metrical  relations  given  in   preceding  Articles.     A  knowledge 


:oot22^4-8'oot44''36-6'=(b7oomptitation)6-ra; 


=  (by  computation)  3; 
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these   rhointx>he(lra   frequently  sinipliJios  the  drawing  of  a   com- 
bination audi  (18  that  in  Fig.  371,  p.  408.     They  are: 

4     The  inscribed  rhombohedron  g~mli^  having  the  same  median 

the  BcalenohedroD. 
u.     The  rhotnliohedron  »*,  the  faces  of  which  truncate  the  acute 
poUr  eijges  F.X,  ifec,  Fig.  361,  and  )jAve  their  polar  diagonals  parallel 
to  these  odgea :   the  apex    V^  is  formed  by  drawing  through  li  in 
Fig.  349  (0B^0i\f-'2)  a  line  parallel  to   F„X.     Hence 

1         „„       3n-l 

—  H^iv^n   /^il7\l    

on 


OV. 


tnc. 


4»      ■■  -'«  4 

The  figure  is  then   re^ily  drawn;    and   itH   symbol    in    terms   nf 
A,  A:  and  /  coo  be  found  from  the  relations  already  established. 

iii.  The  rhombohedron  p  with  faces  truncating  the  olrfuso  polar 
edges  r"X  The  apex  V'  is  found  by  drawing  through  B  a  line 
parallel  to   F»A  of  Fig.  349.     Hence, 

OF"  =  — i — mc. 

iv  and  v.  The  two  remaining  rhoniholiedra  (iv)  y,  and  (v)  q 
We  for  polar  edges  the  acute  and  obtuse  polar  edges  of  the 
sadenohedron,  respectively.  Their  apices  are  at  double  thi'  di.s- 
Uuce  of  those  of  u  and  p^  being  found  by  drawing  lines  thnjugh 
M  iwxallel  to  the  edges   F,X  and   F"\  of  Fig.  349. 

From  the  stereogram  the  symbols  of  the  poles  are  readily 
obtained  by  Weiss's  zone-law.  For 
the  wne-circle  [cr]  is  [Oil],  and 
[c/]  is  [lOT].  The  symbols  of  the 
zone-circles  [a'^],  [«/*],  [«,^])  "■nd 
fa^]  are  readily  found  by  Chap,  v, 
table  10.     They  are: 


1. 

ii. 
iiL 
rr. 

V. 


[aP]  =  [k  +  l,  A,  A], 

by  Chap.  V,  table  (23), 

(/  the  intersection  of  [cr]  and  [o"/"]  is  (A  -  A:  -t-  /,  A,  k) ; 

u'„  „  „  [er']  „  [a'F]  „  {h  +  k,  21,  h-t~k); 

p»  H  »H  n  [«^]    „(2A,  A:  +  ^,  A  +  /); 

y  II         II        n  M  M  [^,f]  II  (A  +  A:-^,/,  0; 

7   „  „  „  [rr']  „  [/iV]     „  (A,  k  +  l~h,  A). 
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The  poles  having  the  alxive  Kyiubols  are  on  t!io  upper  heroisphePB, 
for  the  9um  of  the  indices  is  in  oil  casca  cither  9  or  2^,  a  koomi 
positive  number. 

By  the  aid  ol  equations  (32)  and  (59)  the  student  can  prove  that 
OF'  has  the  value  already  given.     Thus  from  (32) 


OF' 


%h-k-l 


c  =  [from  (59)] 


Zm  +  9mfi        5n  -t- 1 


12 


2(A  +  A  +  0 
The  distances  from  the  origin  of  the  apices    F^_ 
obtaiiie<l  in  a  similar  manner. 

As  illustrations  of  the  al>tivo  we  may  take  the  scalenohedm  (20lj 
and  {4101  ^^  calcite.  For  the  former,  the  tive  rhombohedra  are: 
(i){100(  =  -ff;  (ii)jlTl|=-2^;  (iii)  {4TT|  =  «/?;  (iv)  jSiT]  =  U; 
(v)  |2321  =  -5/f.  For  the  latter,  the  rhomb(.»hedra  are:  (i)  j311]=fy?; 
(ii)  {101)  =  -i^;  (iii)  {8111  =  ^^;  (iv)  llOOi     R-  (v)  {434}  = 


\R. 


The  hexagonal  bipi/ramiH. 

53.  When  the  pole  P  of  a  face  {hktj  lies  in  the  zone  [Ca  ]  =  [\l\\ 
Fig.  354,  the  form  \hkl\  undergoes  an  important  modification,  al- 
though the  indices  A,  ^-,  /  are  unequal  and  their  sum  differs  from 
zero.     By  Weiss's  zone-law  we  then  liave 

h-U  +  l  =  0 (81); 

i.e.  onf*  of  the  indices  is  the  arithmetic  mean  of  the  other  two.     Bnt 

the  zone  [«'^]  contains  the  pole  g  of  the  auxiliary  rhombohedron  iwjf. 

The  three  upper  poles  y  must,  when 

[a'f  ]  coincides  witJx  [«V_7],  coalesce  in 

C  ( 1 1 1  )^  iiud  the  rhombohedron  l»e- 

coniofl  the  pinakoid  0/?.     The  form 

Ihkl)    is    th(n»    a    bipyniniid    having 

itti  median  edges  all  hurizt>ntal  and 

its  polar  edges  all   equal ;  and  the 

angles  2^  and  2rf  over  these  latter 

edges  are  therefore  also  equal.     The 

particular  instance  of  a  bipyramid 

{3lT[,  not  unfrequent  on  crystals  of 

sapphire,  is  shown  in  Fig.  357. 

The  relation  (81)  between  the 
face-indices  of  a  bipyramid  can  also 
be  obtained  from  (60),  which  givas 
the  value  of  m  for  the  inHcrilxyl 
rhombohedron  mR.     When  the  median  edges  of  this  rhombohedron 


ITTE    rrEXAfJO\AL    lUPVRAMTD. 
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le  horiziiiitiil  m  -~  0,  and  /*  -  2A-  -f  /  =  0.     Tt  \%  clear  that  tli 


itoQce  of  the 


I  ployed 


:  cannot  l>e  obtained  in  the  manner 
the  case  of  a  scalenohedron.  The  form  may,  however,  be  con- 
structed as  follows.  Lines  are  drawn  from  the  hix  points  J/,  M »  M'\ 
Ac,  to  meet  the  triad  axis  at  apices  K*,  K,,  wheiv  OV"*^  -OV^-  /w. 

We  proceed  to  determine  the  relation  between  the  pj/ramid- 
index  n  and  the  indices  A,  k  and  I  of  one  of  the  faces. 

Let  Fig.  358  bo  part  of  a  section  of  the  bipyrainid  by  the  plane 
of  symmetry  2  containing  the  polar  edgeH  K"J/,  K„J/,  the  axis  OX 
aad  the  parallel  edge  V^Af  of  the  fundamental  rhonihohedron  ;  and 
let  the  polar  edges  meet  OX  in  S  and  6".  The  faces  meetijig  in 
V'M  are  /wW  and  A/X: ;   those  meeting  in    V„Hf  iirei    ikft,  iJik. 

El      Then,  from  the  similar  triangU*  V^  MV^t  WT",  we  have 
I  "Tfco*  ~  nim  —    «-    —    «    yy") » 

t 


nc-hc 
'OS  "  Of»  ~~nc~  "  ^ 

from  the  similar  triangles  OS'  r„,  F  jWr«,  we  have 

VM      VY^     nc-c  ^n~\ 
OS 


(83). 


OV^        nc 

As  was  the  case  with  the  scalenohedral  face 
F*XX^  having  the  symbol  (hlk)  (Art.  43),  the  inter- 
cept OT^  on  or  of  the  face  through  J/ J/  is  e<]ual 
to  OS'  but  measured  in  the  negative  direction. 
Since  the  indices  A,  fc,  I,  are  whole  numbers  given 
in   their    lowest   terms,   and     V^M  is   a  definite  Fio.  a58. 

length  selected  arbitrarily  as  parameter,  the  plane 
given    by    F-V-^A,    V^M—lj     V^M  —  k    A<:«^a   not    necessarily    pa^ts 
through  M}f/.  it  may  be  only  parallel  to  the  line.      An  arbitrary 
factor/  is  therefore  introduced  when  the  mtioa  in  (82)  and  (83)  are 
expressed  in  terms  of  A  and  /. 

V  M       n  +  I 


Hence, 


id  from  (81), 


//   = 


0^ 

VM 

OS' 


n 
1- 


.(84). 


Hence,  n  is  inversely  as  that  index  which  is  the  arithmetic  mean 
of  the  other  two. 

When  the  symbol  (Uk)  is  given,  equations  (S4)  Hutfice  to  dett^r- 
»ne  Ti  and/.    Thus,  for  the  face  (201)  of  the  pyramid  j-JlO}  we  have 
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from  the  secfind  fquation  n  =  I  ;  and  then  from  the  first  equation  / 
is  also   1  :   this  result  is  idso  conaisteiit  with   the  third  eqiiHtir>o. 
Similarly,   for   {311},  Fig.  3fi7,   we  have  from   the  third   equatiuo 
7*/*=  I  ;  and  from  the  firHt  we  then  have  3  =  «  +  1.     .*.  n  =  2. 
Equations  (84)  can  be  put  in  the  following  form, 


n  +  1 


1-n 


J  =  (by  addition)  ^^— I 


=  (by  subtraction) 


2n 
h-l' 


0,  the 


•m 


I 


Hence,  from  the  third  and  fourth  terms,  h~^k-^l 
given  in  (81);  and  from  the  third  and  fifth  termn, 

«  =  *2T (««^ 

The  index  n,  giving  the  length  nc  on  the  principal  oaaa,  » 
therefore  known  in  terms  of  the  Millerian  indices;  and  the  pymnid 
is  drawn  by  j«»ining  the  apices  T"  and  T,  (OK"  =  OT,  =  n<)  to  Uw 
I>oints  M^  J/,,  itc,  projected  in  the  horizontal  plane  D'CA'  of  Fi^.  51, 
or  rCJr^ofFig.  60. 

The  edge  MM^  is  bisected  at  right  angles  by  05,,  at  a  diatauce 
OS ,  (say)  =  0i/*co8  30*  =  2o  co^  30*  -  3a  -  2. 
It  also  meets  the  adjacent  dyail  axes  OS  and  OS'  at  distanceji 
OA  =  OA'  =  0\^  ^  coa  60°  =  208"  =  20J/  cos  30"  =  3a. 

Naumann  Uierefore  denoted  the  form  by  the  symbol  n/^ ;  indi- 
cating that  the  apex  is  at  distance  nc  from  the  origin,  and  thftt 
each  median  edge  meets  the  dyad  axes  inclined  to  it  at  30'  «t 
double  the  distance  at  which  the  edge  meets  the  axis  perpendicular 
to  it.  His  value  for  74  is  however  two-thinla  that  adopted  in  this 
work ;  for  ho  drew  the  faces  through  the  points  A^  A\  Ac.,  on  the 
dyad  axe^  each  at  distance  a  from  the  origin. 

54.  We  can  now  find  the  relation  of  the  angle  2{  over  ft 
median  e<lge  ^f^f„  to  2f  over  a  polar  edge  V*M,  and  tliat  of  these 
to  the  pyramid-index  »  and  the  indices  h^kj.  For,  8'  being  the 
point  in  which  tl»c  edge  J/J/.,  meets  the  dyiul  axis,  then  OST"  is 
one-half  the  face-angle  over  J/J/,,  -  arc  C/*,  if  P  is  the  pole  (Uci). 

Hence,  cot  {- tan  0/*=  tan  OST'^  OT*^  OS*  =  2fh:- 3a. 
But,  from  (5),  c  =  a  oos  30"  tau  D  ; 

.*.  tanCP^2nco8  30*tan/)-=-3  =  ntanZ)-?-^3 

=  (from  (86))^^^  tan />  ....(87). 


EXAMPLES. 


If  the  Angle  meiisured  is  PP'  =  2£  of  Art.  48,  then,  since  f  =  i;, 

have  from  e<juatiou  ((>8) 

cos  £=2  sin  f (88). 

Since  £=90*-C/*,  a  relation  can  from  (87)  and  (88)  be  found 
tween  f  and  the  indices.  It  is,  however,  ainipler  to  c*jnipute  { 
>ni  (88),  and  afterwards  to  intrrHhice  tlie  value  of  CP  in  (87). 

55.  The  hexagonal  bipjrainid  is  the  special  form  in  which  the 
direct  scalenohedron  coalesces  with  the  inverse  form.  For,  if 
k-^i^tky  then  $  =  Zk,  and  2k~h^l,  Jto. 

Henco  ;>=  2d-3A  =  3(2Jt-;i)  =  SH 

9  =  2^-3^-  Zk\ (89). 

r=2d-3/-3(2i--/)  =3a) 
The  opposite  face  {}>qr)  is  therefore  {lkh\  which  is  one  of  the  faces 


of  the  pyramid 

\hki\. 

M.    CiTatals  of  the  following 

subatancos 

are  placed  in  this  class : 

Suh*Uinct. 

Composition. 

D 

^ 

Common  forms. 

ArRcnic 

As 

58'' 

17' 

r. 

Antimouy 

Sb 

66 

48 

rc«  {211}. 

BiHiiiuth 

Di 

56 

24 

r,c/llll),/v/. 

Tellurium 

To 

56 

ftfi 

mr. 

Selenitun 

So 

S6 

53  (nearly)    mr. 

1       Umphite 

C 

ft8(?) 

U^e 

H,0 

58 

18? 

(NordenskiOld) 

35 

10? 

(Kenngott)! 

Corundum 

AlA 

57 

34 

cft^  rr,  w/f,«{3lT},&c 

Hematite 

Fe,03 

57 

37 

(T,  «•«,  nut  [211},  &c. 

Sodium  nitrate 

NaNO, 

43 

42 

r. 

wT 

CaCO, 

44 

36-6 

Cj  cm,  t^|2loj,  and  nu- 
merous other  forms 
and  conibinationa. 

\     8iderite(Chalybite)  FeCOj 

43 

23 

r,  d{OUl, 

■■ 

crvs  {322}  (Fig.  369). 

^Hhodochroeite 

MnCOs 

43 

33 

r. 

^HMUine 

ZnCO. 

4S 

67-3 

r. 

The  letters  denoting  forma  in  the  above  tablo  will  also  bo  used  to 
denote  the  same  fonus  in  nther  ci^btab  of  the  system. 

Ccrundum  includes  the  gems,  ruby  and  sapphire,  and  the  semi-trans- 

*  Keongott'B  (III)  may  possibly  be  Nordenskibld's  (100);  bat  on  this  as< 

tptioD  the  latter'n  element  D  tihoald  be  64'^  36'. 
26—2 
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luuent  duU -coloured  vArioty  of  alumiua  more  especially  known  n^  cr<rnn 
Uuby  consUtit  of  the  red  crysUlM:  in  theiu  tlie  Ui^al  pmukoid  <^Ullj  i»J 
largely  developed ;  and  the  oomnaon  habit  in  shown  in  FigH.  359  —Iti.  loj 
the  blue  and  the  colourless  cryntals  of  sapphire,  pJ^amid*i  n  131Ij,  e  {TISJ*^ 


Fio.  359, 


Fia.  360. 


m{15,  11)3},  &c.,  are  the  prodominont  forms.  Simple  pyramidfs  like 
Fig.  357,  are  soDietiraoa  found ;  but  more  commonly  several  pyraniitU 
occur  together  in   a<»i80ciation  with   the  rhombohedrun   [lOOJ,  the   \me 


iOi. 


Fio.  3G3. 


pina)(oid  and  aomotimea  the  priBm    {101}.    Fig.  363  shows  a  combiDatioD 
of  e,r,nf8  and  m.    Fig,  364  represents  a  crystal  of  aapphira  &am  Emerald 


Fio.  363. 


Fta.  364. 


Bap,  Montana,  dewcribed  by  Dr.  Pratt  {Arii.  Jour,  of  Set,  [iv\  rv,  jx  417, 
1897):  the  habit  closely  resembles  that  of  hematite  crystftla  from  Elbbj 
The  rhombohedron  x  shown  in  Fig.  360  is  {8i  1},  with  a  wmput«d 
c.T=67"'  2-ft'.  Figs.  361  and  362  arc  plans  of  the  baae  showing  the  tytUnn 
corroaion-tiguro44  of  the  face  c:  these  aro  symmetrical  to  a  tnod  u> 
and  three  pianos  of  symmetry  intorsticting  in  it. 


EXAMPIJES  (CALCITE). 
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865. 


Fid.  866. 


Hematite,     Fig.  366  represents  the  habit  of  crystalH  from  Elba.     The 

H  are  generally  much  rounded,  and  accurate  niefuiuroTnentH  of  the 

kgteb  betwoou  theiu  and  other  faces  are  seldom  possible:  for  a  {211  j,  the 

angle  ««'=37^2',  and  Awr=30'*6'.     The  eryHUxis  from  8t  Gotthard  are 

often  in  rosettes  consisting  of  plates  in  nearly  parallel  ^Hjsitious :  the  forms 

being  c {111),  a  {lOT}  and  m  {211}. 

57,  Calciu  affords  numcroiifl  instances  of  simple  forms  of  different 
Idndfi,  and  on  almost  cndloss  number  of  combinations  in  which  a  greater 
or  less  number  of  forms  of  different  types  enter.  Tluis  we  have 
t\nQ}=~\Ry  Fig.  366,  m  obtuso  rbombofaedra;  /nn}=  -2/^,  Fig.  370, 
in  acute  rhombohedra.  The  fundamental  rhombohcdron  r{100}=y^  is 
rare  as  a  eejMirate  form,  but  is  common  in  the  allie^l  minerals  sidcrite, 
rfaodochroaite,  &c;  and  it  is  fairly  common  in  combinations:  it  is  con- 
spicuous by  the  perfect  claivago  parallel  to  its  faoea. 

The  Bcalenohedron  v{2T0}  =  yi3  is  abundant  in  Derbyshire  cither  as 
simple,  or  as  twinned,  crystals.  It  is  one  of  the  commonest  forms  lu 
cfimbinations :  instances  of  its  association  with  ejllU},  and  with  e  and 
m{2lT|,  are  shown  in  FigH.  .167  and  368. 

Pyramids  aro  rare  as  simple  forms ;  and  they  are  far  from  w>mTiion  in 
combinations.  The  prism  J7i(2ilJ  and  pinakoid  outer  fairly  frequently 
into  combinations.  The  prism  a{10l|  and  dihexagonal  prisms  are  in- 
frequent. A  combination  of  m  and  c  frequently  fouuvl  in  the  Hans  Mts. 
is  shown  in  Fig,  32S ;  it  is  geometriwdly  the  same  whatever  may  bo  the 
mibfltance.    A  combination  of  m  and  e  ia  showri  in  Figs.  371  and  372. 

The  above-mentioDod  figures  havu  been  drawn  as  follows.  The  clinographio 
oubio  axes  having  been  projected  with  the  uumberfi  n  =  *  =  'A  (Chap,  vi,  Art.  22); 
the  points  if,  M,^  Af",  (Sec,  are  determined  in  the  way  described  in  Chap,  vi, 
Art.  19,  phfcoing  Oi„  m  the  axis  O.Y  of  Fig.  GO.  Lengths  OJ^=or,  =  -8fi43  x  OA" 
(see  Art.  31)  are  then  cat  off  on  the  vertical  axia;  tbe  points  of  biscotion  and 
triwotioD  of  or  and  fJT,,  and  also  the  points  at  distaBecB  20V  and  SOT  are 
tfaeu  markeil.  The  fundamental  rhombohedrou  is  dra^vu  iu  the  maimer  de- 
Bcribed  in  Art.  31,  and  tbe  median  coigns  ^  are  fuoad  by  trisecting  \\M,  &c. 
The  rhombohedra  e  and/  can  be  druwii  in  a  xiiuiUr  munuer,  using  far  apices 
pointa  at  diatanoea  OK-i-3,  and  20r,  respectively. 
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TIm  MftloDobedroD  {201}  is  dow  drAvn  by  joiuiiig  the  apices  F'  and  T'^  a 
distezMMB  30  r  to  the  coignn  m  in  tJio  way  already  described  in  Art.  10.  !■> 
introduce  the  faocs  of  {110}  in  Fig.  367,  points  c  and  c,  are  taken  on  the  tnaj 
axis  equally  distant  from  tho  origin,  and  lines  (not  shown  in  the  figure)  ore 
drawn  through  them  poralli'I  to  the  polar  edges  Vfi'%  Vfi',  Ac.  of  {100| :  ibey 
meet  the  acute  polar  edges  )*V"<  ^*V.  <^c.,  tn  the  points  a",  a'  Ac  TfacM 
lines  of  coDBtmction  arc  parallel  to  the  diagoualii  of  the  faces  (ilOK  (101),  Ac.; 
lor  each  faoe  «  truncates  an  edge  of  tho  rhombohedroo  r.  From  the  some  poinn 
r  and  i\  edges  are  now  drawn  parallel  to  the  lines  joining  the  points  of  bisectioa 
of  OV  and  OV,  to  the  iioint«  Jtf.  M',  &c.:  they  give  the  edges  rn,  c, n^ ,  Ac .  which 
meet  the  obtuse  polar  edges  of  the  scalcnohedron  in  n.  n^,  Ac.  The  odjooent 
points  a  and  m  ore  then  joined  and  the  figure  is  completed. 


Fio.  867. 


Fio.  368. 


The  faces  of  m  {2ll[  shown  in  Fig.  368  can  be  inserted  on  the  median 
of  tho  preceding  figure  as  follows.  Tlie  lines  M„,  fi^^ff,  Ac.  joining  the  points 
of  bisection  of  tho  median  edges  of  1301}  ore  bisected  in  points  if  at  distances 
Oil/^2  from  Uie  origin.  Through  each  point  27  a  vertical  line  is  drawn  to 
meet  the  polar  edges  in  tho  some  plane  S  at  points  ^  and  >,  respectively.     The 


Fio.  371. 


EXAMPLES  (CALCITE). 
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Joining  ^  and  7  to  the  adjaoeut  points  i  give  the  edges  in  which  the  faoea 

&nd  V  intersect.     The  orjatals  are  not  ofteu  developed  with  the  edges  [mr] 
l«eting  ftl  the  poinls  d.   Somclimes  the  fooos  m  arc  mach  amaller,  and  ofteu  they 

much  larger.     Having  obtained  tlie  direotiona  of  th«  cd^eK  \mv],  there  is  do 

touU;r  in  cither  dimioiEbing  or  increasing  the  relative  aizc  of  the  faces  m. 

Fig.  366  can  b«  drawn,  in  tbe  way  described  in  Art.  31,  by  joining  apices  at 
the  distance  OV-^"!  to  tbc  points  37,  .1/',  (£c. ;  or  by  the  following  method.  The 
ptdar  edges  of  77={10O[  are  all  prolonged  to  doable  their  length,  and  each  of 
the  points  so  obtained  is  joined  to  the  apex  opposite  to  tliat  through  which  the 
respective  lengthened  line  passes.  Tliat  this  coustraotion  is  correct  follows  from 
the  fact  that  each  foce  of  |IL0}  truncates  the  edge  of  tbe  fondamental 
rhombohedron ;  the  polar  edges  of  the  latter  must  therefore  coincide  in  direction 
with  the  polar  faoe-diagonalf;  of  tho  former,  and  the  coigns  of  the  two  forms  on 
the  aame  face-diagonal  lie  on  the  horizontal  lines  wliich  pass  throngh  (  and  f,, 
the  points  of  trisoction  of  VV ^. 

A  similar  relation  connects  the  rhombohedron  /{111}  nod  {100},  and  is 
iUut^trated  by  Fig.  370.  Each  face  of  {100}  tnincattis  a  polar  cilgc  of  [111}. 
Hence  each  polar  edge  of  {lllf  is  one-half  the  corrcRponding  polar  face-diagonal 
of  {100}.  It  is  simpler  however  to  remove  the  lower  apex  of  {111}  to  F^,  doubling 
the  sixe  of  the  rhombohedron.  The  face-diagonals  Vfi,  V}l^,  I'm,,  of  (100} 
give  the  upper  polar  edges  of  {III} ;  the  figure  is  then  easily  comploted.  All 
ihombohedra  connected  together  by  the  relation  that  the  one  trancates  tbe  polar 
edges  of  the  other,  or  has  its  polar  edges  truncated,  can  be  drawn  in  a  manner 
similar  to  that  described  for  e  and/,  when  one  of  the  ueries  is  known.  Thus  the 
diagonals  ^'X',  rx",  Ac.  of  {111),  Fig.  370,  are  the  polar  edges  of  {8U[;  and 
80  on. 

In  Fig.  871,  tf  { 110}  is  first  drawn ;  the  faces  m  are  then  introdncod  in  the  way 
described  for  obtaining  the  points  ^  and  7  in  Fig.  368.  Thus  in  Fig.  371  the 
points  is  on  the  vertical  line  bi«ecting  the  line  5'?i„,  and  the  lines  ijd',  g6,,  arc 
the  edges  (ffw"],  [nu'].    The  edge  [me]  is  horizontal  and  parallel  to  6'd„. 

Fig.  372  gives  the  same  combination  of  m  and  c  aa  Fig.  371,  bat  the  triad 
Alls  has  been  displaced  from  the  vertical  to  show  tbe 
upper  faces  *  more  distinctly;  the  figure  reprpsonting 
one  of  the  crystals  on  a  specimen  in  the  Cambridge 
Mnseom.  Three  grooves  {represente<l  by  the  short. 
black  lines)  filled  with  a  dark  earthy  matter  lie  in  the 
faoe-diagonals  of  {110}  of  each  crystal.  The  triad  axis 
in  Fig.  B73  was  taken  to  coincide  in  direction  with  the 
cube-diagonal  Op  of  Fig.  'J2ti,  and  the  dyad  axes  of 
c&lcitc  coincide  with  06"',  OS*  and  03'*  of  tliat  figure. 
But  the  lines  Op  and  06"  of  Fig.  2*25  are  to  one 
another  as  ^3  :  ^2.  If  then  OS'"  is  token  as  the  unit 
length,  that  on  Op  is  Op^^-r-tjd;  and  this  length  must 

be  mnltipUed  by  cos  30' tan  D,  or  '8513,  to  give  c  for  oaloite.  A  length 
=  Opx*8543-T-;,y6has  therefore  been  taken  to  give  the  apex  of  e  {110}  at  distance 
c~^2  from  the  origin.  The  points  3"\  S*,  S^  are  then  the  aamo  points  as  those 
marked  a.  Ac,  in  Fig.  371.  Th«  figure  is  now  completed  in  a  manner  tsimilar 
to  that  employed  for  drawing  Fig.  371. 
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TLe  combination  hUowd  in  Fi(>,  374  10  ooauuoii  in  cryBUls  from  ledud. 
ThefunnAftrv:  r\W)\,  v\2in\,  mj  {4101.  I'™™  the  etereogram.  Fig.  37J,  it  ii 
aecD  tb&t  1311}  ie  the  Buxiliary  rhombobudron  of  {410}.  aad  thai  (1001  is  Uu 
auxiliary   rliumbobodron   of   {20l}.     Wc  therefore   Bntt  ooDstmct  {100},  lU 
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EuediAn  edges  are  also  those  of  {201},  and  the  polar  edges  of  this  latter  form  sn 
got  b;  joining  the  coigns  ft  to  T*  and  V^  at  distanoea  307  from  the  oiigin. 
Again,  it  was  shown  in  Art.  52  that  {100}  is  the  rhombohedron  it  associated 
with  {410} ;  i,r.  tlie  polar  edges  of  {100}  are  parallel  to  theaoate  polar  odgea  of 
{410^,  and  we  may  draw  the  faces  of  the  latter  throogh  the  edges  Vfi^^  Vfi",  do. 
By  (60)  and  (Gl).  tho  apex  of  {410}  is  at  a.  whore  Oa.=AOV-^&;  and  the  eoigD 
\  ia  in  the  vurticul  through  ^   at  a  distance  c-^5  nearer   to  the  equmlorial 
place.     For,  by  (33).  the  apex  of  {311}  is  at  difttanoe  3f-^5,  whilst  that  of 
( 100}  is  at  distance  c:  also  ^>i  =  rf  =  0«  -  Or,    But  (Arts.  31  and  S3)  Ot  =  c-i-3,  and 
Or=2c-j-15.     .'.  X^=<?-7-3-2<;-?-l5  =  e-i-5.    We  therefore  draw  through   V  an 
edge  [401,  410],  parallel  to  o^,  to  meet  the  obtuse  poUr  edge  [210,  20lj  in  Ibe 
point  1},  the  ix>8itionR  of  which  and  of  its  homologoe  %  are  indicated  by  crossML 
The  linea  joining  m,.  ^"  to  ij  are  the  edges  [401.  210].  [410,  20l].     The  re- 
maining cdgffs  of  the  two  forms  are  obtained  in  a  similar  manner.    The 
rhombic  faces  of  {100}  are  now  introduced:  the  coi^s  nearest  to  the  apices 
V  and  y,  being  found  by  cutting  off  equal  lengths  on  the  polar  edges  Kij,  K,i;^,  Ao. 


IV.     Tra}}€Zo/tedral  class;   a  {hki\. 


m? 


58.  In  this  class  the  triati  axis  Op  is  associated  with  three  Ti 
and  interchangeable  dyad  axes  making  90*  with  it  and  120°  with 
one  another;  and  there  is  no  other  element  of  symmetry.  The 
above  axes  resemble  those  associated  together  in  the  preceding  class, 
but  the  opposite  ends  of  each  dyad  axis  are  no  longer  similar;  for 
the  crystals  of  this  class  cannot  be  oentro-symmetrical  without  intro- 
ducing a  plane  of  symmetry  perpendicular  to  each  dyad  axis.    These 
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Ba  therefore  unilerminal ;  and  they  are  pyro-electric  axeH  :  the 
3  end*  are  in  Figs.  377 — 380  indicate  by  lettei-s  8  and  d. 
59.     Any  face  inolinod  to  the  tria^l  axis  at  a  finite  angle,  otlier 
L    than  00°,  must  be  repeated  in  two  otlier  similar  faces  which  meet  at 
■  •Jhn  apex  on  the  axis.     If,  nioreover^  the  face  i»  parallel  to  one  of  the 
p  dyiul  axes,  a  parallel  face  must  also  l>o  pres(»nt ;  for  a  t«;mi-rt'volut!on 
about  a  dyad  axis  brings  the  face  into  a  position  parallel  to  its 
original  one.     The  same  must  be  true  of  each  face  of  the  triad 
meeting  at  an  apex  on  the  pinncipal  axis.     The  form  must  therefore 
be  a  rhombohedron  similar  geometrically  Co  those  deacribed  in  the 
two  preceding  classes.     The  method  of  construction  has  l>ecn  fully 
given  in  Arts.  31   and  39. 

Again,  the  plane  coutaiuliig  the  three  dyad  axes  is  parallel  to  a 
pair  of  possible  faces ;  for  the  dyad  axes  arc  possible  zone^xefl. 
Hence  we  obtain  a  second  special  form — a  piuakoid — similar 
geometrically  to  that  of  the  two  preceding  classes. 

We  can  now  select  as  axes  of  reference  lines  parallel  to  the  three 
polar  edges  of  any  rhombohedron  possible  on  the  crystal,  and  for 
parametral  plane  (111)  a  face  of  the  pinakoid.  The  parameters  ai*e 
therefore  equal ;  for  the  axes  are  three  similar  lines  e(|ually  incline<l 
to  the  triad  axis  and  iuterchaugeiible  by  rotations  of  120°  alx)ut 
this  axis,  whilst  the  parfiuietral  plane  retains  the  same  direction 
after  each  rotation.  Hence  all  the  analytical  relations  established 
in  the  preceding  sections  liold  aUo  for  crystals  of  this  cIosj*.  The 
linear  element  c  and  the  angular  clement  />=  111  A  100  are  detcr- 
I      mined  from  the  rhombohedron  selected  to  give  the  axes  of  reference. 

^H      60.     Crystaln  of  this  class  have  the  following  special  forms : 
^^1     1.     The  pinakoid  {lll|t  having  the  facoK  111,  111. 
^H    SS.     Hhombohedra   mH  -  {fdl\j   and    -  mli  =  {h^l^\ :    these   are 
^^gBometrically  identical  with  those  discussed  in  Arts.  31 — 39,  and 
their  geometrical  relations  are  given  in  thijso  jVi-ticIes. 

S.     A  trigonal  prism  a{01l|,  Fig.  375,  each  face  of  which  is 

^^perpendicular  to  one  of  the  dyad  axes, 

Hpind  parallel   therefore  to  one   of    tlm 

axes  of  reference.     It  is  geometrically 

e  same  aa  t  ]0TI[  of  class  I,  Art.  9  ; 

d   consists    of    the    faces:    a  (Oil), 

(lOl),  a"  (110). 

The   complementary  prism  ajOllj 

its  faces  parallel  to  those  of  u  {01 1 }. 
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4.  A  hexuguiial  prism  {2ll|,  the  faces  of  which  are  parallel  in 
pairs  to  one  or  other  r>f  the  dyad  axes :  it  includes  the  faces  gix'OD 
in  (g)  of  Art.  27.  The  face-symboU  can  l^e  found  in  any  of  thft 
ways  given  in  Arte.  1 1  and  27. 

5.  The  dxlrigmuil  prism,  a  {hiel],  where  h  +  k  +  l  =  0.  The  prism 
a  [hkl\  consists  of  the  faces : 

AJW,  lih,  Ihk,   hik,   *M,  khl (m). 

The  alternate  faces  have  their  syni1»ls  in  the  same  cyclical 
order,  and  are  at  1 20^  to  one  another.  There 
is  therefore  but  one  independent  angle,  which 
may  be  taken  to  be  hkl  A  Ikh :  it  is  inde- 
pendent of  the  crystal-element,  and  can  be 
computed  from  expression  (20)  of  Art.  27, 
for  it  is  double  a'^V  of  that  equation.  Fig.  376 
represents  the  particular  instance  a  {321},  in 
wWch321  A231=38"  13'. 

The     complementary     ditrigonal     prism 
a  *Jdk\    has    its    faces    parallel    to    those    of 

a  \hki\  ;  and  the  two  are  geometrically  tautoraorphouS)  for  the  faces 
of  the  former  can  be  brought  into  the  position  of  those  of  the  latter 
by  a  rotation  of  ISO**  about  the  triarl  axis:  dinsimilar  ends  of  the 
dyad  axes  are  however  interchanged  by  such  a  rotation. 

6.  The  trigonal  bipyramid,  a  \ftki\t  where  A  -  2A:  +  /  =  0,  oonsiEts 
of  SIX  equal  and  interchangeable  facea,  each  of  which  is  an  isosceles 
triangle.  The  faces  of  this  form,  of  the  ditrigonal  prism  and  of  the 
general  form  (Art.  61)  have  the  general  symbols  given  in  tables  m 
and  n :  in  the  npecial  forms  the  indices  of  e^ich  of  the  faces  are 
subject  l<f  the  conditions  given  with  the  foim-symbol.  Geometri- 
cally the  trigonal  bipyraniid  may  be  supposed  to  consist  of 
the  alternate  pairs  of  faces  of  the  hexagonal  bipyramid  (Arts.  53 — 
dii)  which  are  interchanged  by  rotations  of  120"  about  the  triad 
axis.  The  faces  of  tlie  latter  form  were  drawn  through  apices  K" 
Vn  and  horizontal  lines  MM^,  i&c.,  where  M,  if,,  iS:u.,  are  the 
auxiliary  points  in  the  equatorial  plane  at  distances  2a cos  30^  from 
the  origin.  In  the  trigonal  bipyramid  we  shall  suppose  three  of 
these  same  horizontal  edges  to  be  retained :  hence  each  of  them  is 
bisected  by  a  dyad  axis  at  a  point  d,  where  Od  =  OAf  con  30'  =  3a  -  2 ; 
and  has  its  extremities  on  the  adjacent  dyad  axes  at  points  £,  where 
08  =(?</-!- 008  60"  =  So.  The  distance  ite  of  the  apex  V*  is  given  by 
e<]uation  (86)  ;  viz.  n=^(h~C)-  2k. 
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Particular  instauoea,  baving  the  Bamo  symbols  a8  trigonal  bi- 
pyramida   oljscn'ed   on   crystals   of   quartz   in   association   with   a 
hexagonal  prism  and  the  rhombohctira  jlOO|,  {122},  are  represented 
by  Figs.   377   and  378 — the  parameter  c  in   these  figures   is   not 
kwever  that  of  quartz.     The  first  is  a{412|  and  conKistaj  of  the 
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412,  241,  134,  2li,  49T,  142.  By  (86)  the  value  of  n  is  3. 
Tlie  figure  is  therefore  constructtid  by  joining  apices  V\  F,  at 
distances  3c  to  points  8  on  the  similar  extremities  of  the  dyad  axes 
at  distances  3a  from  the  origin.  Fig.  378  represents  the  comple- 
mentary form  a  {421 1,  in  which  the  modian  coigns  are  on  the 
opposite  side  of  the  origin  from  those  of  the  first.  Geometrically 
the  two  forms  are  tautomurphous,  but  by  a  semi-revolution  about 
the  principal  axiA,  oppfjsite  and  dissimilar  ends  of  the  dyad  axes  are 


W 


terchanged. 


61.  T/ie  Crapezo/udron^  a  \ftJcl\.  When  each  of  the  faces  moots 
the  axoa  of  reference  at  finite  distances,  and  all  the  dyad  axtis 
at  unoqual  distances  from  the  origin,  we  have  a  six-faced  form 
known  as  the  trapezohedron  a  \hk/\,  Fig.  379;  for  each  face  is 
bounded  by  four  edge.s,  which  do  not  form  a  piiruUeiogram.  Tho 
face  {hkl)  must,  owing  to  the  triad  axis,  l>e  accompanied  by  the 
faces  (M^),  {kJh)  having  their  symbols  in  cyclical  order,  and  all 
meeting  at  an  apex  T"  on  the  triad  axis.  The  face  (hk/)  meets 
the  adjacent  dyad  axes  at  points  S'  and  d^^  uncquall}*  distant 
from  the  origin  and  lying  on  parts  of  these  axes  which  are  not 
interchangeable.  8incc  08'  is  perpendicular  to  the  axis  of  reference 
T^  and  is  equally  inclined  to  XX^  and  Z^^^  a  send- revolution  about 
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OS'  iDterchAnges  positive  with  equal  negative  lengtlia  un  OY;  *aii 
exobanges  a  p«>Mitiv(e  length  on  OX  with  a  negative  one  on  OZ,  acd 
vice  versa :  hence  the  faoe  is  brought  into  n  position  in  whicb  it 
meets  the  triad  axis  at  T.  and  has  the  symbol  {ikk),  Similarly,  (M, 
is  p<<rpendicular  to  J!Z^ ;  and  a  semi-revolution  about  Od^  bring* 
(hkl)  intij  a  j>osition  given  by  (khl).  The  third  face  at  K,  is  {hlk), 
the  three  faces  meeting  at  F,  being  necessarily  in  cyclicalorder. 
No  other  faces  arc  introduced  by  a  senii-revolution  about  ciS,  for 
this  axiM  is  perpendicular  to  A\V,  and  interchanges  equal  ptjtsitive 


and  negative  lengthH  on  it :  hence  the  face  (ifii)  in  brought  into  a 
position  given  by  (X./A),  and  (Uh)  into  that  given  by  {UJc).  But 
these  two  faces  are  two  of  those  meeting  at  T*.  Uenc^  the  tra- 
pezohedron  a  \hkl],  Fig.  379,  consists  of  the  six  faces  : 

hki,   l/ik,   kUi,    Ikh,   hik,   ill (n). 

Tlie  rule  for  the  deduction  of  the  symbols  of  the  several  faces 
from  that  of  any  one  of  them  is — that  the  three  face,s  meeting  at 
one  of  the  apices  have  their  indices  in  cyclical  order ;  the  sign  of 
each  index,  whether  it  lie  positive  or  negative,  remaining  the  same 
to  whichever  axis  of  reference  it  may  be  transferred  :  at  the  oppo- 
site apex  the  cyclical  oi'der  and  also  the  sigus  of  all  the  indices  are 
changed.  Tlie  positions  of  the  poles  of  i>articular  trapezohedr« 
o  {4-2I)  and  a  |-H2J  are  shown  iu  Figs,  384  and  385. 

Tlie  geometry  of  this  form  is  moHt  easily  understood  by  con- 
structing it  from  one-half  of  the  faces  of  the  scalenohedron  de- 
scribed in  Art.  40 ;  pairs  of  faces  being  drawn  through  each  of  the 
alternate  median  edges  of  the  inscribed  rhombohedron  mJi.  But 
since  there  are  no  planes  of  symmetry  in  crystals  of  this  class,  the 
similar  faces  through  adjacent  median  edges  do  not  occur  together. 
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^o  can  thorefore  obtain  two  coinpiemeutary  trapezoherlra  a  \hkf\t 
I-  370,  anci  a  \hJk\^  Fig.  380,  fnim  the  same  Hcalenohwiron.     The 
ro  complementary  forms  are  eimntiomorphuuH,  for  the  one  is  the 
reflexion  of  the  other  in  any  of  the  vertical  planes  containing  an 
tis  of  reference. 


No  crystal  showing  only  a  generAl  form  Uah  yet  l>een  observed,  but 
forms  of  the  kind  are  common  on  crystals  of  ijuartz  in  rombtnatinn  with 
the  rhombohedra  (lOOJ,  [122)  and  the  prism  |2lT|.  Tho  method  of 
drawing  the  form  lias  ther«fore  no  great  interest ;  but  when  it  is  uec<lod, 
the  rhombohedron  mU,  where  m=(h-U'\-l)-^(fi-\-l-\-i)  (Art.  44)  should 
be  first  constructed.  The  median  edges  of  this  rhomU)hodron  are  alao 
those  of  the  scalenohedroii  {hlf.\.  To  obtain  a  {fJ-l\j  the  apices  K"  and 
r.  and  the  median  edges  through  ft',  d"  and  d  arc  retained  :  these  edges 
have  now  to  be  extended  to  meet  new  [>oIiir  edges  iu  which  tho  altcniuto 
Bcaleuobedral  faces  ut  each  apex  meet.  Thua  the  edge  >X„,  iu  wliich  tho 
faoea  (AjW)  and  (///I)  of  the  scalenohedroii  meet,  i«  extentled  to  meet  the 
faces  (Mir)  antl  (khf)  at  the  points  -y,,  and  y,  rc«i)cctively.  The  extensions 
in  tho  two  directions  are  clearly  equal ;  for  tho  edge  is  i)ori>endicular  to 
tho  dyad  axis  OH'y  and  the  two  extremities  are  inteR'hanged  by  a  sorai- 
rovolutiou  about  the  axis.     The  coign  y  is  found  by  taking  («eo  Chap,  xix) 


sm  rjj  ^      ' 
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»y=^^>X  =  (l+2y.)9'X  =  (fr«,m  (74))  ( 

The  first  expression  for  tho  factor  of  ^X  is  similar  to  that  given  in  (61) 
for  ]  -i-n,  but  the  indiee«  I-  and  I  have  changed  places  \  the  others  give  for 
the  extension 

X>=A„r,.=2^1»'X=2^f»'X (91). 


W 
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In  these  expressions  the  indices  A,  I  and  /  arc  taken  in  descending 
order  of  magnitude,  2^  la  the  ajiglo  over  the  obtuse  polar  edge  and  2ij  that 
over  the  acute  polar  edge  of  tho  scalenohedron  {/dl}.  Thus  for  a  {712J,  to 
which  Fig.  379  corresponds,  m  =  l-r2,  w  =  3  and  *'y=23'A. 

The  ix>int8  y  liaving  been  marked  by  proportitmal  com[wissoa  on  the 
Alternate  median  edges,  each  of  them  in  joined  to  the  nearest  a}>ex  r„  or 
V* ;  and  the  atljaeent  {Kiira  of  ooigns  y  are  joined  to  form  the  second  set 

median  edges  intersecting  the  dyad  axes  at  tho  points  d. 

Tlio  i>oIar  edges  can  also  >je  found  by  tho  rule  for  finding  a  zone-axis 
(Cba^x  V,  Art.  4).     Thus  r"y„  is  parallel  to 

[AK,  M]  =  lli^-lh,  n-U',  h-^-i-q; 
y^  is  the  intersection  of  a  line  through  V^^  parallel  to  this  zono-axis, 
with  tho  median  edge  XX,,. 


§2.     i^utrtZj  SiOg.     OecaHionally  the  crystals  appear  as  fairly  regular 
ipyramids,   which   may   be   repreauntotl   by  Fig.  3tH,  consisting  of  tho 
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two  furiDH  r{l(Xi;  acd  r[122[.  The  faoee  (100)  and  (122)  an 
by  the  relations  given  in  Art.  15  and 
belong  to  dirhombuhiHiral  forms.  Very 
rarely  the  faces  r  jirodominate  to  such 
an  extent  that  those  of  z  u]i|>eur  only 
as  Hiight  moditications  on  six  coigns  of 
the  rhombohedron.  Since  rr"=85*46*, 
such  a  crystal  lookn  much  like  &  cube. 
Knowing  the  angle  ri^' wefind  D  by  equa- 
tion (1)  to  bo  51"  47',  when  tf=l-0&99. 

More  commonly  the  crystals  arc 
hexagonal  prisma  {211}  tenuinated  by 
the  dirhombohedral  forms  r{100)  and 
«{I22}  :  the  faces  of  the  prism  are 
usually  striated  in  a  diroctioD  peqien- 
dicular  to  the  triad  axis ;  and  those  of 
the  rhombohedron  r  are  geuorally  more 

largely  developed  than  those  of  z.    The  faces  of  the  two  rhombt>h< 
aud  of  the  prism  arc,  however,  often  very  unequally  developed  ;  and  it  i 
occasionally  hard  to  make  out  the  symmetry.    Faces  of  a  trigonal  \x 
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pyramid  *=«a{4lS}  or  «,  =  al-l21},  and  of  h  tnipezohedron  x=a{4l5}  or 
jF,=a  {43lJ  often  ocfiir  ah  HniiiU  modifi(^tioiis  of  the  coigiw  of  cryHttils  of 
the  btpyramidal  habit ;  but,  owing  to  the  retn/irkablc  teinlenoy  to  twinning 
ahown  by  qiiartz-crystals  (see  Chap,  xvm),  the  bomologoxw  coigns  are 
rarely  all  similarly  modified.  By  the  examination  of  a  considemblo  number 
of  crystaUf  it  has  been  establinhod  that  they  are  of  two  kinds.  In  the 
one,  represented  by  Fig.  382  and  the  corres|>oiiding  Htereogram  Fig.  384, 
the  tautozonal  faces  x*,  jr,,  x,  and  m,  and  their  jiolos,  follow  one  iinoiber  iu 
this  order  along  the  spiral  of  a  left-lianded  Hcrow :  such  crystiils  will  be 
called  Ia0vog3rral  or  Icft-handctl,  and  rotate  tlie  piano  of  jwlariRfLtioD  of 
light  transmitted  along  the  triad  asm  to  the  left ;  i.e.  to  an  olmorver 
receiving  the  lights  the  rotation  i»  couuteJ-clockwiHe.  In  FigH.  383  and 
385  a  aiinilar  cumbinatiun  of  foruiM  in  represented,  in  wbicli  the  faces 
«",  I,  X,  fa  follow  one  another  along  the  spiral  of  a  right-handed  screw : 
these  crystals  arc  dextrogyral  or  right-handed,  and  rotate  the  plane  of 
polarization  to  the  right ;  i',*.  to  an  observer  receiving  the  light,  the  rota- 
tion is  clockwise.  The  rule  can  also  be  given  as  follows.  The  prinni 
being  vertical,  and  a  face  r  of  the  direct  rhombohcdrou  (100]  facing  the 
observer,  then  tlie  faces  s  and  x  in  the  zone  [2"«xm]  are  to  the  right  of  the 
obaerrer  iu  a  dextrogyral  crystal ;  and  the  faces  a^,  x,  in  the  similar  ssone 
are  to  the  left  in  a  luevogyral  crystal. 

The  faces  *  of  the  trigonal  bipyramid  are  paraUelograma,  and  in  a 
dextrogyral  crystal  ho  e/ich  iu  two  slanting  zones ;  for  inatance,  the  face 
«  (412)  lies  in  the  zones  [««„*']=[021]  and  [*"7?j]  =  [102],  and  the  form  ia 
a  {4121:  the  faces  are  somotiuieH  striated  parallel  to  the  edge  [^rj.  In  a 
laevogyral  crystal  the  faces  s,  lie  each  in  two  zones,  such  as  [mij  =  [0ia] 
and  [2^m]=[l20]:  the  face  »,  is  (421),  and  the  form  is  a  {421}.  The  faces 
are  occasionally  striated  {tarallel  to  [r«,]. 

MeaBorement  of  the  angles  in  the  zone  [mxtt"]  gives:  »nJF=12°r,  zf =25**67', 
«2"  =  S8°54',  r"r'=46n6'iwndr'ii{a41)  =  28°64'.  The  angles  in  the  oorrosponding 
zone  [mj^f^rT  of  Fig.  382  are  the  aamo- 

Knowing  the  eymbols  of  m,  z"  and  t\  those  oT  x  and  «  can  be  found  b;  the 
a.B.  of  four  poles.    Thus,  takingxto  be  [hkl),  the  a.k.  \r'x"xm]  gives 
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ig  as  the  firift  and  second  columnii  are  coinbiued,  or  the  second  and  third. 
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The  Uocx  \m  therefore  (413),  and  ilio  form  U  a  \il^\- 
The  ffymbok  of  the  fnoee  and  poles  to  the  front  of  the  paper  are  tiucribed 
in  the  diaeramB. 

The  dyad  axes,  being  unitenuinal,  arc  pyro-olectric  axes ;  and  in 
crystals^  such  as  thoee  reproBeiited  in  Figs.  382  and  383,  the  analogou 
poles  are  on  the  alternate  prism-edges  where  the  fkoes  <  and  x  appear, 
the  antilogous  pules  on  thoe-te  primn-edgea  where  no  mich  faces  occur. 

OpHcal  eharacter*.  With  a  few  oxccption»  niontioncd  in  Chapi  xvm, 
platee  of  all  quarts  cryntals,  cut  perimndiculorly  to  the  principal  axt^ 
rotate  the  plane  of  polarization  of  a  l>eam  itf  pla.QO-|A>lanHed  light  tranu- 
tnitted  along  the  nx'w.  The  anioimt  of  rotation  of  tho  plane  of  poUrizatioD 
depends  on  the  thiekneai*  of  the  plate  and  on  the  colotu'  of  the  light,  and 
w  the  Hanic  for  light  of  one  colour  in  plates  of  e<pial  thtckneaa  but  opponite 
dircctiouH  of  mtation.  Biot  found  tliat  the  angle  of  rotation  0  is  given  I7 
tho  approximate  expresHion,  (^  =  ±  X/  -r  X' ;  whore  /  u>  the  thickness  of  the 
plato,  X  tho  wave-length  of  tho  light,  and  0  is  taken  to  be  ^lOBitive  ur 
negative  according  an  the  plate  is  dcxtro-  or  Itcvo-gyral.  This  expressioo 
for  ^  ia  the  firat  term  of  a  series  iu  which  higher  iwwera  of  1  -h  X*  enter. 

For  plates  1  mm.  thick  the  prinaipal  rotations  are  given  in  the  following 
Ublc  (Stcphan.  Poffg.  Ann,  cxxn,  p.  631,  1861). 


Fc&onbofer^fl  line. 
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By  interpoeing  a  plate  of  quartz  of  no  great  thickness  in  a  Itoam  of 
plane-jiolnnHftl  white  light,  tho  direction  of  rotation  can  Iks  readily  deter- 
mined by  olKMjrving  tho  order  in  which  tho  coloura  succeed  one  ;inotber  on 
tui-uing  tho  analyser  roxmd.  Thus,  a  plate  of  a  dextrogjral  cryatnl  givoB 
in  succession — red,  yellow,  green,  blue — as  the  analysing  Nicol  is  turned 
to  tho  right ;  a  Itovogyral  plate  gives  the  colotirs  in  the  same  order  when 
the  Nicol  ia  turned  to  the  left.  The  direction  of  rotation  can  also  be  deter- 
mined by  Airy's  spirals  de8cril«d  below. 

When  a  single  plate  cut  ]>erpendicularly  to  the  optic  axis  ia  inserted 
in  convergent  white  light  between  cnwsed  Nicols  the  coloured  rin^ 
characteristic  of  uniaxal  cr^'stals  are  seen.  These  rings  an  inter- 
aectcd  by  the  arms  of  a  dark  rectangular  cross  similar  to  those  obeeiDBd 
in  calcito,  corundum,  &c. ;  but  the  jirms  do  not  for  plates  of  appreciable 
thioknesN  itenetrate  within  the  tirst  circular  ring  in  which  the  difference  of 
phase  is  X.     The  centre  is  imiformly  coloured  ;   tho  colour  dojxjnds  on 
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ickiietM  of  the  plnte  Hud  in  thu  hhiiio  am  tfiat  given  when  the  platu  is 
I  parallel  light  l»etweeii  crossed  Nicoln. 
Airi/M  itpiraU.  Supeqxwitioii  of  two  plates  of  like  rotation  onlj'  caiwea 
«  contmctioi)  of  the  ringn  aiid  a  change  in  the  central  colour  But,  if 
eqtiall V  thick  platoa  of  oppositu  rotatioiiH  iu*e  Hui>cqHjMei.l  iu  the  iH^limmx^pe, 
four  dark  KiiinilH  start  from  the  centre  luid  Ijeiid  round  with,  or  against, 
the  clock  rtccoi-diuy  a-s  the  dextn»gyrAl  or  Itevogyral  plat*  i«  that  JirH 
travcrned  by  the  light;  and  the  direction  of  the  curvature  i«  opjx»8ito 
to  the  rotation  oF  the  plate  nenrcat  to  the  olworver.  Tlie  phenomena 
were  firet  de«cril>ed  and  explained  by  Airy  {Camb.  Phil.  Trails,  iv,  pp.  71* 
»nd  199,  1833) ;   and  the  «[iiralH  are  known  us  Airy's  Hpirob. 

The  spirals  can  aUo  be  Been  by  cautiing  the  light  to  traverse  a  siuRle  plate 
twiec,  viz.  uiray  /rum  and  toKardii  the  obeerver.  A  piece  of  eilvcrcd  gl&dR  is 
placed  on  the  tabk-,  the  plate  is  placed  on  the  mirror  and  u  hnn  u(  nhurt  focus 
ifl  put  over  the  plate  so  that  its  focus  is  approximately  in  the  plate.  Light 
from  a  window  or  lamp  is  reflected  down  on  the  lent)  by  means  of  two  or  three 
pieces  of  ordinary  windov-glass  held  parallel  to  one  anotlier.  Tlie  li^ht — 
partially  polariBed  by  reflexion — is  rendered  convergent  by  the  lens,  and  tra- 
Tsraea  the  plate  ateay  from  the  observer:  it  is  then  reflected  by  the  mirror 
and  re-traverses  the  plate  townrdM  the  observer,  and  its  rays  are  rendered  ap- 
proximntt^ly  parallel  by  the  lens.  The  observer  looking  down  on  the  lens  and 
crystal  throu^^h  the  glass-plates  sees  Airy's  spirals ;  the  glass-pIatOR  serA  ing  the 
doable  function  of  polariscr  and  analyser,  for  the  planes  of  polari7.alion  of  the 
light  reflected  by,  and  transmitted  through,  them  are  at  right  angles.  The 
curvature  of  the  spirals  is  in  the  direction  oppO!>ite  to  the  character  of  the 
plate ;  for,  after  reflexion  from  the  mirror,  the  light  traverses  the  plate  and 
analyser  in  exactly  similar  conditions  to  those  under  which,  in  the  ordinary 
polariscope,  it  traverses  the  upper  plate  and  Nicol  nfter  passing  through  a  plate 
of  oppooite  rotation.  Thus,  if  the  plate  is  dextrogyral.  the  spirals  bend  towards 
the  left;  and  if  Iffivogyral,  they  boud  towards  the  right.  For  success  in  this 
observation  the  plate  must  be  accurately  out. 


Fig.  386  ropresentH  a  crystal  of  cinnabar^  HgS,  which  also  belonga  to 

this  cloas.   The  crystalH  are  usually  combinations 

of   several    rhonil)ohedra    aasociated    with    the 

pinakoid:  bipyTauiids  and  trapezohodra  are  rare. 

The    fomia    shown   in   the  figure   are:    c{lll[, 

m!2n|,  r{UX)},  </,  {110),  n,  [TUJ  and /'=a{621}. 
I  Tbo  cryHtala  rotate  the  plane  of  polarization ; 

^^Bid,  if  the  rule  which  has  beeu  shown  in  crystals 
^^Bf  quartz  to  connect  the  position  of  trai)ezf)hedral 
HB9QB0  Aod  the  direction  of  rotation  holds  ahso  for 
R    ^Akttiib'U',   the   crystal   in   Fig.   386   i.s   hevogyral.      But    the    connection 
r     between  the  traiwzohcdral  faces  and  the  direction  of  n>tatioD  has  uot  yet 

been  fully  estiLblishod. 
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RnOMBOH^DRAL  STSTEH.  CLASS  V. 


V.     Acl^istous  dilrigonal  cUub  ;   }i[hkl]. 

63.  The  crystals  of  this  class  have  a  tnad  axis  associated  with 
three  like  phinea  of  symmetry  intersecting  one  anotLer  in  the  (Utis 
at  angles  of  60*,  but  have  no  other  element  of  symmetry.  The 
triad  axis  is  unitermiiial,  and  is  a  pyro-electric  and  piezo-electnc 
axis. 

With  the  exce]»tion  of  the  prisms,  the  forms  can  most  readily  be 
derived  from  the  corresponding  forms  of  class  III  by  regaTding 
them  OS  consisting  geometrically  of  those  faces  which  meet  the  prin- 
cipal axis  at  one  of  the  apices.  Tlie  forms  are  all  open  fomiB,  sod 
the  class  may  bo  called  the  aeleistoxis  ditrigoiuil^  or  the  potar  dihi- 
ffOTtal  class :  they  were  regarded  as  hemihedral  with  inclined  faces. 

A  face  perpendicular  to  one  of  the  planes  of  symmetry  tod 
inclined  to  the  horizon  at  a  finite  angle,  will  be  repeated  in  tvo 
others  equally  inclined  to  the  horizon  and  each  per]>endicular  to 
one  of  the  two  other  planes  of  symmetr}*.  The  three  f^ces  form 
a  trigonal  pyramid  similar  to  that  characteristic  of  class  I ;  bat 
here  the  faces  of  every  trigonal  pyramid  are  limited  to  zones, 
such  tliat  their  poles  lie  in  the  zone-circles  in  which  the  planes  of 
symmetry  meet  the  sphere.  The  axes  of  reference  are  taken  parallel 
to  the  three  polar  edges  of  one  of  the  possible  trigonal  pyramids, 
and  lie  each  in  one  of  the  planes  2. 

Again,  the  plane  perpendicular  to  the  triad  axis  is  a  possible 
Eace,  for  it  is  parallel  to  the  three  normals  of  the  planes  of 
symmetry;  and  these  normals  are,  by  Chap,  ix,  Prop.  I,  possible 
jBone-axes.  This  face  is  taken  as  the  parametral  plane  (1 11).  Bat 
by  rotations  of  120"  about  the  triad  axis,  the  direction  of  the 
parametral  plane  is  unchanged,  whilst  the  axes  of  reference  arc 
interchanged,  for  thoy  are  parallel  to  the  interchangeable  polar 
edges  of  a  trigonal  pyramid.  The  parametci*R  are  therefore  etjuol, 
and  may,  as  in  the  preceding  sections,  be  taken  to  be  any  three 
ei\uix\  lengths,  such  as  OX  or  V^M  of  Figs.  309  and  335.  The 
equations  established  in  preceding  sections  between  the  face-symbols, 
the  angles  of  the  furuis  and  axes  with  one  another  and  with  the 
element  D  or  r,  hold  also  for  crystals  of  this  class. 

64.     The  special  forms  are: 

7.  Podions  /^  [  1 1 1 )  and  ft  { 1 1 1 1,  which  consist  of  the  single  face 
given  by  the  indices  in  the  symbol. 


TRIGONAL  AND   DITRIOONAL   PRISMS, 


419 


Fio.  387. 


Trigonal  prisms  /i{21l}  and  m|2H}.  The  prism  /il211}, 
Fig.  387.  has  the  three  faces  2ll,  T2T, 
Il3,  each  of  which  is  ppq^ndicular  to 
one  of  tJio  planes  of  symmetry  ;  it  is 
geometrically  similar  to  that  descrilxxl 
in  Art.  11,  and  can  )>e  drawn  in  the 
same  manner.  The  complementary  prism 
■»  {211  jconsiflta  of  the  faces  211,121,  112 
^parallel  to  those  of  /i  |2 11 }. 

A     A  hexagonal  prism  {OTl|,  iden- 
tical geometrically  with  the  similar  prism 

of  classes  II  and  III.  The  faces  are  parallel  in  pairs  to  one  of  the 
plane«  of  symmetry  in  which  tlie  axes  of  reference  lie.  The  fonn 
can  be  drawn  in  the  manner  given  in  Art.  27.  The  symbols  of  the 
faces  are  given  in  (f ),  p.  368. 

4-  The  ditrig(/Hal  prum^  /a  \^*^\t  where  A  +  A:  -f  /  =  0.  This  priam 
may  be  regarded  as  con.sisting  of  those  alternate  pjiirs  of  fjices  of 
the  dihexagonal  prism  of  Art.  27,  the  traceu  of  which  in  Fig.  332 
intersect  in  the  points  Nf  /.,  II',  Ac,  lying  on  the  lines  OAft  OM' 
and  OM":  and  the  prism  can  easily  be  drawn  by  the  aid  of  a 
projection  of  Fig.  332  in  the  horizontal  planes  of  Figs.  51  or  60. 
The  form  consists  of  the  faces  : 

hkl,  hJk,  Ihk,  khl,  kfh,  Ihli (o). 

It  has  the  same  general  appearance  as  a  {AA/}  of  the  prec^e<Hng 
disg;  but,  when  the  indices  are  tninsferred  from  one  face  to  ita 
homologues,  they  do  not  change  sign :  they  are  the  same  triad 
taken  in  the  two  possible  cyclical  orders.  Alternate  faces  are 
inclined  to  one  another  at  angles  of  120",  and  there  is  only  one 
independent  angle  hkl  A  hlk.  But  hkl  NhUc^  %nN  =  60'  -  2a' JV  (see 
Pig.  331):  the  angle  can  therefore,  for  any  given  values  of  tho 
Lodices,  be  caloulat<.'d  hy  (20).     Thua,  for  ^{321}, 

351  A  3T2  =  60*  -  38*  13'  =  21"  47'. 

0.  The  aoleistous  trigonal  pyramid  /x  {A//(,  may  be  regarded 
M  oousiittiDg  of  tlie  three  faces  of  viR  which  meet  at  F'".  The 
Polar  edges  can  therefore  be  obtained  by  finding  in  from  equation 
(33),  and  taking  OV*^  =  vic.  The  point  K"*  is  then  joined  to  My  J/^, 
If^  of  Fig.  335,  or  to  JT,  J/',  ilf",  according  as  m  is  positive  or 
Kj^tive.    The  pyramid  is  geometrically  the  same  as  that  of  class  I ; 

now  the  polea  all  lie  in  the  zone-circles  \Cr\,  [^^']'  l^*""]' 

27—2 
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G.  The  acUistotu  hexagonal  pyramid^  fj.  \hki\t  where  A-2ti-)=0. 
Each  face  is  etjually  inclined  to  two  adjacent  planes  of  symmetry, 
and,  if  produced,  meets  the  equat-orial  plane  and  the  third  plane 
of  symmetry  in  parallel  straight  lines :  it  ift  therefore  t&atotoial 
with  the  pediou  and  one  of  the  faces  of  {OTl}.  The  pyramid  can  bf 
constructed  in  tlie  manner  given  in  Art.  53  ;  the  number  n  gmna, 
the  distance  nc  of  the  apex  from  the  origin  is  found  from  (66). 

65.  7%«  ditrigoiud  pyramid,  /*  jAA"/},  Fig.  38&,  conidsU  of 
the  six  faces : 

hkl,  khl,  fU,  Ikh,  klh,  hlk (p). 

The  polar  edges  are  identical 
with  those  of  the  8calenohedi*on 
of  class  III  which  meet  at  K"  ; 
and  the  form  is  easily  drawn  hy 
finding  the  indices  n\  and  n 
from  equations  (60)  and  (61) 
and  the  points  H^  A',,  Ac,  from 
efjuations  (45)  and  (47). 

Or"  =  miic;  OH=^\OM\  OK  =  ^       , 
oji  +  1  '     3?»  -  I 

When  m^rc  ^  the  apex  T"  is  infinitely  distant ;  and  the  pyTnmi<i 
becomes    the   ditrigonul    priwrn   /i  \hk!\,    where,    by   equation   (fiO), 

A  +  >t  +  /  ^  0. 
When  Oil-- OK ,  n^cc  :  if,  however,  OV  is  to  remain  finite, 
then  m  =  0.     The  two  equations  are  satisfied  by  making  in  (60)  and 
(61)  h-*2k  +  l  =^  0 — the  expression  already  obtained  for  the  hexogoul 
pyramids. 

66.  Crystala  of  sodium  lithium  sulphate,  NaLiSO, ;  of  s|Tangolito, 
(AJa)SO,,6Cu(OH)^  +  3naO;  of  gw^nockite,  CdS;  of  proiistit*,  AfoAsSj; 
of  pyrargyrito,  AgjSliS, ;  and  of  tourmaline  l)elong  to  this  claaa. 

Tourmaiine.  Jannasch  and  Calb  {Ber,  t%  Get.  xxii,  p.  216,  1869) 
gave  the  formula  (Mg,Fo,Li2,Hj...)5A10.  B0(Si04)j  or  R,'BO,(SiO^,  B' 
including  the  elements  given  in  the  first  formula.  Messm.  Penfield  aud 
Foote  {Am.  Jour,  of  Sex,  [ivj  vir,  p.  97,  IflftQ)  have  shown  that  all  tour- 
maline«  may  be  derived  from  HgoB^i|Os[j,  and  have  proposed  us  a  speciiU 
formula  HyAl^CB.  0H).jSi4O,y,  in  which  the  nine  hydrogen -atoms  uro 
replaced  l>y  Fe,  Ca,  Mg,  Li,  &c. 

The  crystals  often  manifest  the  development  of  forms  of  this  class 
in  a  striking  manner.  The  trigonal  prism  /a{2!I}  is  sometimes  the 
predominant  form,  hut  it  ia  generally  associated   with    the  hexagonal 
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priMin  (Oil}.  A  section  perpoitdicular  to  the  trind  axis  of  Ruch  a  oora- 
binaiion  will  cither  be  a  triAHglo  having  Or  aiiglos  bovoUed,  or  else  a 
hexagon  having  alternate  aikgles  truncated,  according  an  the  facoB  of 
/A  {211}  are  large  or  small.  OL-cotiiomiUy  as  t^howu  in  Fig».  339  {a)  and 
(h)  both  the  complementary  prisms  ft  {ill}  and  ^  {21 1}  represented  by  the 
letters  m  are  present.  The  crystals  are  uaiially  terminated  by  acloistous 
tngoti/J  pyramids,  which  may  or  may  not  bo  complementary.  Occasionally 
one  end  shows  a  pedion.  Figs.  389  (a)  and  (h)  represent  the  opposite  ends 
of  a  small,  brown  crystal  from  Ueylou  in  the  Cambridge  Muaeum.     At  one 

end  thi 


a* 


{a)  FioB.  380.  (b) 

end  the  trigonal  pyramids  r=fi  {lOO},  s=fi  {122)  (a  rare  form),  s=ft  |Il  i}, 

;*{3i2)  are  /isHocinte*!  with  the  i>odiou  f=/i[lll},  one  face  of  t'^/i{110} 
and  a  single  face  of  a  ditrigoiial  pyramid  u(302)  not  shown  in  the  figure  : 
this  end  is  the  antilogous  i>ole.  At  the  other  end,  the  fiioos  of  the  com- 
plementary pyramid  r=^{TCH);  are  very  largo,  and  those  of  t!=^{110}  are 
very  narrow  :  this  end  is  the  analogous  jrole.  The  prisms  are  very  short, 
rt  [01 1 J  Wng  predominant  and  the  two  complementary  prisms  ^  {2TT|  and 
^(211}  being  unequid.  The  crystal  is  markedly  dichroic  ;  bein^^  more 
tranalueent  acpjss  the  crystal  fnjm  a^  to  a'  than  from  one  end  to  tlie 
oppoBite ;  although  the  thickness  in  the  former  direction  is  much  the 
greater. 

Fig.  390  represents  a  crystal  of  common  habit ;  the  trigonal  prism 
m=f«(2TT}  is  largely  developed,  and  its  udgea 
are  bovellod  by  the  hexagonal  prism  rtlOTl}. 
At  one  end  the  pyramid  /i  {100|  is  shown  ;  and 
at  the  other  end  the  complementary  pymmid 
|i{TOO].  But  though  these  foiTiis,  if  they  <«> 
ctUTod  alone,  would  comikose  a  rhomltohcdron 

lilar  trft  that  of  eln-sscH  1 1 — IV,  the  appoarance 

the  two  ends  is  different.     At  the  upj^r  end 

the  faces  r(]00)  and  7n(2n)  meet  in  a  hori- 

mtal  edge,  and  the  same  is  true  of  the  two 

bher  ]>airB  of  faced  r  and  m  :  at  the  other  end 

jh  face,  such  as  r^,  meets  two  fiices  m  and  m" 

oquid  angles  and  the  «lges  are  not  hdrizont.-d. 


Fio.  3»0. 
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In  the  former  case  the  £ace  r  omy  be  said  to  stand  on  the  jinHm-fnoc  in 
in  the  latter  the  face  r,  may  bo  aaid  to  stand  on  the  pristn-edge  [m«"]. 
The  nilo  oomiecting  the  eloctrification  may  gBnerally  be  given  thua : 
the  analogous  pole  ia  at  that  end  at  which  the  fnoos  r  of  ft  {100} 
tftand  on  tlie  faces  of  the  trigomd  priHm ;  the  antilogous  pole  ia  at 
that  end  whore  the  Cioes  of  /a  {TOO}  aUnd  on  the  edges  of  the  trigonal, 
prism. 

The  crvataU  are  optically  negative  ;  the  princii»al  indices  of  refractioo 
fur  uodiimi-Ught  vary  with  the  colour  of  the  crystal,  and  sometimes  eveaj 
in  its  successive  layers.  Dark  coloured  vartotiee  ore  strongly  pleochroioyj 
absorbing  the  ordinary  lioam  to  a  fjir  greater  extent  than  the  extraorvlinary. 
Hence  the  ordinary  beam  is  practically  extingiuHhed  by  a  thin  plate  of 
dark  colourod  crystal  cut  parallel  Ui  the  optic  axis :  and  such  platea  of  one 
or  two  mm.  thickness  are  often  employed  for  producing  beams  of  pi 
polarised  light. 

In  the  zoDG  [rcux]  of   Fiflj.    889  the  following   angles   were   meuaredi 
re  =  27°  30',    «  =  27°85',    m  =  46^  6',    cff  =  6d^  45',    cm  =  89°  58*,    mf^hTVIOr^ 
Adopting  r  as  (100)  and  c  as  (111),  then  m  is  (211)  and  m  (2ll) ;  and  x,  th«{ 
dirhombohcdral  face  to  (100),  is  (122).     Taking  F  to  be  any  pole  {hU)  in  [em\[ 
we  have  from  the  a.r.  [cPtih] 

tuiaP-Man»s,fi — - . 

Hence  we  have,  for /t,   /-fc=2(2f  +  ft);  .-.  I  +  ft=0,  and <  is  (III). 
For»r.  l-h  =  h{-%l-\-h),  and  .S/  +  2/i^0;  /.  ^  is  (322),  and  the  form  i%p.\\ 
Again  »  was  found  to  lie  iu  [r"ra'],  and  the  angle  ru  to  be  41"  58':  henoe  by 
the  A.B.  {r'rua'},  wehavo  A-2  =  d(/i  +  /).    .-.  A  =  3,  andI=-2;  and  u  in  (302). 


VI.     TrUjotuil  bipi/rayfiidal  class;  t  {Hkl,  M^\' 


67.     The  triad  axis  may  be  associated  with  a  plane  of  syminotry,| 
n,  perpendicular  to  it,  provided  the  cryst*il  lias  uo  centre  of  symmetry. 
Were  a  centre  of  symmetry  present,  the  principal  axis  would  bevoi 
one  of  even  degree  of  symmetry,  and  would  then  be  a  hexad 
(Chap.  IX,  Prop.  4).     No  crystal  has  yet  been  discovered  showL 
the  symmetry  of  the  trigonal  bipyramidal  class. 

The  general  form  is  a  trigonal  bipyramid  similar  gcometricall] 
to  thase  represented  in  Figs.  377  and  378 ;  but,  whereas  in  class  I' 
such  forms  have  their  faces  limited  to  zones  each  containing 
pinakoid  and  one  of  the  faces  of  the  trigonal  prism  a{011|,  in 
class  every  form  is  a  bipyramid,  save  when  the  faces  are  parallel 
perpendicular  to  the  triad  axis.  w*^*"   *^®  '" 
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The  faces  parallel  to  the  plane  of  syminetry  will  form  a  pinakoid 
imilar  to  that  found  in  classes  II — IV ;  and  the  triad  axis,  being 
le  normal  to  a  plane  of  symmetry,  is  a  possible  zone-axifi  (Chap,  ix, 
»rop.  1). 

68.  We  may  take  as  axes  of  reference  three  lines  parallel  to 
CO  polar  edges  of  any  bipyraiuidy  and  a  face  of  the  piu^koid  as 
Lmetral  phine    (111).     Since  tho   axes   of   reference   ai-o  intor- 

LHgeable  by  rotations  of  120"  al>out  the  triad  axis,  whilst  the 
parametral  face  retains  the  same  dii-ectiKn,  the  parameters  are  etjual. 
We  therefore  take  as  anguhir  element  I)  the  inclination  of  the 
face  of  the  axial  pyramid  to  the  plane  of  symmetry,  and  as  linear 
element  c  a  length  on  the  tria<l  axis  connected  with  unit  length 
in  tXxe  equatorial  plane  by  the  ef|Uation  c  =  cos  30°  tan  D  (see 
Art.  6).  The  analytical  expressions  given  iu  preceding  sections 
apply  therefore  to  crystals  of  this  class. 

69.  The  co-polar  triad  of  faces  meeting  at  an  apex  are 
repreeented  by  symbols  iu  which  tho  same  indices  are  takc^n 
in  cyclical  order;  for  the  three  faces  are  geometrically  similar  to 
the  triad  forming  the  trigonal  pyramid  of  class  I.  The  pair  of  faces 
situated  ou  opposite  sides  uf  the  plane  of  synnuetry  generally  iified 
for  their  representation  symbols  having  different  indices:  but  a 
simple  relation  l>etween  their  symbols  can  bo  found  from  the  fact 
that  the  angle  between  them  is  bisected  by  the  plane  of  symmetry 
parallel  to  (111),  and  their  edge  is  truncated  by  a  prism-face,  so 
that  the  four  faces  form  a  harmonic  ratiu. 

Hence  the  face  P  above  the  plane  of  symmetry  being  denoted 
by  (AA^),  tlie  homologous  face  Ijolow  II  is  parallel  to  that  which  iu 
Art.  \ft  was  called  the  dirhomlK>he(lral  faco  Q  {pqy).  Tho  homo- 
logoud  face  has  therefore  the  syml)o]  (y>7?),  where 

^■^  />  =  3A-25, 

^tf  being  A  +  A:  -t-  /. 

^H  We  shall  therefore  denote  the  form  by  the  symbol  t  {AA:/,  [fqr]^ 
^in  which  the  symbols  of  the  two  faces  are  connectwl  by  equations 
It  is  immaterial  which  of  the  symbols  is  derived  from  the 
for  by  addition, 

^  +  ^  +  r  =  -  3  (A  -H  Jt  +  /)  =  -  35. 


(D2); 
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Hence, 

9^  =  3/i  +  6^  =  3p  -  2  {;■>  +  V  +  f ), 

9A-  =  39  +  6tf  =  3^  -  2  0")  +  y  +  f), 

9/  =  3f  +  6tf  =  3f  -  2  (j5  +  7  +  f). 

The  form  t  {hkl,  pqr\  consists  of  the  six  faces  : 

AX,/,   /AX-,   klhy  pqr^    rjM),  qrp..-. 


iqi- 


70.     The  Rpecial  forms  are : 

i.     The  pinakoid  (HI). 

2>  Trigonal  prisms  r  \hkl\,  geometrically  identical  with  thuse  of 
olaas  I.  The  prisms  t  [Oil }  and  r  {21! }  are  particular  instanoea,  tie 
iaoes  of  wliich  have  sim[>lo  relatiomi  to  the  particular  edges  selected 
to  give  the  axes  :  but  by  a  change  of  the  bipyramid  selected  to  give 
the  axial  planes  general  aymbok,  such  as  r{32r},  m&j  be  asagoed 
to  either. 

The  bipyraraids  represented  by  Figs.  377  and  378  need  only  one 
set  of  indices  and  may  be  represented  by  t,  (412],  t»{421);  but 
they  are  not  special  forms.  The  faoee  are  tautozonal,  each  with  the 
piiiakoid  and  a  face  of  the  prisma  t{101[  and  t  (llO).  They  cannot, 
however,  be  represented  by  the  symlx)Is  t  {412[,  r  (421} ;  for  these 
are  the  symbols  of  trigonal  pyrauuda  uf  class  I.  The  <r  sulMcript 
may  be  used  to  indicate  that  the  faces  ai*e  symmetrical  to  the 
equatorial  plane ;  or  the  forms  can  be  given  by  the  general  symbol 
t{412,  214},  TJ421,  24Ij.    The  same  is  true  of  any  ot!»er  liipyramids 


Tr  \K  (/'  +  0  "^  ^»  ^}  having  their  faces  in  the  same  vertical  zones. 


Vri.      DitrigoTial  biftyrnmidal  cla»B ;    K\)Jd^  f'^^V 


71.  The  only  other  arrangement  of  elements  of  symmelry 
consistent  with  a  single  triad  axis  is  one  in  which  the  elements  of 
symmetry  of  class  V  ai-e  associated  with  a  plane  of  symmetry  11 
perpendicular  to  the  triad  axis  and  to  each  of  the  like  planes  of 
symmeti-y  5.  The  linea  of  intersection  of  D  with  each  of  the  2 
planes  are  dyad  axeu  (Chap,  ix,  Prop.  )i).  The  elements  of  symmetry 
are  therefore : 


p,  n,  32i  3 A. 


of  this  class. 


^P  The   dyad   axes  are  uniterminal,   and    nhould    be  pyro-electric 

■         ttxe.<i.    Nu  crystal  has  however  been  discovered  showing  the  symmetry 

K     of  th 
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(r). 


72,     The  forms  possible  in  this  class  can  be  readily  derived 

those  of  class  V  in  a  maimer  similar  to  that  by  which  forms 

class  VI  call  be  obtained  from  class  I.     For  to  obta.in  any  form 

class  VII,  all  that  is  needed  is  to  unite  with  the  correspundiug 

form  of  class  V  a  similar  one,  such  that  the  two  are  i^eciprocal 

reflections  in  the  piano  of  symmetry  H.     But  retaining  the  axial 

arrangement  adopted  for  crystals  of  cUma  V,  the  pair  of  homologous 

faces  symmetrical  with  respect  to  II  are  coanected  by  the  relatioua 

(92)  given  in  Art.  69. 

Ilence  the  general  form   K{hJ:ly  V^^^h   ^ig*  ^^^>  consists  of  tlie 
faces  : 

hJcl,  m,  Utk,  Ikh,   klh.  hlk, 
pqf,  qpr,  rpq,  fQp,  qrp,  pfq. 

The  two  apices  are  interchangeable  by  rotations  of  180*  about 
one  or  other   of   the   dyud   axes. 
The  drawing  can  be  made  in  the 
manner  described  for  ft,  \1Jd]. 

^73.     The  special  forms  are  : 
1.     Thepinakoid  {111!. 
2.     A  trigonal  prism    k  j  2 11  | 
metrically  the  same  as  that  of 
sV. 

3.  A  hexagonal  prism  |01l}, 
having  its  faces  parallt^l  in  pairs 
to  the  three  like  planes  of  spu- 
metry  S.     This  prism  is  common 

rio  clas8<«  II.  Ill,  V  and  VII. 
f      4*     -A.  ditrigonal  prism  k  \hki\,  geometrically  the  same  aa  /*  \hkl\ 
of  chias  V,  and  in  which  A  +-  A;  +  ^  =  0. 
O,     A  hexagonal  bipyramid  {hkf]^  where  A-2^'  +  /-^0.      This  is 
geometricaliy  similar  to  tlie  currL\spf)iidiiig  form  of   class  III,  and 
can  be  conatructe<l  in  the  way  described  in  Art.  53. 

fj,  A  trigonal  bipyramid  k{A//,  prr\,  geometrically  the  same  as 
the  corresponding  bipyriitnitl  of  class  VI.  In  thiH  class  the  trigonal 
bipyramids  are  limited  to  the  zones  in  which  the  faces  are  perpen- 
dicular to  one  or  other  of  the  like  planes  2;  whilst  in  class  VI 
every  form  having  faces  inclined  to  t!m  axis  and  ecjuatcjrial  pinne  at 
finite  angles  is  a  trigonnl  bipynuiiid.  The  particular  bipyramid 
{100,  122J  has  its  upper  polar  edges  parallel  to  the  axes  of  reference. 


CHAPTER  XVIL 


THE   HEXAGONAL   SYSTEM. 


L  Thib  system  is  cfaaracteriBed  by  having  a  single  liexad 
It  was  shown  in  CItap.  ix,  Art.  1 1,  that  no  crystal  can  have  an  ub 
of  syrainetry  of  degree  higher  than  six  ;  and  in  Chap.  IX,  Art.  21,  i. 
that  no  crystal  can  have  more  than  one  sucli  axis. 

The  system  comprises  five  classes,  which  difTer  in  the  elemenU 
of  symmetry  associated  with  the  hexad  axis.  Since  there  can  be 
only  one  hexad  axis,  it  follows  that  a  centre  of  symmetry,  plauca  of 
symmetry,  parallel  and  pei-pendicular  to  the  axis,  and  dyad  axes 
perpendicular  to  it  arc  alone  admissible.     The  five  classes  are : 

I.  The  acUUtou^  hexnf/onal  {hexagoiiat-pyramidcUi  fievtitaorphk- 
hemifiedrol)  class,  in  which  the  hexad  axis  is  the  only  element  ol 
symmetry. 

IL  The  diplohedral  h^^rarjonal  (hexagofUil-bipi/ramidalt  pyfo- 
midal-hemihedral)  class,  in  which  the  hexad  axis  is  associated  witb 
a  centre  of  symmetry  and  a  plane  of  symmetry,  0,  perpendicular 
to  it. 

III.  The  acleUtous  dihfio;agonal  {dihexagOTuU-pt/ramidai^  fhexa- 
gonal-hemimorphic)  class,  in  which  the  hexad  axis  is  associated  with 
six  planes  of  syniineLry  intersecting  in  it  at  angles  of  30^  Owing 
to  the  hexad  axis,  these  planes  consist  of  two  triads  of  like  and 
interchangeable  planes  S  and  2,  arranged  alternately  ho  that  the 
S  planes  bisect,  respectively,  the  angles  between  the  S  planes ;  and 
vice  vers&. 

I V.  The  diplohedral  dikexagonal  {dihexa^onal^pymmidai, 
fiolohedral'hexagoncU)  class,  in  which  the  elements  of  symmetry  of 
class  m  are  associated  with  a  centre  of  symmetry.  The  crystals, 
consequently,   have   a  plane   of  symmetry,  D,  and  six  dyat' 
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purpondicular  to  the  liejcod  axis.  The  lines  of  intersection  of  the 
pUnes  iS*  and  U  are  three  like  dyad  axes  S ;  and  the  lines  of  inter- 
section of  the  planes  2  and  d  are  three  like  dyad  axen  A.  The 
dyad  axes  5  are  interchangeable  by  rotations  of  60°  about  the 
principal  axis;  and  so  are  the  A  axes,  but  an  axis  of  one  kind  is 
not  interehaugeable  with  one  of  the  other;  nor  is  a  S  phuie  inter- 
changeable with  an  .S'  plane.     The  elements  may  be  given  by  : 

W,  SS,  3S,  C,  n,  35,  3A. 

V,  The  irapczohedral  (Jiexayonal-irapezofusdrctl^  trapetohedral- 
heniihfdral)  class,  in  which  the  hoxa<l  axis  is  associated  only  with 
six  dyad  axes  perpendicular  to  it.  Tlie  dya<l  axes  consist  of  a  tn«*jd 
of  like  and  interchangeable  axes  £  inclined  to  one  another  at  angles 
of  60",  and  of  three  like  and  interchangeable  axes  A  also  inclined  to 
one  another  at  angles  of  60'.  Adjacent  5  and  A  axes  ore  inclined 
to  one  another  at  an^fles  of  30*. 


2.  The  hoxad  axis  is  perpendicular  to  a  possible  face  (Chap,  ix. 
Prop.  3),  wliicli  belongs  to  a  pedion  in  classes  T  iind  III,  nnd  to  a 
pinakoid  in  the  other  classes;  the  piano  through  the  origin  parallel 
to  this  face  will  be  called  the  equatorial  plants. 

When  the  faces  of  a  form  are  inclined  to  the  hexad  axis  at  finite 
angles,  other  than  90%  the  homologous  fares  and  edges  meeting  at 
the  same  ape-x  will  be  six  or  twelve  in  number,  and  will  be  said  to  be 
ct^polar.  In  classes  I,  II  and  V  tlie  nuuilx'r  of  co-polar  faces  and 
edges  is  in  all  cases  six;  in  claHses  ITT  and  IV  the  numV>er  is  six 
only  when  the  faces  are  perpendicular  each  to  one  of  the  six  tauto- 
Bonal  planes  uf  symmetry  S  and  2.  When  treating  of  the  several 
clftBSes  we  shall  see  that  certain  of  these  forms,  or  all  of  them, 
ana  either  acleistous  or  diplohedral  hexagonal  pyramids,  similar 
in  shape  to  those  represented  in  Figs.  392  and  393. 

For  purposes  of  analysis,  axes  of  reference  may  be  selected  in  two 
di3*erent  ways,  which  we  may  denote  as  (i)  rhomhohedral  (or  Mil- 
Unati)  axes,  and  (ii)  fiexagoiial  axes. 

i.     Rkomhohedral  axes, 

3.  The  axes  are  taken  parallel  to  the  three  possible  edges  in 
which  alternate  co-polar  faces  of  a  hexagonal  pyramid  would,  if 
produced,  intei*seot ;  and  the  possible  face  perpendicular  to  the 
hcxaA  axis  is  taken  as  parametral  plane  (111).  The  pyramid 
sheeted    to    give    the   directions   of    the   axes   we   shall   call    the 
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Uai  pijrnmui.  Thus,  in  Fig8.  392  and  393,  the  ai« 
Xf  T  and  ^  ore  pankllej  to  tlie  lines  joining  the  apex  V  U) 
p*jinU  J/,  if^,  Jf,^  wliich  lie  on  the  lines  OB,  OB^,  OB"  at  distanoa 
2  X  OB  from  the  origin  and  are  interchanged  by  rotatiouB  of  120' 
about  tho  hexad  axis. 


Via.  393.  Fio.  893. 

Wo  shall,  for  the  sake  of  easy  comparison  with  the  relations  d 
rhouilxjhedral  crystals,  represent  tho  three  co-polar  faces  meeting  in 
VAl,  K.V  ,  V3f^^  by  the  letters  r,  /,  r";  and  we  shall  take  OX  to 
\io  parallel  to  VAf  in  which  r'  and  r"  intersect,  OK  to  V.\/_  in  which 
r"  and  r  intersect,  and  0^  to   V^f,,  the  line  of  intersection  of  r  and 
r'.     The  three  faces  have  therefore  the  synabols:  r  (100),  /  (010), 
r"  (OUl),    We  sliall  take  for  unit  length  thp  equal  semi-diagonals  Oi, 
OA't  OA"  of  the  hexagon  formed  by  the  fundamental  pyramid  in  the 
equatTiiial  plane,  and  OV  =  c  for  the  linear  parameter  of  the  crystal. 
But  from   Figs.  392    and  393   it  is   clear  that  OB  =  0 A'  cos  .iO\ 
and  tan  VBO^OV  ^  OB  =^  07 -^OA' cos  $0\      But  AVBO  is  equal 
to  the  angle  l)etween  the  principHl  axis  and  the  normal  to  the  face 
r(lOO):  this  angle  we  shall  denote  as  the  angular  element  D  uf^^J 
hexagonal  crystal.     Hence,  when  OA'  =  ^y  ^^| 

rr  =  co8  30°tnn  FiJO  =  cos  30"  tan />    (I). 

The  panimeter  c  is  the  only  orystal-olement  which  in  the  hexagonal 
system  varies  with  the  substance. 

From  the  fnfl  LluiL  the  three  axes  of  reference  are  intorchunged 
by  rotations  of  l^O"  ~  2  >:  GO"  about  the  hexad  axis,  whilst  the  para- 
metral plane  retains  the  same  direction,  it  follows  that  the  pAr»> 
meters  on  the  Millerian  axps  are  all  equal,  and  may  Ije  taken  to  be 
any  three  equal  lengths  parftllel  to  the  axes,  such  as  TJ/",  TJ/ ,  ^^„' 
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4.     To  find  the  Millenan  symboln  of  the  faces  of  a  hexagonal 
mid. 

Hotatioris  of  120°,  double  the  least  rotntiuti  characteristic  of 
a  hexad  axis,  being  always  i)0»sil»le,  it  is  clear  that  any  face  {hkl) 
must  be  asiiociated  with  two  others  (thk)  and  (klh)  which  meet  the 
priiici{)al  axit*  at  au  apex  P'",  these  faces  having  their  symbolH  in 
cyclical  order  Further,  if  the  crj'stal  is  ccntro-symmetrical,  the 
parallel  faoew  will  also  be  present ;  viz.  (hkJ),  (Mi),  (klh).  And, 
agikiu,  if  planes  of  symmetry  pass  throu/^h  the  principal  axis  and 
each  of  the  axes  tjf  reference,  the  above  tnafls  must  be  associated 
with  tike  triads  having  the  same  indices  taken  in  the  reverse 
cyclical  order.  For  purposes  of  analysis  a  selection  of  one  half  of 
the  faces  of  a  hexagffnal  form  may  be  made,  which  can  all  )>e 
represented  in  exactly  the  same  manner  as  if  tlic  cr}'stals  belonged 

I  to  one  or  other  of  classes  I — V  of  the  rhombohedral  system.  But 
the  faces  homologous  to  {hkl)  obtained  by  rotations  of  60°  or  180* 
about  the  hexad  axis  cannot  be  represent- 
ed by  the  same  indices.  The  face  connected 
with  (hki)  by  a  rotation  of  180°  is  that 
denoted  V»y  (jtqr)  in  Chap,  xvi,  Art.  15. 
Hence,  the  second  half  of  the  faces  of  a 
hexagonal  form  may  be  regardetl  as  consist- 
ing of  the  faces  of  the  dirhomlK>hedral  form. 
The  face  of  tliis  form  opposite  to  (AAY)  Ixiiiig 
(p*/r)t  the   symlwls  are  connected   by   thu 

I    equations  (see  Chap,  xvi,  Art.  IS), 

mk     p  =  2(h  +  k  +  l)-U  =  2B~ViA 

H      q^2(h  +  k  +  ri-U  =  2e-U,i 

I  Hence  the  six  co-polar  faces  meeting 

at  V  in  Fig.  394  which  are  connected  by 
^rotations  of  60"  about  the  hexad  axis  are : 
^m  kkl,  qrp,  Ihk,  pqr,  klfi,  rpq  .,,  (a). 

^xhe  poles  of  six  homolc^oua  faces  may 

also  be  represented  by  the  stereogram, 

Fig.  395,  in  which  the  poles  of  one  triad 

are  denoted  by  letters  P  and  those  of 

the  homologous  co-polar  triad  by  Q,   The 

axes  meet  the  sphere  at  the  points  X, 
Z  indicated  by  crosses. 


(2) 
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In  the  particular  inst-ance  of  the  fundameata]  pynuuid,  tit? 
oo-polar  Iriods  are  represented  by  letters  r  aud  s,  and  the  "Ljinboh 
are:   100,  2-21,  010,  122,  001,  212. 

We  shall  therefor©  adopt  for  the  forms  of  hexagonal  crystals 
symbols  in  which  triads  hkl  and  jtqr  are  both  included.  8acb 
symbols  have  been  already  employetl  to  represent  the  forms  '\n 
classes  VI  and   VII  of  the  rhoinbohedral  system. 

It  follows  from  what  precedes  that  the  analyticAl  formula  given 
in  Chap,  xvi  bold  for  crystals  of  this  system.  Thus,  the  oqualiciu 
of  the  pole  P  (hkl)  are 


COB  FP     oosZP     3 COB CXcv^CP 


I 


h-^k  +  l 


(3). 


C  being  the  pole  (111)  at  the  centre  of  the  priroitlvec 

ii.     Hexagonal  axes. 

5.     Many  crystallographers  adopt  a  set  of  four  axes  of  reference, 
OA,  0A\  OA^  and  OK  of  Figs.  392  and  393,  which  enable  them  to 
represent  all  the  faces  of  a  hexagonal  form  by  a  synibol   |bldH. 
The  positions  of  the  seveml  co-polar  faces  of  a  hexagonal  pyramid 
are  given  by  taking  the  three  first  indices  (referring  to  the  like  axw 
in  the  e(]uatorial  plant*)  in  a  single  cyclical  order,  and  also  changing 
all  their  signs  togetlior.     The  index  1,  referring  to  the  liexad  axis 
which  will  be  denoted  by  OZ,  always  occupies  the  last  plaoe,  and 
has  the  same  sign  for  the  co-polar  faces  of  a  form.     To  obtain  the 
symbols  of  pai-aUcl  faces,  the  signs  of  all  four  indices  are  changed. 
In  the  case  of  a  dihexagonal  pyramid  the  three  tirst  iudicea  must  be 
taken  in  the  two  possible  cyclical  orders,  and  their  signs  must  also 
be  changed  together.     Such  a  set  of  axes  we  shall  call  hexagof\al 
azetr,  and  the  three  horizontal  (uies  equatorial  axe^;  and  we  shall  use 
different  type  to  distinguish  them  and  the  corresponding  symbold 
from  the  Milk>rin.n  axes  and  symbols.     We   proceed    to   give   Uie 
relation  between  the  hexagonal  and  MUlerian  axes,  and  the  equi- 
valent syniliola  for  the  faces  of   the  fundamental  pyramid,  which 
cori-espond  to  the-  positions  of  these  axes  adopted  in  this  lxM>k. 

We  fihall  tako  OX  to  coincide  in  direction  with  OA  of  Figs.  392 

Land  393,  and  OA  (  =  a  or  1)  to  be  the  parameter  on  it,  and  ^  to  be 
on  the  positive  side  of  the  origin.  OX  is  therefore,  from  the  Mil- 
lerian  symlxtls  assigned  to  the  faces  of  the  fundamental  pyramid, 
perpendicular  to  Miller's  axis  OX.     Similarly,  OY  is  taken   along 
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OA ',  and  the  positive  direction  ia  tftken  to  the  right :  the  paramet-er 
OA'  is  efjiial  to  OA^  and  th«  axis  is  perpendicular  to  Miller's  OY. 
We  nhall  denote  by  OU  the  third  equatorial  axis  having  the 
direction  OA^.,  and  we  shall  take  OA^^  =  OA  to  be  the  parameter  on 
it  inensurod  on  the  negative  side  of  the  orijifin  :  this  axis  in  perpen- 
dicular to  Miller's  OZ,  The  three  first  indices  will  be  written  in  the 
order  in  which  they  refer  to  the  axes  OX,  OY  and  OU,  respectively. 

Since  by  rotations  of  120°  about  the  heiad  axis,  the  positive 
directions  of  OX,  OY  and  OU  arc  interchanged,  and  also  equal 
positive  lengths  or  equal  negative  lengths  on  them,  it  is  convenient 
to  take  equal  parameters  on  the  three  equatorial  axes  ;  and  we  shall 
denote  by  «,  a  length  a  when  measured  on  OK,  and  by  a^,  when 
measured  on  OU. 

We  can  now  take  0  F  of  Figs.  393  and  393  to  be  the  parameter 
c  on  OZ,  when  the  face  (100)  of  the  fundamental  pyramid  becomes 
(01  Tl);  for  VA'  A^,  passing  through  A'A^^,  is  pai*allel  to  OX,  and 
0A^^=^~  0A\  The  face  therefore  meets  the  axes  at  distances  given 
by  the  ratios  a-0  :  a  :a^^-  T  :  c;  and  its  symbol  is  (0111).  Simi- 
larly, (010)  is  (Toil),  and  (001)  is  (1101).^ 

Again,  the  face  VAA^^ — Miller's  (212) — meets  the  axes  at 
dist^uices  given  by  the  ratius  a  :  o,  -^  0  :  o^^  -r- 1  :  c ;  and  has  the 
ftymbol  (lOll).  Tlie  two  remaining  co-polar  faces  of  the  pyramids 
have  the  equivalent  »yml>ols  (I22)--(0IUj  and  (221)^(1101). 

There  are  cases  however  in  which  Miller  has  not  afiopted  the 
same  fundamental  pyramid  as  other  crystal lographers;  and  OX^  OYy 
01  may  accordingly  coincide  with  OA^  0A\  OA",  or  with  OB,  OB' 
«»d  OS'*.  In  the  former  case,  Miller's  (100)  becomes  (Ohhl);  and 
the  two  values  of  e  given  by  equation  (1)  arc  in  the  ratio  of  h  :  1, 
Mid  depend  on  the  change  in  D  only.  In  the  second  case,  Miller's 
(lOO)  becomes  (2h,  h,  h,  1) ;  and  the  two  values  of  c  are  not  commen- 
aumble  when  the  faces  of  the  fundamental  pyramid  pass  through 
points  on  OU,  tJcc,  at  unit  distance  from  the  origin  ;  for  OB  =  a  cos  30' . 

We  shall  however  aasuiiic  that  the  same  fundamental  pyramid 

im  wlopted  in  both  notations,  unless  the  contrary  is  stated.     The 

st;-i«lfiat   will  discover  whether  this  is   the  case  in   any  particular 

**>betance  by  comparing  the  symVyols  and  the  eon'caponding  angles 

■S^vfti  by  the  authors  consulted.     Hence,  for  the  same  value  of  D  or 

W«  have  the  following  cijuivalont  symbols 

100     221     010     122     001     212;  ) 
OlTl  1101   Ion  (1111    UOl  lOTl.f  


(b). 
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6.  The  faces  perpendicular  to  the  hexad  axis  hare  the  symlml" 
0001  and  0001,  according  as  they  meet  it  on  the  ptisitive  or  negiitive 
side  of  the  origin:  they  correspond,  respectively,  to  Miller's  (111) 
and  (In);  and  they  form  pedions  or  a  pimikoid  according  to  ilie 
elements  of  symmetry  associated  with  the  hexad  axiK. 

PriHm-faocs  parallel  to  OZ  and  to  one  of  the  equatorial  aves  of 

ence   OX   (say)   meet   the  other   pair  of  _ 

at  equal  distances  0A\  OA^,  Ac,  from 
the  origin ;  but  the  one  intercept  ia  poaitive 
whilst  the  other  ifi  negative.  The  faces  have 
therefore  the  symbols  (01 10)  and  (01 10) :  they 
must  occur  toi^ether,  for  they  are  both 
parallel  to  a  hexml  axis.  They  are  repeated 
in  two  other  pairs ;  and  the  three  pairs 
form  a  hexagonal  prism,  Fig.  3i(6,  represented 
by  the  fullowing  equivalent  symbols : 

(2ir(,  211       113       I2l       211       TT2       121  n 

jOMO),  Olio     TlOO     lOlO     0110     1100     1010./  "**^** 

The  render  will,  on  reference  to  Chap,  xvi,  Art.  27,  see  that  the 
prism-face  through  A'  A^^y  coinciding  with  8'^^^,  is  (21 1). 

The  other  hexagonal  prism  {110}  described  in  Chap. 
Art  27,  belongs  also  to  this  systera :  its  faces 
are  pei-pendicular  each  to  one  of  the  axes  OA^ 
OA ',  Ac,  of  Fig.  392,  and  parallel  therefore  to 
the  corresponding  Millerian  axis.  We  may  now 
suppose  one  of  the  fao*s  to  pass  through  A  and 
A'f  for  tho  Ime  A  A'  in  p<srpendicular  to  and 
bisects  OA^^.  The  intercepts  on  the  axis  are 
o:a^  :  a^, -=-2  :c-r  0;  and  the  symlx)!  is  (1120). 
But  this  face  is  Millar's  (110).  Hence  this 
hexagonal  px'ism,  Fig.  397,  has  the  equivalent  |/jy    gg^^ 

symbols : 

{ no  I, 
(11501, 


XVI, 


<: 

nj,l-'     -^ 

, 

tin 

> 

tio 

—           k 

— 

t^'^l' 

A 

a.'"' 

^ 



■  r  J 

110 

1120 


'"■*!.  (d). 

2,10.1  -W- 


101     Oil     no     101 

1210    2110    TT20     1210 
The  alxive  prisms  are  common  to  all  classes  of  the  hexagonal 
system,  and  are  also  geometrically  the  same  in  claiiscfi  II  and  111  of 
the  rhombohedral  system. 


7.     When  the  intercepts  made  by  a  face  (likil)  on  two  of  the 
equatorial  axes  are  known,  the  points  in  which  it  meets  any  other 
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known  lines  in  the  equatonal  plane  can  be  found  ;  the  intercept  on 
the  third  axis  can  therefore  Ix*  determined. 
Let.  in  Fig.  39tf,  ELK  he  the  trace  of  (hkil) 
in  the  equatorial  plane.  Then  OE  =  a~h, 
05'  =  a^-k,  0(/^=a^^-^i.  Now  tlie  whole 
triangle  EOd^^  m  made  up  of  the  two  tri- 
angles JOS',  a'Orf„. 

.-.  OE.Oii  Hin  120- 

(( 

=  OE .  Oh'  sin  00^  +  Oh' .  Od^^  sin  60^ ; 
and  sin  120"  =  sin  60^ 

Dividing  hyOE,  OK  .Od^^  sin  60°,  we  have 

Tn  obtikining  this  equation  all  the  sidctt  of  the  triangles  linve 

been  treated  as  positive  lengLlis.     When,  however,  tlieir  values  in 

terms  of  the  indices  are  introduced,  attention  inuat  be  paid  to  the 

ngna  of  the  latter.     But  in  the  particular  ciwe  represented  by  the 

fl^re,  h  and  i  ai*u  botli  negative,  for  the  trace  meet^  OK  and  OU  on 

the  negative  sidea  of  the  origin.    Consequently  OB  must  be  replaced 

by  a  -  R,  Od^^  by  rt  ^  i  and  Oh'  by  a  ^  k. 

«  k         i      U 

Hence  -  = : 

a        a     a 

:.  h  +  k  +  i-O  (4). 

A  Hiruilar  relation  can  b«  re^tdily  eHtublisiied  for  any  other 
pcieition  of  the  face,  when  the  order  or  Hign.s  of  h,  k  and  i  have  t<^  lie 
changed  to  correspond  with  the  intercepts  on  the  axis.  Hence  the 
olijehfttic  Hum  of  l/te  three  indicen  rf/erriny  to  tfie  equatorial  tuivni  is 
aifCftifs  z^ro. 

It  may  be  noticed  that  in  the  face  actually  taken  the  positive 
index  is  the  greatest,  and  the  correnponding  intercept  Oh'  is  the 
leftst ;  also  that  Oh'  divides  the  larger  triangle  into  the  two  smaller 
ones.  Thus  the  face  may  bo  (1321)  or  (2531).  For  a  face  like  that 
throagh  the  trace  EdL^^  the  shortest  intercept  is  now  negative  and 
lie«  on  OU,.  The  signs  of  the  three  first  indices  must  all  be  changed ; 
■nd  the  symbol  is  given  in  the  gcne.ral  case  by  (hikl),  and  in  the 
particular  cases  by  (1231)  and  (2351). 

8.  To  find  the  symbols  of  the  six  co-polar  faces  connected  by 
rotAtiona  of  60*  about  the  hexad  axis. 

Let,  in  Fig.  399,  a  face  (hkil)  meet  the  equatorial  plane  in 
tfae  trace  Kd^^HK E  {E  on  OX  not  being  shown)  and  let  the  intercepts 
u  c.  28 


484 


HEXAGONAL   SYSTEM. 


on  the  11X68  be  OE  =  a  -  li,  OK  =  «,  -  k,  0</^  =  a^^  —  i.  A  rrrtAtion 
clockwise  of  120°  A^x)ut  OZ  (perpendicular  to  the  paper)  brings  (it 
to  OUj  OU  to  OK.  ttnd  OY  toOX:  and  also  the  trace  KfW  into  the 
position  n'%K^,  The  intercept  OE  ia  now  menfiun^d  on  OU  and 
must  be  written  a^^  —  h,  OS'  has  liecome  OS  on  OX  and  must  be 
written  a-f-k,  and  0<^,,  ia  measured  on  OY,  and  roust  be  vrittea 
o^-ri.  The  face  through  the  trace  Il"SK^  has  thi^rofnro  the  symbol 
(kihl),     A  second   rotation  of    120"  in   the  same  direction  again 


changes  the  Kame  axes  and  briugs  the  trace  to  H*8'\  Uie  face 
through  which  has  the  aymliol  (ihkl).  The  first  three  indices  are 
therefore  changed  in  cyclical  order  ;  and  the  Ihi'ee  facos  have  the 
symbols  (hkil),  (kihl)^  (ihkl).  If  the  first  face  has  tlic  Milk-rian 
8ymK>l  (AA-/),  tlie  three  correspond  to  (^wW),  (X/A),  (MX)  respectively. 

Wlien  however  the  crystal  is  turned  about  OZ  through  180" — 
a  robition  intrf^rchanf^ing  hoinologou.s  faces  which  may  be  said  to  be 
opposite — equal  positive  and  negative  lengths  are  interchanged  on 
each  equatorial  axia.  Thus,  the  face  (kihl)  through  IV^K  is 
brought  into  a  position  in  which  it  passes  through  UK":  the 
symbol  of  the  opposite  face  is  therefoi*e  (kihl).  The  triad  of  face« 
opposite  U>  the  first  triad  are  (filiil,)  (kihl),  (ihkl).  But  a  semi- 
revolution  about  the  hexad  axis  interchanges  the  Millerian  triad 
{}ikl)t  {kfh)j  (fhk)  with  the  dirhombohedral  triad  (pqr),  (qrp)^  (*7»?)- 

Hence  the  six  faces  connected  by  the  hexad  axis  are,  whou  taken  in 

order  counter-clockwise,  given  by  the  following  equivalent  symboh: 

/ilif  tfrp  !hk  pqr  klh  rpq    \ 

hkil        icihl        ihkl        hkil        kihl       iTikl  / ^®^' 
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^^■Hip  traces  of  these  iac^A  in  the  eqiintorial  phme  are  shown  in 
vig9,  ^9  and  400 ;  in  the  former  some  of  the  symbols  have  been 
omitted  for  the  sake  of  greater  cleiiruess. 

9.  To  find  the  aymlKils  of  the  six  co-polar  faces  symmetrical  to 
those  in  table  e,  when  planes  of  symmetry  intersecting  in  the  hexad 
axis  are  pre.sent. 

If  planes  of  symmetry  parallel  to  the  hexad  axis  are  present,  there 
mofit  be  six.  Three  of  the  planes,  denoted  by  letters  S,  pass  through 
opposite  co-polar  edges  uf  the  fundamoiit;it  pyramid  uud  meet  the 
equatorial  plane  in  the  three  equatorial  axe,s :  the  three  others,  de- 
noted by  letters  2,  are  perf>endiuular  each  to  a  pair  of  opposite  faces 
of  the  pyramid  and  meet  the  etiuaturial  plane  in  the  linew  07/,  OIi\ 
OB'*.  The  phiiies  forming  oa«;li  triail  are  like  planes  of  synonetry, 
for  they  are  interchangeable  by  rotations  of  60  about  the  hexad  axis. 

Now  the  Millerian  axes  0-V,  OT,  OZ  lie  in  the  planes  S ;  and  it 
Wfts  shown  in  Chap,  xvi,  Art.  4r),  that  (AAYj  being  one  face  of  the 
Hcalenohedron,  the  adjacent  face  meeting  the  Urai  in  the  polar  edge 
F"X  has  the  symbol  (/ilk) ;  and  a  similar  reflation  holds  for  each 
pair  of  faces  symmetrically  phiced  with  rewpect  to  each  of  the 
planes  2.  Similar  relation.s  hold  for  pairs  of  faoes  of  the  inverse 
Bcalenohedron  {^rj,  and  also  for  ditrigunal  pyramids  fi\ftkf\  and 
fL  \p^'\  of  class  V  of  the  rhonibohedral  i*ystem. 

But  each  of  the  phinna  S  is  perpendicular  t-o  one  of  the  efjuatorial 
axes  of  reference  and  bisects  the  angle  1>etwoeu  the  other  two.  Thus 
2  passing  through  liOM  of  Kig.  399  is  pc^rpendicular  t*>  OX  and 
bisects  the  angle  between  the  axes  OY  and  OU^.  Hence  the  face 
(hkil)  through  the  trace  HB'L  is  repeated  in  a  similar  face  through 
KJIL^.  The  intercepts  on  OX  are  equal  hut  opposite  in  sign,  whilst 
th'jse  on  OY  and  OU  are  interchanged.  But  a -rk  mtiaaured  on 
OY  is  positive,  and  is  tbei-efore  changed  to  rt,^-k  when  measured 
along  OU^.  Again,  «•„-?- i  on  OU  is  negative,  and  nmst  he  changed 
to  o^-i-i  when  the  intercept  is  meiisured  along  OY.  The  Kigns  of  the 
throe  first  indices  are  therefore  all  changed,  and  also  the  cyclical 
order ;  and  the  symbol  of  the  face  through  the  trace  KUL^  is 
(Rikl).  This  face  is  by  succeasive  rt»tKtionH,  each  of  GO",  brought 
into  five  other  positions,  in  which  the  cyclical  order  of  tlie  first  three 
indices  remains  the  same.  The  six  faces  have  therefore  the  following 
equivalent  symbols: — 

hlk  rqp  khl  prqi  IJch  ^ipf^       /*r» 

hikl        ikhl         khil  hikl  Ml         khiir"'^  ^" 

28—2 
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Tlio  two  Beta  of  aix  faces  given  in  (e)  and  (f)  occur  together  or 
alone,  according  its  the  crystal  baa,  or  has  not.  the  planet  of 
symmetry  S  and  2.  They  may  be  also  associated  with  similar  spu 
of  six  whon  the  crystals  are  centro-symnietrical ;  or  (e)  may  be 
associated  with  tbe  set  of  faces  parallel  to  (f)  in  the  trapeeohedral 
oUas,  or  vice  versl 

The  seta  of  faces  paralU^I  to  those  given  in  (e)  and  (  f )  are  found 
by  changing  the  signs  of  all  the  indices  together. 

10.  We  now  proceed  to  determine  the  relation  between  the 
symbols  (hkf)  and  (hkil)  representing  the  same  face  of  a  dihcx- 
agonal  pyramid  or  scalenohedron. 

In  Chjip.  XVI,  Art.  42,  the  acalenohedral  face  (/*/<•)  is  drawn 
through  a  point  5^^  or  A^^  at  distance  a  on  the  axiH  OU ,  ^ 
the  points  //  and  A',  in  which  it  mt^ets  OM  and  OM^t  Fig.  348,  tre 
given  by  equations  (45)  and  (47)  of  that  Article;  viz 

_^  2«a^ 

2n     „.,     2no73 
3n 


and 


ON 


0K  = 


03f 


3n~  1^"      3n-  1 

where  n  has  the  value  given  in  (61)  of  Art.  44. 

Similarly,  the  face  (hJcl)  is  drawn  through  A'  to  meet  OJ/"  at  L, 

where  OL  =  OJC^  =  r — -     .     By  shifting  Uie  face  f>aralltfl  to  iteelf 

until  it  passes  through  S'  in  Figs.  399  and  400,  the  ratios  of  the 
int*;rcepts  on  OJ/,  OB,  and  OV"  on  the  axis  OZ  are  chiinged  in 
ratio  OS' -r  Oil' =  ^  (say). 

Let  the  new  apex  bo  at  V^,  whrre  OV^  -  p .  OF",  and  let. 
Fig.  401,  the  tracR  of  (hkl)  on  the  equatorial 
plane  be  given  by  EL^'Hd^^  in  which  the 
intercepts  OH  and  QL  given  by  the  alwve 
equations  have  to  b*»  multipliod  )>y  )3,  Then, 
mnoe  the  triangles  VOL  and  LOE  make  up 
the  whole  triangle  VOE^ 

(01'  ,01  + OL.  OE)  Rin  30"  =  OS'.  Oi:  sin  60"; 


1       tan  60'     3?i  -  1 


0£     OV 


OE 


3n-l 


OL 
\ 


n-\ 
2nafi 


--^=":^ (5). 
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Similarly,  the  triangle  S'Otl^^  in  divided  into  two  by  OH^  and  we 
hAve 


-'  od  ■**  OS'  ■ 


tan  60*     3n-fl 


Hence 


Od^ 

-6E' 

P.OA' 


OH  2nap 

3k  +  I  _  J    _  y*+l 
2nap      a$  "  StiayS  " 


.(6). 


^1 


P\^P 


'Od^^ 

oc 


OF" 


l-n 

■ 

2n 

1      2« 

y 

1  +  n 

2n 

Ot? 

2 

C*F- 

27«n  ^ 

(7). 


OIC  and  (?t/^^  are  both  treated  aa  positive  lengthn  in  (5)  and  (G),  but 
for  the  particular  face  taken  they  are  measured  in  the  negative 
directions  on  the  axes  OX  and  OU  :  hence  the  introduction  of  the 

I      minus  nigiu)  in  (7). 

I  We  therefore  have 

H  h      k        i         1 


1  —  7»      2n 


m 


(l  +  n) 

These  equations  give  the  hexagonal  symbols  corresponding  to  a 
of  the  scalenohedron  mlin.    In  Chap,  xvi,  Art.  44,  the  values 
of   in  and  n  in  tenus  vi   the    Millerian    indices  A,  k^  I  are  given 
by  equatiouH  (60)  anil  (t51);    viz. 

1  _  h  +  k+l 
m~  h-2k  +  r 
k-l 

A-2it  +  r 

21 -2k 


n  = 


l-n  = 


(1+w) 


l-k 


k- 


A-2A:  +  r 
2  (A -A) 

-      ^ 
'k-k~ 


(9). 


A  +  ifc  +  / 

Jt  and  I  are  interchanged,  i.«.  if  we  take  the  face  (hlk),  it  is 
ar  from  (9)  that  the  HJgns  of  h^  k,  i  are  changed,  and  also  their 
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cyclicH]  order ;  bat  nol  their  iiuuiericAl  values.  Thus  the  denomi- 
nator o£  the  last  term  in  unchanged,  that  of  the  tirnt  becomes  k-i, 
the  aecoftd  h~k,  mid  the  third  l—h.  But  thei%  four  nombera  ai% 
proportional  to  1,  h^  i,  k,  respectively,  lleoce,  (hikl)  is  the  equiva- 
lent symbol  of  (fUlc).  This  can  also  be  seen  from  the  geometry 
of  Fig.  401.  For  the  trace  of  (Klk)  is  given  by  i?'5,^</';  where 
OH'-- -OH,  Od'  =  -Oil,,,  ami  OS^^-^OS'.  Honoe,  as  in  (7),  th& 
hexagonal  indices  are  given  by  : 

p.OA'  ^Od'  =(l+n)-r2n^^i, 
p.OA^^O^^  =-1  =i3k. 

OC  -rOF"  =  l-rmn         =^1. 
Efiuations  (9)  enable  us  therefore  to  find  the  hexagonal  syuibola  of 
all  the  faces  of  {hkll 

It  is  also  easy  to  show  that  by  a  change  in  the  signs  of  h,  k^  i, 
but  not  in  their  cyclical  order,  e*iuations  (9)  give  the  equivalent 
syiulx>l  for  the  oppasite  face  (pqr);  and  that  therefore  {hkil[  is  the 
equivalent  of  \M,  pqr}.     For 

p  =  2(A  +  A  +  i)-3A  =  2d-3A;    7  =  2tf~3^-;    r=2B-SL 
.-.   r-^  =  2«-3/ -(2d-3A)-3(A-/). 
;»-r=2^-3/i-(20-3/)  =  3(/-A), 

p  ^q  +  r  =  3  (A  + 1  +  /). 

Hence  fmni  (9), 

-h         _V         ^i  I 

(10). 


h       -k        -i  ^ 
r-q     p—r     g~p     p+9+r 

Therefore  (bkll)  is  the  equivalent  symbol  for  (pqr) ;  and  simi) 
(hikl)  for  (/>;'y). 

It  is  tlierefore  immaterial  which  of  the  faces  of  (A/:/}  or  of  [ 
is  employed  to  determine  tlie  equivalent  hexagonal  symlwl,  for  [hkilj 
includes  both  |A^/[  and  {]*qr\ 


m 


11.     Kquations  (9)  and  (10)  can,  by  addition  and  subtraction  of 
the  numerators  and  deuuminatijrs,   be   transformed   so   as   to  gi 
(AA/)  and  (pqf)  when  either  of  the  equivalent  symbols  (hkil) 
(hkil)  is  known.     For  each  tenu  of  (9)  is  equal  to 

1  +  k-J  Uk-i     Ui-h     1  +  h-k 

3A  U 

'       m 


A+jfe+;+A 

Hence, 


l-k  +  h 

h 


3/ 


l  +  k-i     l  +  i-h     Uh-k 
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Again,  each  term  of  (9)  is  oqiml  to 


1-k  +  i 


1-k  +  i 


1-i  +  h 


h^k  +  l-h  +  l+k-h     2{h  +  k  +  i)^U     2(A  +  X:  +  0-3* 

"2{h  +  k  +  l)-dl' 
But  the  deaomiuators  of  these  equations  »i-e  p^  tj  and  r  respectively 
Hi>nce  the  opposite  face  (/J^f )  is  given  by 

^  _p g     _  _  j: 

H  l-(k-i)     l-(i-h)'!-(h-k) 


(12). 


l-(k-i)     l-(i-h) 

These  latter  equatiouB  accord  with  the  values  derived  in  a  similar 
manner  from  equations  (10);  and  they  can  Ijo  derived  from  (II)  by 
changing  the  i^igns  of  h,  k,  i. 

As,   however,   both    (hkl)    and    (pgr)  are   included    in    every 

hexagonal   pyramid,  equations  (11)  and  (1*2)  can  be  given  in  the 

foUowiug  form  : 

^          -         -^         -           ^  713^ 

l+(k-i)      l±(i-h)~lt(h-k) ^  ^' 

where  the  plus  signs  give  the  symbol  of  one  face  and  the  minus 
signs  that  of  the  dirhomlx>liedral  or  o|»p<jsitc  face. 

In  obtaining  the  above  equations  the  face  {hkl)  was  supposed 
to  make  the  leaab  intercept  on  OA'  {OY} ;  but  the  equations  are 
perfectly  general,  and  it  is  immaterial  which  face  of  a  form  is 
taken  in  order  to  obtain  the  equivalent  symbol. 

12.  In  computations  such  as  the  determination  of  zone-indices, 
the  indices  of  a  face  which  is  common  to  two  zones,  or  the 
anharmonic  ratio  of  four  tautozoiial  faces,  we  omit  one  of  the 
equatorial  axes.  We  then  have  three  axes  OXt  OYj  OZ  (say)  whicfi 
may  Ije  r^arded  as  a  set  of  axes  of  an  oblique  crystal  in  which 
XOY  =  l'20%  and  ZOX^ZOY  =  ^0\  Wh^-n  the  indices  rt-ff^rring 
to  the  three  axes  havt^  ttet-ri  obtained  from  tliti  general  rclatitnis 
mentioned,  the  index  referring  to  the  fourth  axis  OU  is  obtained 
from  the  relation  h  +  k  +  i  =  0. 

13.  The  equations  of  the  normal  01^,  or  ok"  tlio  pole  f*,  are 
obtained  in  a  manner  Miiiiilar  to  tliat  given  in  Cha^x  iv,  Art.  15. 
Taking  OA   to  be  unity,  they  are: 

X/'     coflK/^     coaUP     cciysZP 
h 


0P  = 


k  {  1 

cmXP^-cosYP+cosUP 

h  ♦-  k  +  i 


(14). 
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We  may  tiike  7*  to  bo  the  pole  {hJ^tj  of  a  rhombohedrml  WBdaao- 
hedrtm,   Fig.   402  (see  also  Figs. 
412  ftnd  413.  p.  454).     Using  the 
notation  of  Chap,  xvi,  Arts.  48 — 
50,  we  Jmve : 

UP  =  a'P -  90'  +  71,  and  //'  =  CP. 
Hence,         cos  XP = -  sin  f , 

C08  YP  =  cos  {,  008  UP  ~  —  sin  ij. 
But    hy   equation    (68)   of    that 
Chapter 

008  {  -  Bini;  -  sin  £  =  0 ; 
hence,  the  numerator  of  the  last 
term  of  (14)  ifi  zero,  and  aUo  the  denominator. 

.-.  h  +  k  -f  i  =  0, 
the  nffiult  already  given  in  (4). 

But  iiLtroducing  into  equations  (74)  of  Chap,  xvi  the  v&lucg 
f,  I/,  K^  we  have 
cos  XP     cos  YP  _  cmUP  _  ^3  sin  CP 


l-k        h-l        k-h      V2[(A-A)''+(A-/)»  +  (i-A)«| 
Dividing  each  term  of  these  equations  by  the  corresponding  one 
(14),  we  have 

h        _k     ,  J_  ^   In/3  Un  CP 

l-k     h-T  k-h     e ^2  \{k -  A)»  +  (A  - 0'  +  (' -  A)'I 

By  rwUliiig  the  Hquares  of  the  numerators  of  the  Hrst  three  termfi 

of  (10)  fLiid  those  of  the  denominators,  and  then  extracting  the  square 

root  uf  the  ratio,  a  term  is  obtained  equal  to  each  of  the  ratins ; 


/ h'  +  k'+i^ 

V  (*-A)*+(A-/)"  +  (/-A)> 


Hence, 

tf  in  (16),  the  value  (A  \i  :  1  given  in  (9)  is  introduced,  we  hav 


(A  +  A  +  /)  J2 

Again,  N  l^eing  the  pole  in  which  the  zone  [C/*]  intersects  the 

[mw'],  we  have  from  (70)  of  Chap,  xvi, 

1    0-^k    ,.         .,,,,  h-i 
=  (from  (11)) 


tanCP 


V{A-A)»+(A-  If  f  (/  -  A)" 


UxiD  (]?• 


I 

fcve^^ 


tan  KiV  =  tan  o'-A^ 


V3  h-l 


kJ3 
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From  the  rightrangled  triangle  KP^,  Fig.  413,  p.  454,  we  have 
oos  YP-  cos  PN  co«  YN  =  sin  ZP  cos  KiV. 
lerefore  from  the  second  and  fourth  terms  of  (14), 

fxmYN^owYP^BinZP 


k  k 

y  C  cot  ZP=  Y  <^  3^'  **"  ^  ^^^  ^^ 


h^l 


(from  (9))  ■     ■     .C08  30°  tan  D  cot  CP 

n  "T  K  "T  o 


(19). 


The  equations  given  above  together  with  tlie  relations  holding 
between  tautozonal  poles  sulfice  for  the  solutions  of  moat  of  the 
problems  which  the  student  is  likely  to  meet  with. 

^^t  14.  In  the  preceding  Articles,  and  also  in  the  discussion  of  the 
^^MQIM  characteristic  of  classes  I  to  V,  it  is  assumed  that  the  face 
^^100)  is  the  same  as  (Olll) ;  but  as  pointed  out  in  Art,  5,  the  same 
pyramid  is  not  always  selected  by  differont  crystallographers  to  give 
the  crystal  element  D,  or  c.  Thus  it  fi-equently  happens  that,  as  in 
the  caiso  of  apatite^  Miller's  (210)  is  Dana's  (OlTl).  If  it  is  desired 
to  find  the  equivalent  symbols  of  the  forms  corrMpondiiig  to  tlie 
difierent  pyramid  adopted,  the  transformation  may  be  carried  out 
(i)  in  two  steps,  or  (ii)  in  a  single  step. 

i.  We  first  transform  the  Millerian  symbol  [hkf)  to  its  equiva- 
lent (h'k'V)  in  the  same  notation  when  three  co-polar  faces  of  a  form 
\ef^\  inl^rchangojible  by  rotations  of  120°  nb*nit  the  principal  axis 
become  (100),  (010)  and  (001),  respectively;  the  pwramotral  plane 
remaining  unalteretl.  But  (sf^)  being  known  to  be  the  face 
represented  by  (01  11)  in  hexagonal  noLition,  the  valu&s  of  h\  k\  V 
are  now  introduced  iiit^  equations  (9),  and  give  the  equivalent 
symbol  (bkiF).  In  the  tranHformation  from  hexagonal  to  Millerian 
symbols,  we  should  iirat  6nd  the  symbol  {k'k't}  corresponding  to 
(hkil)  from  equationi^  (^M  I  fi'id  we  should  then  transform  from  one 
set  of  Millerian  axes  to  another. 

Assume  {ef^)  to  ln*come  (100),  then  i^ef)  l)ecomea  (010),  an4l 
if^G)  (001);  the  parametral  plane  (111)  remaining  (HI)-  Thou 
[f/iK|H',],  itc,  of  Chap.  VIII,  Art.  20,  are: 

[u,V,W,]  =  [e^-fi.  r-ge,  ^'-fl/n^new  [100]; 
[o.hw,]  =  [f--ef,  ^-U.  r-6e]^  „  [010]; 
[ii^v.y^^]-\f'-ie.  ff-ef,  e^-'fg]  ^   ,.      [001]. 


k^ 


(20). 
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A  (^'  -  e^)  +  A:  (e»  -  fg)-^i{p-ge) 

The  values  of  h\  k\  V  obtained  from  equations  (20)  are  now  usM 
in  oquatious  (D)  instead  of  h^  k^  I  \  and  tbc  otjuivaleut  symbol  (bkil) 
is  determined. 

ThiLs,  Uking  the  com  of  aikatito  in  which   Millei^s  (310)  is  Dhaa'a 
(Olll),  wo  firHt  cliange  the  Miltorinn  axes,  (210)  becoming  (100).    Honoe 
in  oquatiouH  (20),  ^  =  2,  ^=1,  ^  =  0;  and  wo  have: 
3A'  =  4A+*-2/; 
af=-2A  +  'U-+/: 
3i'=/i-2i:  +  4/. 

The  equivalent  symbols  for  tVte  faces  given  in  the  first  and  fourtii 
columns  of  the  foUnwing  tiible  are  now  detcnuined  and  are  iboac  oociq>^- 
iug  the  third  and  ai^tth  oulumiiH. 


C«). 


MUler'fl. 

New. 

Millor'8. 

New 

X 

210 

HX) 

X, 

012 

T22 

r 

331 

411 

r^ 

123 

on 

// 

311 

5n 

y* 

113 

xn 

1' 

411 

512 

V 

on 

T&2 

x^ 

100 

421 

a 

122 

341 

a 

322 

201 

«. 

104 

iS5 

n 

423 

su 

«, 

062 

SIS 

m 

2U 

ITO 

n 

on 

112. 

The  HyiiilMtls  nf  the  faces  lioing  now  known  when  the  Millerian  axes  are 
|>araUcl  ti)  the  edges  uf  intorHCction  nf  alternate  cu-jiolar  faces  iif  tlie 
pyramid  adopted  by  Prufeasor  Daua  tti  Iw  (OlTlJ,  wo  can  npply  oqunlioofl 
(9)  to  find  the  heiagunal  symbolb.     They  are: 


New. 

Dana**. 

New. 

Dana's 

j; 

100 

OlTl 

J', 

123 

oin 

r 

411 

0112 

r^ 

Oil 

U112 

y 

511 

0221 

V. 

Til 

0221 

p 

512 

11^2 

V 

1132 

TT22 

fl. 

421 

1121 

« 

241 

U21 

u 

201 

1321 

u. 

425 

1321 

n 

8TI 

1431 

n. 

U6S 

1431 

m 

110 

uSo 

a 

112 

1100. 
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iL  In  practice,  time  is  saved  by  introducing  the  values  of 
1  ^'i  ^'  given  by  such  equntionp  aH  (20)  imd  (21)  into  equations  (9); 
and  afterwards  introducing  tlie  particular  values  of  A,  k,  I  corre- 
spODding  to  each  form.  The  general  formula*,  though  cumbrous, 
are  very  symmetrical.  Thus,  since  A',  k',  I'  occur  in  the  first  degree 
in  each  denominator  of  (9),  the  deuominatorM  of  the  values  given 
in  (20)  may  be  cancelled.    Taking  now  the  first  term  in  (9),  we  have 

b 


h{f' 


h 


f    The  second  and   third   tenus  of   (9)  are,  from   the  symmetry, 
clearly  simihir^   and  tho  last  tenn  is 

I 


2x1 


^e~f)^k{f-g)^l{g-e) 


(h^k^i){{e-fr^{f-ir+(g- 

The  final  equations  are  therefore 

h^^ k 

^{f-g)+M4-e)-^r(e-f) 


eY) 


^ 


(A+i+o!(8-r)'+(/'-^)'+(«-e)'i 

In  the  particular  instance  of  apatite,  in  which  e  =  2,  f=  1  an 

we  have 

h  k  i  1 


h-tk-^l     h  +  k-2l     -2h  +  k  +  l     h  +  k  +  l 


(22). 
(23). 


Equations  (23)  serve  generally  Ui  transform  froui  Miiler*s  symbols  to 
Dana's  when  Miller's  (210)  is  the  latter's  (Olll). 


1.      Acfeintoufi  kexa<f(>H4if  vhi«n ;  t  {AA:/, /j^i*}  -  t  ]likilj. 
15.     In   this   class   the    hexad    axis    is    the   only   element   of 


t 

^^knmetry  present;  and  every  form,  with  the  exception  of  the 
^pedions,  has  six  like  imd  int-ercliangeable  faces.  When  the  faces 
of  the  form  are  parallel  to  tliu  Iiexad  axis,  they  forai  a  hexagonal 
prism  ;  and  when  they  are  inclined  to  the  axis,  they  form  an 
acleistous  hexagonal  pyiamid,  Fig.  392.     As  stated  in  l\w  preceding 
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Articles  the  iiltemate  faces  of  one  of  the  possible  pyramids  an 
selected  to  give  the  MiUerian  axes,  and  the  faces  have  the  symbols 
(100),  (010),  (001)  ;  the  three  remaining  faces  being  (122),  {'2\i\ 
(221):    the  symbol  uf  the  fundamental  pyramid  is  rjlOO,  i22|, 

The  po<lion,  having  its  face  perpendicular  to  the  hexad  axiA^is 
( 1 1 1 )  or  ( 1 1  f),  according  oa  it  meets  the  hexad  axis  on  the  same  side 
of  the  origin  as  the  apox  K  of  the  pyramid  rjlOO,  122},  or  on  the 
opposite  Hide. 

In  hexagonal  notation  the  fundamental  pymuiid  has  the  ^rmbol 
r  f01Il[ ;  and  the  face  (OlTl)  meets  the  axis  OY  at  distanoe  a  from 
the  origin,  and  the  axis  01  at  distance  e ;  where  c  =  a  cos  30°  tan  D. 
The  equivalent  symbols  of  the  six  faces  of  the  pyramid  in  botii 
notations  are  given  in  table  fa.  The  pedions  are  (0001)  and  (OOOl) 
respectively. 

16.  The  hexagonal  prisms  have  the  symbols:  {2lTf  =  (0ll0j 
(table  C),  {1101  =  {1 120}  (table  d);  and  r  {hkl\ ^ t {hkiO\ ,  in  which 
A  +  Jt+/  =  0.  In  the  first  two  prisms  the  Greek  prefix  is  ouiitt«<l, 
for  they  are  common  tu  all  classes  of  the  system.  The  prism 
T  jAI'/j  =T!hkiOj  has  the  following  faces: 

hkl       kU       Ih/c       W      klh       Ihk  1 

hkiO     kihO    ihkO     hkiO    kihO    ihicOj    ^^^ 

There  is,  however,  no  essential  difference  between  the  three 
prisujB,  for  the  symlwls  depend  on  the  pyramid  selected  as  the 
fuudrtmentiil  one.  The  nitios  of  tlio  indices  of  the  prism  given  hy 
(g)  can  be  determined  by  equation  (18). 

17*  The  acleistous  hexagonal  pyramid  t  j/iA:/,  /J^rj  =r  (hkilj  hoa 
six  faces,  the  symbolti  of  which  are  given  in  table  e. 

When  liowever  the  pyrainiil  makes  equal  intercepts  on  two  of 
the  equatorial  axes,  wo  have  two  cases,  according  as  one  of  the 
faces — supposed  to  be  shifted  parallel  to  iUelf  so  as  to  patss  through 
A' — meets  (i)  tha  adjacent  axis  OU  at  A^^  or  (ii)  OX  at  A. 

i.  In  this  case  the  trace  in  the  equatorial  plane  is  parallel  to 
OX,  and  the  tirst  index  is  zero  :  the  corresptmding  face  is  therefore 
(Olihl),  a,nd  is  tautozonal  with  |.Kiirs  of  opposite  faces  of  the  funda- 
mental pyramid;  and  its  MUIerian  symbol  is  (hU),  The  pyramid 
has  tlicreforiii  the  equivalent  symbols  t  {/i//,  )Wt}  =  T{Ohhl] ;  and' 
includes  the  faces : 

Ml  rrp         Ihl  jn'f         Ilk  .  ^.      i  ,» 


Ohfi! 


rrp 

hhOl 


hUhl 


prr 
Ohhl 


hhOl 


rpr    \ 

hOhl  J 
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iL     In  the  second   case  the   equatorial   trace  i»  perpendicular 

I  to  OU  and  bisects  ^■'/J,,  :  the  corresponding  face  has  the  HymlKd 
(h,  h,  2h,  1),  and  is  tautozonal  with  (1 120)  and  (0001).  Since  (1120) 
is  (lIO)  and  (0001 J  h  (HI),  the  face  has  the  symbol  (A//-),  where 

Ih  ■*■  I  "  2k  =  0.  Here  {Ihk)  is  the  opposite  face  (prq)  of  the  general 
case ;  and  if  the  indices  A,  k^  I  are  taken  in  the  two  cyclical  orders, 
the  fornk  may  l*e  i*epresented  by  a  symbol  containing  only  the  in- 
dices of  a  single  face.  For  the  sake  of  uniformity,  wo  slwUl  however 
denote  the  form  by  r  \hltl,  lA-h\ ;  for  the  general  rule  of  the  class  does 
not  admit  of  opposite  cyclical  ordera. 
^TThe  pyramid  t  \kkl,  lkh\  =  t  (h.  2h,  h,  1|  has  the  faces  : 

^bit/       khi        Utk        ikh        kih      htk     \ 

^75h,h.I    2h,h,h,l    h,ri,2h.l    h,2hji,l    21nh,h,I    h,h.2h,U  "  *^^' 
The  pyramids  of  tlie  two  series  t  jOhlil}  and  t  {li,21i,ri,I}  are  not 

I  in  this  class  special  forms ;  the  exceptional  relation  between  the 
indices  is  due  to  t.heir  hori7X)ntal  traces  l*eing  respectively  parallel 
and  perpendicular  to  tlie  edges  which  have  been  selecte<l  lu-bitrarily 

'  to  give  the  directions  of  the  equatorial  axes.  Further,  the  angles 
of  a  pyran)id  of  one  Heries  can  never  be  equal  to  those  of  a  pyramid 
of  any  otlier  of  the  possible  aeries.  If,  for  instance,  the  face 
(h,h,2h,l)  were  inclined  to  the  pedion  (0001)  at  the  same  angle 
as  a  face  (OhJiJ^),  it  would  be  the  same  as  if  the  latter  face  were 
turned  thr<jug[i  30"  about  the  hexad  axis.  Asnuming  the  two  faces 
to  pastt  througli  a  coiiimoii  apex  and  A\  the  face  (Ohji  IJ  would  after 
rotation  meet  OH  of  Fig.  392  at  a  distance  eijual  to  OA^  and 
OB-^OA  would,  by  the  law  of  rational  indices,  be  commmtsurable. 
Bat  OH -O A' co&ZO"^  and  OB-OA  is  incommensurable.  The  two 
faces  cannot  therefore  have  the  same  inclination  to  the  et|uatorial 
piano  or  pedion.  Since  the  inclinations  to  the  ptniion  are  diiferent, 
the  angles  over  the  polar  edges  of  a  pyramid  of  one  series  must  be 

p  different  from  those  of  any  pyramid  of  the  other  series. 

\  A  simih&r  proof  can  1>e  given  in  the  case  of  a  face  (hkil),  only 
in  this  case  the  angle  of  supposed  rotation  would  be  n'*V  of  Fig.  402. 

18.  The  hexod  axis  lb  one  of  umterminal  symmetry  and  should 
be  a  pyro-electric  axis. 

The   crj'stalfi   may   also   be   regarded   as   enantiomorphous,  i.^. 

correlative  forma  are  possible  in  which   the  faces  are  inclined  to 

one  another  at  the  same  angles ;  and  the  two  crystals  may  be  placed 

I  in  positions  in   which   they  are  reciprocal   reflexions  in   a  mirror 

parallel  to  the  common  direction  of  the  hexad  axis.     This  being  the 
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H         cose,  the  cryat-als  mny  ha  expoctetl  iv  relate  the  plane  of  poUriution     1 
H        of  Light  transmitted  along  the  hexad  axis. 

H  19.    The    cryatabi    of    lithium    iwtassiuiu    sulphate,    LiKSOf^  of    I 

■  Li(NH^}S04,  of  LiRbSOf  and  of  LiKSeO,  are  placed   iu  this  cLw: 
H  for  the  abovo  sulphates  rotate  tho  plane  of  polarization,  and  the  9elenut«    1 
H  Rhows  on  the  p\Tanud-fac<?s  the  Bamn  lcin<l  of  irnsym metrical  (x^rrosioo-     ' 

■  Hgiire^  Hfl  the  sulphates. 

I  Liiltiiim  jM»tot»ium  sHlpfiaU.      J9  =  02°39';   c=I-6743.    The  crystaii 

I  are  easily  obt-iined  by  the  evafHiratioD  of  a  solution  containing  ttin  tvo 

H  Hulphatea,  and  «)eour  aft  apparently  uimple  hexngonjtt  prinuja  termiDntoJ 

H  by  br>th  i>edionH  and  by  similarly  developed  hexa^nal  pyramids  At  botii 

H  ends.     Tho  habit  of  tht>  crystala  is  therefore  aimilar  to  that  of  the  (irvitah 

H  of  a]Hitite  and  uiiuietite  shown  iu  Fig.  405.     But  the  cr^^atalu  arv  twim, 

H  occjutionally   of  a  situple  character,  but  frequently  of  great  complexity 

I  (Or   il.  Tranbe.     .V.  .A/AW».  /.    Min,    ll,  1892,   p.  58;   i,   1894.  p.  1711 

H  Tho  opposite  ends  of  the  ci^stala  are  often  |>«sitively  etectri6ed  «ilh 
H  falling  tom|)craturc,  whilst  a  broad  coutnd  ?.ono  w  negatively  electrified. 
H  Such  cry»tJil»  ai'e   twiiui  joined  along  tlie  face  {V\\)t  which   iu  «t  the 

I  analogous  [miIo  of  the  two  c^mponentr*.     The  latter  moreiver  n>tate  the 

y  plane   of   iwlari/jition    in   opiKwite  directioriM ;    and    (Kxviriionally   Airy'B 

spirals  have  been  seen  in  a  \i\iiU\  cut  from  such  a  crj-stal.  CHher  ap- 
parently .simple  cryetalfi,  showing  opposite  electrifications  at  the  two  eud^ 
have  been  .•shown  to  be  complex  twinb.  The  amount  of  rotation  for  a  plate 
1  nmi.  thiok  is  given  by  Traube  as  3*44',  but  this  may  be  loo  low;  for 
it  Ih  pii««il»Ie  thjit  no  pliLte  haa  been  obtjiined  five  from  twin-huiielLe 
of  op[xoHite  rotatiotm. 

The  crystidM  of  nephcline,  NagAJgSi8034,  of  strontium-  and  leiwi- 
antimonyl  dextro-tartnitcH  aru  aUo  placed  in  this  class  ;  for  the  cor- 
roHion-figuniM  on  the  prism-faces  are  unsymmetrical  trapezia,  but  thoM 
on  adjacent  faces  are  congruent  when  the  crystals  are  turned  through  OCT 
about  the  princiimJ  axis.  Tho  tartrates  are  aluo  pyro-electric ;  but  neither 
their  crystjiUs  nor  those  of  uephelinc  aliow  any  rotation  of  tho  plane  of 
polariwUion. 

StroHtinm-aTUiTnonyl  dextro-tartnU^  %T^{^0\{Ofifl^^  A  cr}'stiJ 
after  Traube  (iV.  Jahrh.  f.  Min.  BeiL  Bd.  vni,  Itm,  p.  270)  is  shown  in 
Fig.  4(W.  ^-44°  16-5',  r='8442.  The  forms  shown  are  :  in  {211  j  =  (OlIOJ, 
o=t{100,  122}  =  r{0lTll,  j:  =  T{lii,  511)^{025ij.  Tho  measured  angle 
XX—  iTT  A  151  =52"  50'  was  used  to  determine  the  element  If  we  denote 
by  r*  tlio  i>olo  5TI,  by  *■"  the  iK>le  (ill)  and  by  0  the  fxile  (Ul)=a(0001),  we 

thavo,  from  the  isosceles  spherical  triangle  Cj^o^'  and  the  A.  R.  [CWm},  the 
following  equations : 
BinCy«Bin(a/y'^2«28''26')^sin30';  .•.  CV^eTdl' 
tAn/>=tan(Cy  =  62''6r>-J-2;  .\  i)t=44'16*5'; 
_ZI_ 


EXAMPLES  (DEXTRO-TARTRATESy 

The  ol>tuscIy  tcmiiuftted  end  at  which  o  is  developed  is  the  antilogous 
pole,  that  at  which  x  a\>\)ears  is  the  analogoiia  pole.  The  cor- 
rosion-figureis  on  two  of  the  adjacent  [tri&m-foces  are  shown 
in  Fig.  403.  They  are  four-«idcd  pits,  having  two  sides 
parallel  t4>  the  wlgea  [ww],  but  otherwise  uii^^ymnietnivLl ; 
And  those  on  adjaoent  faces  are  congruent  when  the  erystiil.s 
Are  turned  through  60°.  No  ovidonco  of  twinning  »iuiiltu*  to 
that  in  lithium  potassium  sulphate  was  ob»er\'od  in  the  pyro- 
electric  characters  or  in  the  aiTnngement  of  the  corroaion- 
figures*  on  the  prism-facew. 

A  crj'stol  of  Ic^id-antimonifl  dextro-tartrate  after  Trauhe 
(toe  «>.)  i»  shown  in  Fig.  ■404.     ^=44"  &',  c^  '84064. 
The  forms  are : 

^H  i»  =  J2T0)  =  {0ll0j.  o  =  r{100,  T22i  =  T{OlTl). 

^P  j:  =  r{ir],  511}  =  r{023U. 

TrautK!  giveft  an  nica.<<nred  angles  thoHe  in  colnmn  (2)  of  the  fDllon-ing  tahle 
of  Angles,  and  oumpates  the  element  and  the  angluH  iu  column  (3)  fruni  the 
jneAMured  angle  xx  =  lil  A  151=52^47'.  AfiBuming  ftr=100  a  111  =  72* 51 '—the 
stun  of  the  hut  two  measured  anRlcn  of  column  {2)— to  be  as  trustworthy  an  xx, 
we  miiy  find  thn  anglns  in  column  (4)  \>y  r^imtinn  (31)  of 
Chap,  vin,  Art.  18.  For  in  the  a. it.  [Cotna]  we  know 
the  angles  Cm  =  90^  and  ox;  and  the  transformation 
needed  io  find  <mt  or  Co  falls  undt>r  case  {e)  of  that 
Chapter.     Henoc  eqaation  ('21)  of  p.  102  becomes 

mcoH(9(r  +  ox-2<jm) 
^_  =(m  -  I|co8(y0"  -  ox)  +COB  l90^  +  <»x), 

^^B  -.   m8iD(2orn-(u')=(m-2}  flinox. 

"a 


Also      1-f  m=l.B.  {C7t»iu:[=    TT-r 


in 

Hi 

100 

100 

111 

T- 

in 

211 

an 

1^3, 


sin  (2on»  -  ox)  =  fif  n  72^  SI'-hS, 

•.   2a«-72°6r=l8^34-4',  and  0^  =  45" 42*7 


m  A 151 

100  A  212 

100  A  2n 

sHAin 

111  AlO0( 


(») 

•52°  47' 

40  4U 

45  41 

27  10 


/>) 


(3) 

40*^  4fl' 
45  51 
27  15 
44     9 


52°  50-4' 
40  52 
45  42-7 
27     B-3 
44  17-3 


The  value  of  c  oorreaponding  to  D  of  column  (4)  is  •8448.  The  method  of 
computation  by  equation  (21)  of  Chap,  vm  can  also  be  applied  to  the  strontium 
salt,  and  gives  resalta  in  close  aooordanoo  with  the  measured  angles. 

The  pyro-olectrio  and  optical  characters,  and  also  the  corrosion- figures,  are 
similar  to  those  of  crystals  of  the  isomorphous  strontiom  salt. 
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hkl 

qrp 

ihk 

pqT 

kfh 

rpq 

hkil 

kifil 

ilikl 

hicli 

kihi 

Ihkl 

f»qr 

kih 

W 

hid 

r,rp 

Jhk 

hkii 

icihi 

ihkl 

hicil 

kihl 

Oikl 

I 


II.     Dijdohedral  herjigonal  class:   w  \hk/^  pqr]  =  w  {hkilj. 

20.  If  the  hexad  axis  is  aHsooiated  with  a  centre  of  sjinmetry, 
there  will  also  be  a  plane  of  njnnmetry  11  perpendicular  to  the  %sk 
(Chap.  IX,  Prop.  4).  The  hexagonal  pyramid  of  the  last  cliiis  will 
then  be  associate  with  a  like  one,  having  each  of  its  faces  parnllet 
to  a  face  of  the  first  pyramid.  The  bipyramitl  k-  |/*i'/,  fMfr\  x-lhkill 
consists  therefore  of  the  following  faces : 


M 


In  the  above  table  the  two  faces  in  each  column  are  ayinmetricoliY 
placed  with  resporfc  to  tlie  etjuatorial  plane  11 ;  and  the  parallel  faces 
ait)  derived  Uih  une  from  the  other  by  changing  the  bigna  ui  all 
the  indices. 

The  particular  case  |100,  T22}  =  [OlT l[,  which  may  }»  rppre- 
Hcnted  by  Fig.  393,  differs  in  no  essential  respect  from  w  jhkilj. 
The  particular  value>i  nf  the  indices  in  the  two  notations  recall 
fixjiii  the  arbitrary  selection  of  this  pyramid  for  the  funthuncutftl 
one.  The  element  is  obtained  from  this  pyramid  in  the  manner 
alreatly  given. 

Biiiiihirly,  tfie  two  series  uf  hexagunal  bipyramids  {Ohhlj  and 
jh,  2h^  h,  1),  which  can  be  denved  by  the  addition  of  parallel  faces 
t(>  tlnwiu  given  in  tables  h  and  j,  are  not  special  fonuK.  The  symbola 
of  tlu!  now  faces,  being  obtained  by  changing  the  signs  of  all  the 
indices  of  each  face  in  these  tables,  need  not  be  given  here 

The  Gre<*k  prefix  is  omittod  in  these  cases,  for  the  pyramids 
are  geometrically  identical  with  similar  jiyramids  of  class  TV. 

21.  The  hexagonal  prisma  of  the  last  class  belong  also  to  this,  sa 
that  there  is  no  geometncal  distinction  between  ir  {hkiOJ  and  t  [hkiO} 

The  pinakoid  |111}^{0001(  has  its  faces  perpendicular  to  thft 
axis  and  parallel  to  the  plane  of  symmetry : 
it  consists  of  the  two  faces,  0001  and  OOOT. 

22.  Apatite,  aCajPaO^ .  Ca  (CI.  F)^,  affords  a  good 
illQBtratioD  of  forms  of  this  class.  In  the  orystal 
Hhown  in  Fig.  405  the  forms  are:  c  {0001}  =  {111}, 
m{0110j  =  {2iib  and  x  (01Il}  =  {100,  l22}.  The 
relative  magnitndefl  of  the  faces  of  the  several  forms 
vary  greatly;  tfao  habit  being  sometimes  prismatio 


Fio.  40fi. 


KXABTPLEH  (APATITR] 


SOP 
30 


owing  to  thf>  prrdnminfinec  of  the  priam-fAoea,  and  Bomekiinofi  tabular  throaRb 

the  predominance  of  the  pinakoid. 

A  cryBtal  haWnR  eeveml  additional  forms  is  represented  by  Figs.  40fi — 8.  It 
^^^U  be  completely  determined  by  the  observation  of  zones  and  by  meavureuiezii 
^^Kthe  foUowinf*  angles  in  the  three  KOnoB  [m"am^],  [r.mjm],  [niniajr]: 

^^P    i.    The  anslcB  in  the  zone  [nt«i]aTC  fixed,  qb  was  shown  in  Chap,  xvi,  Art,  37. 
I  Take  m   to   be   f2il)  =  (OliO).   and  jr   to  be 

L0O|-(Olil),tben,  bj(IJofArt.a,tbcparameter 

c  =  co8S<r*tan40°  18-i'  =  -7546. 

ii.     Again,   let  p  bo  any  face  (Ohlil)  in  the 
VDne[rxm]:  then,  from  AM.  |('.rpm|. 


er 

22^ 

59' 

ex 

•40 

18-3 

iii. 

cy 

59 

20 

cm 

DO 

0 

mn 

%r 

41' 

mu 

30 

20 

nu 

44 

17 

mx, 

71 

B 

ianrp-i-tanD^ 


0001 

OJihl 
0001 
Olll 


Olio 

Ohhl 
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ouo 
oiii 

Ueooo,  wlien  p  coinuides  with  r, 

ep  =  tfr=22°5f>'.  and  y  =  ^; 

.■.h  =  l,  1  =  2.     The  face  r  in  (OIl-J),  and   the  form  ih   iOll2]  eqnivalent, 
from  (11).  to  1411.011 1. 
L  Similarly,  when  p  coincides  with  y,  ep^rij-S^r  2it',  and  h-^l  =  2;  tlierefoic 

I      y  belongs  to  the  form  {0221}  =  (from  <I1))  {611,111}. 

'  iii.     In  the  remaining  meannred  zone  we  know  m  to  be  (0110)  =  (all),  the 

face  J.  on  its  ri«ht.  to  be  (ili»l)  =  (22i).  antl  in^,  in  [t-j,]  to  bt;  (ilOo)  =  (U3). 

The  ares  joining  the  poles  m,  x^,  m,,  of  IhpBo  faccB.  Fig.  407,  form  a  right. 
i      fcoglwl  triangle.     Hence,  by  Napier'tt  mnemonic, 

^B  COB  x,mm,,  =  tan  60°  cat  71*^  8'. 

^^V  Let  Qfl  now  determine  the  are-ditttanco  from  m  of  the  pole  7  in  which  the 
^^UuM  [fa,]  =  [lll.i01]  and  [mxj  =  [211,231]  intentcot.  From  WeiBs'fl  law  we 
^find  the  Hyraboi  of  tr  to  bo  (412). 

Hincc.  moieover,  the  zone  [ca.]  meets  [wi/ii,l  =  [lll]  at  a\  where  ih«'=RO*', 
we  hftVf  from  the  triangle  emu',   coH(rmff'=tau30'~  ootrntr. 
I But  A(rw»u'=  f\x,mm,..     ..tan  30" cot  m<r  =  tun  60 'cot 71° 8' ;  and 

^K  cot  ffhr = tan'  60°  cot  71°  B'. 

^^  .'.  in<r=44*  17'.  and  «t  coincides  with  a  (412).  The  facea  f,  #,  belong  therefore 
I        to  the  hexagonal  bipyramid  |4I2,214}  =  11211^. 

Even  if  «■  bad  not  coincided  with  ir(i2il),  the  labour  of  the  computation 
would  not  have  been  entirely  wasted ;  for  it  gives  the  angle  which  a  third  known 
pole  in  the  zone  mnkcn  with  m  nnd  x,.     We  shall  use  it  to  And  the  Bymboln  of  ft 
id  Ti  from  the  a. a.  {ml^»x,\,  where  P  in  any  p<jle  (hkil)  in  [ihx,\. 
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A.R.  (fflP«X,)  = 


ammP 
ainnu 


gin  x,P 


Olio 

jUOl 

Lkil 

hkii 

Olio 

'  |iioi 

T2I1 

12I1 

k  +  i  1 

=  (Ukiag  the  middle  p&ir)  — .  =  (taking  the  Imsl  pair)  — r. 

Hence,  wben  P  ooiDcidoe  with  n,  mP=27PAV  and  *^  =  48^37'. 
.  k>  i  _  J^  _  gingyirBiD2C°5I  _  1 
■'    -I  ~  -  i  "ain44n7'8in48''a7~8* 
by  eompatation. 

.-.  3k  +  4i=0,  and  81+i=0. 
Now  1  is  de&rly  positive,  and  i  maiit  therefore  be  negative.    Hie  two  equationf 
ore  satiflfled  by  making  1  =  1,  i=  -  3  and  k  =  4;  and  as  thvBc  nrv  tlie  lovest 
whole  Dumbcrs,  Ihey  may  be  taken  on  the  indices.    The  value  of  b  is  then  fiMituI 
from  oqnation  (4)  to  bo  I. 

Hence  »  is  (l431) ;  and  the  form  hns  the  symbol 

T{i431}=(frora  (U))  r{8l4,  212}. 
Similarly,  when  P  m  mode  to  coincide  with  u,  tni'=:30''90',  and  the 
A.  a.  jmiMj,)  —  1h-2. 
.-.   2k+3i=0.  21  +  i=0. 
Hcnco  w  IB  (1321),  and  the  form  is  t  |1321}  =(from  (U))  w  {201.  to|. 
iv.     The  faces  v  trnncatc  tho  edges  [jurj  of  adjacent  fooes  of  the  bipyramkl 
X,  and  they  lie  in  eonce  [c»t^]^  kc.    Hence  by  Weiss'a  zouolav.  the  symbol  of  f 
is  K'2l).  and  the  form  is  {I2l2}  =  [521,135^. 

The  face  v  (21 12)  might  be  usod  with  m  and  x' to  give  an  a.&.  from  which  the 
fiymbolH  of  n  and  u  can  be  determiued;  and,  ainoe  Amv=:90^.  the  computation 
would  bo  simpler. 

V.  Tlio  stereograms,  FigM.  407  and  408,  give  the  pt^sitiong  of  the  jtolua  of  all 
till'  facoi^  in  Fig.  40fi  whinli  Ho  nbovo  f.Iic  ct|untorinl  plstir ;  and  the  nymhoU  io 
MiUrrian  and  hexagonal  notations  uf  many  of  them.  The  poles  of  the  (aoei 
below  the  oqnatorial  plane  would  bo  given  by  cit-ctcts  anrrounding  eadi  dol^ 
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The  flgorea  are  oonBtrnoted  by  marking  off  aroB  of  30"  on  the  primitivo,  and  the 
diametera  throngh  these  potuts  give  the  zones  [^xm],  [''t'tj,  &c.  On  [em],  the 
points  r,  x  and  xf  are  determined  by  the  construction  of  Chap,  vii,  Prob.  1.  The 
zones  [mf»],  (to.,  o&n  then  be  qaickly  introduced,  and  the  ponitionB  of  all  the 
poles  found.  The  Millerian  Bymbols  given  in  thie  Article  are  not  those  given  in 
Brooke  and  Miller's  Minertilo0y\  for  Miller  adopted  a  as  the  fnndamental 
pyramid  {100,  i22|^,and z  is  then  {201}.  The  transformation  from  the  symbols 
of  Miller  to  those  naed  in  this  Article  has  already  been  ^ven  in  Art.  14. 

Pyrtmiorpkite,^V\^ii\.  PbCl^,  and  vouadinUe.^Vh^V^O^.VhCi^^tLte 
both  id«)mtiri>lioiw  with  apatite;  and  generally  occur  in  hoiagoual  prisma 
{211}  terminated  either  by  {111)  alune  op  by  {III}  and  x{100,  T22].  The 
crystals  therefore  res*emble  FigH.  328  and  405.  They  are  optically  uniaxal 
and  negative. 

Jfimitite,  SPlijAa^O,.  PhClj,  was  long  regarded  an  l>e!ongiug  to  this 
cl&as  af  cryHtals;  hut  it  has  liceii  found  to  l>o  optically  biaxal,  "uid  appears 
to  be  a  inimotic  twin  (hoc  Chap.  xvm).  The  cryataU  have  thw  hahitH 
■bown  in  Figs.  328  and  4')0  ;  but  some  of  the  cry-stals  froiu  Wheal  Alfred, 
Cornwall,  in  the  Canibridgo  Museum,  show  only  the  prism  {STT}  and 
the  hej:ftgonal  bip^Taniid  j- jKK),  122}  :  mejirtiirerneiit  of  these  crystala  gave 
for  211  A121  values  varying  fnmi  59'  ftS'  to  60' 4',  100  A  122  =  80' 3',  and 
LlOOA2r2«=37''30'.     Hence  D=\U  ^  100-40M&'. 


III.     Acleistous  dihexagoiuil  clttss  ;    /i.{A^,  jffjr\  :-/i  jhkilj. 
23.     la  crystals  of  this  clans  the  hexod  axis  is  associated  with 


six  planes  of  syminetry  inberKecting  in  the  axis  at  angles  of  30".  It 
was  shown  in  Chap,  ix",  Prop.  9,  that,  if  a  plane  of  symmetry  is 
{»aralle1  to  a  hexad  axis,  there  munt  l>e  six  plauen  of  symmetry  nil 
jtarallel  to  the  axis ;  and  furth<'r,  in  Prop.  8,  Cor.  iv,  it  was  seen 
that  thi-ce  pianos  2  intersectiii'^  at  angles  of  60"  are  like  and 
interchangeable,  and  that  the  angles  Vwtween  them  are  bisected  by 
three  other  like  and  interchaugealjkt  planes  S,  also  at  60"  tii  one 
another.  In  Prop.  5  of  the  sanui  (.'hapter  it  was  proved  that  30"  is 
the  least  angle  possible  between  any  planes  of  symiuetry  :  hence 
there  can  be  no  otlier  planes  of  synmietry  piirallnl  t/i  the  nxi.s.  Wo 
shall  supposH  the  Millerian  axes  to  lie  in  the  planes  2i,  and  the 
equatorial  axes  to  \jo  the  intersections  of  the  S  pluues  with  the 
equatorial  plane. 

The   hexad  axis  is  uniterininal,  and   should  l>o  a  pyrtM'.lectric 


axm. 


24.     The  special  fonns  are : 
7.      Pedions  having  the  symlwls 

/A{lII[=/£lOOO!}and/i{nij=M!Ot>Ol|, 
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according  m  tho  lmf»o  mpfit«  tho  hoxnr]  axis  on  the  positivp  or 
negative  side  of  i\w  origin.  These  faces  are  perpendicular  to  a11  Ui^ 
planes  of  fiynimetry. 

J?.     Hexagonal  prisms: 

i  {2U)  =  {0ll0],  the  faces  of  which  arc  perpendicular  eich 
to  one  of  the  pianos  2.  Tho  planes  S  pass  through  pairs  of  oppoutt^ 
vertical  edges,  and  are  parnllol  each  to  a  pair  of  the  faw-s.  The 
faces  may  be  Bupposed  to  ^kish  througli  the  edges  *■!*<„,  Ac,  of  the 
liexagonal  base  in  Fig.  409. 

ii.  )10T(-  |T210(,  having  iU  faces  parallel  to  the  2  planes,  awl 
perpendicular  each  to  an  .V  plane.  The  face«  of  the  one  prisni 
truncate  the  edges  of  the  other. 

J.  A  dJhexagon;J  prism  jhkiO}  -  {/wW|,  where  A  +  it  +  /  =  0. 
Thifl  priHni  ia  geomotrically  identical  with  that  de.Hcribed  in  Chap,  xvi. 
Art.  27  ;  and  the  angles  are  for  any  specified  values  of  the  intliiTS 
found  by  equation  (20)  of  that  Article.     The  symlwls  of  the  6ia*» 

are:  

hkl       Ikh       Vlh       khl       Ihk       hik 

hkiO     ikhO     icihO     khiO     ihkO     hikO 
hkl       Ikh       klh       khl       Ihk       Mk 
hiciO    ikhO     kihO     khiO    ihkO    fukO 

^.  Hexagonal  pyramids,  one  of  which  (i)  has  its  facee  per- 
|K»ndicuhic  t<j  tlie  2  planes  and  inny  l>e  reprenenk^l  by  Fig.  -409;  the 
other  (ii)  haB  its  fac(^  pcrix^ndicular  to  the  S  planer. 

i.  Paii-s  of  the  trace-s  in  tlio  e(|uatonal  plane  ai-e  parallel  to  one 
or  other  *>f  the  efjuatorial  axes;  and  tho  pyramid  has  the  symbol 
/tJOhhlj -^  {A//,  prr).  The  faces  may  l>e  supposed  to  pass  tlu>}Ugh 
the  lilies  /M^^,  ttc.  of  Fig.  409;  and  to 
meet  the  pnncipal  axiH  at  K*",  where 
Or"  =  hc-l=7iwof  Chap.  XVI,  Art.  35. 
The  sjmibols  of  tlie  faces  are  given  in 
table  h. 

One  of  the  possible  pyramids  of 
this  series  la  sotected  as  fundamental 
pyramid  /jfjOlTl|. 

ii.  One  of  the  faces  of  a  pyramid 
of  thia  Hecond  aeries  may  bo  drawn  through  the  points  A^  A'  to  meet 
the  principal  axis  at  F,  where  OV  ~'hc~-\.  The  trace  A  A'  bisects 
OA^^  at  right  angles,  and  the  HymJjol  of  the  face  is  (h,  h.  SFi,  1).  The 
faces  of  fi  {li,  21i,  h,  I]  arc  given  in  table  j. 


.(m). 
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The  two  soriea  of  hexagonfll  pynunids  arc  geometrically  the  same 
"SS  those  described  in  Art.  17,  where  they  were  however  ouly  par- 
ticular cases  of  the  general  furni :  in  this  class  they  are  special 
foniiK,  and  their  faces  are  perpendicular  each  to  one  of  the  planes  of 
symraetry.  They  have  the  same  general  aspect^  but  the  angles 
over  the  polar  edges  of  a  pyramid  of  one  Beries  are  not  (H{ual  to 
those  of  a  pyramid  of  the  other  series,  and  the  inclinations  of  the 
faces  to  the  pedion  are  also  different. 

25.  The  general  form  consists  of  an  acleiatous  diliexagonal 
pyramid,  the  faces  of  which  ul!  meet  the  huxad  axi.s  at  the  same 
point  The  fonn  may  be  suppoaed  to  c«:insist  of  the  twelve  faces  of 
Fig.  416,  p.  450,  which  meet  either  at  V  or  at  V/j  it  is  geometrically 
similar  to  the  figuiv  prtxluced  by  a  comliinution  of  the  two  dirhum- 
bohedral  pyramids  /*  {k/cl\  and  fi{pqr\  of  class  V  of  the  rhombohedral 


systcio.  Hence,  the  Milleriau  symlxtl  of  the  form  is  /a  JAA/,  />9»"[» 
where  p^2e~  3A,  q  ^  2&  -  3Av  r-'2$-  3^.  The  equivalent  hexagonal 
syiu)>ol  f*-  [hkil}  is  found  by  equations  (9)  ;  or  can  be  deduced  in- 
de|H.iudontly  from  the  gcimietry  of  the  pyramid;  the  relation  between 
the  symljols  of  a  pair  of  faces  symmetrical  with  respect  to  a  plane 
through  the  hexad  axis  was  given  in  Art.  9.  Hence  the  form 
n\hklf  p^\  =  fjL  \\\ki\\  consists  of  the  fulluwing  faces: 
^ikt  rqp  qrp  khl  Ihk  jrrq  ' 
hkU  ikhl  kihl  khil  ihkl  hikl 
j}qr  Ikh  klh  7;rt'  r/>^  hlk 
hkll     ikfit     kihl     khil      ifikl    filial 


(n). 
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The  arrangement  of  Uie  faces  and  poles  is  indicated  in  Figa 
410-413.  In  the  former  pair  the  traces  in  Lhe  eqaatorial  plane  uf 
niuttt  v(  thu  facus  uro  1abei]t!>d,  and  in  Ihu  latl^r  the  symbolh  of  tiie 
polos  are  given  in  both  notations.  The  angles  over  adjacent  poUr 
edgeH,  lying  respectively  in  a  2  and  S  planu,  are  always  different; 
fur,  w(!re  they  to  Iwcome  equal,  th«  lengths  OS*,  Oil  would  \ms  e<iuiil, 
and  therefore  equal  panimeU^rs  might  he  taken  on  lK>tli  OM  and  OA. 
But  OB  ~  OA  cos  30%  and  0/J  is  a  commensurable  submuJtiplo  <>f 
Oli,  and  08'  of  OA :  the  assumption  therefore  contravenes  the  kw 
of  rational  indices. 


26.    Silver  iodide  {iodi/nte),  Agl,  is  the  only  su1>stauoe  whioli  htw 
placod  in  this  clauu,  and  eveai  for  this  the  data  are  ina<loquato ;  for  no" 
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fornix  liAve  been  obacived,  ami  uo  corrosjnn-figiires  oLbiinoJ.  The 
klft  umy  belun)^  to  class  I  of  thiu  syatciu;  or  may  [lossil'ly  havu  tu  Ih; 
placed  in  cIass  V  of  the  rhombohedral  syatonii  ah  hii»  1»ectn  dono  in  tho  uofto 
of  greenockite,  CdS^  which  waa  ohm  at  one  time  rc^urdctl  an  bclongiug  In  thi» 
class.  Figs.  414  and  415  show  two  cryutald  (afbor  von  Zcpbarovich,  Zei'lac/t. 
/.  Knf»t.  «.  M'ui.  \\\  \K  119,  1871)).  Tl.u  elciueut  />=43°25-3',  c  =  -rtiy«. 
Tboforin:*aro:ciluni  =  !T4iOj,c=/«tin}  =  >*|CK«Ji;,«=;i|3ri,755j=/i;^^^ 
ir«fi  [133;  13,  T,  1}-/*  (044&;,  ^=/i{7,  20,  4?  ;  47,  20,  7}=;*  {S,  18,  D,  20). 


IV.      Diploliedral  dihexagmud  doss;    \hkl^  ^jyr)  =  {hkilj. 


f  27.     When  a,  centre  of  symmetry  is  associat^rd  with  tho  planen 

}     of    syinoietry  of    thw   lii«t  claiis,   there   must   be   i\  <i3'iul    axis    i>er- 
I       [M'uiJicular  to  each  of  lUe  plancH  2  unci  S^  untl  a  plane  of  Hyinmotry 
U  jwrj^nMidieuhir  U*  the  lit^xad  axis.     The  crj'atals  of  this  claaa  havu 
^^Ucrefuru  tho  following  tlements  of  symmetry : 

V  //,   Z%,   3^,   n,   C,    3S,   3^. 

It  ifl  clear  that  the  dyad  axes  S  perpendicular  each  to  a  2  piano 
must  1x3  like,  for  they  are  iaterchangeablo  by  n>l.titiuris  of  00'  alxjut 
the  he*xad  axis :  eJK'h  of  them  is  atso  tlie  intersection  of  tho  plant]  11 
witli  one  i>f  tho  iS'  planes.  Similarly,  tho  A  axes  are  like  atid  iut*T- 
changenblo,  and  arc  tho  lines  of  intersection  of  11  wibli  each  nf  the- 
2  pUnos:  further,  eiu;b  of  tbeui  ia  perpendicular  to  a  plaiie  6*,  and 
bisects  the  augle  between  pairs  of  tho  S  planes  and  of  tlie  S  axes. 

No  other  element  of  synnuetry  can  be  addcfl  to  the  assetnblago 
given  in  the  above  table;  for  we  uauuut  have  more  than  six  tAuto- 
eunal  planes  of  symmetry  (Chap,  ix,  Prop.  5),  and  the  axes  of 
symmetry  mimt  be  dyad  axes  all  perpendicular  t^  //,  or  wo  bIiouM 
have  more  than  one  hexod  axis.  The  ci-ystals  have  tho  greatest 
8ymractry  possible  in  the  hexagonal  syst^m^  and  have  therefore  Ijeen 
describetl  luf  hololit'dtal.  The  getii'rnl  foi*ra  is  a  diiioxagoiial  bi 
pyramid,  Fig.  410,  aitd  the  class  will  bo  denoted  as  the  diplohtdral 
diitexagonal  class. 


26.  Tho  ftpooial  fonns  of  the  last  class  which  iiavr  pamllel 
faces  arc  common  also  to  thin :  they  are  the  hexagonal  prinms 
jOrii  =  11210)  and  J2irj^l0H0(,  and  tho  dihexagonal  prism 
{hkl\  =  {hkiO). 

The  peiiion  becomes  a  piaakoid  jl  llj  -  {UOOl). 

All  the  hexagonal  pyrauuds  become  diplohetlral;  and  therefore 
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\hllt  pir\  =  {Olifil}  U  a  hexagonal  bipyramid  similar  geonietrit 
tlmt  of  cUuw  1 1 :  the  faces  aiv  now  perpendicular  Ui  the  planes  of 
synimetry  2,  and  th^  edgen  lie  in  the  planes  S  and  11.     Again,  tl 
hexagonal  bipyraniid  |h,  2h,  h,  I]  -  j/»i/],  where  h~2k  ■*-  l~Q  w 
metrically  the  name  as  {hkJ\  uf  Chap,  xvi.  Art.  53,  aud  also  as 
similarly  placed  pyramid  of  class  II  of  this  system.     The  faces  ai 
perpendicular  to  the  planes  ^*,  and  the  edges  lie  in  2  and  n. 


IhkilK  Fig.  411 


Fi4.  410. 


29.  The  dihexa^nal  bipyramid   J  AX:/,  pqr\ 
haH    twenty-four   faces,  which    are    equal 
and  similar  scalene  trianglea.     Since  the 
edges  of  each  fai^  lie  in  dissimilar  plano^s 

>f  symmetry,  the  angles  over   the  three 
edges     are     unequal,    although    a    case 
tnay  possibly  twour  in  which    the   anple 
over   the   inetlian   edge   is  for  8ome  par- 
ticular tetnperature  C(]ual    to    that   over 
one  of  the  pi>lar  edges.     Hut  even  in  such 
an  exceptional  case  a  change  of  tempera- 
ture would  disturb  the  equality,  for  the 
c<»ertieient  of  tlioruutl  expansion  along  tho 
principal  axis  is  diH'erent  fri.>m  that  along 
a  line  at  ri^ht  anglf^  to  it.     The  fueeH  of 
the  bipyramid  havH  tlit^  f*»llowing  symbols: 
Wr/      njp      i^rp      khl      Ihk      jini      j>qr      Ikh 
hkil    ikhl    kihl    khii    ihkl    hikl    hkll    ikhl 
pqf     tkk     kih     qpf     fpq     klk     hkl     fqp 
kkil    ikhl    k!hl    khii    ihkl    hikl    hkll    Ikhl 

Tho  tiguro  is  constructed  by  joining  each  of  the  pointa  //,  &\ 
of   Figs.    410   and    411    to   plants    K,     T    on   the  hexjul    axis 
distance  e-i-1,  0^'  Iniing  OA-i-k. 

30.  JStTj/lj  liiijA\^{S}0^)g^  forms  crystals  bolonging  to  tliis  class. 

7>  =  29^50-6',  c=-4988. 
Tho  hnlilt  is  that  uf  li»nj^  hex>LgoM/il  prisms  m  [STT}  =  |OlToj,  tonninal 
by  the  |iiiiHkni<]  f  1 1 1 1  ]  ^  J1K.H>1 } :  such  crystalH  are  rcpr&ucntod  by  Fig.  320. 
The  [Miges  [*^n]  am  nftL^n    uiudilied  by  ouc   or   two  narrow   fioccH; 
ciucjisiunally  the  coi^ua.     When  the  edges  [c/n]  are  modified  by  faces 
single  form  lOlTl},  the  top  of  tho  crystal  resembles  that  of  apatite  sh 
in   Fig.  40.5.     A  C4:>mbi nation  of  the  two  prisms  m  and  «JI0l{  =  Jl3i 
having  the  horizontal  edgos  iiunliliod  by  p  and  *  is  shown  in  Fig.  417, 
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The  pyramid  p  Jjoiug  selected  as  {100,  122)  =  {0111)  gives  the  element  D, 

&nd  also  cuablc8  U8  to  dctemiiue  the  syinltol  of  s. 

For  each  face  *  is  common   to  two   nlntiting  »)noH 

[jo*to].      Huuco   *   h(w    the    rfymlxil    {421J  =  [n2l]: 

to  this  form   Miller  assigns  the  sjrmlxjl  [100,  l2*2}. 

Millor^H  (210)  Ih  therwforo  Dmiu'n  (OlTl),  i«»l  iaiuji- 

tionu  (23)  for  the  truisformatioii  fhjui  Mill«riaii  to 

hexagonal  symUils  bold  also  for  the  fonuM  ol)Kcrvcid 

in   Itoryl.     The  cryfttfilM  are  ojitically  neg.itive,  but 

give  very  irregular  and  dnonialoiiB  bandu  of  colour 

in  the  polariiiOdiJO  which  indicate  that  the  urystabi  Yiq.  il7. 

HTO  in  a  Htate  of  Htralu:  the  rectangular  oroaa  albo 

Itreukif  into  two  brusheai  on  turning  the  plate  roimd  in  ittt  own  plane. 


V.     TrapezohedrcU  class i   ajA^,  ;>!//•[  =  ujhkiJ}. 

31.  The  crystals  of  this  class  have  six  dyad  axe8  associated 
with  the  hexad  axis,  but  no  other  element  of  symmetry.  The  dyad 
axes  are  all  ut  right  angles  tu  the  hfjxml  axis ;  and  three  of  them, 
inclined  to  one  another  at  angles  of  CO ',  an^  like  and  int«;rchangeable, 
the  other  three  are  also  like  and  iuberchangeable  and  bisect  the 
luigles  between  pairs  of  the  first  triad  :  the  first  set  will  l>e  denoted 
by  ^  and  may  1^  taken  to  <>ocupy  the  positions  Oi/,  0M\  OM"  of 
Fig.  410,  the  second  set,  having  the  directions  0^1,  OA^,,  0A\  will 
Ije  denote<l  by  S. 


32.  The  general  form  cotisists  of  six  co-polnr  fao^-s  meeting  at 
tui  lipex  Kossociateil  with  six  similar  facets  meeting  at  the  opp<w(ite 
apex  V^y  which  are  so  arranged  that  a  face  of  the  one  set  is  inter- 
changeable with  any  one  of  the  second  by  a  senii-revolutioii  about 
one  or  other  of  the  dyad  axes.  Ueoiiiotricallyj  the  form  may  Lm 
derived  from  the  dihexagonal  l)ipyramitJ  of  the  last  class  by  selecting 
six  co-polar  faces  at  one  end  which  are  interchangoabte  by  rotjitions 
of  60"  alx^ut  the  hexad  axis,  and  the  six  non-j>arallel  faces  whicli 
meet  at  the  other  apex. 

Thus  the  co-polar  faces  may  l>e  taken  to  be  tliose  pjis.siiig  thi-ougli 
Y  and  tl>e  alternate  traces  7/8',  GJi^K'\  Ji'K\  iic.  uf  KigH.  110 
and  411,  when  their  symbols  are: 


qrp 

J^lFd 


Ihk 

ihkl 


hkll 


Idh 

kih: 


Ihkl 
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But  the  ilyiui  axis  OM  of  these  ligures  interchangofi  opposite  HpictSf 
aiifl  the  traces  //S'  with  //A'.,  //A'"  with  7/5,  //'«"  with  11'%  *fcc. 
Since  IIR^  is  piirallel  U)  S"A'",  the  face  through  \\  and  HK^  iw 
parallel  to  that  through  V  and  5"Ar".  i.e.  to  {prq)-.  the  face  F.WA 
is  thoniforo  (/rny)  =  (hikl).  The  eclge  in  which  {kkl)  and  (7)^7) 
meet,  is  at  right  angles  to  Oil  and  ia  biacct^Ml  at  //  w  here  it  crossco 
the  e<iiuitorial  plane;  for  a  semi -revolution  altout  (»/,  interchanging 
the  two  faci»,  must  intorchaugo  the  two  endti  of  the  edge  of  inter- 
section. Similarly,  a  semi-revolution  about 
0?i  interchanges  the  apices  and  the  traces 
7/8'.  S'7/„.  But  S'T/^,  is  parallel  to  8,/7". 
and  tlie  now  face  through  T  and  ^H,,  i« 
parallel  to  (/AA) :  it  \a  therefore  (Ikh). 
This  face  meets  (hkl)  in  an  edge  which 
croBses  the  equatorial  plane  and  ia  at 
right  angles  to,  and  bisected  by,  OS'.  The 
face  {}Jd)  is  consequently  a  trapezium 
bounded  by  two  like  and  interchangeable 
ctvpolar  edges,  and  by  two  dissimilar  skew 
median  edges,  ejich  bisected  l>y  a  dis- 
similar dyad  axis.  But  all  the  faces  are 
siuiilir  anil   equal;    and   the    form    is   a 

hexag(,Hial    tnnH.'7AjlnHlron,   Fig.   4|y,  to  which   we   may   assign    the 
symbol  a  \hkly  pqr\  =  a  |hkil|.     It  consists  uf  the  twelve  faceit : 


(q). 


The  angles  over  the  polar  and  median  edges  are  all  diH'erent-,  and 
can  be  det^^rmined  frum  the  equations  given  in  Art.  13,  and  simple 
Bpherica]  triangles. 

33.  If  the  faces  of  tablo  p  wliich  do  not  occur  in  q  are  taken 
together,  we  obtain  the  cumplementary  iiexagonal  trapezuhedron. 
Fig.  il9,  the  faces  of  which  are  parallel  each  to  a  face  of  the 
trapeKohe<Iron  of  the  last  Article.  The  new  form  may  be  repro- 
sentod  by  tlie  symbol  a  (AA/,  /^^},  or  by  a\lkhy  rqp\  --ajikhl^.  The 
symbols  of  the  fivoes  to  the  front  of  Fig.  419  are  inscribed  on  the 
diagram   and   tliero   is  no   need    to  give    them    in    further  detnil. 


w. 

qrp 

ihk 

pqr 

klk 

n*^\ 

hkil 

iclid 

ihki 

hkil 

kilil 

ihkl 

P'-'I 

iiih 

qp'r 

Ilk 

Nlf, 

yd 

hiivl 

ikhi 

k\n\ 

hikl 

ikhl 

khii 

^^ 
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4.r>o 


I  lu.  419. 


The  student  caa  easily  pick  them  oat  from  tuble  p.  The  coin- 
ptemontary  forms  aro  enantiomorphouK, 
for  they  can  \>e  placed  so  that  the  oiio 
is  the  reflexion  of  the  other  iii  any  one 
of  the  planes  perpendicular  to  an  axis 
of  symmetry.  The  crystals  may  there- 
fore 1x3  expected  to  rotate  thu  plane  of 
polarixation. 

3i.     Projecting,  Fig.  410,  or  Fig.  411,  in 

the  horizontal  plane  DC  A'  of  Fig.  61  in  thu 

manner  descrihud  in  Chap,  vi.  Art.  19,  the 

trftpea:>hodra  can  V»cdrnwni ;  the  apices*  I' and 

y,  lieing  given   l^y   Cr=(?yoo«30' tjin /^-j-L 

The  jKjlar edge [/JV,  r/ij]  of  Fig.  418  joinw  T'to 

the  point  uf  interwoction  of  the  tniceH  KHh'  arul  H,ij\  and  the  co-|KiIftr 

edgeu  aro  Mimilarly  fonnd  hy  taking  the  lH>nioli>goii8  jwirnof  trnt-ej*.     The 

inftirior  co-jtolar  edges  nro  found  in  a  similar  manner:  thiw  the  direction  of 

[^/■y,  k}JC\  iH  the  Hjuno  a«  that  of  the  line  joining  \'  to  the  iKjitit  of  iutcr- 

BOetion  of  the  tniccH  yA"'  (ptq)  and  H'L  {khl). 

The  me*iian  etigo  [AX-/,  Uk\  through  b'  in  iianillol  to  [hkl,  /^A];  jiud  its 
direction  I'' A'  im  thiii  of  the  lino  joining  V  tu  A',  the  iK>int<if  iutcrsectinn 
of  the  tnicos  A'// and  iI"Ji,.  Similarly,  \\w.  directii^n  of  tbo  c«lge  \xi**h  /"V] 
through  Jl„  ia  found  hy  nmrking  ufV  on  OM"  a  length  otpuil  \a\  (IK  imti 
joining  the  jwint  to  T;  and  mt  on  fur  all  tho  homolngoUH  edges:  tliu  eclge.s 
are  dniwji  through  the  points  in  whivJi  5",  J5„,  &o.,  of  Fig.  410  are 
projected. 

The  retnjtining  medi;m  e<lgc«  {nush  through  tho  [HtintM  A  <)f  Fig.  418,  in 
which  tho  }K>intH  //of  Fig.  411)  have  l»co[i  projctitod ;  juid  join  wu'h  the 
fiointf^  in  whit'h  the  median  odgn-s  tlii'ough  tho  luljjiceut  points  h  nioct  the 
DearoHt  t)oiiir  edgen  of  the  two  fiLcett  uieoting  in  tho  edge  required.  Or  the 
odgeo  may  bo  fomid  in  a  uiannor  .similar  to  that  employed  for  the  edges 
through  tho  ]>ointH  8.  Tlnis  the  edge  [/tl/,  Jfr^]  i»  parallel  to  the  line 
[Air/,  prq];  and  ito  directitni  ia  fmuid  by  joiuing  V  to  the  [wint  of  inter- 
section of  the  trace  Hi^  (JJcl)  and  A" AT"  {prq) :  this  ixiiut  may  bo  very 
diiitant,  and  tho  method  would  bo  mconveniont  in  prHctico. 

In  the  complementary  trqw/ohedron  a]Ml\  prtjl^  tho  (mlar  edges 
through  V  are  |)aralIol  to  those  uf  the  tirst  drawn  thi^^ngli  T,,  and  vice 
veraA.  Similarly,  opposite  mciliaii  edges  aro  intentluingoii ;  thus  the  edge 
through  5,  of  Fig.  41i)  in  iwirallel  to  that  thruiigh  fi'  in  Fig.  418.  Uenuc, 
when  one  trapenohcdron  i«  drawn,  the  complementary  one  is  quickly  formed. 


35.     The  special  forms  ai-e  all  geometrically  identical  with  those 
tho  preceding  class,  for  their  faces  arc  parallel  to  one  or  other  of 
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the  Mtea  of  symmetry.     8ince  these  axes  aro  all  of  even  dej^ree,  an; 

face  parallel  to  one  of  them  must  be  associat^Hl  with  a  pnmllnl  Uxe, 

Hence,  the  pinakoid  {111}-  {0001 } ;  the  hexagonal  priMxis 

|011}  =  {l2r01.   (2n}  =  {01l0[; 

tlie  dlhexai^'oual  prism  {hJtl\  =  [hkiOj ;  the  hexagonal  hipynunitU 
\hll,  j>rr\  =  {Ohfill  and  {fi,  2h,  Fi,  Ij  -  JAJW|,  where  A  -  2*  +  ^  =  0 ;  are  all 
forms  of  this  class. 

36.  The  crystals  of  the  following  iaomorphotis  double  «alta  have  boat 
pntvisiunally  placed  in  this  chuis  by  Dr  H.  Tnmbo  (-V.  Jahrb,  f.  Mitu  1, 
ISa-l,  p.  245): 

Burium-antimonyl  dextro-tartmttt+potamxtm  nitrate^ 

BaCSbO),(C\H,OJ,.KN0,.     0=7^2.5',   o  =  3<>285. 
The  forms  usually  present  are  i7i{2n|={01Ub"c:lin)  =  {000I}, 
r-{lOO,  I22}-{0U1),  rf.=  {6n.  Ill}  =  {022l},  r={l3,4,4;  322)  =  {055ll. 
The  crystals  therefore  hiivo  Homowhat  the  habit  uf  those  ciyBtalfi  uf 
sapphire  on  which  steep  pyramidM  are  develoi.»ed. 

Lead-aiUimonyl  dextro-tartrate^i-potatiium  nitraU; 

Pb{SbO)j(C4H^06)s..KN03.     />-76"27',  t  =  3-6936. 
The  crystals  are  hexagonal  prisms  (2  U )  =  (0 1 11 }  tenniiifitod  by  the  pinakoid 
{111}  =  {0001),  and  by  narrow  faces  r{100,  i22}  =  {0lTl)  modifying  the 
edges  [em]. 

The  phynicfil  charncters  of  the  two  salts  arc  much  the  aaino.  The 
crystals  «how  no  pyro-eloctric  polos,  nor  dti  tliey  rotate  the  plane  of 
()olarization.  The  detenniimtiun  of  tlio  cUit«>  rests  tiolely  on  the  character 
of  the  corrosion- figu PCM  ol)sor\'Otl  on  the  fiiocs  of  the  pinakoid  and  priiau. 
When  i)lftte8  iwvrallcl  t«  the  pinakoid  are  obaen'ed  in  parallel  li^ht 
l>Gtwcon  crossed  NicoU,  they  show  segments  similar  to  those  charaotoristic 
uf  triplets  of  biaiial  crystals  Huch  a^  witherite,  &c.  (see  Chiip.  xviu);  and 
the  characteristic  ttgurc  uf  a  bitucal  crystal  can  ooca»iona11y  bo  aoen  in 
places,  when  convcrgciit  ]ij;ht  is  used.  But  the  segmentation  in  irregidar, 
and  the  internal  atnieturo  niamfosted  is  very  complex.  Again,  plates  cut 
from  ncjir  the  surface  sumotimea  give  a  central  portion  which  is  uniaxaL 

l*lates  (parallel  to  the  pri^tui* faces  examiued  between  crossed  Nicols  arc 
also  seen  to  have  a  lamoUar  structure;  and  occasionally,  when  coiivcri^t 
light  is  u«ed,  the  bruf»heH  charm^tcrirttic  of  a  biaxal  crystal  ttuxy  bo  hocii. 
The  structure  is  Homctimcs  that  of  plates  Ixmndod  by  ]>arallcl  platie«, 
and  c^jmotiiuoH  Huch  as  is  found  in  bodies  having  a  fibrous  Ktnioturc.  The 
doteriuinatiuu  of  the  cIiihk^  aii<I  cvoii  of  the  systfiiu,  Is  tboreforc  doubtfuL 


CHAPTER  XVIII. 


TWIN-CRYSTALS     AND     OTHKU     COMPUSTTK     CRYSTAIX 


Getteral  Introduction. 


Composite  cryaUilR  often  occur,  in  whicli  the  seveml  portions 
hiwe  fliffcrent  orientations  governKl  hy  regulur  and  definite  laws. 
When  the  cryHtallization  of  a  substance  held  in  solution  i«  hurried 
by  rapid  evaporation  of  the  solvent,  the  crystals  utjually  grow 
together  in  groups,  in  which  tho  arrangement  of  the  several 
uieuil)erH  is  purely  accidental.  But  it  was  observed  at  a  very 
early  date  that  cryat«kls  of  certain  mlnenhls,  in  particular  those  of 
cassitente  and  spine),  are  joined  together  in  a  regular  and  c<;instAnt 
manner  to  form  a  welkletiued  individual.  Such  regularly  fonried 
composite  crystals  will  bo  tho  ftuhject  of  thia  Chapter. 

Homo  de  I'lsle  was  the  tirst  to  attempt  an  explanation  of  the 
oompOBtte  character  of  the  crystals  of  spinel  and  caamterite  ;  and  he 
introduced  the  word  vutcle  to  denote  the  kind  of  cam(K>Hite  crystal 
which  we  now  call  a  twin.  Werner  employed  the  wonl  zwillinif 
{-ticin)  at  present  us^^d  by  Uorman  crystallographers  ;  and  later  on 
Haiiy  introtluced  the  word  h^niitrofM:  (from  ijfit- -  half,  and  TpoVo9  = 
a  turn);  for  he  perceived  that  the  orientation  of  the  two  portions 
of  every  well-defined  twin  known  to  him  is  given  hy  the  following 
law.  A  complete  crystal,  bounded  by  the  forms  observable  on  the 
win,  ia  divided  along  a  central  plane  which  is  parallel  to  a  poHnible 
e ;  and  tho  half  on  one  side  of  the  plane  is  then  turned  through 
180*  about  it«  normal,  the  two  halves  remaining  in  contact  to  form 
the  twin.  This  law  gives  in  very  many  cases  tho  relative  orienta- 
tions of  tlie  two  portions  united  together  in  a  twin-crystal ;  it 
offers  DO  suggestion  as  to  tlie  cause  of  twinning,  and  supplies  no 
explanation  of  the  growth  of  the  twin. 

A  crystal  or  fonn  of  normal  character  and  uniform  orientation 
will  be  said  to  be  simple,  when  it  is  necessary  to  distinguish  it  from 
composite  crystal  or  a  twinned  form. 


^52  TWIH-ORYSTAL8.  I 

2.     With  very  few  exceptions,  which  however  are  imporUnl.  1 
twius   consist   of   portion.s,  the   reJativc  aricntations  of  which  are   I 
such  Uwt  a  aemi-revulution  of  one  portion  about  a  line  haring  »  I 
dcftnito  direction  brings  the  rotated  part  into  the  same  orientHtioD  | 
as  the  fixed  part.     The  line  of  rotation  we  shall  call  the  twin-<txu: 
its  direction  may  be  that  of  (i)  the  normal  to  a  possible  face,  (ii)  a 
Eone-axis,  or  (iii)   a  lino  lying  in  a  crystal  face  perpendicnlar  to 
a    zone-axis    (this    last    is    very    doubtful).      The    twin-axis   b«i 
clearly  tlie   same   relation  to  both  portions.     Such  twins  we  may 
doitignate   hfunitropic   twins,  when  we  require  to  distinguish  them 
from  those  rare  composite  crystala  in  which  the  orientation  of  the 
portions  can  oidy  be  given  by  regarding  the  one  as  the  reflexion 
of   the   other   in  a  definite  plane ;   the»o  latter  being  then  callfH 
ttymmeiric  twins. 

Taking  the  hcmitrt^pic  twinu,  in  which  the  orientation  of  the 
portions  can  be  connected  by  an  axis  of  rotation,  we  can  divide 
them  into  two  main  classes  according  to  the  manner  in  which  the 
iwrtions  are  united :  J.  Jua^upfmed  twins,  in  which  tlxe  portion* 
ai'e  united  along  a  plane  surface,  and  lie  on  opposite  sides  uf  it 
S.  Ininrperutrant  twins,  in  which  the  })ortions  are  intinuLtely  com- 
mingled without  any  regular  surface  of  separation  between  their 
matter. 

i.  Juxtaposed  twins.  The  plane  surface  along  which  th(^  twn 
|M^ii.ionH  of  a  juxtaposed  twin  ar<'  united  wilt  l>e  called  the  coni- 
biitjition^fane.  It  may  Ik?  (i)  parallel  to  a  possible  fact*  which 
is  jterpendicular  to  the  twin-axitt,  or  (ii)  it  may  be  parallel  to 
the  twin-axis. 

i.  This  group  uf  twins  includes  those  called  by  Haiiy  hemi- 
tropes,  in  which  the  twin-onentation  is  fully  expressed  by  the 
singlo  st-iitfinent  that  the  twin-Jace  is  that  particular  face  parallel 
to  which  the  poitious  are  united  after  the  one  has  been  turned 
through  ISO''  about  the  face-normal.  For  example^  in  spinel  the 
twins  have  a  face  of  the  octah*xlron  for  twin-face.  Provided  the 
two  portions  Ijelong  to  a  centnj-Kynnnetncal  crystal,  they  are  situated 
Hymmetrically  to  the  combination -plane ;  and,  if  they  are  also  ec{ua1, 
the  coignfl  will  fie  at  equal  distances  on  straight  lines  perpendicular 
to  this  plane.  luHtiuicea  of  equably  and  Bymmetrically  developed 
twins  are  shown  in  the  drawings  of  spinel,  cassiterite  and  calcite. 

ii.  When  tlie  combination -plane  is  parallel  to  the  twin-axis, 
the  directions  of  Ixith  must  lie  expressly  specified.     This  arrange- 
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meat  is  comiDon  when  the  twin-axi8  is  a  zoni>-axia  which  is  not 
|»erpondiculftp  to  a  possible  face;  e.g.  the  so-eallod  CarlslMwi  twin  of 
orthoclase,  and  several  of  the  twins  of  anorthite  and  the  other 
pla^oclastic  felspars.  In  these  twins  the  two  portions  do  not,  after 
a  semi-revolution  of  one  i»f  them  about  the  twin-axin,  form  a  com- 
plete crystal.  They  are  two  like  halves  of  two  separate  crystals 
placed  in  parallel  orientation.  The  hemitropos  placed  under  (i)  may, 
as  we  shall  show,  in  many  cases  l>e  rcfprrc*!  to  a  twin-axis  parallel 
to  the  combinatiou-phiiie,  but  the  statement  of  the  twin-orientation 
is  more  precise  when  they  are  referrt^d  to  a  twin-face. 

In  many  cases  the  twins  of  classes  i  and  ii  ci-oss  one  another  in 
the  middle,  so  that  portions  at  the  opposite  ends  and  on  opposite  Rides 
(if  the  combination-plane  are  in  like  orientutiun,  thane  at  tlie  sikme 
end  arc  in  twin-orieiitatiuii.  They  are  generally  calltMl  irUercroitnnij 
titnn/t.  The  surface  at  which  the  individuals  Heem  to  cross  is  often 
fairly  well-defined.  In  drawings  it  is  often  taken  to  be  a  plane 
perpendicular  to  the  combination-plane. 

2.  InOfrpfntetmnt  hcins.  However  intimate  the  intergrowth  nf 
intnrpenetrant  twins  mtiy  seem  to  be,  it  has  V»een  found  by  nxaniiniii^ 
the  cleavages  and  other  physical  characters,  and  more  especially  by 
examining  in  plane-polarised  lij^ht  plates  cut  across  the  twins,  that 
tho  matter  of  the  diir»'rent  p<jrtions  remainB  distinct  mid  separate. 
Just  at  the  bnundsry  of  tlio  individimls  the  optical  phenomena  are 
often  indistinct  in  consequence  of  the  interlocking  and  overlapping 
of  the  matter  of  different  portions.  Fluor  gives  a  good  instance  of 
inter[>enetrating  twins. 

Symmetric  twinn.  A  very  large  nund>er  of  the  hemitropic  twins 
ailing  under  the  precetlini»  subdivisioriH  are  synimetrical  t^*  cfrtjiin 
definiU^  planes.  Thus,  in  must  of  the  juxta|>o.spd  iwins  uf  Hub- 
(i),  the  p<irtion8  on  opposite  Hides  of  tho  combinatioa-|ilikue 
re  reciprocal  r*^llexions  in  this  phme.  But  a  few  composite 
crystals  are  known  in  which  tho  physit^al  structure  of  the  two 
rtions  can  ow/y  \w.  connected  by  rc*farding  the  one  as  the  reflexion 
the  other  in  certain  definite  planes.  Such  composite  crystids,  of 
which  instances  occur  in  sodium  chlorate,  sodium  periodate  and 
quart/  will  be  disiingnislied  as  syvwietric  twins. 

The  compffsitc!  crystals  known  ap  oomplemcntary  and  mimetic 
twins  fall  under  one  or  other  of  the  precetling  divisions.  By  eom- 
pUmettlari/  twin  is  meant  one  composed  of  two  individuals  which 
to  a  class  of   inferior   symmfitry  in    the   system  ;   the  two 
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indivitlunla  Iwing  combined  in  such  a  wny  that  the  homologons 
faces  of  tho  two  indiridualH  taken  together  produce  a  form  identioil 
with  that  of  greateet  symmetry  in  the  Rame  syBtem.  ThuA  tbi* 
two  inttirpcnetrating  pentagonal  dodecalicdra  of  pyrites,  Pig.  431, 
p.  476,  make  a  complementary  twin,  in  wliicL  the  faces  taken 
together  would  compone  a  tetrakls-hexahedron  of  class  TT  of  the 
cubic  system.  Similarly,  the  juxtaposeti  twin  of  pyrargyritc, 
Fig.  499,  p.  527,  is  anotlier  complementary  twin. 

These  complementary  twins  serve  as  an  introdaction  to  ttic 
complex  twins  of  hannntumo  and  phillipsite,  in  which  an  apjiarently 
fiimplo  prismatic  crystal  consists  of  inteixrossing  twinned  individuals 
of  the  oblique  or  anorthic  system.  These  prisniatic  crystals  are 
Again  twinmv]  so  as  to  approKinmtc  in  external  appearance  to  a 
tetragonal,  or  oven  to  a  cubic,  crystal.  These  complex  twins  and 
other  similar  twins,  which  we  shall  discuss  further  on*  give  an 
insight  into  those  curious  cases  known  as  mimetic  twins  in  which 
apparently  simple  cry>itals,  having  tho  external  form  chai-aoteristic 
of  a  class  with  complex  symmetry,  are  composed  of  a  number  of 
portions  of  crystals  of  inferior  sjTnmetry. 

The  statement  which  defines  the  twin-orientation  in  a  given  case 
is  called  the  twin-law ;  for  instance,  that  of  spinel  is : — twin-face  a 
face  of  the  octahedron. 

Multiple  tunug.  In  certain  substances,  calcite,  labradurite,  Ac,, 
the  twinnii»g  is  sometimes  repeated  sevei-al  times  parallel  tu  the 
Hanie  twin-face,  and  the  crystal  consists  of  a  aeries  of  thin  plat«s 
twinned  according  to  the  same  law.  The  lauietlu'  and  twins  are  said 
to  bo  fH>l t/syrUhHic.  The  physical  cliaracters  of  honiologons  faces 
and  edges  being  the  same,  twinning  may  occur  at  the  same  time 
with  respect  to  each  of  the  homologous  &ices  of  a  form  to  which  a 
twin-face  belongs,  and  with  respect  to  all  the  homologous  liites  of 
which  the  twin-axis  is  one.  Such  multiple  twins  occur  among  tlie 
crystals  of  some  substances,  e.g.  mtile  and  cassiterite ;  but  they  are, 
as  a  rule,  far  less  conimon  than  the  twins  whicli  are  compoMd 
of  oidy  two  portions.  A  twin  of  two  individuals  we  shall  call  a 
dtmblHj  when  we  wish  to  emphasize  tho  fact  that  it  consists  of  only 
two  portions  ;  one  consisting  of  portions  of  three  crystals  a  trij)Ui\ 
one  of  four  diQ'ertint  portions  a  quartet ;  and  so  on  for  five.,  six  «Dd 
eight. 

3.     Tustif  iif  iunnninff.     Many  twins  are  distinguished  by 
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of  re-entrant   angles',  which    may  be  made  by   like  or 

ke  faces.  Tlie  anj,'le8  between  the  faces  meeting  in  such  edges 
be  indicat-ed  by  affixing  a  minus  sign  ;  thus,  in  Fig.  420»  p.  466, 
the  angle  111  A  (T 1 1)  =  —  38°  56'.  ReK^ntrant  angles  may.  however, 
occar  on  untwinntvl  crvRtalH,  and  be  due  cither  to  an  irregularity  in 
the  deposition  of  the  matter  or  to  the  presence  of  some  obstacle. 
It  is  therefore  necessary  to  determine  whether  the  portions  fonning 
the  re-entrant  angle  have  a  parallel  or  a  twin-  orientation.  Imtpec- 
tion  generally  suffices  to  show  whether  all  the  like  faces  in  the 
neighlx)nrhood  of  the  re-entrant  angle  are  parallel  or  not, 

Ojjtu'ftl  t^^t.  When  the  crystals  are  trannlucent,  the  identity  or 
difference  of  orientation  of  the  several  parts  can  in  most  cases  be 
decided  by  examination  in  plane-poljiri>*ed  light;  thin  method  fails, 
however,  in  the  case  of  isoti*opic  (cubic)  crysUils,  and  also  in  twins 
of  the  rhombohedral  system  which  have  the  triad  axis  for  twiii-axia, 
and  in  a  few  cases  in  other  systems.  The  optical  investigation  in 
p(>Iarii>ed  light  is  the  most  delicate  test  that  can  be  appli«d.  iiy  its 
means,  for  instance,  a  twinned  structure  has  been  revealed  in 
minietite  which  had  not  lieen  previously  suspected,  and  of  which 
there  is  no  external  evidence. 

Strtte  and  c<*rrosion..  The  presence  of  twinning  is  sometimes 
shown  by  barbed  strije,  meeting  in  a  line  on  a  face  of  an  apparently 
Himpie  crystal.  It  is  alwj  soinetimeM  revealed  by  a  flifference  of 
orientation  of  the  corrosion- figures  ohscn'ed  on  the  same  face  of  a 
crystal ;  thus,  etched  crystals  of  succin-iodimido  have  been  observed 
showing  at  one  end  of  a  prism-face  triangular  pits  orientated  as 
Hhown   in  Fig.  215,  p.  2G9,  whilst  at  the  other  end  of   the  same 

e,  when  composite,  the  apices  are  all  turned  the  other  way. 

Elr^trxcal  t^st.  The  difference  of  orientation  is  sometimes  ren- 
dere<l  manifast  by  the  electrification  resulting  from  change  of 
temperature ;  thus,  the  opposite  ends  of  the  twinned  crystals  of 
succin-iodimide  just  mentione<l  are  both  analogous  poles,  and  are 
negatively  electrified  with  falling  ten)peratui-o.  Tho  apparently 
simple  hexagonal  crystals  of  lithium  pftta-Hsiuin  sulphatt)  (Chap,  .wii. 
Art.  19)  often  revejil  a  twinned  structure  by  the  fact  that,  as  the 
tempc^rature  falls,  the  twu  similarly  developed  ends  iKfCome  positively 
K'ctiifipd  whilst  a  central  'Mnc  is  negatively  eU'ctrified. 

»  The  edges  at  which   faces   meet   in   re-entrant  anRlon  will  bo  indicaU>d 

by  lincB  of   intfirmptcd  strokes,   except  when   tho   figure  is  taken   without 

lodijication  from  n  memoir  on  the  particulnr  twin,  (ir  from  Dnna'a  Mirmrahjfy. 
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4.  Before  a  group,  composed  of  differently  orientAted  portaoui, 
can  \tc  accepted  ns  a  twin,  the  association  must  be  definite  oad 
regular,  and  occur  with  sutticient  frequency  to  prove  that  it  is  not 
merely  accidental.  Possibly  a  single  case  of  a  well-fornted  twin  ul 
simple  law  may  be  accepted,  provide<l  the  law  itself  is  not  on- 
common  in  the  system  to  which  the  crystal  belongs. 


i.    Twins  of  the  cvbio  system. 

5.  Tn  this  system  the  twin-axis  is  asnally  one  of  the  triad  oxes^ 
i,e.  the  noruml  to  a  face  of  the  octahedrtm  or  tetrahinlmn  ;  and  thr 
juxtaposed  twins  apo  generally  combined  along  a  plane  perpen- 
dicular to  the  twin-axis.  Such  twins  are  hemitropes  having  a 
face  of  jlll|  for  twin- face.  A  few  instances,  some  of  which  ore 
given  in  Art.  11,  have  been  described  in  which  combination  takes 
place  along  one  of  those  faces  of  the  form  {211)  which  are  paraUel 
to  tho  twin-axis.  Some  twins  of  crystals  of  class  V  require  a  normal 
(211)  for  twin-axis;  for  instance,  diamond.  The  aljovc  twins  will 
form  the  main  subject  of  sub-section  A. 

Complementary  twins,  having  for  twin-axis  the  normal  to  a 
<lodecahedral  face  and  an  angle  of  i-otation  of  180'  about  the  axis, 
will  lie  discussed  in  Kulvsection  B. 

The  only  instance  of  a  homitropic  twin,  which  does  not  fall  under 
sulxHvisions  A  and  //,  is  a  twin  of  galena  having  a  face  of  1441} 
for  twin-face.  This  law  givcss  rise  to  a  lamellar  structnrc  dne  to{ 
repetition  of  the  twinning  parallel  to  the  same  face.  Repeated 
t>vinning  also  occurs  in  the  same  crystal  parallel  to  two  or  niorti 
focca  of  tho  form. 

A.     Ttvifi-axis  a  triad  aceis, 

6.  Spinel.     I>it  us  suppose  an  octahedron  of  spinel  or  mognel 
to  Itc  divided  into  two  equal  parts  by  a  plane  parallel  to  the  fac« 
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11),  and  the  front  half  to  be  turaed  through  180"  about  the 
normal  to  the  plane  of  nection ;  the  two  portions  being  then  joined 
together  along  this  plane,  the  twinnwi  crystal,  Fig.  420,  i^  con- 
structed. Tlie  edges  in  the  plane  of  Hcction  form  a  re^lar  hexagon, 
the  sides  of  which  are  parallel  to  the  dyad  axes  of  the  crystal :  these 
e<Jges  are  the  intersections  of  portions  uf  opposite  faws  which  are 
parallel  in  the  simple  cryatfd  ;  and  the  angles  over  opposite*  edges 
are  equal  salient  and  re-entrant  angles.  Thus  the  salient  angle  over 
the  edge  dj '  is  ll  1  A  ( H 1 )  =  1 80°  -  2  x  70°  32'  =  38"  56' ;  the  re-en- 
trant angle  over  the  op|>osit*»  edge  is  equal  to  that  over  tid'  and 
is    -  38"  56'.     The   twin   often   acquiits  a   more  or  le>i«  strongly 

I  marked  tabular  habit  by  the  disproportionate  ilevelopment  of  the 
faces  parallel  to  the  combination-plane.  Twins  of  this  habit  also 
occur  in  crystals  of  gold  and  diamond. 

G*2/^nn.  Fig.  431  representii  a  similar  twin  of  galena  in  the 
Cambridge  Museum,  in  which  the  forms  are:  r>|lll},  r/jlOll  and 
a  jlOOj.  In  Chap,  xv,  Art.  17,  it  was  nhown  that  six  faces  of  the 
dodecahedron  are  parallel  to  each  triad  axis;  opposite  pairs  of  these 
ftices  lieing  parallel,  and  atljaccnt  faces  making  angles  of  GO"  with 
one  another.  Hence,  thn  iwin-axis  Ixjing  [111],  the  pairs  of  pntallel 
faces  101,  (lOl);  110,  (HO);  Oil,  (Oil)  are  co-planar  after  a  semi- 
revolution  of  one  i>ortiuM  aUjut  the  twin-axis.  This  in  well  seen  in 
the  specimen,  and  in  irtdiutii^d  in  the  drawing  liy  l.he  onnssinn  t»f  a 
flividing  line  between  the  oivplajiar  portions  of  fitces  of  the  two 
individuals,  such  as  K^l  and  (101). 

In  these  figures,  and  in  those  of  other  twins,  we  enclose  in 
(Hkreutbeses  the  symbols  of  the  faces  on  the  portion  which  is 
supposed  to  have  been  rotated.  When  the  twin  is  a  triplet,  quartet, 
Ac.,  the  face-symlwls  of  the  other  portions  are  enclosed  in  brackets, 
braces,  <t<;.  When  letters  are  used  U>  indicate  the  facew,  those  of  the 
mtatefl  portion  are  usually  underlined,  and  tho  additional  p^irtions 
of  multiple  twins  are  indicated  either  by  different  type  or  by  atHxing 
to   the  letter  an   indrxnumher.     The    different    portions   arc    also 

^^ometimes  indicated  by  capital  Roman  numbers. 

^^B     7.     To   determine   the    twin-law    of    the   spinel    and   diamond 
^^oablets. 

I  The  determination  of  the  twin-law  in  simple  caaen,  such  as  those 

represented  by  Figs.  420  and  421,  is  easy;  for  two  octahedral  faces 
different  portions  of  the  twin  are  parallel,  as  cAn  Iwi  proved  by 
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niewniremciit  of  the  angles  in  the  znne  of  which  thV  is  the  dirwtMB 
of  the  BOiuJ-axis,  The  twin-iixis  must  therefore  be  either  fwralle]  vr 
perpendicular  to  these  faces.  By  trial  with  a  cardboard  model  o{ 
an  octahedron  bisected  hy  a  plane  parallel  tt»  (111),  the  student  can 
convince  liimself  that  a  semi-revolution  of  one  half  alxiut  the  tniMl 
HXiM  perpendicular  to  the  plane  of  section  transforms  the  simple 
octahedron  into  the  twinne<i  form. 

A  semi-revolution  about  the  line  lying  in  the  plane  of  section 
and  bisecting  at  right  angles  the  edge  (id'  in  Fig.  420  brings  the 
rotated  portion  into  the  position  of  the  tjxe<l  lialf.  Dy  such  » 
rotation  the  twin  is  represented  as  consisting  of  two  like  halves  of 
separate  crystals.  Semi-revolutions  about  each  of  tlie  two  lio- 
niologous  lines  in  the  plane  djid'  bisecting,  respectively,  tld"  ami 
tl'd^  also  bring  the  rotated  half  into  the  position  of  the  fixed  one. 
Tliese  positions  of  the  twin-axis  satisfy  the  geometry  of  tbe  twin, 
and  in  the  particular  instances  of  spinel,  magnetite,  and  galena,  also 
the  physical  relations ;  and  there  is  nothing  to  discriminate  between 
them  and  the  triad  axis  as  the  twin-axis.  The  latter  is  adopted  for 
the  sake  of  greater  simplicity  in  the  expression  of  the  twin-law. 

DUxmond.  The  twin  of  diamond.  Fig.  422^  is  lK?st  interpretxxl 
as  having  for  twin-axis  the  line  which  lies  in  the  combination-plane 
and  joins  an  obtuse  to  an  opposite  acute 
coign.  This  line  is  the  normal  to  one  of 
the  faces  112,  121,  or  ^1 !,  which  are 
parallel  to  the  triad  axis  [111].  The  two 
portions  arc  similar  portions  of  separate 
crystals.  A  Heini-revolution  of  the  front 
half  about  the  triad  axis  [HI]  brings  similar 
faces  on  the  two  portions  into  parallelism  ; 
but  opposite  faces  in  a  crystal  of  class  V 
of    the    cubic   system    are   dissimilar.     A  ^'***  ^^-• 

simple  ciyatal  is  therefore  not  produced  by  such  a  rotation.  Tlie 
twin  may  also  be  described  as  a  symmetric  twin,  in  which  the  two 
portions  are  symmetrical  to  a  ctimbi  nation -plane  parallel  to  (H  1). 

The  sjune  interpretation  should  be  applied  to  the  spinel4ike 
twins  of  diamond,  in  which  faces  111   alone  occur. 

8.     To  draw  the  spinel-doublet. 

We  begin  with  a  drawing  of  the  cube,  Fig.  423,  such  as  was 
described  in  Cliap.  vi;  and  wo  inscrilw  the  octahedron  by  joining 
the  middle  points  A,  A\  <fec.,  of   the  cubic  faces.      Selecting  for 
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twin-axis  the  diagonal  p"p,,,  we  determine  the  position  of  the  cubic 
axes  of  the  ix)tateti  half,  and  the  points  of  bisection  of  the  edges 
AA'\  AA,,  J, J,,,  »fec.  The  edges  cfd\  *kc.,  of  Fig.  420,  forming  the 
hexagonal  section  in  the  combination-plane,  can  then  be  drawn. 

To  determine  the  position  of  the  cubic  axes  of  the  rotated 
portion  we  proceed  aa  follows. 

The  plane  AA'A^^  meets  the  twin-axis  at  /?,  where  0R=  Op^^-i-^. 
On  the  axis  cut  off  a  length  RCl  equal 
Us  OR, 

The  point  O  is  the  origin  of  the 
rotated  cubic  axes,  which  are  ilAj 
tlA't  flA^^  in  dii*ection  and  maguilude  ; 
the^e  being  the  reflexions  of  the  origi- 
nal axes  in  the  plane  AA'A^^. 

To  prove  this  :  let  Fig.  424  be  part 
of  a  section  of  the  culie  and  octa- 
hedron by  the  plane  containing  0A\ 
Op^^  and  tlie  dodet-aliedral  axis  O64J 
and  let  J,  be  the  point  in  which  A'R  meets  08^. 
,  where  a^R  —  RA' ;  and  join  Oa  ,  Qo^  and  UA'. 

The  four-sided  figure,  OA'Qa^  is  a  rhou»buH!,  for  the  diagonals  Oil 
and  Jo  are  bisected  at  right  angles  at  R.  Henco  Oyl'  =  Ilo,  .  0.1'. 
The  angles  OJ'a,  QA'a^  and  Ua,J'  are  also  equal  j  and  so  are  the 
angles  A'QR,  aQR. 

Hence  a  semi-re%'olution  aI)out  Oil  interchanges  OA'  with  Qa^, 
which  is  equal  und  parallel  to  OA'.  OA' 
is  therefore  the  direction  of  the  rotated  axis 
of  Y  i  but  it  is  the  negative  cJirection,  for,  if 
the  original  axes  are  shifted  without  rotation 
ao  as  to  pass  through  n,  OA'  and  Oa^  are 
measured  in  opposite  directions. 

Similarly,  it  can  be  shown  that  ilA  ia  the 
rotated  axis  of  X  and  tlie  parametral  length 

a  measured  in  the  negative  direction;  and  that  ilA^^  is  the  rotated 
axis  of  Z  and  the  length  a  measured  on  it  in  the  positive  direction. 

The  coigns  A^  A\  A^,  of  the  rotated  portion  of  the  doublet  are 
ow  found    by  pro<^lucing   through    n    the   axes  flJ,  ilA\  UA^^  in 
Fig.  \'l'i  to  points  at  the  same  parametral  distance  from  fl.     The 
pf»int  A^^  is  joined  to  (/  and  d\  and  aitnilarly  for  the  other  edges, 

that  Fig.  420  is  quickly  completed, 
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The  cutgUH  ^\  A^,  A  c&n  liuwever  be  most  oosily  found 
drawing  through  A",  A^,  «&c.,  lines  parallel  and  equal  in  length  to' 
Otl ;  8r^  that,  if  the  spinel-twiti  U  alone  needed,  the  determinAtion  li 
the  rotated  axes  in  unnecessary. 

Twin-cryatals  of  this  liahit,  hut  in  which  a  certain  nuinhor 
subordinate  forms  are  introductrd,  can  be  drawn  in  n  Himilar  monnt 
the  directions  of  any  rotated  wigcs  luring  found   by  Weisa's 
using   the   rotated   axes.     The   drawing   of    the   twin   of    galenftr'^ 
Fig.  421,  needs  no  separate  description. 

9.  BUrule.  Crystals  of  blende  occur,  in  which  the  comple- 
meutary  tetrahedra  fijlll}  and  fL{I]T}  are  nearly  of  equal  size: 
they  are  distinguished  from  true  octahedra  by  the  difference  in 
lustre,  umrkiugs,  and  other  pliywiod  characters  of  opposite  fooei 
When  Huch  cryHtals  are  twinned  in  the  same  way  ns  those  of  spinel 
and  galeiiii,  the  twin  has  geometrically  the  appearance  given  in 
Fig.  4120 ;  any  variation  depending  on  the  presence  of  modifyiug 
faces,  such  as  those  of  the  cube,  dodecahedron,  Ac.  Bat  the  twin  is 
no  longer  physically  symmetrical  to  the  com  hi  nation -plane,  for  tht 
faces  which  meet  in  etlges  in  this  plane  are  portions  of  opposite 
faces :  the  difference  in  physical  character  on  opposite  sides  of  the 
combination- plane  is  well  seen  in  the  specimens. 

The  twin-orientation  does  not  in  this  case  permit  of  a  double 
interpretation  in  the  manner  shown  in  Art.  7  to  be  possible  in 
twins  of  spinel  and  galena.     For  a  semi-revolution  of  one  of  ti 
Hiini!ar  halves   of  separate  crystals  would   give  a  twin   which 
pfiysically  and  geometrically  symmetrical  bo  the  com bi nation- plaQi 
Such  a  symmetric  twin  is  possible  in  blende. 

Wh(Mi  the  p?*oniincnt  fwes  on  the  crystal  are  those  of 
rhoinbiu  dodecahedron,  the  doublets 
with  a  triad  axis  for  twin-axis 
ac<^uire  a  very  different  aspect. 
Huppose  a  rhombic  dod(«ahedrnn 
to  he  bisected  by  a  plane  parallel 
to  (llT),  and  tho  fnmt  half  to  be 
turned  tlmmgh  IHO"  about  the 
n(Jrinal  to  the  plane  of  section; 
then  a  twin  is  c^jiistructed  such  as 
is  shown  in  Fig.  425.  As  alrcjidy 
explained  in  describing  the  twin  of 
galena,  six    faces   of   the   rhombic 
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doc)ecahedron,  iucluKxl  to  ohq  another  iit  angles  of  60",  mm  tauto- 
zonal  and  have  the  twin  axis  Op,,  for  zoue-axia.  A  scmi-revolution 
of  the  front  half  brings  the  face  (Oil)  into  the  same  plane  as  Oil. 
Similarly,  101  and  (101),  llO  and  (110),  &c.,  are  co-plauar.  The 
i4win  therefore  resembles  a  liexagonal  prinm,  whicli  is  terminated  at 
Pbob  end  of  the  twin-axiji  by  three  faces  of  the  dodecahedron 
belonging  to  separate  portiomi.  The  faces  at  opjKJsite  ends  are  no 
lunger  parallel,  but  arc  symmetrically  placed  with  respect  to  the 
couilnnatiou-plane. 

The  crystals  of  l)lende  are  never  simple  rhombic  dtxlecahedra, 
but  are  usually  combinations  of  this  form  with  /a  (111},  {100},  Jcc. 
Furtlier,  the  twinning  is  not,  as  supposed  in  the  ideal  twin  just 
described,  limited  to  the  production  of  a  doublet,  but  is  repeated 
several  times.  When  the  several  portions  ai'e  twinned  parallel  to 
the  same  face  of  the  tetrahedron,  the  twin  has  six  tautozonal 
dodecahedi*al  faces,  the  portions  of  which  Iwlonging  to  the  different 
individuals  are  co-planar  and  show  no  trace  of  twinning  save  at  the 
edges  in  which  they  meet  faces  not  belonging  to  theii*  zone.  When 
the  faces  of  the  cube  and  tetrahedron  are  largely  developed,  and  the 
hiuiellte  are  numerous  and  thin,  the  faces  of  these  forms  intersect  at 
salient  and  reentrant  angles  in  a  manner  which  rendei^s  it  often 
ditiicult  to  discriminate  between  portion.^  of  a  cubic  and  a  tetra- 
hodral  face. 

Further,  the  twinning  is  not,  as  a  rule,  limited  to  one  twin-faco 
but  is  repeated  parallel  to  diUeretit  tetraltedrul  faces.  Thitj  is 
clearly  seen  on  breaking  scjttie  of  the  crj'stals,  when  iiit^rruptions 
in  the  cleavages  due  to  twiu-lamellai  having  diderent  orientations 
will  be  perceived. 

10.  Copper.  Fig.  426  represents  a  rare  twin  ol  copper  which 
resembles  a  doul>[y  terminated 
hexagonal  pyramid  of  the  rliom- 
bohedral  or  hexagonal  systetus. 
This  is  due  to  the  fact  that  the 
faces  present  are  those  of  the  tc- 
trakis-hexuhedron  {210},  in  which 
the  angles  between  atljacent  pairs 
of  faces  are  all  equal  (p,  200). 
Uunce  a  semi-revolution  about  Op^^ 
of  the  six  faces  meeting  at  the 
ditrigunal    uoigu   (i^^    in    Fig.    231  Fio.  436. 
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bririgN  thtHii  uiUj  i\  jjositioii  congruent  with  their  originAl  poation. 
But,  lis  shown  in  Fig.  426,  those  edges  of  the  simple  form  which 
diverge  from  the  opposite  ditrigonal  coigns  p"  and  p^,  will,  if  pn>- 
duced,  meet  in  the  central  pliuie  ^lerpendicular  to  p"f»„.  Tlie  two 
setfi  of  faces  meet  in  a  hexagon  in  this  plane ;  and  the  middle 
points  of  the  sides  of  the  hexagon  lie  in  the  dyad  axea  which 
are  at  right  angles  to  the  triad  axis.  The  bipyrainid  so  Coniwl 
is  similar  to  that  of  the  rhonibohedral  «ysteiu  discussed  in 
Chap.  XVI,  Arte.  53 — 55.  A  senii-revolation  of  the  six  fsen 
meeting  at  either  apex  brings  the  matter  into  twin  orienUtioo, 
but  leaves  the  geometrical  aspect  of  the  bipyramid  unaltered.  It  ii 
clearly  immaterial  which  half  of  the  twin  is  the  rotated  portion: 
the  symbols  inscribe*!  on  the  faces  correspond  with  a  s<:mi-revolutiou 
of  the  six  faces  meeting  at  p".  The  twins  often  reveal  their  ctim- 
posite  character  by  tho  presence  of  grooves  modifying  the  edgeti  and 
coigns  which  lie  in  the  combination-plAne,  In  the  figure  several  wf 
the  edges  of  the  tctrakis-hexalioilron  are  shown  by  lines  of  short 
strokes. 

11,  Sadcbeck  {Zeiisch.  d.  DeutscH.  gml  Ge$.  xxiv,  p.  427,  1872, 
and  XXVI,  p.  617,  1874)  has  shown  that  twins  uf  galena  and  faldert 
somtitimes  occur  in  which  the  twin-axis  is  a  triad  axis,  and  the 
can)l>innl:.ionplane  is  one  of  those  faces  of  the  form  {^11}  which  am 
parallel  to  the  twin-axis. 

GcUeiia.  Fig.  427  is  a  copy  of  Sadebcck's  diagram  to  iUustraie 
the  ix>Hitiou  of  tho  two  portions  in 
the  twin  of  galena  :  it  is  a  plan  uf 
two  cubo-ootiihedra  placed  in  tfin 
twin-orientfcitian  atid  projected  on 
a  plane  jKirpeiidicular  to  tlie  twin- 
axis.  In  each  crystal  the  odges 
parallel  to  the  paper  are  at  60"  to 
one  another;  aiwh.  of  ihawx  being  the 
intersection  of  a  cubit*  and  an  octo* 

hedral  face,  and  the  direction  of  a  dyad  axis.  Those  faces  of  J21 1 
which  are  parallel  to  the  twin-axis  would,  if  developed,  replace  these 
edges,  and  would  in  onch  crystal  ouinposo  a  hexagonal  prism.  The 
two  crystals  having  lwei»  placed  side  by  side  in  similar  orientations 
that  to  the  right  lias  been  tunie<l  through  180"  about  the  twin-axts 
the  two  crystals  touch  in  a  common  face  of  the  hexHgonal  prisms 
The  ideal  twin  is  now  obtained  by  bisecting  both  crystals  by  a  plane 
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lei  to  the  cotiiiaoii  ftice,  and  uniting  the  more  remute  halves  in 

le  plane  of  section.     The  twin  has  two  parallel  octahedral  faces; 

the  boundaries  of  wliich  on  one  Bide,  i.e.  above  tiie  [mper  in  Fig.  427, 

contiist  of  four  octahedral  and  two  cubic  faoen,  and  on  the  other 

side  of  four  cubic  and  two  octahedral  faces. 

The  twill  growth  in  URuatly  nianifested  by  deep  furrows  running 
irregularly  across  a  largely  developed  octahedral  face  on  thin  tabuhir 
crystals.  If  the  furrow  »Utrt«  from  an  edge  of  the  plate^  it  extfier 
traverses  the  plate  to  an  opposite  edge ;  or  it  bc;nds  round  and 
returns  to  the  same,  or  to  a  neigbU>uring  edge.  In  the  latter  case 
it  encloees  a  portion  of  one  individuiU  interpolated  at  one  side  of 
the  other.  Occasionally  the  furrow  completely  encloses  a  deHnite 
portion  in  the  midst  of  the  plate,  the  furrow  furtuing  a  closed  curve. 
If  the  twin  is  broken  across  a  furrow,  the  twin- orientation  is  re- 
vealed by  the  different  positions  of  the  cubic  cleavages  on  its  two 
sides. 

FaJtferz.  An  ideal  twin  of  fahlerz,  in  which  a  triad  axi^  [^1^] 
is  the  twin-axis,  and  a  face  (112) 
parallel  to  it  is  the  combination- 
plane,  is  shown  in  Fig.  428  (after 
Sadebeck).  Owing  to  the  tetra- 
hedral  habit  of  fahlerz,  two 
modifications  of  the  twin  are 
found.  In  one,  the  two  like 
tetrahe^lra  ^|lll[  are  united  in 
A  plane  (1 1 2),  which,  as  in 
Fig.  428,  modiliea  a  like  edge  of 
both  crystals.    Twri  of  tho  tetra- 

heilral  fiices*  T 1 1  and  (111)  are  co-p!aij.%r  :  they  are  perpendicular  Ui 
the  twin-axis  and  are  represented  by  the  clottw!  liiiew.  Th«  otfiur 
totrahedral  faces  meet  in  pairs  in  the  coiiibination-plano ;  onn  pair, 
having  the  symljols  111  and  (111)^  form  a  re-entrant  angle  of 
-  2  X  70'  32'  =  -  141"  4',  and  the  two  other  pairs  form  equal  salient 
angles,  viz.  Ill  A  (HI)  =  HI  A  (1  H)^  56'  15'. 

In  the  second  modiBcalian  the  ix>tiitions  of  the  two  individuals  in 
fig.  428  are  interchangcil,  their  faces  retaining  the  same  roUtivii  direotiouH, 
Le.  the  individnal  with  barred  letters  is  trAuaferrod  to  the  right  hand  of  that 
having  unbarred  lottors.  They  are  united  along  ii  face  112  tnmcating  tho 
short  i>:imllol  dodec/ihedral  edges  which,  in  the  ]trevioviB  cohg,  aro  to  tho 
pxtrenio  right  and  luft.  liy  copying  the  iudividujil  on  the  left  on  tmcing 
pajior,  and  trausfornng  tho  copy  to  tho  right  of  the  uiibtu*rcd  individual^ 
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tlio  HtuUciil  uui  OAsUj  make  a  diognm  which  invest  fairly  well  Ue 
rolutioim  of  the  twin.  The  co-plonar  faces  ill  aiid  (111)  arc  united  itt 
tho  Hhort  cdgoH  [tio\  and  tho  common  feoe  reacmbloa  the  figure  produool 
by  juirjiii^  twu  dultu^  at  their  apices.  Tho  two  paire  of  tetnihodnl  boi»i 
which  in  tho  first  modification,  meet  in  wLlicut  angloa  now  meet  in  oqua] 
ru-cutrunt  angl<w  of — 56"  15' :  the  remaiuLug  pair  of  laces  o  do  not  loecl. 

Inttrpenetrani  Itcins, 

12.  Flnm*.  Fig.  429  represents  an  ideal  interpeuc>tranl  twuj 
of  cubea  of  fluor  having  p"p,,  for  twin-axiK.  Those  oubic  od^ 
which  do  uot  meet  on  p'V„.  Ijisect  one  another  at  the  points  8*,  J,, 
Ac,  of  Fig».  423  and  421*.  l*he  edges  of  the  rotated  culxj  meeting 
at  p"  and  p^^  are  equal  and  parallel  to  the  rotated  axes  in  Fig.  123. 
The  directions  and  length  uf  ttiese  edges  being  known,  all  thai  ia 
needed  is  to  complete  the  parallelograms  which  represent  the  Us» 
of  the  rotated  cube.  The  individuals  are  so  related  that  a  wodge- 
like  portion  of  one  cubej  such  as  p„th\  protrudes  from  a  cubic  £&oe  of 
tho  other.  The  re-entnmt  angles  at  which  the  faces  interse<?t  aro  of 
two  kinds;  the  angle  100  A  (00l)  =  010  A  (001) --48*  11',  ami  tb« 
angle  001  A  (001)  =  - 70' 32'. 


Fio.  129. 

The  crystals  are  not  iutergrowu  as  regularly  as  is  repronented  in 
the  t'lguro.     UBually  a  sitiall  portion  of  a  s<Hxin(l  individual  prulrudes 
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Ill  iw in -orieii tuition  from  a  face  of  the  cube,  and  siniilar  but  ap- 
parently anoonnected  portions  of  different  mngnitudea  often  protrude 
from  otiier  faces.  But  however  numerous  aud  indepoiideut  these 
several  portions  may  seem  to  be,  they  are  all  twinned  to  the  large 
individual  alx»ut  the  same  triad  axis,  and  there  is  no  repetition  of 
the  twiiuiiiig  a1x>ut  the  other  homologous  axes. 

13.  StidalUe.  A  remarkable  interpenetrant  twin  of  sodalite, 
Na4(AI  CI)  AljSi, 0,2,  shown  in  Fig.  430,  is  sometimes  oV>Rorv«td  in 
crystals  from  Vesuvius.  This  twin  consists  of  two  rliombic  dodeca- 
hedra  twinned  about  one  of  the  triad 
axes.  As  in  the  twin  of  blende,  the 
six  faces  of  both  individuals  pai-allel 
to  the  twin-axis  coalesce  to  fonn  a 
hexagonal  prism.  In  this  case, 
however,  eooh  of  these  faces  is  di- 
vided into  four  parts,  which,  for 
want  of  precise  knowledge  as  to  the 
boundaries  of  tlje  individuals,  we 
may  consider  to  be  equal ;  the  boun- 
dary-lines  Join  points  like  those 
marked  ana'  and  nn^  on  one  of  the 
composite  faces.  Two  portions  of 
thiH  face  Iwlong  to  101  and  two  to  (TOl),  arranged  cross-wise  bo 
that  opposite  segments  belong  to  one  individual  and  are  in  like 
orientation. 

The  terminal  faces  meet  in  two  seta  of  six  like  edges.  The  one 
set  of  e<lges,  like  -^V?,,,  is  shown  by  continuous  lines:  they  are  the 
edges  of  the  rhombic  dfxlecahedra,  and  the  angle  over  each  of  them 
ia  60**.  These  edges  also  lie  in  pairs,  interchangeable  by  a  semi- 
revolution  about  the  twin-axis,  in  planes  parallel  respectively  to  two 
faces  of  the  hexagonal  prism  ;  as,  for  instance,  the  pair  AJi^^,  AH  , 
which  are  parallel  to  tlie  face  A"A^^A'A^,  The  other  set  of  edges, 
like  R^pCy  is  formed  by  faces  of  different  individuals,  and  the  angles 
over  them  arc  re-entrant,  each  being  —  38°  57'. 

In  the  diagram  the  dimensions  are  such  tliat  an  equably  de- 
veloped rhombic  dodecahedron  can  be  formed  by  prolonging  each 
edge  of  either  inrlividual  whilst  the  cubic  coigns  remain  unchanged. 
In  the  specimens  at  Cambridge  th«  priam  eflges,  sucli  as  A'A^,  are 
much  elongated  as  compared  with  the  terminal  edges,  AH^^^  ibo. ; 
and  only  one  end  of  the  twins  can  be  seen. 
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li,     Ttcin-nxia  the  normal  to  a /ace  of  {\}0\. 

14.  TwitLs  of  this  kind  cannot  occur  in  crystals  of  cl&ne«  I  ftod 
II  of  tilt*  cultic  system;  for  in  those  cryBtals  the  normals  to  the 
dodecfthednU  faces  aro  dyad  axes,  and  after  a  semi-revolution  nbotit 
uuy  one  of  them  the  orientation  is  the  same  as  at  first.  Bat  in 
crystals  of  classes  III,  IV,  and  V,  the  only  axes  of  sA*mruct!7 
tuisociated  with  the  four  triad  axes  are  throe  dyad  axes  parallel  to 
the  edges  of  the  cube.  Uenco  a  semi-revolution  of  a  crystal  of  these 
classes  about  the  normal  to  a  dodecahcdral  face  hrings  it  into  n  oev 
orientiition  which  is  always  physically  different  from  the  first,  and  ii 
only  geometrically  alike  iu  the  coses  of  those  special  forms  which  an 
common  to  tho  class  of  the  crystal  and  to  classes  I  and  II.  For  aU 
other  forms  the  orientation  wUl  be  geometrically  as  well  as  phyaicAlly 
different. 

15.  Pi/rites,     We  take  first  the  twinned  dihedral  pentagoD&l 
dotle^ahcdra   ir  {2101    of    pyrites  shown   in   Fig.    431.      The  two 
dodeaihedra  interpenetrate  one  another  more  or  less  regularly,  » 
that  pairs  of  the  cubic  edges  cross  one  another  at  right  auglt.%.    la 
the  diagram,  representing  the  individuals  of 
equal    uize,    each    pentagonal    face   can    be 
traced  by  tho  moro  strongly  marked  edges, 
the  angles  over  whicli  are  salient.     The  re- 
entrant edges  iu  which  faces  of  different 
individuals  meet  are  shown  by  faint  lineSj 
and  are  of  two  kinds.     One  set,  to  which 
[eo]   l>e[ongs,  consists  of   the  edges  of   the 
au.\iUary  culjo  employed  in  Chap,  xv,  Arts.  37 
and  38,  for  the  construction  of   the  complementary  dodecahedra 
T  {AAK)}  and  t  (HO),  which  are  geometrically  the  same  as  ir  {hkO\  and 
IT  jA7*0}.     Tlie  re-entrant  angle  over  each  of  these  edges  is  -  36*  52\ 
being  twice  the  angle  the  twiunixis  makes  with  the  adjacent  norinol 
(102).     The  second  set  of  edges  join  each  a  triad  coign  to  a  point  ou 
the  dyad  axis  in  which  two  cubic  edges  intersect;  and  the  angle 
over  each  of  UuMn  is  also  -36*52'. 

If  we  removed  those  portions  of  the  dodecafaedra  which  fomi 
irregular  three-fjiced  pyramids,  protruding  each  beyond  a  face  of  the 
other  flodccahe<lron,  we  should  obtain  a  twenty -four-faced  figure^ 
bounded  by  the  fjiiut  liiioH  of  the  diagram,  which  is  geomt'trically 
identical  with  the  tetrakis-hexahedron  {210}  of  Cliap,  .\v,  Art.  Jd. 
Eiicli  of  the  triangular  faces  of  this  latter  form  is  a  portion  of  on(>  of 
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tlie  pentagonal  faces  wliicli  serves  as  Uwe  fur  Lliu  prutrudiiig  portion 
in  the  twin  ;  ane!  the  twonty-f  mr  faces  of  tlic  twirtiiiHl  flodernhe^dra 
make  up  tlin  holohedml  form.  The  twins  liavc  therefore  been  called 
suppimientnrtfj  or  complementnr r/~t&rmB  which  serve  to  indicate 
the  gooinetrical  relations  of  the  faces  to  one  another. 

The  twin-axis  may  he  the  normal  to  any  one  of  the  faces  of 
|H0},  and  the  angle  of  rotation  180°.  The  same  orientation  of 
the  two  individuals  is  also  ubtainwl  b}'  a  rotation  of  90"  about  any 
one  of  the  cubic  axes.  These  axes  are  dyad  axes,  and  a  quarter- 
pevoliitton  altout  one  of  them  was  shown  in  Chap,  xv,  Ai-t.  38,  to 
bring  a  <!odecahedron  t  JA/#0[  into  the  position  of  r  {fifcO\.  Tlie  only 
difterente  l>etwern  the  two  modes  of  stating  the  twin  orientjilion  is 
that  different  faces  of  the  individuals  are  brought  after  rotation  into 
similar  ptjsitions. 

The  <Iya<l  and  triad  axes  of  the  two  individuals  have  the  same 
directions.  Hence  the  cubic  faces  truncating  tlve  intersecting  cubic 
edges  of  the  twin  would  )>e  parallel,  ami  wouhl  be  co-planar,  if  the 
indi-viduals  were,  as  in  the  Bgurc,  equably  developed.  Tf,  further, 
these  cubic  faces  were  developed  to  such  an  extent  as  to  pass  through 
the  faint  cubic  edges  of  Fig.  431,  we  shoul<l  obtain  a  mimetic 
twinned  cube,  which  could  not  be  distinguished  from  a  simple  cube 
except  by  the  fact  that  dilferent  portions  of  ouch  cubic  face  woulcl  be 
striated  in  directions  at  right  angles  to  one  another.  Each  cubic 
face  would  consist  of  four  isosceles  triangles;  the  equal  sides  joining 
the  centre  of  the  face  to  the  trigonal  coigns. 

Similarly,  the  octahedral  faces  modifying  each  trigonal  coign  are, 
when  present,  co-plunur.  If  developed  to  such  an  extent  as  to 
obliterate  the  other  faces,  they  would  fonn  an  octahedmn.  Eiicli 
Cue  of  this  octahedron  would,  how-ever,  consist  of  six  triangular 
portions ;  the  portions  being  separated  by  the  lines  through  the 
M-ntre  of  the  face  and  &ach  coign.  Alternate  triangles  would  Ijelong 
to  the  same  individual,  for  they  would  l>e  int<*rchauged  by  rotations 
of  120^  about  the  triad  axis  perpendicular  to  the  composite  face. 

From  what  prucedes  it  follows  that  mimetic  twins  of  pyrites  are 
possible,  which  may  have  the  external  form  of  ttie  tftriikis-hexa- 
bcdron  {2101,  o^  the  cube  (lOOj,  or  of  the  octahedmn   JlllJ. 

16.  Enlytine.  Fig.  432  (after  vom  Rath)  repreyents  two 
interpenetrating  triakis-tetrahedra  ^j211[  of  eulytine  twinned  ac- 
cor^ling  to  the  same  law  as  pyrites.  The  individual  having  one 
of   \is  faces  labelled  n  is  in  the  position  of  /tj2Ilj,  and  can  be 
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brought  into  the  tidiiw  uriontation  as  the  other  liy  (i)  a  Krai- 
revolution  alxtut  the  nurnial  Ui  any  face  of  |110),  or  (ii)  by  » 
rotation  of  90*  about  one  of  the  dyad  axes 
which  pass  through  the  points  of  inter- 
section of  pairs  of  oppctfiite  tetraliedral 
edges  of  the  two  forms.  In  the  figure 
the  (Nquahly  developed  inter-orossing  indi- 
viduals are  represcnte*!  as  meeting  in  the 
three  axial  planes.  The  triad  axen  of  the 
two  individuals  are  in  the  fuimo  lin*«,  but  F>n.  ^3*. 

the  obtuse  ditrigonal  coign  of  tlio  one  would,  if  develo|ied,  lif 
between  the  centre  and  the  ocut'e  ditri^nnal  coixn  <»f  the  other:  wb 
may  express  this  by  the  statement  that  the  acute  ditrigonal  coign  ol 
the  one  is  superimposed  on  the  obtuse  ditrigonal  coign  of  the  other. 

M.  BertrarKl  {Buil  Snc  fran^.  de  Min.  rv,  p.  61,   1881)  found  that 
plates  of  ciilytinc,  cut  parallel  to  a  fooe  (111)  close  to  tlic  surfjux  of 
apparently  tiiniplo  crystals,  on  which  the  tetrahedn»n  ;tllH|  in  Urgd^ 
developed,  give  in  convergent  light  1x»twoon  crossed  Nict^U  the  block  crm 
and  a  series  of  circular  rings  characteristic 
of  a  uniaxal  crvHtal.     Ho  therefore  in- 
terprets the  apparently  simple  crystal  of 
uulytuie  as  a  mimetic  quartet,  consisting 
of   four    pyramids    of   a   rhonibohtxiral 
crytital.    Neglecting  any  small  mixlifyinj^ 
faces,    wo   may   represent   tlio    mimetic 
totnihodron    by    Fig.    433.       Each    in- 
dividual of  the  quartet  consists  of  the 
trigonal  pyramid  formed  by  joining  the 
centre  0  to  thi-co  coigns  p,  and  having 
for  base  the  equilateral  triangle  made  by 
these  coigns.     Such  a  pyramifl   Op'p"f>,^ 
resembles  the  pyramid  OXYZ  of  Fig.  3()0:  Or  is  iLs  triad  axis,  and  the 
pyromid-fflccs  are  Opp"\  Oftp,,.,  Op,^"\    Thoao  faces  are  parallel  to  throe 
faces   of   the  rhombic  dodecahedrtm  ;    and  a 
pyramid  exactly  equal  to  Op'p,fi"'  of  Fig.  433 
is   made   by   the  |>ortion   of   Fig.   434   which 
is    intercepted    by    the    plane     DD'D"    and 
has  its  Qjiex  at  p.      Four  such   pyramids  as 
pDD'D"    will,    when    united    in    pairs    along 
their  pyramid-faces  and  meeting  at  p,  exactly 
fill  the  sjiocQ  enclosed  by  their  four  bases.     If 
isotropic,  such  a  crystjil  will  he  a  tetrahedron 
of  the  cubic  system.    Treated  as  a  mimetic  Fio.  4M. 


Fia.  433. 


^VfC 


TWINS   OF   EULVTIXE. 


,%rtet  of  fotir  pyramids  of  tho  rliorabohedrji)  Myatcm,  tlio  angular  ciciueut 
,j  be  takeu  to  be  35"  10',  the  inclinfttitui  of  a  tetraliodral  face  to  oil  ad- 
ing  fAco  of  tho  rhombic  dodocahodron. 

Acjconling  to  this  view  tho  faces  of  the  cube  become  thoae  of  the 
rhombohedron  {Til}  ;  tho  throe  facias  of  tbo  oubic  ^|211[  adjoining  the 
Itase  (111)  become  faces  of  the  rhoiiibohedrou  {110]  ;  and  the  three  faoea 
of  the  complementary  tetrahedron  ^{llll  e<pially  inclined  to  tho  face 
DI/I/'  become  three  faces  of  tho  rhomltohedrou  {31 1}.  Attention  was,  in 
Chap.  XVI,  Art  69,  called  to  tho  way  in  which  these  rhombohodra  fthnn  a 
uerics  Buch  that  tho  faces  of  ono  tniiiuatc  the  odgOH  of  a  following  one ; 
the  same  iM  true  of  tlie  comwitondiug  cubic  facoa.  Thoy  are  given  in 
auMsceatuon  in  the  following  tjible* : 


CMe  crystal, 
211  truncates  [110,  101] 
no         „  [100,  010] 

100         „         \\U,  111] 


Ilhomhohedral  cnf$tal. 
(HI   truncate.s  [0*11,  010]. 

001   „   [111,  ih]. 

ill    „    [Tl3,  131]. 


k 


From  what  precedes,  it  is  cle;ir  that,  in  a  section  near  the  centre  of  tlie 
tetnihedron,  portions  of  different  rhomlKihedra!  pyramids  will  overlap, 
causing  an  indiHtinctnesB  in  tho  optio  phouomcua :  henco  the  noccBsity  of 
a  HGctiou  from  near  tho  Hurfooe. 

Further,  M.  Uerbtind  states  that  in  certain  crystals,  the  external 
Mlia{)0  of  which  he  does  not  give,  but  in  which  proKibly  the  faces  of 
i<[finj  are  largely  developed,  each  of  the  rhotnbohedral  ]>yraniid.s  con- 
stituting the  mimetic  tetmhodron  is  itself  made  up  of  thniu  HCiMirftte 
|>oriionjs  which  have  their  optic  axes  subatiuitifdly  parallel.  ProfesHor 
Klein  and  other  cryHtalU)graphers  maintain  that  tho  cryHtals  are  truly 
cubic,  and  that  the  optic  phenomena  in  those  crystals,  as  also  the  similar 
phenomena  (described  as  anomafous)  in  crystiils  of  leucito,  garnet,  boracite, 
analeimc,  &c,  are  tlie  result  of  a  strained  stnicture.  This  interjiretation 
has  \ieen  supported  by  finding  that  some  of  the  substances  Itccomo 
isotropic  wbon  tho  tomjKinituro  is  ruiHed,  and  by  tho  production  of 
similar  plionomena  in  isotropic  substances  by  mecliatiiwil  stiuins  ;  the 
phenomena  in  tho  latter  being  found  to  vary  with  the  external  shapo. 


W 


If  Bf.  Bertrand's  interpretation  be  admitted,  it  follows  that  the 
twin  of  eulytine  represented  in  Fig.  432  consists  of  twenty-four 
(or  possibly  of  forty-eight)  different  portions.  Assuming  that  they 
all  meet  regularly  in  the  planes  joining  the  tetrahedral  and  re- 
entrant edges  to  the  centre,  three  (or  six)  meet  at  each  acute 
trigonal  coign.     There  are  not  enough  data   to  settle  to  which 


Tho  Rtudent  will  do  well  to  make  a  stereogram,  like  Fig.  2Ct!i,  p.  312,  in 
which  the  cubic  Bymbols  of  tlie  polos  in  the  table  are  inscribed  in  black  ink,  and 
eorrcnpnndin^  rhninbuhudral  symbola  of  the  same  poloa  in  red  ink. 


480  TWINS  OK  THE  CUBIC  SYSTEM. 

olaas  of   the  rliunilwliedra)  Hystem  the  individual   should  beiur 
hut  the  cliws  is  prol»aMy  one  in  which  there  are  ueitlicr  dyad 
nor  a  centre  of  syuimetry, 

17.     Sodium  diloraU.     When   the  crystals  are  deposited  fmm 

a4{uryiU8  solution  at  temperatures  below  0''C.,  thpy  are  frequRutly 

deltoid  do-leoahedra  t{332[,  or  t{332}  with  tjIM},  or  tetraliwlm 

T  |1 1 1  j  twinniyl  in  a  manner  g(M)nietrically  the  same  as  the  twins 

culylino  (Groth,  Pot/y.  Ann.  clviii,  p.  216, 

1876).     The  twinned  tetrahedra  are  rqsre-         ''''-Lr-^H* 

sented  in  Fig.  435,  in  which  tho  dyad  axes 

of   the  two   forms  are   given    by   the  lines 

joining  pairs  of  opposite  points  A,  «.(/.  A'A^,        -^^ 

Examination  of  plates  cut  from  the  twinned 

crystal  shows  that   the  individuals   rotat*^        l^y    -^^''^^ 

the  plane  of  polarization  in  opposite  direc-       //  -  i., 

tions.  the  one  beinff  dextro-  the  other  laovo- 

,*  ^  Fio.  436. 

gyral. 

According  to  Froaners  theory,  light  is  propagated  in  such  crystals  by 
circular  oscillfttions,  so  that  the  |wrticle»  of  other  of  which  the  motion  c<»n- 
«titutos  ft  ray  of  light  arc,  iit  nny  givon  instjmt,  rtrrAtigwl  in  a  helix  d<»i*ril»Mi 
fni  n  cylinder  of  circidar  section  which  has  it«  axis  in  the  line  of  pro|wigatinn 
of  the  light :  the  intensity  of  the  light  in  ineaHuml  by  tlie  sqiuire  uf  tlie 
rntliiis  of  the  circular  section.    This  helix  i»  right-lmndcd  and  reaenihlvs  a 
corkscrew,  if  the  light   consists   of  n   right-hiincleil  circularly  polarised 
beam  ;  and  is  a  left-handed  screw  in  the  case  of  a  left-handod  cipculitrly 
polarised  beam.     When  plane- ]>uIariHed  light  falls  on   the   cr^irtal,  it  is 
rcHolved   into   two   circuUrly   i>olarisod   Iteams    of   iy\\\a\   intensity,   Iwt 
op(>OHite  directions  nf   rotation.      Further,   in   dextrogyral   crystals  the 
right-handed  Ixjam  is  the  faster,  in  Iwvogyral  crystals   the  loft-hand 
Rut  by  reflexion  in  a  plane  a  right-handed  helix  is  reproduced  in  a 
handed  hoiii,  and  vice  vertd  ;  whilst  by  a  semi-revolution  alwut  a  Uii 
helix  is  reproduced  in  one  of  the  same  kind.     It  follows  therefore  that 
two  individuals  in  the  twin  of  wxlium  chlorate  are  optically  as  wcJl 
crywUllographicidly   reciprrK-al    reflexions   in   the   planes   containing 
dyad  axes  of  the  twinned  individimls.     It  is  highly  probable  that  the 
conHtraint,  which  in  cuantiomoriihous  crystals  limits  the  motion  of  the 
ether  to  circular  oscillations,  is  connected  with  the  arrangement  of  tbii 
^L  particles  in  the  two  correlated  bodieu ;  the  arrangement  in  the  one  being 

H         to  that  in  the  other  as  an  object  is  to  its  rellexiou  in  a  mirror,  plaoad     ) 
H         paralh 

I  n 

H         sodiui 


parallel  to  certain  faces  of  both  crystals.  ^^|^B 

Tlie  optical  relations  of  the  individuals  united  in  the  troWl^n 
sodium  chlorate  show  that  a  sonii-nn-olution  aU>ui  a  line  parallel  to 
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one  of  the  tetrahedi'al  edgefl,  or  a  quarter-revolution  a^tout  one  of  the 
dyad  Hxes  does  not  bring  the  titatt«r  of  one  into  a  state  of  similar 
orientation  with  that  of  the  other ;  and  such  a  twin  cjinnot  be 
explained  by  means  of  a  twin-axis  of  rotation.  Geometrically  and 
optically  the  two  intlividuala  are  reciprocally  symmetrical  to  each 
of  the  planes  A'AA^^  ifec,  which  contain  two  dyad  axes  of  both 
individuals:   they  form  a  symmetric  twin  defined  in  Art.  2. 


16.  Diamond  and  kaUi/ne.  Octahedra  of  these  substances  are 
founds  in  which  the  edges  are  replaced  by  grooves  as  shown  in 
Fig.  436.  The  crystals  of  diamond  are  placed  in  chiss  V  of  the 
cubic  system,  partly  because  a  few  crystals  having  the  form  of 
hexakis-tetrahedra  of  this  class  have  been  observed,  partly  to  account 
for  the  grtMives  :  thixse  of  haiiytie,  for  the  latter  reason  and  from 
their  close  affinity  to  crystals  of  sodalite.  When  etched  by  a 
solution  ctmtaining  12  f>er  cent,  of  hydrogen  chloride,  each  face  of 
Uie  rhombic  dodecalifnlron  of  sodalite  shows  triangular  pit,M,  which 
are  symmetrical  to  the  dodecaluMJral  plane  of  syumietry  perpen- 
flicular  to  the  corrfided  face.  This  fact  is  consistent  with  t!m 
presence  of  the  dodecahrdral  planes  uf  symnu-trj',  but  involves  the 
absence  of  the  cubic  planes  of  symmetry. 

If   two  tetralieilra  are  twinned  like  those  shown  in  Fig.  4.15, 
they   intersect    in    re-entrant   edges   AA\    (be;    and    the   trigonal 
pyriimidrt   pi-ojocting   beyond   these   edges   l)el*ing   to  separate  indi 
viduals.      If   now   planes   are   drawn  through   the  re-entrant  edges 
cutting  off  these  pyramids,  an  octjvhedron  like  that  in  Fig.  437,  the 


Fia.  436. 


Fifl.  437. 


faces  of  which  are  labelled  o,  o^^,  o^,  o'",  will  ha  obtained.  Such  an 
octahedron  include-s  portions  of  both  individuals,  and  is  a  mimetic 
twin  similar  to  that  descril>ed  as  possible  in  pyrites.  In  this  twin, 
however,  the  portion  in  ejich  octant  which  lielongs  to  one  individual 
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fills  the  space  included  between  tlie  nxial  planes,  and  each  face 
1m*Uiii^p  to  a  Hingle  itidixnilual.  By  drawing  the  truncating  plane* 
furlhtM-  away  from  the  centre,  bo  that  only  a  poi'ti«jTi  of  each  <if 
the  projecting;  pyramids  is  cut  otf,  a  mimetic  octahedron  having 
groovtnJ  edges,  like  Fig.  i36»  is  produced  :  the  Hides  of  the  gn>ivtt» 
are  faces  of  the  tetrahedron  which  is  couiplementarj-  to  that  lo 
which   the  octahedral  facu  bf*longH. 

Tlu!  same  explanation  may  he.  given  of  the  crystal  of  diamond. 
Fig.  294.  This  win  be  derive*!  from  twiune<i  hexakis-tetraliedrt 
which  would  somewhat  renemhle  the  twin  of  eulytine,  Fig.  431 
Each  ditrigonal  coign  w  then  inodifie<i  by  a  t«trahedral  face  (111), 
which  outs  off  the  greater  portion  of  the  protruding  pyramid. 


ii.       TWIXS   OP   THE  TKTBAOOXAL   SYSTEM. 


These  twins  have 
In   the 


A.     Tiffinroa^a  thts  normal  to  a /are  of  [hOf]  or  j/iA/j. 

19.  Coiuiiterile  an*i  ruiile.  These  twins  have  a  face  of  the 
p^Tamid  {lOlj  for  twin-face, 
twin  of  ciiSMiteritti,  Fig.  438,  a  face  a  of 
{100|  of  both  imiividuals  is  co-planar: 
the  twin-axis  ih  thoroforc  parallel  or 
perpendicular  to  tliis  face.  But  the 
normal  to  a  is  a  dyad  axis ;  and  a  seini- 
revolution  lOiout  it  gives  an  orientation 
identical  with  the  first.  The  twin-axis 
is  thereforo  ]>aranol  to  the  face,  and, 
since  the  crystal  ih  symmetrical  to  the 
face  and  to  a  centre,  the  twin-axis  may 
be  either  perpendicular  or  parallel  to  the 
combination-plane.    By  a  semi-revolution 

about  tlio  n<nnial  (01 1),  the  faces  on  the  lower  half  of  Fig.  438 
brought   into   parallelism    with   those  on   the   upper  half.       By 
seini-revolutton  about  the  line  in  the  combination-plane  parallel 
[fw]=[100,   111]^  the  lower  half  is  bnmght  into  congruence  wi 
the  upper  half,  mid   the   twin  is  repi-esented  as  if  formed  by 
union  of  two  like  halves  of  separate  crystals.     The  twin   is 
symmetrical    with   respect   to   the    combination-plane.     We    shall, 
however,  speak  of  it  as  a  heniitrope  with  Oil  for  twin- 
In  both  minerals  the  faces  a  and  m  are  usually  well 
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dcYelop4^H 
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FiQ.  439. 


In  cflAfiiterite  the  faces  in  their  zone  are  striated  vertically  :  this 
character  enables  us  to  diHtinguish  tlictu  from  the  faces  «,  which 
have  A  somewhat  glazed  as|>ect.  lu  Fig.  438  the  faces  s  present 
niake  salient  angles  with  one  another;  hat  when  the  piiRin-edgea 
are  short,  faces  «  make  a  tmugli  with  two  re-entrant  angltw  in  the 
nei^hbuurhotxi  where  m^,  m  and  a^  meet.  The  prLsni-faces  m  iitake 
two  salient  and  two  reentrant  angles  of  equal  magnitude. 

20.     To  determine  the  direction  of  the  twin-axis  in  a  doublet 

similar  to  Fig.   438. 

i.      When    the    faces   a    of    UoLh 

portions  are  seen   to   be   co-planai-, 

measurement   of   the   salient  or  re- 
entrant  angle   a  A  a    suUices.     For 
I     C  in  Fig.  439  being  001  and  r(OTl), 

we  have  a' Aa,  =  SC'T*;  and  in  cassi- 

terite    CT^^S"  55\   and    in    rutile 

32"  47-25'.   Therefore  a  A  ff,  is  67"  50' 
I     or  65' 34-5'. 

I  Measurement  of  any  one  of  the 

I     angles,  m  A  m,  m^  A  m',  or  9  A  ?  ^^ 
I     suffices;  for 

L  m,Am'  =  -mA!n=180'-2w,r,  and  s  A  s^  ISO"  -  2tiT. 

^B     For  caasiterite,  m,  7=  66'  46',  m,  A  m' «  46°  29' ;  #  A  «  =  38"  29' ; 

■       „     rutile,  -67   29,        „       =  45     2  ;     „     =42   39. 

^V  ii.  When  however  the  face«s  a  are  not  present,  mcnsuromcnt  of 
two  of  the  above  angles  is  needed  to  establish  the  position  of  the 
twin-axi«.  ThuH.  in  Fig.  439,  measurement  in  the  dniwu  zone.s 
[T'wf],  [w,  7*mJ  of  the  angles  a  A  «  and  m  A  m  gives  the  sides  *7'  and 
fn^T  of  the  spherical  triangle  Tgrn/,  and  by  preliminary  examination, 
the  student  is  suppOKed  to  have  identified  8  and  m,  and  to  know 
their  position  on  the  sphei'e  of  projection.  Hence  T  can  1x3  pro- 
jected by  the  method  given  in  Chap,  vii,  Art  19 ;  and  its  position 

Lnrith  respect  to  the  fixed  crystal  is  determined. 

^f      In  Fig.  439,  the  poles  of  the  rotjitetl  portion  are  represented  by 

i  stars ;  and  the  same  method  of  distinguishing  the  polea  of  the 
rotated  crystal  ^ill  be  used  in  other  coses. 

In  determining  the  direction  of  the  twin-axis,  the  student  is 
metimes  puzzled  which  of  two  possible  lines  to  select  as  twin-axis; 
z.  OT  the  perpendicular  U)  the  combination-plane,  the  position  of 
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wliich  is  given  by  the  pole  ^(OTl)  in  Fig.  439,  or  05".  lying  in  the 
ctimhinatiou-plnne,  the  extremity  of  which  bi&ect«  the  arc  aa  in  Uu 
stereogram.  Both  give  correctly  the  orieiitatioa  of  this  twin,  bnt 
OT  in  a  possihle  norraal,  whilst  OT^  ta  a  possible  zone-Axin,  a  ftemi 
Involution  about  which  gives  like  halves  of  separate  crystals.  Tb« 
diflioulty  uminly  arises  fn)in  inability  to  Bee  clearly  the  position  of 
the  combination-plane,  and  from  the  attempt  t<»  assign  indices  to  T 
as  the  pole  of  a  pogaible  face.  If  the  me&durement^i  are  only 
approximate,  the  difficulty  may  tw  great ;  and  in  defaalt  of  other 
evidence  the  line  which  haa  the  lowest  indices  is  selected. 

In  the  cane  of  the  two  minerab  caaaiterite  and  rutile,  it  ia  easy 
dJHtiiigtiiah  between  the  two  representa- 
tions, and  to  show  that  OT,  is  not  a 
po88iblQ  normal.  Thua,  knowing  a'a^  to 
be  67" 50'  in  caasiterite  and  65" 345'  in 
rutile,  we  have  for  CT  33*65'  and 
32°  47'2.V.  Henco  T  is  in  both  cases 
the  iH>lo  (Oil),  and  the  expression  for 
the  twill-law  is  simple  and  the  same  for 
lM>th  suljstances;  viz.  twin-face  (OT]). 
Ijet  us  now  suppose  T,  bisecting  the  arc 
a'flt,  ui  Fig.  4;J9  to  be  a  |>o8ftible  pole 
{{)kl).  Then  ^TT,  =  m'' \  for  T  luxd  T, 
Hi-n  tlie  exlenud  and  intenia]  l>i»e<:ton* 
(tf  the  i\TC  a'a^.  But  ^  is  (Oil),  and 
tan(V~tau  fS-e-^a  (Chap,  xiv,  Art.  fi). 
we  have  ton  Ctf'^tan  CT, 

But  CT,  =  90°  -  rr=  00"  -  C«'  =  90"*  -  E, 

.*.  l-T^k  (a  rational  number)  =  tan' ^=c*-r-«'. 

Henoe  the  ratio  of  the  squares  of  the  parameters  must  be  rati 

But  we  know  that  those  jiarameterH  vary  by  insenRibly  Kuiall  increments 

with  the  tciuporature,  and  that  the  coefficient  of  thermal  expansion  along 

the  principal  axis  difftirs  from  that  in  directions  at  right  angles  to  it 

Hence,  oven  if  for  some  particular  temperature  c^'-ra*  is  rational,  it  cannot 

remain   so  as   the   temperature  changes;    and   l-^k  caimot   be   a  fixed 

K  o^immeuHurablo  ratio.     Introducing  in  the  above  equation  the  values  of  J? 

I  fur  cassiterite  and  rutile,  we  have : 

■  for  cassiterite,  jt-i-/«=oot*33''56'«2*2,  nearly»lI-^fi  (say); 
W  for  rutile,  „   =cot«32='47-25'-2*4,  noarly=5-r2  (say). 

■  Heuce,  appmiimately,  T^  is  (0,11,5)  in  cassiterite,  and  (052)  in  rutile. 
H  Calculnting  now  from  the  A.R.  the  positions  of  the  (Kiles  (0,11,6)  and 
I         (052),    we    find    CA0,1  l,f>  =  55"  56-5',    and    OTl  A0,n,.5  =  89''51*5';    and 


Again,  frnni  the  A.R. 
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'A052=68'9  75'   aud   Oil  A 052  =  90' 5 7'.      The   pole  (052)  of  rutile   is 
iRIilaccd  hy  a  very  ai)pr(>cialjlo  aijglo  from  the  position  required  for  T,, 
id  0,11,5  Are  unusually  liigH  indices  for  a  normal,  and  more  efl]>ociaIlj 
for  one  which  is  a  twiuaxis. 

21.  CfTstallographers  at  one  time  attempted  to  represent  the  fjoces  uf 
the  rotjited  portic»n  as  possible  faces  of  the  Hxed  one  ;  and  determined  the 
relations  which  should  exist  between  tht;  elements  uf  the  crystal  for  this 
to  bo  |)08sible.  Thus,  the  condition,  that  the  poles  fQ  and  s  m  Fig.  439 
shotdd  be  jjossible  jioles  of  the  tetmgomil  crystal  given  by  the  poles 
o^  M,  jr,  0,  is  that  c*-ra*=tan^^  should  l»e  rational.  We  have  already 
seen  that  this  is  nearly  satisfied  in  rutile  and  cossitorite.  Nauuianu 
makes  frequent  use  of  the  idea  in  the  dniwing  of  twin-crystals  ;  and  wo 
shall  give  an  instance  of  its  use  in  describing  one  of  the  twins  of  staun>[ite. 

We  can  easily  Bnd  the  condition  that  tiic  faces  a,,  m,,  s  should  lie 
possible  faces  of  the  fucd  crystal,  the  polos  of  which  ore  a,  m^,  «,  &o. 
^^-      Suppose  a,  to  be  (0^/),  and  take  the  A^a.  {Co^'o'}. 

^M     Then  tan  j^^tan  Cq^  =  l-i-k. 

^M      But  Cb,=  ra,- C7'=90'-2^; 

^m  .-.  tan  2£'tan  E^l-^k; 


cot»  A'=  — J— =  2-2  =  1 1 -r 5,  for  cassitorito ; 


»S'4-i5^S,  for  rutile  f 

"takjug  the  same  approximate  values  as  before. 

Hence  in  cassitcrito  o,  becomes  (036),  and  in  rutile  (034). 
I  Again  6'  being  the  poaitiou  of  (001)  in  the  rotated  crystal,  GT^TC, 

^^d  tV^^K 
^H     Hence  C  being  (Oi^,  wo  have 

^H  2-^i^=t&D£-^tan2A'-=(i-ta])<£)-^2. 

^H     Hence,  tjiking  the  same  approximations,  C  is  (0,11,3)  for  c^issitorite, 

Hbad  (0,10,3)  for  rutile. 

The  symlnjU  of  the  other  i)olu8  can  now  Ijc  found  by  the  law  uf  zones, 
lliua  m"  He«  in  [«^]=[i00, 035]=^[053],  or  =[100, 034]  =  [043j  aud 
in  [»»7^=[11]].     Hence  m"  is  (836)  in  caasiterite,  and  (734)  in  rutile. 

I  Again  s  lies  in  the  zones  [^7^  and  [Cm"} 

i  For  cassiteriUs  [sT^  is  [2ij]  mid  [C^i"]  =  [8,  3,  11];  .-.  |  is  (471). 

H  rutile         „     „  [2ll]    „        „      =[^3,  10];  .-.   „„  (7,13,1). 

^™^  The  above  symbols,  dn[)ondii)g  on  the  ftpproximate  vahie  adopted  for 
I  cot* ^=a-^c*,  are  only  approximate;  aud,  ainco  £  and  the  parameters 
'       change  with  the  tctuperaturo  by  iusen»ibly  tmiall  iiicrtiiJuntM,  the  faces  of 

the  rotated  portion  uinaot  have  rational  indices  when  they  are  roforrcd  to 

the  axes  and  parametral  plane  of  the  fixed  fxtrtion. 
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Fio.  440. 


22.     To  find  tlio  position  of  the  axes  of  the  rotated 
and   to  drnw   tlie  doublet  of  ciuijiitorite. 

A  projection  of  the  axes  of  the  cryjitAl  in  conventional  poi 
is  first  obtained  from  that  of  ft  sot  of  cubic  axes  by  changin; 
U'ltgth  of  the  vertical  axis  in  the  ratio  tan  E  :  1.  Thus,  in 
aiU^rite  0C  =  Oil"  x -6723  ;  and  in  rutile  OC- =  0-4"  x -644. 

The  position  in  the  projected  plane  VOA'  of  the  normiU  aV(>.» 
to  the   twin-face  (Oil)  or  (Oil)  has 
now  to  be  found. 

In  the  plane  of  the  paper. 
Fig.  440,  construct  a  right-angled 
triangle  OA^D  having  the  angin 
at  A^^E  (33*  55'  for  ca8sit©rit<ii, 
32'  47-25'  for  rutile).  With  Aft 
as  diameter,  describe  a  circle  cutting 
A^D  at  3f.  Through  M  a  line  is 
then  drawn  parallel  to  DO  to  weet 
A/7  in  the  point  N"  required. 

It  is  clear  that  the  angle  at  if,  being  the  angle  in  a  semicircle, 
is  u  right  angle.     Also 

A^M^OAf  =  voiDAfi=^coiE; 

and  OM-r  MD  ^  cot  {DOM  =  DAfl)  =  cot  E, 

:,  A^M^MD=^coi'E. 

But  in  the  perspective  of  the  drawing,  Afi('  is  a  right-angti 
triangle  having  /\OAfi=E,  and  AftC=-90\     And,  since  the  iii 
JIN"  and  DC  are  parallel, 

A,N"iJi"C  =  A,M:MD  =  coi'E:\ 

The  point  iV"  has  therefore  in  the  hypotenuse  of  the  pw^ 
triangle  the  same  relation  that  M  has  in  the  triangle  AOD.     N*'  is 
therefore  the  foot  of  the  jKJtpeudicular  drawn  from  0  on  CA^. 

It  is  not  necessary  that  the  right-ftngle<l  triangle  in  the  p*p«^i 
having  an  angle  E  at  A^  should  have  OA^  for  side.     Tlie  tnivn|^H 
may  have  any  position   and   any   size.     Thus,   by  drawing  a   line 
througli    M    parfillul    to   DC^^  the  point  A'^  is  found    which  im  tb« 
point  at  which  the  normal  (Oil)  meets  Afi,,     For 

A^N,'.NjC^^A,M:MD«cot^E'A, 
The  twin-axis  ON  is  in  the  next  place  produced   to  n   win 
NU  =  ON^-  ON".     The  linos  OC,  and  HA'  drtiwn  Uj  the  ajcial  pui 
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where  (Oil)  meets  the  thxes  are  two  of  the  axes  of  tliu  rotated 
portiua  both  in  direction  and  magnitude.  The  triangles  OXC^ 
and  UNC,  are  equal.  Hftnce  nC,  =  OC^,  and  ^CON^  ^CpX. 
Rotation  through  180*  alx>ut  OX  will  therefore  bring  OC  })uralk;l 
to  0<,\.  The  signs  will  however  be  different;  for  OC^  ia  measured 
downwards,  and  QC^  would  in  its  rotated  position  be  measured 
upwards.  The  same  pi-oof  holds  for  UA\  The  third  axis  iXA  is 
parallel  to  OA^  both  being  parallel  to  the  twin-face,  and  the 
parametral  length  ia  equal  to  OA. 

Similarly,  if  (01 1)  is  the  twin-face,  (1,  is  the  origin  uf  the  rotated 
axes,  where  il^N^^ON^.  In  this  case  the  axes  of  t\\Q  rotiittwl  portion 
are  O,^'^,  ^^A,*  *^^  ^A  parallel  and  equal  to  OA.  The  same  pi-ocess 
will  give  n'  and  it*  in  the  upper  quadrEuits  and  the  corresponding 
i-otated  axes  when  the  faces  (Oil)  and  (1)11)  are  the  twin- 
faces. 

In  drawing  Fig.  438,  the  portion  in  conventional  position  is  first 
drawn.  Any  point  in  the  etlge  [fon]  is  taken,  which  gives  to  the 
pri&m-edges  a  length  corresponding  appruximutely  tu  those  of  tlio 
twin  J  and  the  lines  of  intersection  [mm],  ['^]»  ["^^i  ]?  ^^-^  "'  winch 
the  prism-faces  meet  the  combination -plane  passing  thrtmgh  the 
selected  point  in  \am\  are  doterniined.  Biuce  these  edges  He  in 
(Oil),  their  directions  are  those  of  the  zone-axes  [110,  Oil], 
[100,  Oil],  [110,  OH],  d:c.,  of  the  fixed  crysUl.  Draw  in  Fig.  440 
the  lines  AL^  CJ^  panillel  respectively  to  OZ  and  OX.  The 
face  (110)  may  be  supposed  to  pass  through  AL  and  A\  (110) 
through  AL  and  A^^  and  (OlT)  through  C^L  and  A'.  Honcu  the 
edge  [mm]  parallel  to  [1  10,  OlT]  is  given  by  /t'A,  [rwi]  by  .I'C^,  and 
[m^m']  by  a  line  joining  A'  to  a  point  L^  on  C  L  produced,  wliere 
C^L^  =  C^L.  The  edge  [«'{?,]  is  parallel  to  OA.  The  etlges  and  ttie 
line  of  construction  [ow]  are  now  drawn  and  terminate  the  fixwl 
portion  of  the  twin. 

The  priRra-edges  [ma],  Ac,  of  the  rotated  jfoition  are  now  drawn 
parallel  to  fiC,  through  the  points  in  which  the  prifim-e<:lges  of  tlje 
fixed  crj'stal  meet  the  combination-plane.  The  poHitiims  (jf  the 
coigns  on  these  new  erlgos  are  determined  by  drawing  lines  parallel 
to  Oil  through  the  corresponding  coigns  on  the  tixcd  crystal.  The 
edges  [ofl],  [m^],  itc,  are  then  drawn;  and  tlie  pyramid-edges  are 
got  by  finding  the  apex  C^  of  the  lower  individual.  This  apex  is  the 
intersection  of  Cp.  of  Fig.  440  with  the  line  through  the 
if  the  fixed  crystal,  parallel  to  0;Vn. 
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23.  We  shall  miw  describe  Bome  of  the  roaltiple  twins  of  rutik, 
and  shall  consider  firHt  those  in  which  the  several  individuals  have 
a  common  face  a  of  the  prism  {100),  and  the  twin-axes  and  principal 
axes  all  lie  in  the  same  piano,  A'OC  of  Fig.  440.  The  prisms  m  and 
o  are  usually  well  developed,  but  they  are  sometimes  replaced  by 
faces  /  of  !210(.  Fig.  441  repretteots  a  triplet  in  which  the  faces  of 
{2IOi  form  the  prism-zones,  A  similar  triplet,  ha\-ing  the  samv 
forma  as  those  in  Fig.  438,  is  shown  in  X'^ig.  442. 


Fio.  ill. 


Fio.  442. 


Another  like  individual  am  now  be  united  with  the  upper  one 
of  the  triplet,  Fig.  44'J,  talking  {01 1)  of  this  individual  for  twin  face. 
The  two  individuals  are  those  distinguished  in  Fig.  443  by  letters 
bearing  the  affixes  4  and  5,  respectively.  Similarly,  a  like  in 
dividual  can  be  twinned  according  to  the  same  law  to  the  lower 
individual  in  Fig.  442;  the  twin-face  being  (OTl)  of  the  latter 
The  new  nieinl)er  of  tho  sextet  is  that  bearing  the  affix  '1.  A  sixth 
individuul  can  now  be  united  in  like  twin-orientation  with  either  of 
the  individuals  having  respectively  the 
affixes  2  and  5  ;  but  it  cannot  be  in  true 
twin-association  with  both  of  them.  In 
Fig.  443  the  individual  with  affix  3  is 
twinned  to  that  having  the  affix  3.  We 
have  already  seen  that  the  salient  angle 

aV  is  2C7'=2x  32"  47-25' =  65* 34-5'. 

.-.   o'tt"  +  aV  +  . . .  +  0*0"  =  5x65"  345' 
=  327"  62-5'. 
The  angle  a*a*  is  therefore  32*  7*5';  but, 

if  the  two  individuals  were  in  twin-orientation,  the  angle  would  be 
65°  34-5'.     The  face  a\  regarded  as  a  face  of  the  individual  with 
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Si  IB  very  nearly  in  the  position  of  (052).  Tlie  sextets  and 
(Art.  24)  of  rutile  from  Graves'  Mt.,  Georgia,  U.S.A.,  were 
fint  described  by  G,  Rose  (Pogg.  Ann.  cxv,  p.  643,  1862).  Ho 
places  a  dimple  formed,  as  shown  in  Fig,  444,  by  m  faces  in  the 
centre  of  the  common  a  face ;  but  the  specimen  in  the  Cambridge 
MuHeum  shows  no  sign  of  the  dimple. 

Tlie  similar  multiple  twins  of  cussiterite  are  not  so  regular ;  and 
it  is  rare  to  get  twins  in  which  more  than  three  or  four  individuiils 
have  their  principal  axes  co-planar,  and  the  parallel  faces  a  are 
very  slightly,  if  at  all,  developed. 

24.     Another  remarkable  twin  of  rutile,  an  octet,  was  also  (/oc. 

cit.)  de«cril»t«l  by  Rose.     A  copy  of  Ids  tigure  is  given  in  Fig.  444,  and 

atereogram  of  the  octet  in  Fig.  445,  the  primitive  being  the  zone- 


Fiu.  444. 


circle  [♦"^''^w"]  of  Fig.  430.  In  thiwe  diagrams  tlie  fiiceK  and 
portions  of  a  face  belonging  to  a  single  individual  are  denoted  by 
tetters  carrjnng  single  index-numl)ers,  and  the  poh's  of  a  face  or  axis 
oommon  to  two  imlividuals  by  double  index-numl?er».  In  this  twin 
each  individual,  except  1  and  8,  ix  united  to  the  two  adjacent 
indi\*iduals  in  true  twin-association  ;  the  twin-face  ou  one  Hide  being 
^(Ol  1;,  lis  in  the  doulilet,  and  on  the  other  side  the  homologous  face 
(101)  in  the  zone  [mT\  of  Fig.  439. 

In  Fig.  439  the  arc  101  A  01 1  is  the  hypotonuao  of  an  iaascoles 
right-angled  triangle,  of  which  C7'  is  a  side. 

.-.  008(101  A  On)  =  coa»(Cr=  32"  47'26'); 
.-.   101  A  01 1-46' 2',   and   m'T^  w  A  101  =  67*  29*. 
Hence  mm"  ^  180"-  2m"r=  101  A  Oil  =45''  2'. 
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Tlie  successive  priKin  faceis  m  which  lie  in  ttio  zone  containing  all  vtw 
twin-axee  are  therefore  inclined  to  one  another  at  angles  of  4r»'  2'. 

Since  all  the  individualH  from  1  to  8  are  in  strict  twin-orientAtion, 
the  angles  f»,m5  =  tnjm,  =  &c.  =  m7m,  -  45°  2' ;  and  their  suiu  is 
7  K  45'  2'  =  315'  14'.  Hence  my,fn^  =  360'  -  315"  14'  -  44'  46:  The 
first  and  eighth  inrli\*idua1  are  not  therefore  in  twin-conibinatioa; 
and  the  face  indicated  in  Fig.  445  by  the  circlet  a'«,  is  not  augict 
but  should  consist  of  two  trijoigular  portions  separated  by  a  re- 
entrant angle  of  12'. 

The  twins  of  this  kind  arc  not  often  complete,  nor  do  the 
components  meet  accurately  iu  the  edges  [o^],  [r»,m,],  ibc,  u 
shown  in  Fig.  444.  The  presence  of  other  faces  m  and  e  {lOIj  neur 
these  edges  much  facilitates  the  detection  of  the  twin  character. 
The  trapezohedral  faces  o^,,  6ic.  are  generally  very  even  and  stnooUi, 
and  show  little  or  no  trace  of  their  composite  character ;  hut  one  of 
the  specimens  in  the  Cambridge  Museum  shows  a  wcll-defin«d 
re-entrant  angle.  Unfortunately  the  faces  of  this  specimen  are  too 
dull  to  admit  of  measurement,  and  it  is  thus  impossible  to  ascertain 
whether  the  faces  meeting  iu  the  edge  make  the  angle  12*  betweeu 
Og  and  dj,  which  regular  twinning  from  1  to  8  requires. 

Nest-like  octets  of  the  black  variety  (nigrine)  found  in  Arkansas, 
U.S.A.,  also  occur,  in  which  the  twin-axes  have  the  same  ar 
rangoment  and  lie  in  a  zone  [tnT^.  The  difference  in  habit  arises 
from  the  fact  that  the  faces  develo]>e<]  lielong  to  the  ditc'tragonal 
prism  {310] — the  form  denoted  by  the  letters  /  in  Fig.  441.  The 
faces  /  are  deeply  striated  parallel  to  the  principal  axis,  and  these 
axes  zig-Kag  across  the  plane  [ml^  containing  the  twin  axes  in  the 
same  way  as  the  edges  [m^aj],  (be,  in  Fig.  444.  The  prLsms  are 
usually  slender,  so  that  a  depression  is  left  in  the  middle  of  the  twin. 

25.  Multiple  twins  of  cassiterite  in  which  individuals  are 
twinned  about  homologous  faces  e  of  the  pyramid  jlOI|  also  occur; 
but  the  twin-axoft  of  the  successive  components  rarely  remain  in  the 
sjime  plane.  A  frequent  habit  is  that  in  which  a  prism  m  (llOj 
forms  the  larger  portion,  Suppose  now  a  cup-like  depression  to  be 
formed  at  one  end  of  tliis  prism  by  the  four  pyramid  facets  e  parallel 
to  those  which  in  the  simple  crystal  form  the  salient  pyramid  at  the 
opposite  end.  Along  each  face  of  the  tetragonal  cup  a  small  indi- 
vidual is  united  in  twin-onentation  with  the  larger  prism.  Four 
individuals  are  similarly  united  to  the  prism  at  the  other  end.     We 
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get  a  twin  of  nine  individuals;  the  four  .sui;i11  indiviclualH  at 
end  are  not  in  twiii-asHociation  with  one  aiiutlier,  nor  with 
those  at  tho  othor  end  ;  hut  the  pair  of  components  situated  at 
opposite  coigns  of  tiie  prism  are  in  like  orientation,  and  may,  if 
they  touch,  be  regarded  as  portions  of  one  individual.  Coiiipleto 
twins  of  this  kind  are  very  rare. 

P  26.  Zircon.  Although  the  cryntala  of  zircon  are  isoiuorphous 
with  those  of  rutile  and  casaitcrite,  it  was  not  known  to  twin 
until  Herr  O.  Meyer  discovered  microscopic  twins  in  rock-sectioiis 
{Zeil9ch,  d.  DetiUcfh.  gsol.  Getf.  xxx,  p.  10,  \S76).  Shortly  after- 
wards macroscopic  twins,  similar  in  habit  to  the  doublet  repre- 
sented in  Fig.  438,  were  discovered  in  Renfrew  Co.,  Canada;  and 
were  almost  simultaneously  described  by  Atr.  L.  FIBt^Jhe^  {Phil. 
Mag,  [v],  xn,  p.  26,  1881)  and  Mr.  W.  E.  Hidden  (Am.  Jour,  of 
Set.  [iii],  XXI,  p.  507,  1881),  The  twin-face  is,  as  lu  the  twins  of 
rutile  and  cassiterite,  a  face  of  the  pyramid  jlOlj,  and  the  principal 
&xes  of  the  two  portions  are  inclined  at  65"*  16'  bo  one  another.  A 
similar  twin  and  live  otiier  twins  of  zircon  from  Henderson  Co., 
N.  Carolina,  U.S.A.,  have  recently  been  dcacribod  by  Messrs.  Hidden 
and  Pratt  (Am.  Jour,  oj' Sci  [iv],  vi,  p.  323,  181>S);  to  whose  courtesy 
and  that  of  the  Editor  of  the  Journal  I  am  indebted  for  the  follow- 
ing figures  illustrating  the  twins.  The  five  twins  are  intercrossing 
doublets  in  which  the  twin-face  is  parallel  to  a  face  of  different 
pyramids  of  the  series  {fJU\ :  a  face  in  of  both  individuals  is  co- 
planar  in  all  of  them. 

Fig.  446  represents  an  intei*crossing  doublet  having  (Oil)  for 


f^^ 


Fio.  446. 


Pio.  -447. 


twin-face:   the  forms  are   mjllOj    and   /^jlllj.     The   twin    from 
Kenfrcw  Co.  has  the  same  twin-law,  but  the  individuals  do  not 
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cross :  it  cnn  \te  dmwu  by  omitting  the  prolongations  beyond  tie 
oombination-plaue  of  thu  iudividuiils  in  Fig.  446. 


,<;^ 


Fro.  440.  Fio.  450. 

In  Fig.  447  a  pair  uf  faces  y?,  parallel  to  the  oombiuatioQ-planei 
aiul  also  a  pair  of  faces  »i  perpendicular  to  the  former  are  co-plaiur. 
The  normal  to  the  piism-face  m  being  a  dyad  axis,  the  twiu-axts 
ifi  the  normal  to  the  face  />(lTl),  and  the  combination-plaDe  b 
parallel  tf)  this  pyramid  face.  Since  CTp  =  90"  —  m^  =  42'  10',  the 
two  principal  axes,  given  by  the  prifinj-^gee  [mrn]  and  [mm],  are 
inclined  to  one  another  at  angles  of  84^  20'  and  95"*  40'. 

Fig.  448  represents  a  similar  intercrossing  doublet  in  which  the 
angle  between  the  edges  [mm]  and  [mm]  was  found  by  meamuretoeut 
to  be  1 12'  23'  and  67'  37'.  The  authors  teke  a  face  (553)  for  twin- 
face,  which  corresponds  with  an  angle  between  the  tetrad  axes  of 
112-57'. 

In  Fig.  449  the  twin-face  is  (221),  the  calculated  angle  between 
the  principal  axes  being   122'*  12'  and  the  mcojtured   122'. 

In  Kig.  450  the  twin-face  is  (.131) ;  the  calculated  and  measured 
angles  between  the  principal  axes  are  139"  35',  and  139'  10'  ^^M 

The  authors  have  not  given  a  figure  of  the  twin  in  which  (7?^^ 
is  twin-face.     The  corresponding  angle  bt^tween  the  principal  axes 
is   115"30'i  and  their  measurements  gave  115'  49'. 

27.  Ctypjm-  pyrile.H.  The  simple  crystals  of  this  substance 
were  described  in  Chap,  xiv,  Art.  19.  The  twins  are  combiued 
acourdijig  to  three  different  lawa :  (i)  juxtaposed  and  interpene- 
trant  twinB  bavii^g  the  normal  {\\\)  for  twin-axis,  and  in  the 
former  case  the  face  (111)  for  combination-plane;  {ri)  uouipleuiuntary 
intcrpenetrant  twins  geometrically  very  like  the  twinned  tetra- 
hedra,  Fig.  435  ;  (jf)  juxtaposed  symmetric  twuis  with  a  face  of 
the  pyramid  JOllJ  for  combinatiuu-plane. 
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/.  Tivin-fa4:e  (111).  Since  the  angles  of  the  sphenoids, 
iii{lll|  and  (D  =  K  jlllj,  are  very  nearly  the  same  as  tliofie  of  the 
kr  tetrahedron,  a  simple  octaid  formed  of  the  two  sphenoids 
wilt  cl<>se)y  resemble  an  octahedron :  but  since  the  physical  cha- 
racters of  tlio  faces  (»f  the  complementary  sphenoids  are  different, 
the  octaid  will  resemble  the  crystals  of  blende  in  which  both 
tetrahedra  occur  in  nearly  equal  development  Suppose  such  an 
octaid  to  be  bisected  by  a  plane  parallel  to  (llT)  and  the  lower  half 
to  be  tume<l  through  180°  about  the  normal  to  the  plane  of 
section^  and  then  attached  to  the  fixed  half  in  this  plane.  An 
Asymmetric  twin,  closely  resorabling  that  of  blende  described  in 
Art.  9,  is  obtained.  Ge<»metrically,  the  twin  is  very  like  that  of 
spinel.  Fig.  420 :  but  the  difference  in  physical  character  of  the 
Ences  meeting  in  salient  and  re-entrant  angles  in  the  combination- 
plane,  is  often  well  seen  in  the  twins.  The  twinning  is  oft<?;n 
repeated  parallel  to  the  same  or  to  different  faces  of  the  sphenoid. 

^.  A  very  rare  complementary  twin,  formed  of  two  iuterpene- 
trating  sphenoids  o,  having  the  principal  axes  coincident,  and 
similar  in  general  appraranee  tty  the  twinned  tetralK'dm,  Fig.  \'^T^, 
has  l*een  descriljed  Ijy  Haidinger.  The  horizuntal  rdgf^s  of  the 
sphenoids  cross,  as  do  those  of  the  tetrahedra  in  sodium  chlorate,  at 
right  angles  :  but  tho  otlier  intercrossing  e<lges  are  not  exactly  at 
right  angles.  The  coigns  are  truncated  by  small  faces  w  of  k j  1 1  Ij. 
In  this  twin  the  axis  of  rotiition  ma}'  be  taken  to  be  a  normal  to 
any  face  of  the  prism  |1I0|  with  an  angle  of  notation  of  180",  or 
the  principal  axis   with  an   angle  of  rotation  of  90". 

S.  Symmetric,  lutirut^  in  which  the  individuals  are  united  in  a 
plane  parallel  to  a  face  of  the  tetragonal  pyramid  'lOlJ  were  also 
described  by  Haidinger  {Mem.  W'em.  Nat.  Hist.  Soc.  KtliiK  iv,  p.  1, 
1822).  In  these  twins  the  sphenoidal  faces  of  the  several  individuals 
meeting  in  edges  in  the  combination-plane,  are  physically  similar. 
Tlie  exact  relation  of  the  two  individuals  was,  however,  only 
recently  est^iblished  by  Mr.  Fletcher  {Phil.  Mag.  [v],  XIV,  p.  276, 
1882).  Suppose  an  octaid,  to  be  made  up  of  the  faces  a  of  tc  jlUj 
and  Qi  of  KJIII)  in  equable  dBvelopment ;  and  suppose  it  to  be 
divided  by  a  central  plane  parallel  to  the  pyramid-face  (Oil)  which 
truncates  the  edges  A(^  of  Fig.  451.  A  semi-revolution  of  the 
lower  half  about  the  normal  TT  to  the  plane  of  flection  brings 
dissimilar  faces  o  and  to  to  intersect  in  this  plane,  in  the  same  way 
<M;curs  in  the  juxtapuKed  twins  according  to  the  first  law.     lu  the 
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conptvile  figurR  th»^  four  &icea  m*hich  have  [CA^]  for  EOne«xis  are 
Angle,  and  the  four  other  ^oes  &na  eAcb  compoeed  of  portioiu  oi 
diMBiDiW  faces  indined  to  ooe  iinothftr  ml  veiry  »mall  salient  nrvl 
t»«atrant  angles.  When  the  an^  mm  ia  108^  40',  the  crvsul- 
element  =  A  COT  U  44  'M5' :  the  angle  To  is  89"  IM-2.V,  and  ihp 
•aUcnt  Migle  om  and  the  re«ntraut 
nngle  om  are  both  1*  23*3'.  The 
■alien  t  and  re-entrant  angles  between 
the  oorrespunding  portions  of  faoee 
at  the  hoak  of  the  figure  have  the 
■Aoie  yaloes.  A  composite  crystal, 
similar  to  the  ideal  one  shown  in  the 
tisrure^  is  an  asymmetric  twin  with 
(Oil)  for  twin-face:  one  instance  of  tt 
from  the  Junge  Hohe  Birke  Mine, Frei- 
berg, has  been  described  by  SadelxK^k. 

Tho  orientation  of  the  two  portions 
in  the  above  composite  figure  is  also 

given  by  a  semi  revolation  about  the  line  J/ if,  which  is  the  xone- 
axia  parallel  to  the  edge  [Cj4J. 

But  in  the  twin  represented  by  Fig.  4fi2  the  faces  meeting  in 
the  edges  [*»«],  [oq]  are  like  faces ;  and  the  twin  is  physically  as 
well  as  geometrically  B3rmmetrica]  with  respect  to  the  conibination- 
plnno  through  these  edges.  8uoh  an  orifotation  of  the  portions 
composing  the  doublet  can  be  obtained  by  taking  two  e<)ual  octaids 
placed  with  the  faces  o  and  u  of  the  one  similarly  situated  respec- 
tively to  the  faces  o  and  to  of  the  other.  One  of  the  ootaids  is  tlien 
turned  ihrougli  90"  about  its  principal 
axis,  when  its  faces  cu  are  brought  into 
A  position  occupied  by  the  dissimilar 
facc»;  o  of  the  fixed  one,  and  vice  versi. 
Suppose  both  octaids  to  be  now  bi- 
sected by  planeH  MAM^  parallel  to  the 
face  truncating  the  similarly  placed 
edge  [CA^ ;  and  let  the  lower  half  of 
the  rotated  octaid  be  again  turned 
through  180"  about  the  line  [TT]  per- 
pendicular to  (Oil),  and  then  united  in  the  plane  of  sc^stion  to  the 
upper  tuilf  of  the  fixed  octaid.  The  composite  figure  pnMluced  will 
be  geometrically  the  same  as  before ;  but  the  faces  o  and  u>  of  the 
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tfatcd  portion  aro  now  intcrchftngrni.     Ho.tico  tlio  tficeR  mfNjting  in 

e    salient   and    re-entrant   edges,    such    as   [/<jV]    and    [^J/]    of 

.  451,  are  now  like  faces,  and  a  doublet,  of  which  Fig.  452  is  an 

ce,   is   produced.      A   doublet   from    Pool    Mines,    Cornwall, 

red   by   Mr.    Fletcher   gave    angles   «ikii^oo— 1*  23',   angles 

ing  accurately  with  those   required  by  the  angular  element 

34 '5',     On  another  specimen  the  angles  were  found  to  be  2*  3' ; 

and  these  values  agree  exactly  with  thoMe  required  by  the  measured 

tcitrahedral  angle  ww'  =  lOR"  17*25'.    This  variation  in  the  t-etrahedral 

angle   may  Ije   due   to  a  variation   in   chemical   couipONition.     Two 

analyses  of   a  portion  of   the  twin  were  made,  one  agreed  fairly 

with  a  composition  2CuFe8.j+ FeS,,  the  other  with  a  conipositiim 

4CuFeSj  +  FeS5;  but  no  great  stress  can  l>e  laid  on  this  (liilerence 

owing  to  the  presence  of  iron  pyrites,  which  could  be  detected  by 

examination  with  the  microscope. 

The  representation  of  the  twin-orientation  by  axes  of  rotation 
requires,  if  angles  of  90"  and  180"  are  alone  adnuHsible,  two  axea 
and  two  different  anglos ;  viz.  (n)  a  rotation  of  une  portion  of  a 
crystal  through  90"  about  its  principal  hxIh,  and  {b)  asemi-i-evolution 
of  the  portion  which  is  to  be  unittnl  to  a  portion  uf  the  hxcd  one 
about  the  normal  to  a  face  of  the  pyramid  {Oil}.  No  other 
instance  of  this  kind  is  known,  and  the  explanation  by  axes  of 
iiitAtion  is  unsatisfactory.  It  is  tritn  that,  as  follows  frnni  Kuler's 
theorem  of  successive  rotations  (Chap,  ix,  Art.  13),  the  alxj\e 
rotations  are  equivalent  to  a  single  rotation  of  240'  294'  or 
119"  30'6'  about  the  nonnal  to  a  face  (111)  or  (lU);  but  such  an 
^iMigle  of  rotation  is  unknown  amongst  twins. 

^H     The  angle  is  readily  found  from  the  right-angleil  spherical  triangle 
^Hv^   of  Fig.  453,  in  which   /\er(a=46'" 
^Bb  oue-half  the  angle  i^f  rotation  about 

the   principal  axis,  aud    Aw.w^QO*'  is 

half  the  angle  of  rotation  Al>out  the  twin- 
axis.     Hence  a  (111)  is  the  extremity  of 

the  equivalent  axis  of  rotation  ;  and 
cos  fl^«c= bin  45°  cos  (w,  =  44°  34-6'). 

Therefore    the    internal    angle  e^ac   at 

m    is    59"  45-3'.       Twice    the    external 

angle    ia    240"  29*4'  =  360^  -  1 1 9"  aOC. 

The  rrttate*l   portion   is   in    the   same 

position  a»  if  it  bad  l»con  turned  once 

about  the  normal(ni)through  UB^SOe'. 
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TWINS   OF  THE  TETRAGONAL  SYSTEM. 

Tlie  twin-orientation    is    completely  (le6ned    by   the 
that  the  two  portions  are  physically  and  geonietricaJly  b^ 
with   i*espM;t  to  the  combinatiou-plan& 

The    twinning   according    to    this    Uw    in   often    repeated, 
fip^ros  somewhat  resembling  octmhtMlni  CJkn  lie  ohtAined  in  vt 
eni'h  face  consists  of  portions  of  three  like  faces  which  are  nmri^j 
but  not  quite,  co  phiimr.     The  portions  of  these  ettuiposite  £ac« 
separated  by  grooveH  at  wlkich  well-marked  ntriie  meet  in  a  nbannr 
Hiniilar  to  that  shown  between  o  and  o  in  the  doublet.  Fig.  452, 


B.     Ttt^inroaiU  ihe  normal  to  afaot  qf  [lOOj  or  (110). 

28.  Seheidiie.  This  subatAnoe  nflfbrds  ^ockI  examples  of  «j 
juxt.(ipiiso<i  twins  and  of  complementary  interpenetraiit  tw 
hiivin<i;  the  same  axis  of  rotation.  In  these  twins,  which  have  beeni 
iibly  descrilwHl  by  ProfeRsor  Max  Raner  (JtOtr.  Vir.  H'artL  p.  129, 
1«71),  the  axis  of  roUition  may  be  taken  to  be  ]>Rral]eI  ti»  anyone 
of  the  horizontal  edges  of  one  or  other  of  the  t-etragonal  pyT*inid» 
r  1 10 1  f  and  n  { 1 11  (  (see  Fi^'.  209,  p.  262).  For  the  sake  of  siinpliwty, 
we  shall  suppase  the  horizontnl  e<ige  of  «{10l!,  which  w;l8  sf lecifld 
as  the  axis  of  X,  to  be  the  twin-axis. 

Fig  454  is  a  Wsal  plan  of  two  crysUds  having  the  Itivv^  givuii  ia 
p.  2C2  and  placed  m\o.  by  sid*;  in  twin-orientation.  The  two 
crystals  are  then  reciprocal  reflexions  in  a  plane  thi'ough  the  ooonmoa 
»^(1;;h  paralk'I  U>  the  principal  axes. 

The  individual  to  tlu'  rij^ht  can  be  brought  into  n  like  orientatioa 
with  that  on  tlie  left  by  a  semi-revolution  about  the  common  edg» 
or  aliout  any  uf  the  ecIgHs  in  which  the  faces  0  and  0  meet  the  plan 
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of  the  papers   it  can  also  be  brought  into  a  like  orientation  by 
<|uart^>r-revolution   about   its   principal   axis.     As  far  as  the  twin-1 
orientation    is   concerned,    it   is    immaterial   whicli   of   the  axes 
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•elected,  provided  tbo  rotation  ia  180*  if  about  a  horizontal  axis, 
and  00"  about  the  principal  axis. 

The  juxtaposed  twins  are  sometimes  combined  in  a  plane 
which  is  approximately  the  plane  through  OX  and  the  principal 
axis.  The  faces  e  meeting  in  the  combination-surface  are  co-planar ; 
bat  the  irregular  line  of  separation  traversing  the  face  ia  easily 
recognised,  Iwing  the  axis  of  more  or  legs  strongly  marked  barbed 
striae  parallel  respectively  to  the  edges  [e^tf*]  of  the  two  portions. 
Occasionally  an  indentation,  formed  by  faces  o  and  9  of  the  two 
individuals,  is  seen  where  the  line  of  separation  of  the  portions  t? 
and  ^  meets  their  horizontal  edge. 

Fig.  45«^  ia  a  plan  on  the  common  basal  plane  of  an  interpenetrant 
twill  consisting  of  eight  Kegment^ 
which  are*  united  together  along 
vertical  planes  in  the  same  way  as 
the  doublet.  As  in  that  twin,  the 
faces  e  divided  by  interrupted  lines 
are  co-planar  and  frequently  show 
fiae  barbed  strise  meeting  in  the  Hue 
of  separation.  The  pnrti«m.s  ujeoting 
in  tlie  polar  edges  of  the  geometrically 
simple  pyramid  e  are  also  in  twin- 
orientation  to  one  another;  and  this 
is   sometimes   proveH    by  the  way   in 

which  the  pyramid-coigiia  are  modified  by  faces  A,  o,  and  #  belonging 
to  the  forms  ir  |  S 1 3|,  {111}  and  ir  j  1 3 1 }.  The  faces  0  at  each  coign 
are  00-pIanar;  and  the  fjvcea  #  form  an  indentation  similar  to  that 
occasionally  seen  in  the  middle  of  the  horizontal  edge  of  a  face  e. 
The  surfaces  of  separation  are  not,  as  a  rule,  true  planes,  and  the 
lines  of  separation  are  somewhat  irregular.  Twins  of  this  kind  are 
not  common  ;  they  are  priiiL'ipally  found  in  Schlaggenwaid,  Bohemia. 

Professor  Bauer  describes  twins  of  the  same  kind  united  along 
a  surface  more  or  loss  approximately  parallel  to  the  base.  Further, 
the  relative  dimensions  of  the  individuals  are  very  unequal ;  and 
it  often  happens  that  a  mere  corner  is,  as  it  were,  cut  out  of  a  crystal 

^d  replaced  by  an  equal  amount  of  matter  in  twin-orientation, 
ill    Twins  op  thk  prismatio  ststkh. 
29.     fn  crystals  of  this  system  the  twin  axis  is  commonly  the 
rmal  either  of  a  prism  {A^O},  or  of  one  of  the  domes  {OA;/}  or  j/iO/} ; 
L.  c.  32 
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and  twins  of  this  kincl  are  »»spec'iftlly  frefjucnt  when  the  £accc  of  fl* 
fonu  make  angles  of  nearly  60**  and  120"  with  one  another, 
twins  are  often  juxtaposed  with  the  plane  perpendicular  to 
twin-axis  for  conibinutionplane :  the  twin-orientation  may  then  ht 
given  by  stating  the  twin-face. 

As  instances  of  Bubetanoes,  haWng  for  twiD-&Mse  a  face  m  of  a 
prism  jllO)  with  ftngl*>s  of  nearly  60",  we  have:  redrnthite,  Cu^ 
mm^  -  60"  24';  mispicVel,  FeAsS,  mm^  =  68°  13';  stephniiite,  Ag^SbS^, 
min^=64°2r;  aragonite,  CaCO|,  alatonite,  (Ca,Ba)CO|,  wilheril«, 
BaCO,,  Btrontianit*,  SrCOj,  and  ceruRsit4»,  PhCO,,  in  which  hmb^ 
Tariea  between  the  limits  03'  48'  and  62'  15'  ;  potassium  sulpbiite, 
K^O|,  and  ammonium  sulphate,  (H,N),S04,  mm,  =  59"  36'  for  botk 

Ar  instances  of  domes  with  angles  of  nearly  60''  t»etween  the  faces, 
one  of  which  is  perpendicular  to  the  txdn-axis,  we  may  mentioo: 
marcasitc,  FeSa,  101  AlOT  =  63M0';  mispickcl.  101  A  10T  =  59' S^*; 
man^nite,  MnA-  HA  Oil  A  Oil  =  57"  10' ;  chrysoberyl,  BeAlO,, 
Oil  A  01 1  =  GO'  14'  and  031  A  03T  =  59'  46'.  Kokicharow  gave 
t(Oll)  as  the  twin-face  of  chrysoberyl,  HeBsenherg  and  Cathrein 
make  p(031)  the  twin-face.  Tlie  angle  p,t=^03l  A  Oil  =89"  46', 
and  it  ia  not  easy  to  distinguish  between  the  two  representationi^  of 
the  law  of  twinning,  when  the  crystals  are  developed,  as  is  frequently 
the  case,  in  largo  triplets  or  sextets,  which  do  not  admit  of  accui 
measurement,  and  are  not  sufficiently  translucent  to  enable  us 
determine  the  optical  orientation  of  the  several  portions. 

Another  class  of  twins  similar  to  the  preceding  is  that  in  whi 
the  twin-axis  is  perpendicular  to  a  face  of 
a  prism  or  dome,  the  faces  of  which  are 
inclined  to  one  another  at  angles  of  nearly 
90".  Thus,  boumonite  forma  multiple 
twins,  like  Fig.  456,  with  m  (110)  for 
twin  face,  mni^  being  8G°  20'. 

StauroHte,  H,(Fe,Mg)fl(Al,Fe)j,Si„0«  (?),  is  another  instanceul 

Twins  M'ith  the  normal  to  a  pyramid-face  for  twin-axis  ar© 
In  Art.  41  we  shall  describe  one  of  ataurulitc,  in  which  a  normal 
(232)  is  the  twin-axis. 
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Aragoniie  group. 

30.     The  determination  of  a  doublet  of  aragonxU^  such  as 
shown  in  Figs.  457  and  458,  is  efisy ;  for  tho  prisin-odges  are 
parallel,  and  the  bafial  planes  of  the  two  portions  are,  when  pi 
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eo-plonar.     The  twin-axis  is  therefore  parallel  to  the  base ;  for  the 

normal  to  the  base  is  a  Hyafl  axis,  a  aemi-revolution  about  which 

leaves  u  crystal  in  an  orientation  identical  with  the  first.     Again,  it 

is  easy  to  see  in  the  crystal,  as  is  evident  from 

the  basal  plan,  Fig.  457,  that  two  pri»m-facp8  m^ 

and  m  are  parallel :  the  axi8  of  Beini-revolution 

U  therefore  perpendicular  to  these  faces.  Further, 

since  the  crystals  are,  as  a  rule,  translucent,  it  in 

often  pt»8sible  to  nee,   hy  total   reflexion  from  a 

plane  surface  traversing  the  dtmlilet,  that  the  intli- 

vidutUs  are  combined  along  a  plane  parallel  to 

i»^.      Hence  the  doultlet  h/w  the  face  7«  (110)  for  twin-face. 

In  the  Kone  ['«,»nm]  we  can  mea«ure  the  following  angles  ;  and 

mlirm  tlie  accuracy  uf  the  <leterniination  uf  the  twin-face  made  by 

ipection.       mm^  =  mm  =  63*  4K',     hm  =  6^m^  =  bm  =  bm  =*  58"  6',    all 

ijjlea  of  the  simple  crj'stiil.      Again,  we  have  the  following  angles 

!tween  faces  on  diilerent  individuals: 

b^b  =  180"  -  2  X  58"  C  =  63"  48'  =  - 66,, 

mm  =  180^  -  2  X  63*  48*  =.  62'  24', 

mh^  =  m6  =  —  5"  42'. 

Vovided  the  faces  can  bediMtinguisheil  with  certainty,  meitsurenient 
any  one  of  tliei*e  angles  suffices  to  give  the  positions  of  all  the 
kces,  and  of  the  twin-axis. 

The  faces  k  and  k  of  the  domes  JOIIJ  make  at  each  end  of  the 
prism  a  salient  and  re-entrant  angle,  both  of  equal  magnitude. 
Since  m,k'  =  72*  1',  A'*,  =  -  AA  -  180"  -  2  k  72*  1'  -  35*  58'. 


31.  To  draw  the  l>aflal  plan,  Fig.  457f  two  lines  intersecting  in 
\0  at  right  angles  are  taken  in  the  paper,  and  convenient  lengths 
\OA,  OA^,  and  OB^  OB^  are  measured  off  on  them  in  the  ratio  a  :  6. 
A  aeries  of  lines  parallel  to  OA  are  dmwn  at  distances  apart 
corresponding  fairly  with  the  width  of  the  faces  kj  k'  and  c,  when 
the  crystal  is  viewe<l  endwise.  Lines  panillel  to  AB  and  *4^  give 
the  traces  i;i,  m/j  and  complet/e  tlie  simple  erystJil.  This  is  then 
bisected  by  a  vertical  plane  piLSSing  through  O  parallel  to  f», :  the 
lines  of  section  are  shown  in  the  e<lges  \k'k\  [kk\. 

To  get  the  rotated  axes,  the  twiu-axis  Is  drawn  through  tl)e 
origin  perpendicular  to  BA^,  and  produced  to  an  equal  distance 
beyond  Afi.    The  point  O  ao  found  is  the  origin  uf  the  rotated  axes, 

32—2 
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which  are  giveu  in  direction  and  roagaitude  by  tlA^,  UBf  tod  % 
length  c  on  the  vertical. 

From  the  point«  in  the  trace  uf  the  bisecting  plane  the  edges 
[bk]f  [f^k.]*  ^^'t  i^>'^  drawn  paiiillel  to  tlA^  to  meet  lines  from  Uie 
coigus  bmJc,  tL'c ,  parallel  to  the  twin-axia.  Through  the  poioU  so 
found,   the  traces  m,  m'  are  now  drawn,  completing  thr?  tigure. 

To  make  the  cUnograpliic  drawing  of  the  doublet,  Fig.  458,  the 
cubic  axes  are  projected  in  the  way  described 
in  Chap,  vi,  Arts.  22  and  23,  and  lengths  are 
meoAured  off  on  them  in  the  ratios  a  :  />  :  c,  as 
described  in  Chap,  vi,  Art.  14.  The  simple 
crystal  represented  by  unbarred  letters  can  then 
be  drawn,  and  bisected  by  a  central  plane 
parallel  to  the  twin-face  m^(l  10).  The  directions 
of  the  rotated  axes  of  X  and  Y  of  the  doublet 
are  found  in  the  same  way  as  the  rotate*!  axes 
of  if  and  y  were  found  in  Art.  2*2.  The  points 
B  and  A^  on  the  axes  of  Y  and  X  are  joined,  and  a  point  M  in  SA^ 
determined,  where  /JJf  :  MA^  =  cof  F  :  1  =  cot* 31'  54'  :  I.  Tho  lin** 
OM  in  produced  to  O  where  fiJA-  MO.  T)ie  rotated  axes  of  X  and 
Fare  O^^  and  QB ;  the  axis  O^  remains  vertical.  Lines  are  now 
drawn  throujyh  the  points  in  which  the  edges  of  tlie  tixed  portion 
meet  the  combination-plane  parallel  to  UA^.  They  give  the  edges 
[6^],  [ki^']j  «fet?-.  of  the  rotated  portion.  The  coigns  on  these  edges, 
such  as  b^mk,  are  the  pointt*  in  which  the  edges  meet  lines  parallel  to 
the  twin-axi«  drawn  through  the  corresjKmding  coigns  of  the  fixed 
portion.  The  Hgure  con  then  be  completed  by  drawing  the  vertical 
edges. 

32.  Multiple  twiny  often  occur,  in  which  the  same  normal  is 
the  twin-axis  of  all  tho  indiWduals.  Three  indi- 
viduals ihna  twinned  are  shown  in  Fig.  459,  in 
which  individual  ii  appears  as  a  thin  plate  sand- 
wiched between  the  two  outer  individuals  which 
necessarily  have  the  same  orientation.  Very 
thin  lamellce  twinned  in  this  way  may  be  often 
perceived  in  apparently  simple  crystals  by  the 
linear  interruptions  which  they  produce  on  the 
faces  k  and  6.  They  may  also  be  discemeil  in 
sections  by  iuternal  reflexions  and  by  the  con- 
fusion they  produce  in  the  optical  phenomena  seen  in  a  polarisoopo. 


Via.  459. 
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individuals  arc  thus  twinned  tho  two  outer  ]>orUonB  will  l^e 

twin-orientation,  and  the  twin  will  only  differ  from  a  doublet  in 

Lving  two  twin-plat-es  interposed.     The  process  may   l>e  further 

ipe&ted  in  a  Hiniilar  manner,  so  that  the  ouU*r  indiWduals  arc  in 

similar  orientation  when  the  number  of  indiWduals  is  odd ;  and  in 

twin-orientation  when  the  number  is  even. 


Fki.  4(>0. 
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33.  When  the  individuals  in  a  doublet  are  continued  beyond  t!ie 
twin-face,  i.e,  intercross,  they  are  ar- 
ranged in  the  way  shown  in  the  plan,  Fig. 
460.  In  this  diagram  tho  combination- 
plane  ia  projecte<I  in  the  line  aa/,  and 
there  are  two  reentrant  angles  kk  and 
k'k^  =  -  35°  58'  over  thtH  plane.  The 
vertical  plane  containing  tlie  twin-axis 
TT^  is  not  parallel  to  a  possible  face ; 
and  the  re-entrant  edges  in  which  the 
faces  kk^  and  kk'  meet  are  not  straight 
and  regular.  The  plane  approximates  to 
the  face  (130),  for  b  A  130  -  28^  10'  and 
m,Al30-93M4'. 

Were  tho  ini-ercrossing  doublet  foriiK^I  of  individuals  having  the 
fonns  JllOj  and  {001}  oul}*,  and  wero  the  pri^ui-facea  m  so  extended 
as  to  meet  at  the  points  TT^  and  aa^  we  should  have  a  pseudo- 
hexagonal  prism  having  four  angles  mwi  =  63'  tS'  and  two  anglos  at 
and  a,  each  equal  to  62"  24'.  The  bases  would  lie  co-planar  for  tfiey 
parallel  to  the  twin-axis:  they  would  each  consist  of  four  seg- 
ments di\'idod  by  the  vortical  planes  through  7*7'^  and  oa^.  Usually, 
however,  such  psuudo-hexngonal  composite 
crystals  are  formed  of  throe,  or  more,  indi- 
viduals; and  as  shown  in  Fig.  401^  tlm 
combination    may    occur    vt-ry    irrfgulutly, 

this  Hguro  the  twin  is  regularly  developed 
for  6ve  portions;  but  tlie  sixth  is  replacod 
by  tw(»  smaller  individuals,  which  are  in 
twin-orien Nation  to  the  adjacent  larger  por- 
tions, but  are  not  in  regular  association 
with  one  another. 


Fig.  461. 


34.     Witherite  and  aUtonite.     These  crystals  are  all   multiple 
twins  conforming  to  the  same  laws  of  development  as  the  psoudo- 
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hexagonal  twins  of  arogonite.  WitheriU)  is  usually  in  short  pseudo- 
hexagonal  prions  terminated  by  one  or  two  pseudo-hex  agonal 
pyramids.  The  section,  Fig.  462  (after 
I>e8  Cloizoaux),  is  cut  perpendicularly 
to  the  common  vertical  axis.  It  shows 
that,  in  it«  main  features,  the  crystal 
is  an  intercrossing  triplet,  in  which  the 
faces  forming  the  hexagonal  prism  all 
belong  to  the  pinakoid  6  {010}.  The 
series  of  lines  marked  m  indicate  that 
each  individual  of  the  triplet  is  traversed 
by  numerous  lamelliu,  each  series  being 
parallel  to  the  same  twin-face  m  of  the 

form  {1  lOj:  in  the  manner  illustrated  by  Fig.  4S9.  The  tines 
counectiii);;  two  circlets  show  the  directions  of  the  plane  of  the  optic 
axes  of  the  main  portion  of  the  HOgment  in  wliich  e-Jioh  of  them  lies. 
The  crystiils  of  alstonite  appear  as  acute  hexagonal  pyramids 
with  striated  fixcea^  on  oauh  of  which  an  interruption,  appi\>xiniatcly 
in  a  plane  corresponding  to  that  marked  T7\  in  Fig.  460,  shows  the 
composite  nature  of  the  face.  A  section  parallel  to  the  base  shows 
that  the  ci^stal  is  an  intercrossing  sextet  consisting  of  twelve 
segments.  Each  segment  is  lioundeil  by  a  well-defined  line^  which 
lies  in  the  vertical  plane  containing  opposite  edges  of  tlie  pyramid. 
But  the  dividing  lines  joining  the  middle  points  of  opposite  horizontal 
edges  are  irregular.  The  line  of  extinction  between  crossed  Nicok 
is  in  each  segment  inclined  at  nearly  30^  to  the  horizontal  edge  of 
the  pyramid,  and  the  plane  of  the  optic  axes  is  parallel  to  (10**) 
and  Bx,  to  OZ.  The  oouiposite  faces  !>elong  to  a  prismatic  pyramid 
of  the  series  {hhl\,  and  not,  as  in  withente,  to  a  dome  {Okl\. 

35.  CeruMU^.  Tntercixissing  triplets  with  m(llO)  for  twin- 
face  are  common,  and  often  have  the  liabit  shown  in  Figs.  4ti3  and 
464.  Tlie  faces  /j  |010[  are  often  8trint.*^d  horizontally;  and  the 
sliading  in  Fig.  4i;;j  has  lx;en  employed  to  show  the  deptli  of  the 
re^jntraut  angles. 

In  Fig.  463  the  unlettered  portions  to  the  right  and  left  belong 
to  a  single  crystal  Ii'iving  its  face  /j(IIU')  parallel  to  the  paper;  the 
portion  carrying  p  and  m  is  twinned  to  this  crystal  about  the  normal 
to  the  prism-face  lying  to  the  right ;  and  aa  shown  by  the  Mbsenoe 
of  dividinj^  lines  l>etween  the  pyramid-fac<;s,  the  prism- and  pyramid- 
faces  to  the  right  are  co-planar.     HimiUrly,  the  portion  liearing  ;> 
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and  m  is  twinned  to  the  unlettered  crystal  about  the  normal  to  the 
priaai-£ace  to  the  loft ;  and  the  prism-  and  pyramid-faces  to  the  left 
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are  co-planar.    But  the  portions  hearinjj  letters  are  nut  in  twiu-orien- 
tatiou  with  one  another ;  for  the  prinra-angle  mm^  =  G2°  4G'.    Heuce 
mAm^-S'lS';  and />  A  ;)  =  -  6"  U',  6>  =  001  Alll  l>eing  54°  U'. 
^L      In  Fig.  464  the  faces'  k  belong  to  {Oil},  and  v  to  {031}. 

^H      36.     Potassium  sulphate.     Twins  of  thia  substance  having  much 
l^the  appearance  of  hexagonal  prisms  and  pyramids,  similar  Ui  those 

of    aragonit«    and    witlierito,    are   obUxinw]    hy    eva]ioratiun    from 

a<|ueoii8  solution.     Sections  of    them  are  easily  made,  so  that  the 

character  of  the  twia-orientation  can  be  determined  by  the  examina- 
tion of  platos  in  planc-polari^od  light. 

Fig.  465  represents  an  actual  doublet  wliich  was  fully  determined 

ill  the  Cambridge  Museum.     The  forms 

obttorved  were:  o\\\\\,  «{100j,  mJIIO}, 
yilSOJ,  and  two  ur  three  faces  irregularly 

developed  and  allernattng,  so  as  to  form 

step-like    grooves    where    they   met    the 

combination-plnue :     they    were    grfOll) 

with  [021  [  and  possibly  {031J.     The  faces 

o,  a,  m  and  /  were  smooth  and  bright, 

and  gave  good  images.     The  face  f,  /  is 

composite,  and  the  two  f>ortions  uiake  a 

very  siiiall  salient  angle  with  one  another. 

The   principal  angles  are  :    am  —  29°  48', 

mf=  30^  0'.     //«,  =  «y°  36',      om  =  33^  39' 

and  oo'"  =  48°  hi.     Hence  a  :  A  :  c  =  -5727  :  1  :  •74y4. 

Tlio  plane  of  the  optic  axes  is  (100)  and  Bx,  in  jtarallel  to  OZ. 
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Henoe  a  plate-,  gponncl  down  on  roughened  gUss  perp<?ndicularly  to 
the  edges  [»m/'],  gives  an  optic  figure  in  convergent  polarised  light, 
in  which  the  line  joining  the  'eyes/  shown  in  the  diagrams  by  a 
line  joining  two  circlela,  is  perpendicular  to  the  edge  [6c]. 

1.  In  the  doublet  the  twin-axis  is  the  normal  to  (110),  and 
the  two  individuals  are  combined  parallel  to  this  ^nce. 

From  the  angles  given  above  for  the  simple  crystal,  we  can 
compute  the  angles  mmy^ff  Aixd  oo:  they  are  mm=  180*— 2mm -60' 18', 
//=  180^  -  2  X  89'  36'  ='i%\  and  oo  =  180'  -  2m,o  =  49'  49-'5'.  The 
salient  angle  jy  was  found  by  measurement  to  give  valaes  varyiug 
between  35'  and  46';  the  other  measured  angles  agreed  well  with 
the  theoretical  values. 

A  section  of  the  crystal,  Fig.  466,  was  carefully  prepared,  leaving 
M  far  as  possible  the  pfism-faces  aud 
portions  of  tlie  pyramid-faces  intact,  so 
that  the  position  of  the  plane  of  the 
optic  axes  could  be  accurately  correlated 
with  the  external  fomi.  The  directions 
of  the  planes  of  the  optic  axes  are  shown 
by  the  lines  joining  circlets,  and  prove 
the  twin-face  to  bo  r/i^  ('TO):  the  trace 
of  the  combination-plane  is  sh<jwn  by  a 
line  of  alternating  strokes  and  dote. 

The  triplets  are  sometimes  very  regular,  and  cl«>sely  resemble 
a  hexagonal  prism  terminated  by  a  hexagonal  pyramid.  When 
sections  of  such  tripletH  are  made,  several  different  arrangements 
of  the  component  individuals  are  found. 


Fio.  4GG 


i.  The  hexagonal  section  niay  consist  of  three  rhombic  segments, 
Fig.  467  (a),  the  combination-planes  passing  through  alternate  edges 
of  the  hexagonal  prism  and  meeting  in  a  central  axis.     The  faces 
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of  the  peeudo-hexagonal  prism  are  all  prism-faces  m{110},  and  the 
pyramid  is  formed  by  o  faces.  The  plane  of  the  optic  axea  is  in 
each  segment  parallel  to  the  longer  diagonal  of  the  rhombus. 

iL  The  hexagonal  section  may  consist  of  six  similar  triangular 
segments,  Fig.  467  (fr),  and  the  combination-planes  pass  across  the 
oentral  axis  and  through  opposite  edges  of  the  prism.  Tlie  plane 
of  the  optic  axes  in  opposite  segments  is  coincident,  and  is,  as  shown 
by  the  line  of  eyes,  perpendicular  to  the  face  of  the  boumling  pri»m. 
These  prism-faces  must  therefore  all  bolong  to  the  pinakoid  6  JOIO}, 
which  is  at  right  angles  to  the  phme  of  the  optic  axes. 

iii  Another  common  arrangement  is  shown  by  the  section, 
Fig.  467  (e),  in  which  two-thirds  of  the  section  1>clong8  to  a  single 
crystal,  to  which  two  other  sntall  segments  are  twinned.  Four  of 
the  externa]  faces  of  the  hexagonal  prism  belong  to  tlie  pinakoid, 
&nd  two  to  the  prism  rn ;  but  the  prisniH  do  not  as  a  rule  give  very 
regol&r  hexagons,  although,  as  shown  in  the  diagram,  the  faces 
I  m  and  //  are  sometimes  very  nearly  equul  in  size,  An  indicated  by 
the  irregular  line  the  two  inserted  segments  are  not  in  twin-combina- 
tion with  one  another.  The  re-entnmt  angle  mm^  within  the  large 
individual  is  180"  -  59"  36'  =  120^  24'  :  if  tlien  two  wedges,  bounded 
by  m  faces,  are  inserted,  the  joint  angle  is  3  x  59"  36'.  and  a  thin 
wedge  having  an  angle  of  1'  12',  would  l»e  left  vacant  in  the  place 
of  the  irregular  line.  The  tilling  up  of  this  gap  t-akes  place  irregu- 
larly and  produces  a  want  of  diHtinrtiiess  in  tlie  i~>ptir  charartpr  in 
it6  neighVM>urhood.  The  above  and  other  sections  made  hy  the 
students  in  the  Cambridge  Mu^^eum  were  all  found  to  obey  the 
same  twin-law. 

2,     Scacchi  gives  for  potassium  suli}hate  a  second  twiu-Iaw  in  which 

the  twin-face  is /(1 30) ;  and  he  states  that  the  twin  occm^  frequently, 
when  a  small  amount  of  sodium  sulphate  is  addetl  ti>  the  solution  of  potas- 
sium sutpliato.  Many  eHorts  were  made  by  the  author  to  obtain  such  twins, 
but  without  success.  In  sections  of  regular  soxtots  or  intercrossing  triplets 
according  to  this  law,  we  should  have  a  hexagon  bounded  by  faces  m  as  in 
Fig.  467  (a) ;  but  the  combination-planes  bisect  opposite  sides  of  the 
hexagon  forming  trujjczia,  which  c<ich  inchulo  one  of  its  corncrB.  Tho 
planes  of  the  optic  aiea  in  tliet>c  tjOgnieiits  are  perpendicular  to  tho  line 
joining  the  edge  [ramj  to  the  C9utrc.  In  a  doublet  of  this  kind  fiicus 
«,  and  »f',  o'  and  o,  become  almost  co-planar.  On  ono  aide  we  should 
have  a  salient  angle  m,  m'=  48',  and  on  the  oi)po8ito  side  a  rc-ciitraut  angle 
g^'ffi  ^  —  48^ ;  and  the  adjacent  faces  o  make  similar  anglos  of  40'. 
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37.  Mimetile,  Tho  twins  of  witherite  and  potassium  sulphate 
wliich  have  been  described  in  the  preceding  Articles  enable  us  to 
explain  the  mimetic  twins  of  mimetite,  which  so  closely  reaemble 
crystala  of  the  hexagonal  system  that  their  true  character  was  only 
discovered  iu  18S1.  The  common  habit  of 
the  crystals  is  shown  in  Fig.  468,  and  the 
crystals  are  so  perfect  that  they  were  re- 
garded as  an  undoubted  member  of  tho 
isomorphous  series  of  hexagonal  crystals  of 
class  II  formed  by  apatite,  p>Tomorphite  and 
vanadinite ;  and  this  belief  was  supported  by 
the  fact  that  tho  chloro-phoaphate,  pyromor- 
phite,  and  the  chloro-arsenate,  mlmetite  can 

only  be  distinguished  by  analysis,  and  are  often  intermingled  in  one 
crystal.  M.  Bertrnnd  (Bull,  Soc,  fraru^,  de  Min,  iv,  p.  36,  1881) 
disooverod  that  sections,  cut  parallel  to  the  face  c,  are  compoaeil  of 
six  triangular  segments  similar  to  those  of  witherite  and  potassium 
sulphato  shown  in  Figs.  4*52  and  467  (6),  respectively.  In 
crystals  from  Johanngeorgenstadt,  Saxony,  the  plane  of  the  opti 
axes  in  eivch  aegmont  is  pundlel  to  its  external  side,  i.e.  to  the  t 
VI  of  the  pseudo-liexagonal  pri^iu,  and  the  section  resembles  thai  of 
witherite  without  the  twin  lamelhe;  the  acute  bisectrix  is  parallel 
to  the  prism-edgeii  [»tm],  and  the  angle  of  the  optic  axes  is  about 
G4"  in  air.  The  crystals  ai*e  therefore  sextets  of  the  prisma 
system  similar  to  those  of  witherite  and  p<:itassium  sulphate,  havin 
a  face  of  the  piuakoid  {010}  for  external  face,  and  twinned  about  a 
fac<?  (UO);  the  ;ingle  010  A  110  being  00",  or  very  nearly  60°. 

The  crystals  from  lioughten  Gill  in  Cumberland  containing  both 
phosphoric  and  arsenic  acids  were  found  to  consist  of  a  central 
prism  of  pyromorphite  which  is  uniaxal,  and  of  a  surrounding  sone 
of  mimetite  formed  of  six  liiaxal  segments.  The  planes  of  the 
optic  axes  iu  tliese  segments  appear  to  be  parallel  to  the  diagonals 
of  tho  hexagonal  sectiou,  and  not  to  the  etxtemal  sides  of 
segments. 

A  plate  cut  perpendicularly  to  the  prism-edges  of  a  crystal  fi 
Wheal  Alfr«l,  Cornwall,  was  found  by  the  author,  on  examinatioi 
in  tlic  polariscope,  to  be  irregularly  dividefl  into  segments,  in  which 
the  light  is  exbiiiguished  in  directions  making  nearly  12*  with  the 
prism-edgofl.    In  convi?rgent  light  the  hyperbolic  brushes  of  a  biaxal 


plattj  having  a  small  angle  between  the  optic  axes  are  seen.    Further, 
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le  raAin  segments  are  trax'ersed   by  narrow  plates  in  a  manner 
Liilar  to  tliat  in  tiie  section  of  witherite  shown  in  Fig.  462. 

38.  Chri/8oberyl.  The  orientation  of  a  prismatic  crystal  adopted 
in  its  representation  la  arbitnirily  chosen,  and  it  happens  that  chry- 
soberyl  has  beon  so  phiccxj  that  the  twin-axia  is  perpendicular  to  a 
face  of  a  dome  jOA/j,  which  may  equally  well  l>e  pluced  with  its  edges 
vertical,  when  it  would  be  called  a  prism.  Consequently,  in  the  in- 
tercrossing triplets  and  sextet*  of  chrysoberyl,  Figs.  4(>9  and  470, 
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the  twin-face  is  (031),  uttlujugh  they  are  similar  to  tho  twin.s  of 
witherite,  alat^^nile  ami  |Kjt;isHium  sulphate  discussetl  in  the  precetl- 
ing  ArticIeH.  In  Fig.  4G9  thfi  fjwew  shown  are;  a{100[,  njlll}, 
n  1 1 21  j,  &  {OlOj.  The  faces  n  and  b  make  in  some  cas^  indentations 
in  the  pyramid-edges  as  shown  in  tlie  figure. 

Now  010  A  031 -29"  53',  010  A  01 1  ^ny"  53',  aAo  =  iTi^\  and 
Ul  A  111  =40"?':  hence  U31  AOTl-.90M4'  ami  031  A  111  -90^9'. 
If  then  (031)  is  the  twin-face,  the  portions  o  and  o  separated  by 
lines  of  interi-upt^Hl  strok<*«  are  not  co-planar,  but  include  a  re- 
entrant angle  of  18';  and  tfie  pyramid-eflges  in  the  pa|>er  inoUide  a 
re-entrant  angle  of  28'.  If  the  faoe  (Oil)  is  the  twiu-face,  then  o 
and  2  *re  ci>planar,  and  the  |>yramid-edges  are  co-liuean 

Fig.  470  represents  an  intercrossing  sextet  with  faces  rt{100} 
and  I  jOl  1|  alone  develupeiL  Each  segment  of  the  pinakoid  having 
barbed  stria;  is  a  doublet  with  (03 1 )  for  twin-face ;  and  thcso 
doublets  are  united  along  faces  of  {On|. 

P  39.  Mispickel  and  the  isomorphous  glaucodote,  (Co,  Fe)  AsS, 
afford  good  examples  of  subr^Umces  twinned  according  to  two  dillerent 
Lws.  In  one  a  face  m  tif  jllO]  is  the  twin-face;  in  the  other 
twin-axis  is  perpendicular  to  a  face  e  of  jlOlj,  the  individuals 
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generally  inturpenetrating   as  shown  in  Fig.  473,  and   the  tvini 
being  sometimes  juxtaposed  Bezteta. 

Fig.  471  represents  a  Urge  sextet  or  intercroemng  triplet  of 
mispickel  from  Cornwall  in  the  Cambridge  Museum,  in  which 
m(llO)  is  the  t^nn-face.  The  individuals  liaving  symbols  in 
parentheses  are  twinned  to  the  fixed  individual,  i,e,  to  that  having 
unn)oditied  loiters  and  symbols,  with  110  for  twin-face;  the  in- 
dividuals having  their  symlxdB  in  brackets  are  twinned  to  the  6xc<i 
individual  with  110  for  twin-face.  The  basal  pinakoid  is  comioon 
to  all  the  individuals,  and  the  lines  of  separation  in  the  combi- 
nation-planes are  shown  by  straight  lines.  The  individuals  having 
difl'erently  modified  syuilmls  are  not  in  twin -association  with  uoe 
another;  and  this  is  indicated  in  the  figure  by  an  irregular  liufl  of 
separation.  The  faces  c  of  the  form  ji'Olj  and  u  of  |0l4|  are  much 
striat<<d  and  the  edges  [cu]  are  not  so  well  defined  as  is  implied  iu 
the  figure. 


Fio.  471 


Fxo.  479. 


To  show  the  appearance  of  the  twin  more  cleiirly,  the  vertical  aiis  of 
the  twill  hiis  been  put  in  the  iH>8ition  OB'  of  the  cube.  Fig.  22K,  p.  284: 
the  axis  of  X  of  the  Hxed  individual  is  in  Oi*  aud  OV  in  OT',  Hence 
a  length  W«'  a  <j  ^  ^2  -  (?«'  x  -84  gave  the  p«rametral  length  0C\  and 
0**  X  a~^2  =  0^  X  -479  gave  OA.  The  pcwtions  of  the  twin-axes  and  of 
the  rotated  axes  Ijring  in  the  plane  T'Oi*  were  found  by  the  construction 
given  in  Art,  22. 

Fig.   472   represents  an   interpenetrant  twin   of   mispickel   in 

which  tfie  normal  t..  ff(IOl)  is  the  twin-axis;  the  fixed  individual 
hoing  in  the  conventional  position.  The  twinned  individoals  are 
usually  of  different  sixes,  and  the  axial  plane  XOZ  of  the  one  is 
rarely  coincident,  oa  represented  in  tiie  figure,  with  that  of  the 
other. 
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40.  RedtMthite  (chafcocit^).  This  mineral  is  twinne<i  according 
three  different  laws,  (i)  twin-face  m(lIO),  (ii)  intercrossing  twins 
ith  (03*2)  for  twin-face,  and  (iii)  with  twin-face 
(112).  Fig.  473  represents  a  twin  from  Bristol, 
Conn.,  U.S.A.,  descriljed  hyJ.  D.  Dana,  in  which 
two  laws  occur.  The  basal  pinakutd  is  placed 
vertically,  and  is  striated  parallel  to  the  edge  [be]. 
In  the  larger  crystal  a  wedge  formed  of  two  indi- 
viduals twinned  to  the  first  crystal  about  faces  »i 
is  inserted.  The  resulting  twin  is  similar  to  that 
represented  by  Fig.  467  (c).  To  the  large  crystal 
another,  in  whic^j  the  faces  6  and  r  are  also  ver- 
tical, is  twinned  with  twin-face  (032);  the  angle 
between  the  pinakoids  c  being  1H"0'  and  69°  0'. 

4L  Staurolite.  Figs.  474 — 479  serve  to  elucidate  the  twins  of 
staarolite.  The  simple  crystal  is  usually  a  stout  prism  mjllO}, 
aasociat-ed  witli  the  pinakoids  &  {010|-  ancl  e?|001|,  and  occasionally 
with  rjlOlj.    The  angles  are  mi»=  50°  40',  6m  z^  64"  40',  cr^50°lG'. 

i.  Tttnn-axis  j:(032).  Fig.  474  is  an  ideal  representation  of 
a  common  twin.  It  consists  of  two  interpenetrating  crystals, 
which  cross  one  another  nearly  at  90",  in  such  a  way  that 
the  faces  b  and  c  of  the  two  individuals  are  tautozonat.  The 
possible  face  with  low  indices  which  most  nearly  truncates  the 
edge  [6c],  i.e,  makes  45'  with  b  and  c,  Im  x  (032) ;  the  angle  ex  being 
45'  41'.  Adopting,  as  has  been  done  in  Fig.  471,  the  normal  to  this 
face  as  the  twin-axis  with  an  angle  of  rotation  of  180*,  the  pair  of 
faces  h  niixke  at  tht;  etlge  through  gr  a  re- 
entrant angle  010  A  (010) -88'^  3S',  and  the 
faces  c  a  salient  angle  001  A(001)=  91"  22'. 
Tlie  prism-faces  meet  in  two  sets  of  re- 
entrafit  angle.s :  th«  edge.s  [*^rt],  [rii?]  are 
in  the  plane  parallel  to  (032) ;  the  edges 
[ya]  and  [«A]  are  not  in  a  plain?  parallel 
to  a  possible  face.  Usually  one  inHividual 
is  much  smaller  than  the  other ;  and  the 
priam-odgca  ["»wj,  [?«?»']  do  not  inter- 
sect, as  in  the  figure. 

S.     Tivi/t-a^s  ^(232).     An  ideal  drawing 
in  Fig.  476 :  in  it  the  normal  to  a  poasiblo 
the  twin-axis ;  this  normal  makes  angles  of 
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nnd  6(010)  (see  tAble  of  nnules,  p.  511).     The  individtuilB  iire,  as 
the  first  twin,  rarely  e<|U(U ;  nnd  seldom  cross  one  another  in 
very  symmetrical  manner  shown  in  the  diagram. 


Fia.  476. 


S.     Tirinaxis  ^(130).     Fig.    477    represents   a   rare   twin  de- 
scribed by  Professor  E.  8.   Duna.     The  twin-axis 
may  be  taken  to  be  (130)  or  (230).     The  former 
requiren  an  iiugle  66-70'"  18\  the  latter  an  angle 
70^46',  whilst  measurement  gave  70°  30'. 


i^ 


L\E 


Fio.  477. 


Pmfeasnr  C'osiin»  {Bu/L  .SV.  fran^.  de  Mifi.  x,  p.  244, 
1887)  haH  shown  that  the  crystals  may,  in  accordance 
with  viewa  proiwundetl  by  Mallard  in  the  same  journal 
(vm,  p.  452,  1885)  to  expltun  the  f">rmation  of  twins, 
be  r^;ardecl  n.<*  |isoinlo-cuhic  ;  i.e.  that  the  ]>articles  are 
arranged  ui  a  manner  approximating  to  one  of  the 
arrungeuientii  possible*  in  cubic  cryHtals.  Thus  the  cr^Htal  of  Mtaun>Ute 
is  in  some  respects  compared  to  one  of  pyrites  ;  the  axis  OS  of 
former  being  parallel  to  a  cubic  edge  of  the  hitter.  This  axis  la 
pseiido -tetrad  tuun  ;  and  the  zone  [6*?]  is  a  pacudo-tetragonal  zone,  hari 
cx^45'4r  and  6^— 44°  Id*  aa  approximations  to  45".  Agjiiu,  the  poll 
of  the  octaliedrun  JIHj  lio  in  Koiie.s  cjich  of  which  contains  a  pole  of 
the  cube  and  one  of  the  rhombic  di">decabedrou,  the  angle  ao  being  54"  44'. 
Now,  the  possible  f/iccs  ^(130)  and  ^(102),  Fig.  475,  of  stauroUte  would 
together  make  a  figure  differing  but  little  fW>m  the  octahedron ;  for 
a^=54''51',  ax=^r  12'  imd  lx  =  70"  19*.  The  faces  6  and  c  then  occupy 
the  [positions  of  the  piiir  of  dodecahedral  faoes  parallel  to  the  pseudo- 
tetrad  axis  OX.  The  remaining  faces  of  the  rhombic  dodecahedron 
must  lie  in  the  xones  [a.r] ;  atid  their  poles  (  in  Fig.  475  miust  make 
angles  of  nearly  45°  with  a  and  CiO"  with  6  find  c.  Computations  from 
thoKC  nxpiiremcnts  and  the  angloH  alroiuly  given  prove  ^  to  be  the  poles 
of  the  passible  pyramid  {232J.     The  following  tablta  give  some   of 
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fmost  iiuportaDt  angles  between  the  actual  and  posHiblc  polca  of  staurolit«i, 
and  the  luigles  between  Home  of  the  ourroHpoiidlng  cubic  CaooB. 


511    i 

olit^        J 


StauroUU. 

Cubic  cryitaL 

-ZA134 

26"  SO' 

100  A  311 

26n4 

-am           35°  20' 

-ar  34°  44' 

x,(, 

54  12 

«   ,,211 

35  16 

ay  (230]  35  23 
/i£            54  61 

ax  54  12 

-«TC 

55  29 

M       ..111 

64  44 

ab            90     0 

U           yO  14 

ae  90    0 

^t 

90  68 

»   ,.011 

90    0 

-rx,  88  50 

f'Al34 
-f  AI62 

G6  28 
fiS  53 

211,.  Ill 

90    0 

r«f        81   0 

f  A  134    31  2y-5 

6i-59    44 

44  47 

101,,  101 

45     0 

im           31     0 

cf60   31 

46  13 

100  ,.001 

46    0 

-j»  A  134     0  29-5 

B5  chftnging  the  |>ar&motraI  plane  of  ataurulite,  we  can  show  the 
affinit^r  to  a  cubic  crystal  in  another  way.  If  m  ia  taken  to  b©  (.K/0)  and 
x{011\  the  faces  have  the  following  symhola:  r=(*t//),  j(^{Wl\  i  =  {110) 
and  (={fll).  The  parameters  arc  now  given  by  c-rb  =  cot6.r=I'024,  and 
a  -r b  =  3  tan  rtm  ^  1  420= ^'2,  nearly. 

Henco  a  :  b  :  c=  1*420  :  1  :  1-024=^2  :  1  :  1,  nearly. 

The  hitt-er  ratios  are  the  paranieteri*  of  a  cubic  cryKtiil,  wlion  the  axes 
of  reference  are  a  tetrmi  axiu  and  the  ]>air  of  dyad  axeti  i>eri>cndicular  to 
it,  and  two  of  the  octaliedral  faces  become  (1 10)  and  (01 1),  rcHitectivoly. 

Now  in  a  cubic  aulifitaiice  the  intorfucial  relatitjna  are  exactly  Himilar  in 
azimuths  a1x>ut  a  dyiul  axis  whiuh  ditl'er  by  180',  and  in  azimnthfl  uliuut  a 
tetrail  ajiia  which  differ  by  90".  The  arrangement  uf  tlie  particlew  iibout 
any  point  mxiat  have  the  same  flymmetry,  altlumgh  like  gr^mjw  of  [articles 
may  only  be  int^rclianged  by  acre w- rotation  aUiut  an  asin  of  Hymnictry.  We 
may  ai^o  that  minilar  rclationH  hold  for  the  |MJ8»<ible  armngcmonU  of  the 
particloa  in  a  paeudo-cubic  substance  ;  and  that  the  cryatals  can  grow  when 
the  i«irticles  are  in  jHTsitions  or  in  oriontations  dilVeriny  by  n>tation8  of 
180"  or  IHT  aVxKit  tho  i>seud<»-axe-*  of  nymmotry  fr\)ni  those  ixwitiunH  or 
orientiUiona  which  hnld  for  the  growth  of  the  nimple  crystal ;  tho  ditibrence 
of  azimuth  admiHaiblo  being  90"  when  the  Hnc  of  rotation  iaa  jiscudo- tetrad 
axis,  and  180°  when  it  ia  a  p«cudo-dyad  aiia.  Thi»  hypothcsiH  offbrn  an 
explanation  of  the  three  twin-laws.  The  roctanyulnr  twiji^  Fig.  474, 
reaemblcs  the  intorponotrating  twins  of  pyrites  dcMcribed  in  Art.  15, 
The  twin-rtxia  rtho\tM  Ite  regar<le<l  aa  OX,  a  p»eitdu-totra*)  axis,  and  the 
angle  of  rot/aioi»  90'.  Tho  angle  re  should  !«  then  90^,  and  not  91"  22'. 
Tho  inclined  twin,  Fig.  476,  haa  for  twin-axia  a  pscudo-dyad  axia,  tho 
normal  f,  and  an  angle  of  rotation  of  180%  Tho  third  twin,  Fig.  477,  haa 
for  twin-axia  a  ^>aoudo-triad  axin,  if  |(130)  in  taken  as  the  twin-axia;  and  it 
then  cniiforma  with  the  law  of  twinninj;  common  in  cubic  crystals. 

The  meth(xi  of  drawing  Fig.  47C  will  be  now  expbdncd.  In  Fig.  476 
the  potea  of  the  fixed  crystal  arc  represented  by  dots,  a  (100)  being  phiccd 
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at  the  centra  &nd  c(00l)  at  the  top :  the  pnlee  of  the  rotated  cfjrsUl 
iiKiiiAtod  by  cromem  and  barred  letters.  From  tbo  table  of  aoglee  givoi  I 
will  be  seen  that  a  semi-re  volution  about  (  brings  6  to  6,  which  is  neariy 
coincident  with  ^,  and  c  to  c  nearly  coincident  with  Cm  '*  '^^^  ^^^  ^  P*^ 
a  And  X  nearly  change  places. 

AtKUming  that  the  rotation  produces  exact  coincidence,  we  can  find 
indices  of  the  rotate*!  prism -fac^^  m  ah  if  they  were,  in  their  iicw  pontiocw, 
tBcea  of  the  fixed  simple  crystal.  For  the  faces  lie  in  the  r4>ue  [ah],  which 
is  now  the  same  as  [x^=[623].  This  zone  intenectD  [t/c]  iii  j^  102)  uid 
[ab]  in  f  (l50).  The  angles  sx  and  x^.  can  be  calcuhited  fmm  the  rights 
angled  trianglat  exx  and  ft/X,f , :  they  are,  f\Tx  =  f^^*  ^'t  A''',f.'*54*llT. 
In  the  A.R.  {j^xO  ^^^  symbols  of  three  polca  and  all  the  anglo*  an 
known,  for  xm  =  am  =  25*  20',  Hence  m  is  (134).  SiiuiUrly,  from  the 
A.R.  Jx.m'f.Cl.  ^-^'O  l^ole  m'  is  (lS5),  The  poles  m  and  m'  are  not  exactly  in 
[jtCi  but  the  diHpIttcemeiit  of  m  frum  (134)  is  only  alxjut  luUf-a-dcgTM. 
When  m  and  m'  are  tjiken  to  be  (134)  and  (162),  it  ia  easy  by  the  rule  of 
Chap.  V  to  find  the  directions  in  which  any  pairs  of  the  faces  iutefsect,  and 
therefore  to  draw  the  twin. 

Fill.  478  shows  the  relation  of  the  principal  sooes  which  bat  l«d  to  the  ideal 
drawinR.  Fig.  476.  The  aone  (x,"???]  of  Fik.  475 
is  placed  in  the  primitive.  Now  x,  >s  ^t  90^  bom 
^(010)  mid  at  B^Tifi' fmm  r(101|:  it  is  therefore 
nearly  the  polm  of  the  zone-rircIe[fcfr],  which  is 
in  Fig.  47f)  projected  in  a  djameti'r  iwrpeuilictilar 
io  x,X'  Ftirther,  the  angles  f*.  f*  are  nparly 
00°;  and  the  Konf«  [x,"*!!!!.  [x.*"*^]-  [x.b'^.]  *re 
nf'Arly  at  iW  U>  oni^  iinother.  Th^  piuni  at  faces 
m  and  m,  m,  snd  h,  m'  and  b^,  wUI  therefore 
interseoi  in  a  regnlar  hexRKon  in  a  plane  prr* 
pen<licular  to  xx.  '■  thin  plane  is  the  base  of 
FigH.  476  and  479.  Farther,  tbo  axial  poles  e 
and  (1,  and  the  axes  OjS  and  OX,  of  each  orystal 
lie  in  a  zone-circle  throngh  x,  bisecliniif  the  angle 
ff  (Fig.  475)  =  {*  (Fig.  47B),  where  x,<^,  =  35"4«'  and  x.n  =  54''12'. 

A  hexagon,  Pig.  479.  in  now  projeote<l  in  the  w&v  described  in  Chap,  n* 
Art.  19,  having  the  back-and-for<i  cabic  axia  for  the  diagonal  nn,.  The  righi- 
and-loft  cubir  axiR  it*  the  twin-axJB  Ci,  and  the  vertical  flxiii  ik  the  normal  xx> 
From  Fig.  ilH  it  is  seen  that  Oli^  and  OB  are  in  the  plane  of  the  bexa^n  at  60* 
to  j*^.    They  are  the  hisovlorit  of  the  other  jnira  of  opposite  aides  of  the  hexagon. 

Again  OA"  and  Ofi  arc  nnit  lengthB  ou  the  vertical  axis  and  on  a  hortxoQtal 
axis.  But  the  semi-diagonal  of  a  hexagon  !■  eqnal  to  each  of  its  sides.  The 
sides  of  the  hexagons  therefore  give  nnit  length  along  any  line  parallel  to  tbem. 
Further,  since  the  angles  »i  li,,  B  and  {"are  right  angles, 

OB,  -0B=  Of  =  On  COS  30° : 

the  projected  lincB  are  therefore  the  nnit  length  in  their  directions  multiplied  by 

ooe80°,   t.e,    by  1^3-^2. 


Fro.  478. 
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The  UUB  of  Z  and  ,Y  of  Mch  individiiul  ure  in  the  vertical  plaiiL-  p^i  peudicular 
the  axis  of   Y-.   hence  Uioee  of  one  cr^'stal  lie  in  the  plane  LOd  pcrpcn- 
lalar  ta  Oli^,  aiul  thone  of  the  other  in 
>d^  perpendicolor  to  02i,    In  the  pl&ne 
LOd  oonatruot  a  parallelogram  05JC«  having 
aides  OS  =  OA  "  ein  3fi^  48' ;  and 

Oe  =  Ot(co8  35'*48'. 
diagonal  OX  is  the  direction  of,  and  unit 
tb  ou,  the  axis  of  A'.    This  construction 
identical  with  that  Riven  for  tho  axis  OX 

an  oblique  crystal  (Chap,  vi,  Art.  15). 
Biiuilarly,   the  parallelogram   LOfZ,  with 
Bide*  OI.  =  OJ" 008  35" -18'  and 
0/=Orf  sin  35°  48', 

has  for  diaponai  the  unit-lenjrth  on  OZ.  The  uuit-lenfiths  on  OX,  and  OZ,  are 
foand  by  conatmcttng  the  para llelog rams  OSX,e,  and  OLZ,/,,  where  the  points 
f,  and  /  are  got  by  drawing  linea  through  e  and  /  parallel  to  f^  OB  and  OB, 
being  left  unchanged,  the  lengths  OA'  and  OX,  are  multiplied  by  a  cos  30°  ^nving 
OA  and  OA,,  the  lengths  OZ  and  OZ^  by  e  cob  i^.  Tlio  axca  of  the  two  crystals 
have  been  now  projected,  and  forms  present  on  either  crystal  can  be  drawn. 

Lines  through  the  comers  of  the  hexagon  parallel  to  OZ  and  OZ,  give  the 
edges  fniiu,]  and  [tun]  of  the  two  individuals.  Their  lengths  are  immaterial,  but, 
in  any  particular  case,  they  Hhonld  be  mudu  to  eorrcKpond  approxiiniitoly  with 
the  lengths  of  the  eilges.  The  edges  [ctu]  and  [fic]  of  the  crystals  are  easily  found; 
for  [cm,]  is  parallel  to  AB.,  [ch]  to  ^>A',  and  «o  on. 

Again,  the  fact«  in  Fig.  476  inter«ect  in  a  second  hexagon  gnp From 

Fig.  47B  it  is  seen  that  b  and  b,  are  adjacent  faces,  and  since  their  pules  arc  in  a 
plane  perpendicular  to  xx  (^1"*  vertical  line  in  the  drawing),  thoir  lino  of  inter* 
Bootion  is  parallel  to  XX"  l"^  re-entrant  edge  nrj  is  therefore  vortical.  Again, 
it  is  clear  that  m  and  the  face  HO  parallel  to  m  must  intersect  in  a  horixonlal 
line  parallel  to  /ff  of  Fig.  471K  Tho  remaining  edge  up  in  which  m.  and  m' 
intcrseot  is  the  zone-axis  IJTn,],  and  is  inclined  tu  the  vertical  at  an  angte  of 
nearly  34°  45'. 


iv.     Twins  of  tiik  nfiouBOiiRnHAL  8Y81'Ku. 


I  42.     As   in   cut)ic   crystitlH,    Uie    triad   axis   is   commonly  the 

bwinaxis  in  rhonilMthcilral  cryBtAls,  and  it  is  immaterial  wlietlier 
the  anpfle  of  rotation  is  taken  to  Iw  60*  or  ISO* ;  for  azimuths  alxmt 
the  axi8  which  differ  by  120"  are  interchangeable  V»y  a  rotation  alwut 
!  it  of  120\  For  the  sake  of  uniformity  in  the  utatement  of  the 
'  twin-orientation,  it  is  usual  to  take  ISO""  to  be  the  an^'le  of  r«t/Ltion. 
The  combination-plane  is  ofttm  the  base  (111),  when  the  law  may 
lie  given  by  sta-tin^  that  tlio  base  is  the  twin-face.  The  t-ryslals  are 
Bometimes  united  along  a  face  of   a  hexagonal  prism;   and   tliey 
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Fio.  480. 


»oniot.imeA  interpenetrate  one  another,  as  is  the  ease  in  quartz  and 
chubazite. 

Twins  with  inclined  triad  axes  occur,  and  in  them  the  twin-axis 
is  generally  the  normal  to  a  face  of  a  rhonilxvhi.-di'on  or  of  a 
trigonal  pyrnuiid  ;  and  the  twins  are  roost  frequently  combined 
along  a  plane  perpendicular  to  the  twin-axia. 

We  shall  discuHft  the  twins  of  caloite  and  quarts^  and  describe 
briefly  some  interesting  twins  of  a  few  other  subetancea. 

Colette, 

43.  2.  Twin-axis  [111].  Fig.  4^0  represents  a  Lwiimiil 
fundamental  rhomb<>he<lron  with  (111) 
for  twin-face.  This  is  Bometimes  seen 
iu  fragments  of  caloite  obtained  by 
cleavage ;  but  in  complete  cry8tals,  it  ia 
more  common  in  dolomite,  (Ca,Mg)CO,. 
The  lower  [lalf  has  been  rotated,  and 
occupies  the  position  of  the  inverse 
rhoniUohedron  )l22j  :  its  jwlar  edges  are 
thtn-efoi-e  the  lines  joining    V^  to  Mj  *V,, 

J/^,  of  Fig.  335,  p.  37G  ;  and  the  median  coigns  on  these  edges  are 
the  points  of  trisection  nearest  to  the  equatfirial  ptane^  which 
coincides  with  the  combination  plane.  The  median  edges  are 
bisected  in  this  plane  at  the  points  8  on  the  dyad  axea.  The  mvlient 
and  re-entrant  edges  join  adjacent  pairs  of  these  points;  and  the 
angles  rr  are  90°  47. 

Fig.  481  represents  a  scalonohedron  {210j  twinned  according  tn 
the  same  law.  This  twin  is  readily  di'awn 
with  the  aid  of  tlifi  twin  kIiowh  in  Fig.  480. 
Eacli  of  the  rhumViohedra  in  the  latter  is 
completetl  in  fine  pencil,  and  the  median 
coigns  aro  then  joined  to  apices  thnce 
as  distiint  from  the  combination-plane  as 
the  apices  of  the  auxiliary  rhombohedra. 
The  obtuse  polar  edges  join  the  apex  to 
coigns  on  the  further  side  of  the  combina- 
tion-plane, and  these  obtuse  edges  intersect 
in  pairs  in  the  points  ff.  The  median  edges 
cross  the  com})ination-plane  at  the  points 
^,  iSx. ;  and  these  points  unitcxl  to  the  adjacent 
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ts  H  give  the  horizontal  edges  of  the  twin:  these  latter  edges 
ire  in  pairs  which  are  alternately  salient  and  re-entrant  edges,  the 
angles  uver  them  being  in  all  cases  41"  56'. 

The  twinning  is  frequently  repeatod.  If  repeAt^  only  once,  the 
portions  at  the  opposite  apices  are  in  like  orientation  with  a  twin- 
lamella  interposed  ;  and  if  tliiH  lamella  is  very  thin,  it  appears  only 
as  a  fine  line  running  horizontally  acrosH  each  face  of  the  crystal. 

Twinning  according  to  this  law  is  sometimes  perceived  in 
crystals  in  which  the  prism  (21 1[  is  the  conspicuous  form.  Since 
the  faces  arc  parallel  to  the  twin-axis  and  pairs  of  them  to  one 
another,  twinning  does  not  cause  any  interruption  on  tliem  ;  for  a 
portion  of  a  rotated  face  is  co  planar  with  one  of  the  fixe<l  crystal, 
aa  in  the  twinned  rhombic  dtxiecahedrtm  of  hlende.  Art.  9.  The 
twin,  if  terminate*!  by  rhouilHjhedral  faces  e{llO}  at  both  ends,  will 
difler  from  the  aimple  cryntjil  in  Fig.  371,  inasmuch  as  alternate 
prism-faces  will  l>e  met  in  a  like  manner  at  both  ends  by  faces  «, 
and  the  equatorial  plane  will  8eem  to  be  a  plane  of  symmetry.  If 
terminated  by  the  pinakoid,  the  twin  will  be  indistinguishable 
geometrically  from  a  simple  crystal,  Fig.  328,  but  the  cleavages 
at  the  two  i-uds  will  bo  symmetrical  to  the  combination-plane  and 
not  parallel. 

A  variety  of  the  law  is  descril>ed  by  Haidinger  as  sometimes 
occurring  in  which  a  face  of  the  prism  {21 1|  is  the  cmubination 
plane;  and  another  variety  occurs  in  which  th^  individuals  pene- 

I       tratc  one  another  to  a  greater  or  less  extent :  the  latter  is  common 

I      in  (Uilomite. 

■  44.     %     Tminfa^t  e(llO)-     This  is  the  most  common  twin-law 

in  cjilcitfl,  frequently  giving  rise  to  puly synthetic  twin-lamellie, 
which  are  generally,  though  not  always,  parallel  to  one  face  of  the 
form  {110[.  The  lamollm  can  be  recognised  by  the  strife  which  they 
produce  on  some  of  the  cleavage-faces,  and  i>y  the  internal  relU-xion 

I  caused  at  the  combination-plane.  In  a  cleavage-rhomb  of  Iceland 
spar  traversed  by  such  lamellie,  the  four  cleavages  tautouoniil  with 
tlie  twin-face  are  smooth  and  even  ;  the  remaining  pair  of  cleavage- 
faces  meet  the  twin-face  at  angles  of  70"  52'  and  109" «'.  Theae 
latter  faces  are  therefore  traversed  by  alternate  salient  and  re- 
entrant edges  parallel  to  the  horizontal  diagonal  of  the  rhombus,  the 
normal-angle  over  each  edge  l»eing  38'  16'  =  180"  -  2  x  70"  52'.  If  a 
bin  plate  is  prepared  parallel  to  this  rhombic  diagonal,  and  if  the 
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pliite  IB  insertc<l  in  pamllel  light  l>etween  croswvl  Nicols,  the  HjrhtM 
oxtinguinlicc]  tliuulUiueouBly  in  all  the  lauiellw,  for  the  principAj 
planns  are  all  perpendicular  to  the  diagonal.  If  a  plate,  is  prepared 
purallel  to  ono  of  the  smooth  faces  and  similarly  tested,  the  light 
iu  alternate  lamella.'  is  extinguished  simultaneously,  but  not  that 
traversing  adjacent  lamellic ;  the  extinctionB  in  the  latter  make  & 
minimum  anjtle  of  IK  o5'  with  one  another,  for  the  principal  planes 
perj>endicular  to  the  plute  are  inclined  to  one  another  at  10 1 '55*. 
The  twin-lamellfe  are  often  of  necondary  origin  ;  i.&,  produced  after 
the  formation  of  the  crystal.  They  can,  for  instance^  l>e  produced 
in  the  laljoratory  by  squeezing  a  cleavage-rhomb  lietween  the  jaw» 
of  a  vice,  parallel  polar  edges  lM?ing  placed  in  contact  with  the  jaws; 
or  they  can  l>e  produced  by  pressing  a  kuife^ge  placed  acrosi  a 
polar  edge  into  the  substance. 

A  doublet  of  rare  occurrence  with  (Oil)  for  twin-face  is  shown 
in  Fig.  482.  The  upnght  individual  is  drawn 
in  one  of  the  ways  given  in  Cliap.  xvi,  Art. 
57.  The  edges  of  the  section  in  the  com- 
bination-plane, and  the  directions  of  the 
twin-axis  and  of  the  triud-axis  of  the  rotated 
crystal  are  then  determined.  The  prism- 
odgos  thmugh  the  corners  of  the  section 
and  lines  through  the  middle  points  of  ita 
alternate  sides  are  now  drawn  ]>ivral!el  to 
the  rotated  trijul-axis.  LineM  parallel  to 
the  twin-axis  are  also  drawn  through  the 
coigns  in  the  faces  e  of  the  fixe<i  crystal :  they  meet  the  edgea  and 
lines  of  construction  already  drawn  in  corn\Mponding  coignjs  of  the 
rotated  crystal,  which  can  be  then  completed. 

45.  3.  Txcin-face  r(lOO).  DoubleU  of  calcite  according  to  this 
twin-law  are  fairly  common  in  Ciimljorland.  The  twins  vary  much 
in  aspect,  the  habit  depending  on  the  fuiins  present  and  on  tlie 
relative  size  uf  the  faces  either  of  the  same  or  of  different  forms. 
Thus  the  twins  sometimes  consist  of  hexagonal  prisms  {211}  termi- 
nated either  by  {111},  or  by  the  rhombohedron  {HOj,  Fig,  486, 
flometiinea  of  ecalenohedra  (201),  Fig.  485.  The  principal  axes  are 
inclined  to  one  another  at  angles  of  89"  13'  and  90*  47'. 

Fig,  483  reprejjents  a  doublet  with  (001)  for  twin-faceu  It 
can  hf\  imitated  by  placing  two  cloavage-rhombs  side  by  side  in 
twin -orientation.     The  drawing  is  made  as  follows. 


Fia.  482. 
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The  rlufiiiUjliExlniii  [100]  in  limwii  in  the  way  lioHL'tiLjvd  in  C'liap.  xvi, 
.  31.  It  is  theti  btBocted  by  tbo  cuuibiiiutiuti-plauo  //d^o  drawn 
through  A„  parallel  to  (001),  fl„  being  the  iiiiddlo  j»oint  of  the  mixliiui 
edge  n,ti.  Tho  norm/U  Or"  to  (fKil)  iiieetH  the  polnr  face-di agonal  I'/i"  at 
r",  whero  IV  :  ly^S  :  8,  nearly.     For,  from  Fig.  484,  Vf^'—OVnin  O, 

.'.  IV  :  IV'=3ain«/>4-4=3  :  8,  neiirly. 
For,  /?  being  44°  36'6',  tjin*  />=  1  -f2  very  ueiirly.    Thu  point  ir"  i«  uow  fouud 


>y  pHJiMtrtionul  oonn»aitt(OH,  and  Or"  \h  pniJnt^ed  Itoyond  (001)  to  Q,  whoro 
OQ  =  20/^.  oris  tho  rotatwi  tri.iii  aii»  OJ^,  in  dii*ection  and  nu^^nitudu. 
The  figure  win  l>o  now  completed,  corresponding  coigns  lying  on  lines 
parallel  to  KF;. 

The  twin  represented  in  Fig.  485  can  be  drawn  aa  fuUowB 
The  triad  axes  in  Fig.  483  are 
produced  both  ways  to  points 
y\  F„  F,,  and  r*.  Each  half- 
rhi>mlH>hwlron  in  Fi/^.  41S3  ia 
also  completed  in  faint  pencil 
beyond  the  combination  plane  ; 
and  tlw'  nipdian  coifjns  of  each 
riiomlx»h*^d]'ou  are  then  joine<l 
to  thf5  apices  af  the  correHpoud- 
ing  Kcnlonoln^dron.  The  corre- 
H|K)nding  polar  e<lgei4  iutei*Mect 
in  the  combination-plane ;  and 
the  adjacent  paii*s  of  these 
points  give  the  alternate  saliont 
and  re-entrant  edges.     The  angles  between  corresjjondiug  faces  are, 

210  A  (210)  =-150  A  (r20)-180''-2x82''29'-lo''2'; 

201  A  (201)  =  180'-2x  103* 56-5'^  -27*53' =-021  A  (02l). 


Fio.  485. 
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To  construct  Fig.  48G  tlie  two  rhombohodra  in  Fig.  483  are" 
oompleMy  (Irnwn  as  required  fur  the  pif^vious  twin,  and  the  mirfdle 
points  fi  of  their  median  edges  are  found.  The  lines  through  these 
piiints  parallel  to  tlie  respective  triad  axes  are  the  pri^m-edges,  corre- 
spuhdiug  pairs  of  which  inU»rsect  in  the 
combination-plane.  The  salient  and  re- 
entrant edges  in  this  plane  can  then  i*e 
drawn.  A  convenient  length,  coitc- 
sponding  fairly  to  that  of  tlie  edge  in  the 
twin,  is  now  cut  off  on  one  of  the  prism- 
edges  of  tlie  lixed  crystal,  and  the  edges 
[«w'],  ["»,«']»  Ac.,  are  drawn  in  the 
manner  described  in  Chap,  xvi,  p.  -lOT, 
for  the  combination  {2ll}  and  {110}. 
'I'he   coigns  on   the  rotated  crystal  are 

found  by  drawing  lines  parallel  to  VV^  of  Fig.  483  through 
of  the  coigns  of  the  fixed  crystal  to  meet  the  tiiad  axis  OJT,  the 
oorrtwpondiiig  prism-edgea,  and  linos  through  the  middle  points  o( 
[»im],  <fcc.,  parallel  to  OV^,  The  coigns  of  the  rotated  crj'stal 
having  been  determined,  the  figure  can  be  completed.  The  pol«r 
edges  of  the  rotated  crystal  can  also  l)e  found  in  the  same  way  as 
those  of  the  fixed  crystal. 

46.  4-     Twin-face /{[\\).     Fig.  487  represents  a  seal euohed roil 

V  {2T0[  twinned  according  to  this  law.     In 

Chap.  XVI,  Art.  52,  it  was  shown  that  the 

fooes  y*  of  {IlT|   truncate  the  acute  polar 

edges  of   the  soalBTiolieilron    {210},  and   in 

Art.    37    that   the  apices  of   {HI}  ^ro  at 

distances  2c  from  the  urigin,  the  equivalent 

symljol  bein*,'  —2Ji.     The  inclination  of  the 

norniaiy  (II 1)  to  tlio  triad  H.\i«  is  therefore 

63*  7*  f  and  in  the  twin  the  two  trifuj  axes 

include  an  angle  of  180* -2  x  63*7' =  53" 46'. 

Further^  the  pair  of  acute  polar  edges  in  the 

plane  of  the  triad  axes  are  parallel,  and  the 

opposite  pairs  of  obtuse  polar  edges  in  the  same  piano  include^ 

SJilient  and  reentrant  angle  of  97"  54'.     The  faces  which  meet  in 

the  combination-plane  form  salient  and  re-entrant  angles  •.  these  are 

210  A  (210)----  120  A  (i20)=180'-2x7r  23'  =  37"14', 

102  A  (102)  :=  -  01 2  A  (012)  ^  180'  -  2  «  51°  18'  =  77'  24', 
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Tfiis  twill  is  rarur  than  tliu  otlierH.  Tliu  several  tw^ins  out  1>e 
reariily  distinguished  from  one  another  l»j  the  positions  of  the 
cleavagea  which  can  bo  generally  detected  by  means  uf  Huws  travers- 
ing the  crystals. 

The  positioD  of  the  rotated  triad  axis  is  cattily  found  when  the  rhombohedron 
1 111}  is  drawD  as  in  Fir.  370,  p.  40ti;  for  the  foot  of  the  normal/"  lies  in  V\" 
aladifitaiiofl  given  bj  Vf"  :  KX"  =  38in' rO/"T^4  =  38in««3^7'^4=CC0  =  2-7-a 
nearly.  If  a  section  iu  tbo  piano  V\"y„  of  Fig.  370  iii  made  similar  to  Fig.  484, 
wo  shall  obtain  similar  relations  to  those  ostabliahed  for  the  latter;  the  angle 
VO/"  replacing  the  uoj^k-  y(Jr'\  and  O  being  at  tlio  middle  point  of  VV^.  The 
nonoal  Of"  \b  prolonged  to  Q  where  00  =  20/".  OK  is  then  the  direction  of 
the  rotated  axis  OVj  and  gives  a  length  2c  upon  it.  The  rest  of  the  drawing 
praeenfcs  do  speoial  difBculty. 


■      47 


Qttartz. 


47.  Tudnriixis  [J  1 1].  V.  Dcxtrogyral  tvAns,  Let  Fig.  488  (a) 
represent  a  simple  dextrogyral  crystal  of  normal  habit,  having  the 
£»cea  of  the  forniH,  m  J-Jllj.  r  {lOOJ,  z  \n%  and  .c  =  a  {41 2[ ;  and 
let  Fig.  468(c)  represent  an  exactly  similar  crystal,  the  position  of 


Fio.  488  (a). 


Fio.  488  {b). 


Fio.  488  [c). 


which  is  such  that  a  semi-rpvolufcion  al>out  the  triad  axis  will  liring 
it  into  the  same  orientation  as  the  crystal  (a).  Let  U8  now  Kuppuso 
three  fXjual  wedge-shaped  segments  t(i  be  cut  out  of  ejich  of  the  two 
crj'stals  by  planes  inclined  at  fiO '  to  one  another  and  passing  through 
the  triad  axis;  and  suppose  the  wedges  to  include  similarly  placed 
alternate  edges  of  lioth  orystals.  Let  the  segmentB  of  orj'stal  (c) 
include  the  prism-edges  having  faces  x  at  both  ends,  then  the 
similarly  placed  wedges  of  ((f)  include  no  x  faces.  Now  interchange 
the  wedges  and  insert  those  from  (c)  in  the  vacant  spaces  in  (a)  and 
vice  versa. 
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W]»eu  tlie  thrwi  wedges  of  (c)  are  in»urted  in  (a),  a  twin,  Fig. 
4Kft  (h)f  is  obtaiiiixl  in  which  the  faces  r  of  the  one  irulividuail  w 
co-pUnar  mth  the  faces  z  of  the  other,  and  the  trapezohedr»l  fewa 
X  occur  ou  all  the  prism  edges.  These  faces  x  all  lie  in  xtmis 
which,  proceeding  from  a  face  of  the  appai*ently  hexagonal  pynuuid 
towards  a  priHUi-face,  slant  in  the  direction  of  a  right-houded 
screw ;  and  the  twin  is,  like  the  simple  crystal,  throughout  dejitro- 
gyral.  The  necessity  for  this  is  obvious,  for  it  has  alrv«dy  been 
shown  that  a  dextrogyral  crystal  cannot  be  brought  into  the  suue 
orientatinn  its  a  Isevogyral  crystiil  by  rotation  abtjut  any  axis. 

By  the  insertion  of  the  three  wedges  of  (a)  iu  (c),  a  twin  ifi 
obtained  which  has  nu  x  faces,  and  is  geometrically  indiKtinguisli- 
able  from  a  simple  crystal  having  the  fiiccs  nt,  r  and  £.     Even  in 
this  latter  case  the  twin  character  can  often  be  detected  by 
tlitfcrenco  in  lustre  and  markings  of  the  r  and  z  portions  of 
composite-faces.     Further,  the  prism-edges   bearing  faces  x  are 
the  analogous  poles ;   consequently   with   falling   temperature,  the 
prism-edges  in  Fig.  488(6)  are  all  negatively  electrified,  and  those 
of  thy  apparently  simple  crystal  are  all  p<:*bitively  electri6ed. 

Other  similar  twins  ct\n  be  formed  by  the  interchange  of  a  singi 
segment  cut  from  (a)  and  (r),  so  as  to  include  a  similarly  ptao 
prism-edge.  Two  twins  are  then  produced,  one  of  which  has  fac< 
a:  on  four  prism-edges,  the  other  only  on  two.  When  two  wedges 
are  interchanged,  twins  having  Hve  prism-edgea  or  only  one  modified 
by  X  faces  are  obtained.  We  are  thus  able  to  explain  the  irregu- 
larity of  distriliution  of  the  x  faces  obsor\'ed  on  crystals  of  quartz. 

So  far  the  wedge  has  been  supposed,  to  extend  from  apex  to 
apex,  but  there  is  no  necessity  for  this ;  and  it  often  hap}>ens  that  n 
}K>rtion  at  one  corner,  or  in  the  middle  of  a  face,  has  been,  as  it 
were,  excised  from  a  crystal  and  replax:ed  by  an  equal  amount  uf 
matter  in  twin-orientation.  It  is  indeed  frequently  observed  that 
a  crystal  has  several  patches  of  such  interpolated  matter ;  the 
presence  of  such  patches  in  the  r  and  z  faces  l>eing  recognized  by 
the  difference  in  luatre  and  coirodibility,  and  on  the  prism-faces  by 
the  different  orientation  of  the  figures  produced  by  corrosion.  ^M 

Occasionally  these  twins  and  the  twins  given  under  s? — 4  are  ii^B 
juxtaposition  vdih  a  face  of  the  prism  {2ilj  for  combination•plan(^. 
In  these  cases  the  individuals  are  sometimes  sharply  separated  by 
the  combination-plane,  somPtimes  there  is  a  greater  or  less  amoi 
of  overlapping  and  interlocking. 
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Lttvof/tffud  Iwing.  Figs.  4S9  {«),  (6)  »nd  (c)  tierve  to  iMua- 
ftrate  the  prtKluctiun  l»y  an  exactly  sLtniliir  pn)cti8s  of  a  twin  of 
^^vogyrnl  crystal  having  faces  x^  of  a  {121  J,  arranged  in  a  similar 


Fia.  489  («). 


Fxo.  480  (6). 


Fxo.  489  (c). 


EDAnner  on  all  ttie  prism-edges.  The  preceding  diMCUSHion  lioIdH  fur 
all  thr  possiUle  variations  of  the  twins  of  lievogjTal  cryataLs,  but  in 
)these  crystals  the  tautozonal  faces  s',  x ,  m  follow  one  another  along 
a  loft-handed  screw  when  we  proceed  from  either  of  the  extreme 
^na.  Thus  we  may  have  hi'vogyral  twiii-trrystalH  showing  no  faces 
WjOT  faces  x^  only  on  one,  two,  &c.  prisni-edges ;  and  we  may  have 
Ithe  cryHtals  in  juxtaposition  along  a  face  of  {21 1  j. 

I  48.  3.  Lccvo-dfixtrogyral  tioi^is  a.  BraziUuw.  Compoejito 
|cryatalH  of  quartz  with  coincident  triad  axes  occur  in  which  the 
tlilTerent  portions  have  opposite  rotations.  Thus  the  twin,  shown 
in  Fig.  490  (i),  which  was  tirst  described  by  G.  Rose,  can  be  ubtiiined 
iby  the  interpenetration  of  crystals  of  opposite  rotations. 
I  Suppose  wedges  including  nimihirly  placed  prism-edges  to  1>h  cut 
from  a  dextro-  and  a  Isevo-gyral  crystal,  placed  as  in  Figs.  490  (a) 
and  (c)  with  their  faces  r  parallel  to  one  another;  and  suppose  the 
hedges  including  the  faces  x  of  Fig.  490  (c)  to  be  inserted  in  equal 
•paces  in  (a).  A  composite  crystal  repn^sented  by  Fig.  490  (6)  is 
obtained.  Now  Figs.  490  («)  and  (o)  aru  both  in  normal  orientation, 
and  no  rotation  of  either  individual  has  been  assumed.  The  crystal 
falls  under  the  class  of  symmetric  twins  j  and  it  is  symmetrical  with 
respect  to  each  of  three  planes  which  are  parallel  to  the  prism  faces 
truncating  alternate  edges  of  the  prism  j2lLi.  Had  the  wedges 
from  (a)  been  inserted  in  the  spaces  in  (c)  a  similar  twin  would  be 
produced  which  wuuld  .thow  no  trapezuhedral  faces,  and  would  Ixi 
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in(lisliiigui8hal>le,   except    l>y    optical    examiimtinn,   fn.»rii    u    ^mplv 
ory&tol.     Twills  of  this  kiuci  Hhowiug  trapczolioiiral  faces  are  very 
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Via.  490  (rt). 


Fio.  490  (6). 


Fio.  490  (c). 


rato.  'V\ni  boundaries  of  the  individuals  and  tlieliuitabcr  of  faces  x 
actually  present  on  any  crystal  Beeni  Uy  V>e  as  vnriaUk'  an  in  thv  case 
of  dcxtrogyral  or  Uevogyral  twins.  The  rhombuhedral  faces  r  ajid  i 
forming  the  hexagonal  pyramid  arc  in  this  twin  each  of  one  kind, 
and  a  face  r  of  one  individual  is  not  co-planar  with  a  face  ;  of 
the  other.     Tlie  law  of  twinning  is  known  as  the  Brazil-law. 

4,  Loiwt-dexinxjyral  ttoin^  fi.  Another  possible  composite  crystui 
of  quartz  into  which  both  dextro-  and  lievo-gyral  portions  ent«r  is 
shown  in  Fig.  491  (b).  Suppose  a  lasvogyral  crystal.  Fig.  491  (a), 
and  a  dextrogyral  crystal  to  be  placetj  side  by  side  with  faces  r 
parallel ;  and  let  the  latter  crystal  he  then  tamed  i!»rough  180' 
about  the  triail  axis,  when  its  position  is  given  by  Fig.  491  (c). 
8upp(isc  Ixith  cry^tuls  to  be  cut  into  similar  wedges  of  30"  by  plants 
pasfiing  through  the  middle  point  of  each  crj-stal  ;  one  plane  being 
horizontal,  the  others  vertical ;  of  the  latter  six  pass  through  the 
prism-edges  and  six  arc  perpendicular  to  the  prism-facca.  Replace 
twelve  alternate  wedges  in  Fig.  491  (a)  by  twelve  simihirly  placed 
wedges  from  Fig.  491  (c).  A  twin  is  then  obtained  represented  by 
Fig.  491  (h).  This  is  also  a  aymmotric  twin  ;  and  it  is  geometricadly 
and  physically  symmetrical  to  tlie  equatorial  plane  and  to  each  of 
the  planes  passing  through  opposite  prism-edges,  t.e.  to  planes  parallel 
to  the  faces  of  12111.  The  faces  of  the  hoxagonjvl  pyramid  are  com- 
posite as  in  the  twins  of  single  rotation  ;  the  prism-faces  are  composed 
of  four  portions,  those  placed  diagonally  belonging  tu  a  crystal  of 
the  same  rotation. 

The  compositi!  nature  of  twins  of  laws  3  and  4  oan  be  proved  by 
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le  exuuiinaiioti  in  pUiie-pr?Iarifi^  light  of  platea  cut  jierpendicularly 
the  uptic  axis.     Such  oxumination   bos  shown  ttiub  the  purple 


Fio.  491  (a). 


Fio.  401  (h). 


Fio.  491  (c). 


variety  (amethyst)  consistH  nf  a  iiimiher  of  thin  laycrn  ;tlternat.ely  of 
opposite  rotiilions  and  diJlerent  colour ;  the  luyeiis  beiug  piirallel  Lo 
the  faces  r,  and  sonietimefi  both  to  the  faces  r  and  to  two  or  three  of 
the  faces  Jt  oi  a  [4l2|.  The  sections  are  tlierefor*?  divided  into  three 
or  six  segments  which  are  usually  Ijoumled  by  very  dt^Hiiit^;  linCH, 
and  they  are  soraetimcR  separated  by  triangular  spaces  near  those 
priiim-edges  on  wtiich  tlu*  faces  z  stand.  Those  triangular  spaces  are 
often  again  diWded  into  two  distinct  triangles  in  which  the  rotations 
are  opposite. 

49.  5.  In  these  twins  the  triad  axes  are  inclined  to  one  another 
at  angles  of  84"  31'  and  95"  2C' ;  u.nd,  irrespective  of  the  rotatory 
character  of  the  individuals,  we  Irnvn  two  varieties.  i.  In  the 
first,  Fig.  493,  the  one  individual  may  l)e  supposed  to  have  been 
turned  thi*ough  180*  about  the  normal  Of  to  a  pyramid-face  which 
truncates  tlie  edge  [f'"z].  This  face  Ixjlongs  to  a  trignnal  bipyraiuid 
a  !r25(,  ii.  In  the  second,  Fig.  494,  the  twin-axis  is  the  zone- 
axis  O7'[210]  parallel  to  the  edge  [r'z].  The  twins  of  both  kinds 
-  are  united  along  a  surfrtce  which  is  very  nearly,  if  nut  exactly, 
Btorallel  to  the  face  (125). 

^^K  i.  Twin-face  f  (125).  Fig.  492  is  a  plan  of  a  simple  crystal  4)f 
^HjiiiartK  projected  on  a  plane  pai*allel  to  (121).  Suppose  the  crystal 
'      to  be  bisected  by  a  plane  through  OT  perpendicular  to  (121),  and  the 

Iwer  half  to  Ije  turned  through  180^  about  0^.     The  two  halves, 
iing  then  joined  in  the  plane  of   section,  give  the  twin  shown 
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symruetridJ  to  stmilar  r  and  x  ta/ow  of  the  other  witb  respoct  U)  the 
oonibiimtion-plane ;    but,  if   the   orystiil»  liftve   the  s&me  roUUiry 


Fto.  498. 

ehancter,  the  trapezoliedral  faces  x  woald,  if  preaent,  not  be 
Byninietrical  to  this  plaao.  The  twin  is  neither  geometricsalLy  nor 
optically  symmetrical  to  the  combination-plane ;  for  a  right-handed 
■crew  18  reflected  in  a  left-handed  one.  The  prism-faces  121  and 
(T21)  are  co-planar  j  and  the  boundary  traversing  this  ftice  is  jagged 
and  irregular.  Tlie  other  prism-faces  meet  m  definite  salient  and  r«^ 
entrant  edges ;  the  angles  over  them  being 

112  A  (1 15)  =  -  2TI  A  (211)  =  79"  41'. 

If  the  indi\aduala  are  of  opposite  directions  of  rotation,  they  are 
optically  symmetrical  to  the  combination-plaue;  and  so  are  the  faces 
r,  5,  m  and  the  trapezohodral  faces  x :  the  twin  is  symmetric. 

Each  individual  ia  often  again  twinned  according  to  one  of  tlie 
precodiiig  laws;  for  the  faces  r  and  z  generally  show  ptitche'S  of 
different  character  which  indicate  twinning.  Whether  the  indi- 
vidual is  in  these  cases  dextrogyral  or  la;vogyral  or  is  Irevo-dextro- 
gyral  can  rarely  be  determined  without  sacrificing  the  specimen. 

ii.     Twin-axis  07'=  [210].     If  now  two  crystals  placed  side  by 
side  in  parallel  orientation  arc  bisected  by  the  piano  through  OT  ol 
Fig.  492  perpendicular  to  121,  and  the  two  upper  halves  are  united 
together  in  the  planes  of  section  after  one  of  them  has  been  turned 
through  ISO'alwut  07*,  a  twin  represented  by  Fig.  494  is  produc 
In  tfii.s  twin  the  faces  r,  z  and  x  are  not  symmetrical  to  the  c«inibin 
tion-plane,  and  the  twin  is  asymmetric  whether  the  crystals  are 
like  or  of  opposite  rotations.    Fig.  4^4  represents  a  twin  from  Japii 
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in  the  Cambridge  Museum,  wliich,  judging  from  the  pyramidal  faces 

of   aj42l)   and  the  trapez<»he(lni!  faces 

x^  shown,  consists  of  two  lipvogyral  crys- 

tab :   the  relative  dimensions  of  these 

faces    to    the    othci-H   are   exaggerated. 

The  face*  r  and  :  seem  to  be  compo«it4?, 

and  the  individualH  composing  the  twin 

are   pn>liably  far  from    Hiinple.      As  in 

twins  iif  the  variety  desi.-ril>ed  under  i, 

the  individuHls  united  according  to  this 

law   may   l)e  of  like  rotation,  or  twins 

of  tlie  kind  described  under  3  and  4-  Fw.  494. 


50.  Cinnnhar,  Fig.  495  represents  an  interpenetrating  twin,  in  which 
the  forms  of  the  individual  in  normal  [Kisition  are  r  (100},  n  (ftTfl, 
;f=u{13,  !,&}.  The  individual  with  barred  letters  is  after  a  semi- 
revolutiun  about  the  triad  axis  brought  into  a  position  in  which  the 
rhomJN>hedral  faces  become  coincident  with  the  corresponding  facoM  nt  the 
first  crystal,  but  the  trajxizohedivU  faces  x  *^Uie  into  the  in>«ition  of  the 
enantiomori>hous  fonu  ajIS,  f),  I}.  Professor  TschetTimk  (Jftn.  n.  J'ctr. 
MittL  vu,  p.  3C1,  188C)  found  a  simple  erystjil  having  the  forms  r,  «  and 
j^  to  be  dextrogyral.  The  twin  is  therefore  a  symmetric  twin  of  a  dextro- 
and  a  lajvo-gyml  crystal,  the  Utter  Injing  iti  an 
azimuth  diftering  by  180^  frt»m  timt  given  to 
the  simple  crystal.  The  indivichials  are  re- 
cipr^Mially  symmetrical  with  re«i»ect  to  the 
equatorial  plane,  and  to  three  vertirAl  plaiioj) 
parallel  to  the  faces  of  the  irt-ism  {2ll}.  This 
twin  is  similar  to  the  twin  of  quarts  according 
to  the  foiui-h  law. 

Symmetric  twins  were  also  observed  in  which 
the  faces  of  the  rhomlHihedron  are  coincident, 
but  all  the  edges  [nt]  arc  modified  by  faces  of 
the   onantiomor^ihouB   trajHszohodra   x  ^^^  X-  ^""  ^^^* 

Such  crystals  therefnre  liavo  the  geometrical  ilevelo[iraent  characteristic 
of  crystals*  of  cLiss  III  of  the  rhonibohedral  system,  and  fall  into  the  .•iame 
group  of  twins  as  those  of  quartz  twinned  according  to  the  Brazil-law, 

51.    Uemaiite.    Fig.  496  represents  a  twin  in  which  the  triad  axis 
Is  the  iMrin-axis,  und  the  combination-plane 
is  panillel  to  a  face  of  the  hexagonal  prism 


[21  Ij.     As  shown  iu  the  6gure  the  faces 
»f  the  pinakoids  are  c4>-planar,  and  likewise 


z 

Fm.  496 


^ST^X^ 


520 


TWIKS 


tHOMBOHEDRAL  SYSTEat 


a  pair  of  opposite  faces  n  of  the  prism  {lOll.  The  facefl  shown 
arc  c  {0011,  ^  l^^Oj  and  a  ilOij.  The  composite  character  of  the 
face  c  is  often  revealed  by  barbed  stris,  wliich  indicate  precisely  the 
position  of  the  combination-plane. 

52.  CkabazxU,  The  crystals  are  usually  rbombohedra  {100| 
which  resemble  cube9,  for  the  angle  tt'  =  85'14'.  The  twins  an 
interponetnint  twins  with  the  triad  axis  for  twin-axis.  The  twin* 
consist  usually,  as  shown  in  Fig.  497,  of  a  large  individual  from  tlie 
faceH  of  which  Hmall  iK>rtiona  of  others  protrude  in  twin-orientatitin. 
The  appearance  i»  similar  to  that  observed  in  many  cube»  of  fluur. 


Fm.  497. 
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In  Fig.  498  a  twin  (»f  another  habit  is  shown,  which  is  common 
in  the  variety  called  pliacoIiUr  (Hcebacliite).  This  luay  be  regarded 
aH  ati  intet-i>cnctnuii  twin  of  two  rhoml>ohedral  crystals,  croasiog  one 
jiUfither  with  fair  regularity  in  the  same  way  aa  the  rhombohetlre 
of  eirinaliar,  Fig.  495.  The  forma  present  are  r(lOO),  *{110J, 
«{111|.  The  faces  r  and  e  are  striated  pai-allel  to  the  edges  [re]; 
the  striae  on  some  of  the  faces  r  are  however  exaggerated  in  the 
figure  to  show  the  deep  re-enlnint  angles  more  conspicuou; 
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Plates  cut  periMjndicularly  to  the  triad  axia  have  been  found  to 
of  mx.  segments  Hiuiilar  to  those  of  potuMtiiiLui  Hulphatc,  and  the 
ai*o  ofttJii,  if  not  gt'iieniUy,  biaxal,  the  acute  biscctrii  being  perimndiculor 
to  the  platen  liut  tlie  angle  of  the  optic  axes  is  not  the  same  in  idl  tbe 
Mgincnts  of  the  same  plate,  and  the  doublo  rofraction  ah»o  varioa  in 
strength.  The  sulwtanno  Iohch  some  of  the  water  of  crj-staUizjUion  very 
easily,  and  the  anomalous  optical  characters  are  probably  due  to  the  strains 
c&iiaod  by  the  Iomh  of  water.  Since  diiFerent  segnieuts  may  he  unequalljr 
affected,  wo  havo  an  explanation  of  the  variation  from  segment  to 
segment ;  and  thiR  inter^irctation  of  the  phouotnona  is  supported  by  the 
fact  that  a  further  expulsion  of  water  by  heat  strengthens  the  double 
rofraotiou  where  it  is  already  manifest,  aud  brings  it  into  prominence  in 
Stiguients  in  which  it  was  at  first  inconspicuouH. 


A 


TWINS  OF   PYRAROVRITE 


527 


Fio.  4'J\\. 


53.     Pt/rnrgifvife.     Tli©  crystals  of  this  ininer*al  belong  to  the 
Ipistous  ditri);jonaI  class,  and  nfford  an  instanc*^  of  complementary 
la  having   their  triad  axes  and  also  their  planes  of  symmetry 
incident  in  direction.     Tlie  twin  shown  in  Fig.  499 
ly  be  supposed  to  consist  of  two  similar  halves  of 
►rate  crystals  united  along  the  equatoriftl  plane 
»e    plane   of   section)    after   one    Iuih   l>een   turned 
iroiigh  iftO"  alxjut  the  normal  to  one  of  the  faces  a 
of  the  prism  jlOl},     The  forms  present  are  ajlOlj, 
fa  =  ^{2TTl»  v-/x)20l}  iind  i-./x{3I0[.     A  section  of 
the  simple  crystal  in  the  iH]uatorial  plane  is  a  hexngon, 
having  its  alternate  comers  truncate<l  hy  the  traces 
of  the  trigonal  prism  ^{211).     A  semi  revolution  of 
such  a  hexagon  about  a  lino  in  its  piano  which  bisects 
a  pair  of  its  opposit«  sides,  interchanges  the  sideN  of  the  hexagon, 
but  exchanges  a  modified  with  an  uninodifind  comer.     Conaec]uent]y 
the  truncated  edges  of  tlie  rotated  liexagonal  prism  stand  below  the 
unmodified  edge  of  the  tixed  cryst^il,  and  vice  versa.     The  pyramid- 
faces  on  the  two  ]jortions  are  parallel  in  pairs,  and  the  like  facoa 
together  build  up  each  a  scalfnuhociroa  characteristic  of  class  HI 
of    the  rhoml)ohedral   system.     The  stnall   triangular  faces,  which 
appear  at  the  points  where  the  odgc  \fui\  overhipH  the  ftvce  nf  (21  1), 
belong  to  the  trigonal  pyramid  ^jlOUj. 

^^       54.     Twins  of   crystals  with  their  hexad    axes   coincident   in 

I      direction    have    Ijw^n    mentitnu^d    in  Art.    Il>  of  Chap.   xvii.     8uch 

twins  are  complementary  twins  and  are  only  pow*ible  in  classes  1  and 

III.     Their  geometry  offers   no  difficulty,  and  we  need  not  dwell 

I further  on  them. 

^^k  Arguing  from  the  fact  esttLblislied  in  Chap,  ix,  Art.  21,  that  only 
^^  single  hexiid  axis  is  ptxssible  in  a  crystal,  we  should  expect  that 
twins  with  inclined  hexad  axes  would  l>e  inconsistent  with  the 
possibility  of  crystal-growth.  A  single  twin  of  apatite  with  ineliiiwd 
axes  is  de.scribed  in  the  Ani.  Journ.  of  Sci.  [iii],  xxxiii,  p.  ."jOS,  1887 : 
the  axis  of  rotation  is  given  as  the  normal  to  a  face  of  jll21[, 
A  similar  composite  crystal  with  the  same  twin-face  is  recorded  as 
observfMl  in  a  ri)ck-section  (Jour.  Gefd.  iii,  p.  '2h,  1895).     But  in  a 


Twins  of  the  iirxaoovat.  system. 


528 


TWINS   OK  THE  OBLIQUE  SYSTEM. 


mineral  so  common  and  nbumJant  as  npntitc,  tli€«e  instanoee 
hardly  sufficient  to  esiahlish  a  twiu-law. 


vi.     Twins  of  the  oblique  systsm. 

55.  Crystfila  of  this  systeni  are  most  commonly  twinned  about 
A  nurrnnl  or  zone-axis  lying  in  tho  axial  plane  XOZ -,  this  plane 
1>eing  a  jilane  of  Byniinelry  in  classes  II  and  III,  and  perpendicular 
to  a  dyad  axis  in  clivsHen  T  anrl  TTI  of  the  system.  The  plane  of 
synmietry  and  the  dyad  axis  have  therefore  the  Hanie  direction»  in 
the  Bovonil  portions  of  the  twin.  When  the  portions  are  in  juxia- 
piisition,  and  tlie  twin-axift  is  a  possible  normal,  the  combination- 
plane  is  usually  perpendicular  to  the  axis;  the  twin-law  may 
then  be  shortly  descriljed  by  specifying  the  position  of  the  twin- 
face. 

The  orientation  of  these  heraitropes  may  in  many  cases  be  lilsu 
given  by  taking  for  twin-axis  a  lino  in  XOZ  perpendicular  to  that 
usually  adopted.  Tlius,  the  twin  of  hornblende,  Fig.  503,  is  usually 
said  to  have  (100)  fur  twin-fnce  :  it  may  also  be  descrilx*d  an  having 
the  vertical  axis  [001]  for  twin-axin,  and  (100)  for  combination- 
plane.  In  the  CarUImd-twin  of  orthoclase,  we  adopt  the  vertical 
axis  for  twin-axia  :  we  might  also  refer  it  to  the  normal  to  (100) 
as  twin-axis,  but  by  doin^^  s<i  iniixtrtant  iTilatinn-H  of  the  twin  an* 
lost  sight  of.  Wlien  thera  is  no  special  reason  for  choosing  the 
zone-axis  rather  than  the  normal,  the  latter  is  generally  tAken 
the  twiii-rtxin. 

The  directions  of  the  axes  of  X  and  Z  have  usually  been  selec 
arbitrarily,  80  a«  to  give  simple  indices  to  the  most  conspicu 
facen.  They  are  therefore  dependent  on  tlio  habit  of  the  crys 
first  doscrilird,  and  it  may  prove  that  these  directions  have 
apparent  connection  with  those  of  the  twin-axes.  It  follows  th 
the  twin-face  may  in  some  cases  be  (100),  in  others  (001)  and  in 
others  (AO/). 

Twins  having  for  twin-axis  a  normal  or  zone-axis  inclined  to  tl 

dyad  axis  or  plane  of  symmetry  at  angles  other  than  90"  or  0*,  are 

rare  except  in  the  case  of  orthoclase  and  the  harmotome  groap.     In 

such   twins,  the  twin  axis   may   be  a  normal  (WK)),  (0A7)  or  {Md), 

I         according  to  the  odgea  which  have  been  selected  to  give  tho  axes 

I         of  JT  and  Z,     As  a  rule,  however,  the  twin-axes  have  syinMs  wii 
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58.  Gypsum,  1.  Twin-face  (100).  Fig.  500 
doublet  of  gypsum,  which  is  common  in  many 
localities,  or  can  be  produced  in  the  Ial>oratory. 
The  drawing  has  l>een  made  by  bisecting  the 
crystal  represented  in  Fig.  140,  p.  188,  in  the 
plane  TOZ^  and  then  turning  the  front  half  tlirough 
180"  about  the  normal  to  this  phuie.  Tlie  position 
of  the  twin-axis  is  the  l)ack-and-foro  cubic  axis  in 
the  projection  which  serves  as  basis  for  the  construc- 
tiitn  of  the  oblique  axes  (Chup.  vi,  Arts.  15  and  16). 
Similar  coigns  of  the  Hxed  find  rtttated  portions  lie 
on  lines  parallel  to  the  twin-axis  at  equal  distances 
from  the  combination-plane.  The  faces  if  of  [HI} 
meet  in  pairs  in*  two  re-entrant  and  in  two  salient  edges,  the  angle 
over  each  of  them  being  70°  51'.  The  angles  between  the  edges  [W] 
in  the  common  face  6  are  75'  9'  and  104"  51'. 

The  fwrtiona  occasionally  intercross,  forming  a  twin  which  has 
common  (010)  faces  and  shows  sometimes  re-entrant  angles  at  both 
ends,  and  sometimes  salient  angles, 

2.  Tmn-/ac€  (101).  Another  twin  of  gypsum  having  (101)  for 
twin-face  and  the  face  (010)  common  to 
both  portions  is  shown  in  Fig.  501  (after 
Hessenberg).  Tn  this  twin  the  re-entrant 
angles  are  fonned  by  faces  p  having  the 
symbol  {509},  and  the  faces  /  jUl}  of 
the  two  portions  are  tautozonal. 

In  well-developed  twins  the  distinction 
between  the  laws  1  and  2  is  easily  per- 
ceived; for  the  faces  m  are  brighter  and 
more  even  than  the  faces  /,  and  the  angle  mm^  =  68*  30',  whilst  U^  is 
36"  12',  If  sufficiently  translucent  for  optica!  examination  Ixjtween 
croased  Nicols,  the  twins  can  he  distinguislied  by  the  raiuimum  angle 
between  the  directions  of  extinction  in  the  plane  of  symmetry  J 
and  plates  suitable  for  the  puqjose  are  easily  obtained  by 
cleavage. 

We  have  seen  in  p.  188  that  Bx^  is  inclined  to  OZ  at  an  angle 

+  52°  27'.  Hence  in  twin  (7)  the  angle  between  the  acute 
bisectrices  is  104°  54',  and  the  least  angle  between  the  directions 
of  extinction  in  the  two  portions  is  14°  54'.  In  twin  (;?)  the  vertical 
is  is  inclined  to  the  couibiiiutiou-plane  at  an  angle  of  52°  25\  and 
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Bx^  therefore  at  an  angle  of  52*  25' +  52*  27' =  104'  52'  (or  its 
supplement  75'  8').  The  t»*o  directions  of  extinction  are  tbeo 
inclined  at  150*  16',  and  the  IpAst  angle  between  them  is 
180*- 150'  16' =  29'  44',  which  is  almoet  identically  double  that 
in  the  first  twin. 

Again  in  the  first  twin  the  intemiptions  in  the  perfect  cIcAvage  ransed 
hy  the  conchoidal  cleavage  100  arc  parallel  to  the  combination-plane, 
those  due  to  the  fibroits  cleavage  n  (Till  are  inclined  to  thi«  plane  at 
angles  of  66*  10*.  In  the  uocond  twin  Ixjth  seta  of  interruptions  ore  inclined 
to  the  combination- plane,  those  due  to  {100)  making  anglea  with  it  of 
fi2*  25'  and  those  due  to  a  {Till  anglcH  of  01" 25'. 

57.  HorrUtlmde.  Timn/ace  (100).  The  simple  black  crystal, 
Fig.  502,  of  this  substance  resembles  a  rhombohedral  crystal,  for 
the  angles  bm  =  62"  15',  mm,  =  55'  30',  cm  =  76*  48'  and  br^lV  14. 
If  such  a  crystal  is  divided  in  the  plane  YO^,  and  the  front  half 
turned  through  180°  about  the  normal  to  the  plane  of  section, 
a  twin  is  obtained,  which  would  only  differ  from  Fig.  503,  inasmach 
as  portions  of  two  fares  c  would  meet  in  a  re-entrant  furrow  modify- 
ing the  highest  coign  made  by  four  faces  r,  and  at  tJae  other  end 
there  would  bo  small  indentations  at  the  coigns  where  faces  b  meet 
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the  two  c  faces.     The  top  would  then  resemble  the  end  of  Fig.  504 
which  is   directed   to  the  front.     Such   re-entrant  edges  ar« 
rare   in   the   twins,   which,    as   shown   in    Fig.    603, 
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simulate  lieminiorphic  crystals  of  the  prismatic  system  in  which  an 
aclebitous   pyramid   is   deve]o]>ed   at   one   end    and   a   gooioid   (< 
hemidome)  of  two  faces  at  the  otlier, 

A  thin  section  cut  parallel   to  the  common  face  &(010)  would 
U'tween  crossed  Nicola  act  like  a  cleavage-plate  of  a  twin  of 
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and  would  extinguish  the  light  in  directions  including  a  minimum 
angle  of  about  40°. 

Orthoclctse. 

58.  This  mineral  is  stated  to  form  twins  according  to  eleven 
ditiVrent  laws,  most  of  them  rare  and  some  doubtful  We  shall 
describe  some  of  the  twins  according  to  the  three  common  and 
weD  established  laws.  These  laws  are  (7)  twin-face  c(OOl),  the 
law  Ijeing  often  known  as  the  M anebach-Iav*,  {2)  twin-face  n(021), 
the  Jiaveiio-law^  and  (3)  twin-axis  OZ,  the  CarhbtMaw ;  these  last 
twins  occasionally  have  (010)  for  combination-pSane,  but  more 
commonly  interpenetrate  to  some  slight  extent.  The  Carlsbad  and 
Baveno  twins  are  the  most  cummon. 


59,  i.  Manebach-law.  Tioin-face  c(OOl).  The  appearance  of 
these  twins,  H^gs.  504  and  505,  tiitfers  much  liccording  t«  the  faces 
which  predominate.  We  shall  describe  them  separately  as  (a) 
and  08). 

tt.  Good  specimens  of  these  twins  Imve  been  found  at  Manebach 
in  Thuringia,  Four-la-Brouque  in  Au\ergne,  the  Moumo  Mts.  in 
Ireland,  and  Pike's  Peak,  U.S.A.  The  face^  6(010)  and  c(OOl) 
are  largely  developed  and  form  a  rectangular  prism,  in  which  the 
parallel  faces  c  l>e]oug  each  to  a  separate  portion,  tlie  faces  b  are 
composite  and  arc  often  traversed  by  strim  or  markings  parallel  to 
the  edges  \bm\  of  the  respective  portions.  At  one  end  four  faces  n» 
of  {110}  are  developed,  ami  form,  as  do  the  faces  r  in  tlie  twin  of 
hornblende,  an  apparent  pyramid  with  an 
angle  mm=  44"  2G',  and  an  angle  mra^= 6 1""  13'. 
Occasionally,  as  shown  in  Fig.  504,  the  apex 
of  this  apparent  pyramid  is  replaced  by  a 
small  cavity  bounded  by  faces  ^(201),  yAy' 
being  —19*24'.  The  other  end  is  formed 
by  two  faces  y,  making  with  otic  another  a 
salient  angle  of  19°  24'.  In  specimens  from 
the  Moume  Mts,  the  coigns  at  which  these 
faces  y  meet  the  common  faces  b  are  modified  ^"^'  ^^* 

by  pairs  of  in  faces  parallel  to  those  forming  salient  angles  to  the 
front  in  Fig.  504:  they  therefore  form  re-entrant  angles  of  -  44'  26'; 
and  in  one  of  the  Irish  specimens  at  Cambridge  the  faces  m  forming 

34—2 


532 


TWINS   OF  THE   OBLrQt^  SYSTEM. 


re-entrant  angles  are  developed  ao  as  to  obliterate  the  faces  y:  tha 
end  (ii  the  twin  has  the  same  appearance  as  that  end  of  Fig.  505 
which  is  nhowD  to  the  front ;  tlie  faces  6  and  c  are  large,  and  the 
cryutal  ta  attached  to  the  rook  at  the  end  at  which  the  salieat 
pyramid  of  faces  m  would  be  developed. 

/?.  Fig.  505  represents  a  twin  of  adularia  from  the  8t  Gothard 
with  (001)  for  twin-face.  In  tliese 
twins  the  prism-fnceB  m  are  largely 
developed,  and  form,  on  opposite  Hides 
of  the  twin,  salient  and  re-entrant 
angles  of  44*  26'.  The  crystals  are 
terminated  by  small  triangular  faces 
c(OOl)  and  .r(lOT),  the  face  e  being 
easily  distinguished  by  ita  pearly  lustre. 
The  twins  of  tliis  habit  sometimes 
intercross;  and  the  portion.s  forming 
the  twin  are  often  also  combined  with 
portions  of  other  individuals  twinned 
to  them  according  to  the  Baveno-law. 

The  doiiblet  has  been  drawn  by  finding  the  direction  and  length  of  the 
normal  on  the  face  a  (001).  The  iioniial  lies  in  the  plane  A'OZ  at  an  angle 
of  26"  3'  Ui  OX^  and  it«  dirccti(tn  ia  therefore  found  by  the  same  ron- 
stniction  a»  tbit  given  in  Chap,  vi.  Art,.  15  for  finding  OX  By  drawing 
through  Con  02 &  line  ijandlel  to  A'-V,  to  meet  the  uonual,  it^i  length  is 
obUuncd.  Doubling  this  length,  the  origin  Q  of  the  rotated  ajies  ia 
determined.  The  priam-edges  [mm']  are  then  drawn  throxigh  the  pcjiuU  in 
which  the  pnam-cdgea  of  the  fixed  portion  meet  the  combiuatinn -plane; 
corresponding  coigns  on  the  rotated  and  fixed  prism-edges  He  on  lines 
piirallel  to  the  twin-axis.  Twin  a,  Fi^  504,  is  drawn  from  the  same 
axes,  and  only  diSers  &om  j3,  Fig.  505,  in  the  relative  size  of  the  fats^ 
present. 

The  zone-axis  X-t ,  Fig.  505,  may  Ije  taken  as  twin-axis ;  for  A 
semi- re  volution  about  it  gives  the  twin-orientation  correctly.  We 
have  given  the  twin-law  by  means  of  a  twin-face  for  the  sake  of 
brevity  in  its  enunciation. 

60.  2.  Baveno-law,  Tttnn/ace  7i  {021).  Fig.  506  represents 
the  habit  of  these  twins,  as  commonly  obaervnd  on  specimens  from 
Baveno  and  elsewhere;  the  faces  6  and  c  being  largely  developed. 
Since  6  An  =  45''  3*5\  the  pair  of  oftjacent  faces  b  include  an  angle  of 
90°  7',  and  the  pair  of  faces  c,  which  complete  the  almost  rectangnlar 
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priHU),  are  at  89'  53^  to  one  another.    Opposit-e  faces  are  of  dissimilar 
character,  and  are  not  strictly  parallel.     At 
one  end  pairs  of  faces  m  and  //  meet  in  small 
salient  angles,  which  can  be  compute  from  the 
angles  given  on  p.  100.     Faceaojl  Il},xlT01j, 

fc      anUcj  L30}arealso  often  present.  The  angles  are 

^k  mATO=  180**  -  2nm  =  10'  34', 

^H  yAy=180"-2nV=13"42', 

^^d  oAor.  180' -2no  -  92' 34'. 

I  The   cryatals  are  uHually  broken,  having 

been  attached  to  the  rock  at  the  end  opposite 
to  that  shown  in  the  figure,  but  occasionally 
specimens  showing  both  ends  are  presened. 

mens  in  the  Cambridge  Museum,  the  faces  at  the  end  opposite  to 
that  shown  to  the  fi-ont  in  Fig.  fiOG  make  re-entrant  angles. 

The  individuals  are  rarely  unit*'d  along  a  pUne  passing,  as  in 
Fig.  506,  through  the  edges  [//6]j  [cc],  but  parts  of  a  face  6  of  one 
individual  overlap,  and  are  practically  co-planar  with,  a  face  c  of 
the  other,  and  vice  versa  j  and  the  lioumlaries  of  the  two  individuals 
are  often  very  irregular.  When  portions  of  6  and  c  faces  are  co- 
planar  or  nearly  so,  the  distinction  in  their  character  is  plainl}' 
seen,  and  much  assists  the  student  in  tracing  the  boundary  of  the 

I  twin;  for  the  faces  b  are  often  iiiarkeU  in  directiuns  paralkd  to  the 
edges  [Am],  which  ure  inclined  Lo  the  edge  [be]  at  angles  of  63°  57'; 
the  faces  c  have  a  pearly  lustre^  and  are  sometimes  corroded  in 
lines  parallel  to  the  edges  [cxt/]  which  are  at  right  angles  to  the 

^^dge  [be]. 

^H     Adularia  from  the  St  Gothard  twinned  according  to  this  law 

^^js  frequently  found  in  triplets  and  occasionally  in  quartets,  which 
Figs.  507 — 510  serve  to  illustrate.  In  these  plans  the  edge  [be]  is 
perpendicular  to  the  paper,  the  edges  [ex]  are  parallel  to  it,  and  tlie 
edges  [bm]  are  inclined  to  it  at  angles  of  26^  3'. 

The  plans  are  easily  constnicted  ;  for  a  square  being  drawn,  it  ia  only 
necc8sary  to  find  the  angle  which  tlio  projected  xt)ne-axia  [xm]  makes  with 
the  trace  c  to  be  ablu  tt*  cutnplctc  cfich  of  the  Bguroa.  Now  any  face  in  the 
zone  [6c]=[100]  meets  the  paper  in  a  Ktniight  line,  which  makc^s  with  the 
trace  c,  the  name  angle  jw  the  face  make.-*  with  the  fAco  c^.  Also  the  face 
which  ia  common  to  the  zones  [a?/»]  — [111]  and  [^]  =  [11XI]  h&a  the  symbol 
(Oil).    Knowing  the  angle  <?»  to  bo  44''&6'6',  the  angle  c  AOll  is  found  to 

26' 31'.    The  linen  [wlc],  [m^],  itc,,  are  then  drawn  each  at  26°  31'  to 
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Uie  tmcea  c^,  «,  &c,  through  the  corners  of  the  nquare.    The  tdgm  [imj 
aro  par&Uol  to  the  traces  6. 

Fig.  507  representfi  two  oryBtAls  In  contact  along  an  edge  [bc\ 

that  labelled  I  being  in  the  usual  position  of  an  oblique  crystal, 

the  second  in  an  orientntion 

_,  (010)  b 
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differing  from  that  of  /  by 

a  semi-revolution  about  the 

normal  to  the  face  n(021). 

Suppase  now  tlie  two  crystals 

to    be    bisected    by   planes 

through  the  comers  n^  and  n' 

parallel  to  the  twin-face  n, 

aud  the  more  remote  halves 

to  bo  united  in  the  planes 

of    section.     We    thus   get 

the  doublet  given  in  the  plan, 

Fig.  508.     In  this  doublet 

the   faces  m^  and  m'  meet 

in  a  salient  angle  of  10*  34', 

the  small  portions  t>f  m  and  m  in  a  re-entrant  angle  of  —  77*42\ 

and  the  faces  x  make  a  salient  angle  a:x'  =  53°  47  5'.     The  faces  m 

are  usually  striated  parallel  to  the  edge  [»^]. 

If  now  at  the  corner  n\  Fig.  507,  a  third  crystal  is  introduced 
in  twin-orientation  to,  and  touching  individual  II  with  (021)  for 
twin-face,  and  the  three  crystals  are  cut  down  so  as  to  forro  a  rect- 
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angular  prism,  we  obtain  the  triplet  shown  in  Fig.  509.  In  this  case, 
three  of  tlie  faces  bounding  the  rectangular  prism  art^  c  fatuis,  and  the 
fourth  consists  of  two  h  portions  inclined  to  one  another  at  a  salient 
angle  of  14' :  for  the  angles  6^c,=rbe^  =  90%  aud  c^c  =  cc  =  89°  53'.  The 
individuals  I  and  III  are  very  nearly,  but  not  absolutely  in  I  win- 
orientation  according  to  the  Manebach-law  ;   for  the  plane  through 
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[m^m]  in  which  tliey  meet  is  very  nearly  parallel  to  the  faces  c,  aud  c^, 
hot  the  faces  m^  aud  m  meet  in  a  re-entrant  angle  of  -  41"  16'.  The 
edgeA  [c^x]  of  the  triplet  are  all  parallel  to  the  paper,  the  edges 
[6^»i,]  and  [hm]  are  both  inclined  to  it  at  angles  of  2G*  3'.  Triplets 
of  this  kind  are  fairly  common,  but  the  re-entrant  onglos  mf\m 
and  m'Ani',  are  almost  always  obliterated  as  shown  in  Fig.  310 
by  the  development  of  tljy  fates  x,  and  the  filling  up  of  the  troughs. 
Fig.  510  represents  a  qiiart<^t  of  the  same  kind  whicli  may  l>e 
supposed  to  be  produced  by  as.tociating  a  fourth  individual  in 
twin-orientation  at  n^  in  Fig.  507.  Individuals  111  and  IV  are 
not  then  in  strict  twin-orientatioii,  and  tlu^  faces  of  the  prism  are 
not  quite  parallel.  The  twin  approximates  in  habit  and  develop- 
ment to  a  tetragonal  prism  surmounted  by  a  tetragonal  pyramid. 
The  twins  are  therefore  of  interest  in  sliowing  how  a  crystal  may 
be  developed  as  a  mimetic  twin  out  of  portions  of  crystals  of 
much  inferior  symmetry.  Specimens  corre-sponding  to  each  of  the 
drawings  of  the  ideal  twins  given  above,  are  fur  from  showing  the 
regularity  of  development  assumed  in  the  description.  The  crystals 
are  generally  much  corroded,  and  the  face?*  are  sometimes  encrusted 
with  chlorite.  The  faces  c  seem  to  be  most  easily  corroded,  and 
those  of  &  to  be  moat  readily  encrusted. 

61.     Manebttc/i^Baveno  twins.      In   the   collection   of   minerals 
recently  presented  to  Cambridge  by  the  Rev.  T,  Wiltshire,  M.A., 
Hon.   Sc.D.,  of  Trinity  College,  is  a  remarkable  twin  of  adularia 
from  the  St  Qothard  shown  in 
Fig.  511.      It  forms  a  nearly 
rectangular  prism  Itounded  by 
composite    faces    b  (010),   and 
is  strictly  speaking   an  octet ; 
each    segment,   such    as    that 
having  it^  faces  labelled  £>!,  7»ii 
X,,   being   twinned    to   an   a<i- 
jacent  segment  (that  carrying 
suffixes  2)  on  one  side  accord 
ing  to  the  Baveno-law,  and  to 
the  adjacent  one  on  the  other 
side  (that  lettered  b\,  m,,  x'^) 
according    to    the    Maiiebach- 

law.     The  combtuution  according  to  the  two  laws  is  not  as  regular 
OB  that  seen  in  ordinary  doublets,  and  there  is  a  certain  amount 
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of  interlocking  of  the  matter  of  adjacent  pot-Lions  across  the 
biiiation-planett.  Thu»,  as  \a  slightly  indicated  in  the  com 
faces  b,  the  markings  transgress  the  trace  of  the  ideal  combinatioD- 
plane  of  the  Manebach-twin.  A  similar  irregular  interlocking  is 
observed  at  the  bock  of  the  crystal,  where  two  faoeii  m  meet  tX 
a  small  salient  angle  over  an  edge  which  should  lie  in  the  twin-pUae 
(02 1 )  of  the  Baveno-Iaw.  The  edges  of  the  prism  formed  by  the 
composite  6  faces  are  also  modified,  and  are  replaced  by  very 
narrow  rectangular  grooves  having  tlie  faoes  c  for  sides.  IbeM 
grooves  much  resemble  the  well-marked  grooves  on  twins  of  honno- 
tome,  Fig.  516,  p.  5-tO.  The  twin  is  not  entirely  free  from  attacbetl 
matter,  but  sufficient  of  the  back  can  be  mode  out  to  show  that  the 
edges  separating  fivces  of  different  portions  are  all  salient. 

The  faces  in  Fig.  5 1 1  have  been  labelled  to  correspond  to  an  b- 
terpretation  of  the  twin  as  consisting  of  two  in t^er crossing  Manebach- 
twins ;  the  one  having  even  suffixes,  the  other  odd  ones.  Again 
adjacent  wedges  consisting  of  portions  of  odd  and  even  labolled 
individuals  are  twinned  accoixling  to  the  Baveno-law,  Similarly 
labelled  fivces  x  give  almost  simultaneous  reflexions  of  a  bright  signal. 
Hessenberg  ( Jfiin.  iVo£.  ii,  p.  4)  has  descnbed  a  similar  twin. 

62.  S.  Carhbad-law.  Twin-axU  [001].  The  twins  shown 
Figs.  512  and  513  have  the  vertical  axis  for  twin-axis  wit^  an 
of  rotation  of  ISO".  Consequently  in  each  twin  the  facets  6  |010( 
and  m  {110[  of  one  individaal  are  parallel  respectively  to  faces  h 
and   m  of   the  other.     The  twins  are  often  in  juxtaposition, 


Fm.  612. 


Fig.  513. 


combination-piano  being  parallel  to  (010):  in  other  cases  there  is, 
as  shown  iji  the  figures,  a  greater  or  less  amount  of  interlocking  of 
the  individuals.  This  interlocking  is  generally  perceived  when  the 
yatals  have  the  faces  c  (001)  and  y  {201 J  well  developed. 
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Since  ihe  portions  of  an  oblique  crystal  on  opposite  sidefl  of  the 
plane  of  symmetry  are  anliMlropliic,  two  twins  according  to  this  law 
are  possible  which,  depending  on  the  relative  positions  of  the 
components,  are  sometimes  described  as  right-  and  left-handed. 
Suppose  two  exactly  similar  crystals,  having  the  faces  in  Figs  512 
and  .513,  to  he  plaot^l  si<]e  by  side  in  the  UHual  position  of  an 
oblique  crystal,  and  suppose  tliem  to  be  bisected  in  their  planes  of 
symmetry.  Suppose  now  the  two  portions  to  the  left  of  the  plane 
of  symmetry  to  be  unit<MJ  in  this  plane  after  one  of  them  has 
been  turned  through  180"  aV>out  the  vertical  axis  [6nt] :  a  left- 
handed  twin  identical,  save  for  interlocking  portions,  with  Fig.  512 
is  produced.  Fig.  513  is  obtained  hy  the  similar  union  of  the  two 
portions  to  the  rigfit  of  tlie  plane  of  Hymmetry,  and  muy  be  called  a 
right-handed  twin.  If  the  two  twins  are  placed  aidt^  l>y  side  with  the 
faces  b  and  the  edges  [Inn]  parallel,  the  pair  are  reciprocal  retlexions 
in  a  mirror  parallel  to  their  jjlanes  of  symmetry,  and  cannot 
therefore  be  placed  in  similar  positions.  Good  instances  of  right- 
and  left-handed  twins  have  been  found  in  many  localities,  and  have 
been  recently  obtained  in  great  abundance  at  Bob  Tail  Uulch, 
Colorado. 

When  the  faces  c  and  x  {lOl)  are  the  only  faces  associated  with 
the  prism  {llOJ  and  pinakoirl  {010],  the  juxtaposed  twins  resemble 
a  simple  prismatic  crystal,  fur  a  face  c  of  the  one  individual  is  as 
■hown  in  Fig.  514  practically  co-planar  with  a  face 
X  of  the  otiier.  The  inclinations  of  the  two  faces  to 
the  vertical  axis  are  nearly  the  same,  for,  Fig.  142, 
p.  191,  CA-^=26"3'andarA^  =  2ri3-5'.  O.Rose, 
who  carefully  examined  the  twins,  was  however 
unable  to  detect  any  divergence  of  the  two  portions 
of  the  composite  face,  corresponding  to  the  diffnrence 
of  1*50',  between  their  inclinations.  Owing  to  the 
difference  in  physical  character  and  corrodibility  of 
the  faces  c  and  x^  the  composite  character  of  the 
faces  in  the  twin  is  well  seen.  This  has  been  indicated  in  the 
figure  by  marking  the  faces  x  with  dots.  A  repetition  of  the 
twinning  according  t43  this  law  is  sometimes  indicated  by  narrow 
interruptions  traversing  the  faces  c  and  x  parallel  to  the  edges 
[6c]  and  [bx]  of  an  otherwise  simple  crystal. 

A  rotation  of  ISC  about  the  normal  to  the  face  (100)  will 
satisfy  the  relations  of  this  twin.     The  i^rLsiu -faces  of  the  njtJited 
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Individual  would   in  tlmt  case  have  dilFereut  indices,  for  after  a  1 
aemi-re\'olution  about  the  normal  each  of  them  is  brought  into  »  J 
position  coincident  with  that  of  a  ditferent  homologous  face  of  the  I 
priam.     But  such  an  interpretation  of  the  twin  will  not  sati&fy  tiie  ] 
relations  of  the  similar  twins  of  the  cloi^lj  allied  anorthic  fels^Muv 
For  in  these  latter  subetanoes  the  angle  100  A  010  difiVrn  from  90\ 
and  the  faces  (010)  of  the  two  portions  would  not  be  parallel,  u 
has  been  found  to  be  tlie  case  in  the  twins.  ' 

63.  J.  D.  Dana  pointed  out  in  the  5th  edition  of  his  Min^nxlogy  * 
remarkable  approxiiuAtion  in  the  angles  of  orthoclaae  and  the  juiorlhie 
folH]iarH  tt>  those  between  fhcos  of  the  mope  common  forma  of  a  oihic 
crystal.  Thus  ^«6,ni,»&D°23'&'  and  mta,=6ri3'  arc  all  compAnblc 
with  60\  the  angles  between  the  faces  of  the  rhombic  dodecalKsdmi 
INiniUel  tu  a  triad  axis.  Hvuce  the  axis  OZ  of  orthodase  correspuuds 
to  a  triad  axis  of  a  cubic  cryNtal,  aud  may  be  regarded  aa  a  peeudo*tmJ 
axis.  The  faces  t  in  the  zone  [6m]  mtike  29°  24'  with  6  and  29"  59*5'  wilb 
Ac^ooont  faces  m :  thoj  corTos^MDnd  to  faces  of  (211)  which  truncate  the 
edges  of  the  rhombic  dodocahodrou. 

Again,  n  being  (021),  the  angles  friia45'  3*5'  and  ons=44*  56*5'  are  very 
nearly  45".  The  zone  \hnc\  is  therefore  comparable  with  a  tetragonal  zone, 
and  the  zoue-fixifi  {be]  (the  axis  OX)  is  a  pseudo-t«tnid  axis.  But  from  the 
zone  [frmm,],  the  face  6  is  seen  to  correspond  to  a  face  of  the  rhombic  dode- 
cahedron, and  its  normal  is  a  dyad  axis.  Hence  the  face  c  also  oorrcspouds 
to  a  fiMie  of  the  rhombic  dodecahedron  and  its  normal  to  a  pseudo-dyad 
axi&  The  faces  n  then  cxirrenpoud  to  the  tautozonal  faces  of  the  cube,  aDd 
their  normals  to  p»oudo-tetnid  axtM ;  the  relation  in  this  zone  being  lumiUr 
to  that  dcscn^Kxi  in  the  zone  [6f]  of  atauroUte  (p.  511). 

The  third  face  of  the  cube  has  to  he  sought  in  tho  xone  [ciif\  si 
right  angles  to  c  and  7k  Tho  nearest  important  face  to  this  pootion  if 
y  (201),  for  £^=80°  IS*,  ny =83°  9'.  Knowing  the  angles  ex  and  cy,  we  find 
that  the  indices  of  the  face  (AO^  at  90"  from  c  must  satisfy  the  equatiuo 
l-43/*=3-86/.  Hence  (SOl),  (301),  (S03)  and  (27,0,10)  are  eoooessivo 
approximations  to  the  [x)sition  :   they  oorrespond  to  angles 

001  A  301  =93' 60-5',  001  A  803 =89"  39*6'  and  001  A  27,0, 10=90*0'. 

By  the  aid  i^if  the  relations  jiLst  given,  many  of  the  twins  of  orthoclaae 
can  be  oxplanied  from  considerations  as  to  the  probable  arrangomeots  of 
the  particles  in  the  ditferent  classes  of  crystals.  Amongst  the  regular 
armngouientti  ponsiblo,  there  are  some  in  which  groups  of  the  particloft 
about  one  jK>int  can  l>o  brought  into  the  poaition  of  siimilar  groups  by 
translation  through  »omo  finite  inter\'al.  When  the  cry**tAla  have  also 
axes  of  symraetry,  pairs  or  triads  or  tetrads  of  Uke  gT<ni|w  can  bo  inter* 
change*!  by  rotations  of  180",  120'  and  90'  about  the  respective  axis.  Such 
arrange  men  tM  uf  the  groiipn  of  ^uirticlos  may  be  said  to  bo  conforinahU.    A 
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Mation  througfa  the  respective  angle  about  an  axin  which  in  uuly  approxi- 
Mktely  one  of  aymmeiry  will  uot  bring  a  group  iuto  coincidence  with  a 
Bmilor  group  ;  but  the  relations  of  the  rotated  group  to  the  matter  in  itn 
■EdghbourhiMxi  niay  so  nearly  conform  to  those  required  for  the  attachment 
m  the  group  as  to  allow  growth  to  proceed,  and  the  more  nearly  the  axis 
approxiuiatoH  to  a  true  aiia  of  Hyniinetry  the  greater  the  probability  of 
twinning  and  the  more  stiible  'm  the  twin  likely  to  be. 

From  this  ix)int  of  view,  the  Manebach-twin  is  due  to  the  normal  to  the 
face  c(001)  being  a  pseudo-dyod  axis ;  the  Carl»bad-twin  to  the  axis  OZ 
being  a  pseudo-triad  axia,  and  to  the  structure  about  thiu  axis  having  much 
the  character  which  is  connected  with  the  twinning  about  a  triad  axin  in 
cubic  crystaU,  The  Baveno-law  may,  as  in  the  twins  of  pyrites  and 
the  rectangular  twins  of  staurolite,  be  given  in  two  ways :  (o)  a  rotation  of 
180"  about  the  normal  (021}  which  is  a  pseudo-tetrad  axis,  or  {&)  a  rotation 
of  90**  about  the  zone-axis  OX  (the  same  im  [bnc])  which  is  alao  a  pseudo- 
tetrad  axis. 

Further,this  hypothesis  suggests  that  the  normals  (110),  (20T)  and  (TU) 
should  also  be  twin-axes ;  for  each  of  them  is  nearly  in  tlie  direction  of  a 
paeudo-axis  of  symmetry  of  even  degree.  Twins  with  each  of  these  normals 
for  twin-axis — the  angle  of  rotation  being  180" — have  been  described,  but 
they  are  very  rare.  Since  these  linos  are  not  so  ne^irly  in  the  directions  uf 
axes  of  symmetry  a.<i  the  axes  OX,  OZ  and  the  nonuals  (001),  (021),  the 
conditions  which  would  give  hho  to  twinning  ftl)out  them  are  not  likely 
^^  be  as  frequently  met  with  as  in  the  case  of  the  throe  iiu^>ortaat  laws. 

^^1  Harmotome  Group* 

f  64.     Tlie  twins  of  orthoclase  and  their  relations  to  the  paeudo- 

'  cubic  symmetry  of  the  crystals  throw  light  on  tho  remarkable  twirui 
of  harmotome,  phillipslbe  and  wellsite,  in  none  of  which  has  the 
aiuiple  crystal  been  observed.  Fig.  515  represents  a  crystal  of 
harmotome  from  Scotland,  which  was  long  believed  to  be  a  simple 
prismatic  crystal.  Dea  Cloizeaux  showed,  however,  by  optical 
examination  between  crossed  Nicols,  that  sections  cut  parallel  to 
the  face  marked  b  and  b^  are  composed  of  four  quadrants,  such 
that  the  directions  of  the  extinctions  in  opposite  quadrants  (those 
marked  by  similar  letters  ft)  are  the  same,  whilst  those  in  adjacent 
quadrants  (marked  6  and  6,  respectively)  ai*e  inclined  to  one 
another.  One  of  the  directions  of  extinction  in  each  quadrant  is 
inclined,  as  shown  in  Fig.  51fij  at  an  angle  of  nearly  GO"  to  the 
edge  [/«r].  Tliis  crystal  resembles  a  Manebach  twin  of  orthoclase, 
in  which,  however,  the  two  individuals  intercross  so  that  the  two 
da  show  a  similar  pyramid  of  four  like  faces.     Occasionally  the 
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apex  of  this  pyrAmid  is  modified  by  a  Rmall  uneven  fa«e  f,  t}ie  in- 
clination of  which  to  c  cannot  be  distinguished  from  90^. 

Defi  Cloi2eaux  took  the  up[)er  pair  of  faces  m  to  be  those  of  Uif 
priHm  {lIOj  of  an  oblique  crystal,  in  which 
&(010}  is  |»anillel  to  the  plane  of  symmetry, 
c  is  the  base  (001)  and  /  is  (lOT).  The 
faces  are  very  uneven  and  atriatod,  so  that 
aoourste  measurements  are  not  pos8ible. 
He  adopted  the  following  values,  viz. 
fiMrt,  -  59' 59',  <^fH-60''21^  and  c/=90*0'. 
From  these  angles  we  can  compute  the 
elements  of  the  crystal,  and  the  angles 
which  a  face  e(Oll)  tinincating  the  edge 
\ht\  makes  with  the  faces  on  the  crystal. 
The  elements  of  the  crystals  of  the  other 
minerals  can  be  found  fivjm  similar  data. 
We  thus  have  for: 
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65.  The  crystals  are,  however,  for  the  most  part  complex 
twins  similar  to  Figs.  516  and  517.  The  former  ia  common  in 
harmotome,  the  latter  in  phillipsite  and  wellsite.  The  striatci]  fithoa 
in  Fig.  516  correspond  to  those  marked  h  in  Fig.  515,  and  are,  as 
far  as  measurements  can  be  mmie,  at  right  angles  to  one  another; 
so  also  are  the  faces  c  which  form  the  sides  of  the  grooves  running 
the  whole  length  of  the  edges  of  the  apparently  rectangular  prism. 
Similar  crystals  are  often  observed  in  phillipsite,  but  the  facos  e  tire 
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very  ofteu  those  foriniug  the  prism,  and  the  faces  6  fornj  the  sides 
of  the  groova  Regarding  the  intercrossing  doublet,  Fig.  515,  as  if  it 
were  a  simple  crysUvI,  the  complex  twin  ia  formed  of  two  such 
individuals  having  e;{011}  for  twin-face;  or  it  may  be  treated 
&3  consisting  of  four  wedge^i  cut  from  tlio  doublets  and,  like  the 
wedges  of  ortboclase  in  Fig.  510,  united  in  succession  along  a 
twin-face  (Oil).  Or,  again,  as  was  pointed  out  in  the  case  of 
urthoclase,  we  may  suppose  the  wedges  to  be  turned  through  90° 
ftbout  the  zone-axis  [be]  (a  pseudo-tetrad  axis),  and  each  wedge 
to  be  united  to  the  adjacent  ones  more  or  less  regularly  along  a 
face  (Oil).  The  twin  agrees  most  closely,  however,  with  the  octet 
of  adularitt,  Fig.  511,  in  the  Wiltshire  cc^ltection,  save  that  in  the 
twins  of  the  harmotome  group  of  minerals  the  ends  showing  salient 
angles  are  alone  developed. 

Since  «m=89°  35',  the  faces  m  separated  by  a  line  joining  the 
ftpex  to  the  end  of  the  groove  are  almost  co-planar.  On  the 
aesumption  of  a  semi-revulution  about  e(Oil),  they  make  in 
h&nnotoine  a  salient  angle  of  50';  and  on  the  assumption  of  a 
quarter-revolution  about  [6c],  one  of  25'.  The  composite  character 
of  tlie  m  faces  is  however  most  tilearly  demonstrated  by  the  barbed 
stnee  on  them,  the  strite  being  parallel  to  the  edges  [6m]  of  the 
respective  individuals. 

These  complex  twius  are  very  regularly  developed  in  harraotome, 
and  the  grooves  along  the  edges  of  the  prism  are  well  marked.  In 
phillipsite  the  faces  composing  the  rectangular  prism  are  free  from 
Btriie  and  belong  to  c{001[;  the  grooves  arc  bounded  by  faces  6, 
which  sometimes  show  patches  of  strife  similar  to  those  on  the  prism- 
faces  of  Fig.  516.  But  in  phillipstte  aud  wellsite  the  grooves  are 
for  the  most  part  obliterated,  and  the  twins  closely  resemble  a 
tetragonal  prism  |100}  terminated  by  a  tetragonal  bipyramid  {HI}. 
Examination  between  crossed  Nicols  of  plates  cut  parallel  to  the 
faces  of  the  pseudo-tetragonal  prism  shows  that  combination  does 
not  take  place  regularly  along  the  plane  (Oil),  but  portions  of  a 
face  e  are  co-planar  with  a  face  6  of  the  adjacent  individual.  This 
is  indicated  in  Fig.  517,  where  the  irregular  lines  of  dots  show 
the  boundaries  between  the  individuals,  labelled  I — IV,  in  a  twin 
of  wellsite  described  by  Messrs  Pratt  and  Foote  {Am.  Jour,  of  Hci. 
[iv],  Ul,  p.  443,  1897).  They  observed  that  the  boundary  between 
the  portions  6  forming  part  of  the  doublet  is  a  definite  line  corre- 
sponding to  combination  parallel  to  c(OOl). 
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Wellsite'  was  found  by  the  anthora  to  form  oUier  octets  (or 
intercrossing  quarteta),  Fig.  518,  in  which  the  faceA  a  (100)  are 
largely  developed.  The  faces  a  of  the  doublet,  having  (001)  for 
twin-face,  make  with  one  another  salient  angles  of  73*  6'  (an  angle 
used  in  the  computation  of  the  crystal-elemente) ;  and  adjaceol 
faces  a  of  different  doublets,  such  as  a  aad  a\  make  re^ntnuit 
angloH  of  49*  48'.  Similar  twins  of  hamioUime  from  Rongsberg, 
St.  Andreasl^rg,  and  Scotland,  and  of  phillip.site  from  AslMoh  hja^ 
been  described.  ^H 

66.     Applying  to  these  twins  the  viewa  as  to  i»eudo-oufaic  symoetiy 

already  propoundod  in  the  di.'*ciLS»i<jn  of  the  twins  of  fitaurolite  and  ortho- 
ehuo,  wc  »QG  tbut  the  /x>no  [he]  is  oiio  of  pticudo- tetragonal  symmetry,  the 
normals  6  und  c  being  the  one  a  dynd,  and  the  other  a  peeudcMiyad,  axis. 
The  doublet,  Fig.  515,  iH  then  due  to  crystal-growth  being  possible  when 
the  particles  or  grfjupH  of  particles  are  deposited  in  orientations  differing 
from  thftt  of  confonnability  by  a  semi-revolution  about  a  pseudo-dyad  axiH 
(the  nunual  to  (001)).  Tlic  same  orientation  is  obtained  by  a  eeoii- 
revoUition  altout  the  zone-axis  [be].  Again,  the  complex  twin  is  due  to  [be] 
being  a  pflcudo-totrod  axis ;  a  quarter  revolutiun  about  thifl  line  hriugiog 
the  groups  of  jjarticles  sufficiently  aeur  to  a  position  of  confonuability  for 
growth  to  be  ]M>saible. 

Further,  the  edge  [6mm,l  Fig.  615,  i«  a  pseudo-triad  axis;  and  a 
rotation  of  120°  about  it  should  leave  the  jwrticles  in  approximate 
confonuability  with  their  first  orientation.  This  axis  in  inclined  ti>  [be]  at 
the  angle  /3,  which  is  in  all  tlie  crystals  very  nearly  equal  to  54*44' — 
the  angle  between  a  triad  and  tetrad  axis  of  a  cubic  crystoL  Still  more 
complex  twins,  such  an  that  of  phillipsite  shown  in  Fig.  519  (after 
Kohler,  Pot;*^.  Ann.  xxxvii,  p.  561,  1836),  are  therefore  poiaaible,  which 
may  be  explained  its  due  to  thiu  pseudo-triad  axis.  The  same  twin  ia 
arrived  at  by  regarding  it  as  the  result  of  twinning  about  the  pair  of  pseudo- 
tetrad  axes  which  are  the  normals  to  the  faces  e  of  (Oil},  and  are  at  right 
angles  to  [be]  ;  the  angle  of  rotation  about  each  of  these  normals  being  90*. 

^  Wellsite  is  showu  by  Messrs.  Pratt  and  Foote  to  be  a  member  of  the  gronp 
of  seolites  formed  by  phillipsite,  harmotome  and  Htilbito;  the  eompoaition  being: 

WelUite   {Ba,  Ca.  E^)  AlsSijOn .  3H,0, 

Phill;pflite    (Ca,  KJ  Al,Si^0i,.4iH,0. 

Harmotume (Ba,  K^)  AlaSiiOu.SH^O. 

Stilbite (Ca.  Na,)  AljSi.O,, .  6a,0, 

Seeing  that  the  determination  of  the  trao  etato  of  hydration  is  rery  diffioolt. 

and  that  the  anatyees  of  phillipsite  vary  conBidcrAbly.  it  is  probable  that  the 

number  of  molecules  of  water  of  oryHtoUization  should  bo  4  and  not  4|.     The 

thors  point  oat  aUo  that  a  lower  member  of  the  series,  baring  two  molecules 

ter,  may  exist.    Such  a  member  would  bo  a  dimorphoDS  form  of  natrolite. 
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le  upright  individual  in  Fig.  519  iM  placed  ah  if  the  hugely  developed 
were  jUO]  of  a  tetragonal  crystal  and  the  normahi  to  the  faces  e  were 
aiea  of  X  and  K   By  a  rotation  of  90"  about 
back-and-fore  normal  (OX),  the  %-ertical  axia 

brought  into  the  |KiHition  of  the  axis  of  T.  By 
joining  two  quartets  related  to  one  another  in 
this  moiiDur,  an  intercrossing  rectangular  twin 
is  obtained,  Huch  as  is  aometimcs  found  in  phiU 
lipsite :  it  may  1«  reprenented  by  the  two 
inHiTidiials  of  Fig.  619  which  have  their  axes 
[hii]  parallel  to  the  pajxjr.  If  now  a  third 
quartet  ia  joined  to  the  two,  after  it  has  Iwen 
turned  through  90"  from  the  upright  i>osition 
about  the  aiin  0}\  the  twin,  Fig.  519,  i.s  pn>- 
duced.  The  composite  fac^s  m  of  Fig.  516  are  in  Fig.  519  arranged  in  sets 
of  two  which  are  very  nearly  co-planar,  anrl  arc  jiarallcl  rcHiJOctivcIy  to 
&cce  of  the  rhombic  dodecahwlron.  If,  f\irther,  the  matter  i»  deixwited  so 
as  to  fill  up  the  re-entrant  HpaoeH  l«tweeii  tho  prisuw*,  ajid  if  the  face.s  m 
Are  developed  so  as  to  obliterate  all  the  other  faces,  a  twelve- faced  figure  is 
produced,  which  is  very  nearly  a  rhombic  dodecahedron,  each  of  the  faces 
being  composed  of  segments  which  belong  to  four  separate  individtiala.  A 
mimetic  dodecahedron  of  phillijwjite  of  thin  kind  haa  lieeu  described  by 
Streng  {N,  Jahth.  /.  Min.  1875,  p.  685). 

Langemann  (^.  Jahrh.  f.  Min.  1886,  ii,  p.  83)  has  ohown  that  platoa  cut 
parallel  to  the  face  cc  of  the  doubk't,  Fi^.  515,  cousist  of  fuur  segiuc>iitH,  eiich 
that,  between  crossed  Nicole,  opposite  segmentB  extinguiEth  tho  light  Bitunltivne- 
oaily,  but  adjiioent  Beffzuecto  have  different  directiond  of  extinotioii.  The  faou 
b  is  not  therefore  parallel  to  a  plane  of  symmetry',  or  ita  normal  a  dyad  axis ;  and 
the  Bimplc  cryHlal  of  harmotome  and  phillipsite  mu^t  be  rtgarcled  as  anorthio. 
The  intercrosfling  doublet,  Fig.  51S,  is  then  a  mimetic  octet  or  a  mimetic 
Intercrosfliug  quartet,  the  individoaU  beinff  separated  oIod^^  planes  parallel  to  ':* 
and  c  paaaing  through  the  edges  mm,  and  mm.  The  relations  to  paendo-cubio 
symmetry  apply  to  the  cryatals  as  before,  bat  the  normal  to  the  face  h  is  now 
only  a  peendo-dyad  axis. 
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^^  67.  We  shall  limit  our  discussion  to  a  few  of  the  twins  of  tho 
felspars,  microcline,  KAlSiaO^,  albite,  NaAlSijOgj  and  anorthite, 
CaAi^ijO^,  mentioning  in  the  intermediate  menibei*s  of  the  group 
a  few  cases  which  are  pertinent  to  tho  discussion.  The  plagioclastic 
felspars  are  all  characterised  by  having  two  perfect  cleavages 
inclined  to  one  another  at  angles  of  nearly  90*  and  by  the  pn.)m- 
lence  of   faces  parallel  to  these  cleavages :   they  also  have  faces 
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niiikiiig  with  one  iinother  and  with  the  cleavages  angles  nearly  tHe 
same  iia  those  which  in  orthoclase  the  prism-faces  m  JllO]  and  the 
pinakoids  j:  {101}  and  y  (§01}  make  with  one  another  and  with  the 
cleavages.  The  ci'VftalH  are  therefore  placed  so  that  the  cleavages 
and  the  faces  have  nearly  the  same  situations  as  the  cleavages  and 
corresponding  faces  in  orthoclase.  Thus  in  the  ideal  simple  crystal 
of  albiti*,  Fig.  520,  the  \es»  facile  cleavage  contains  the  axes  of  Z 
and  X,  and  the  jtfwrallel  faces  ^f  are  (01 0|  :  the  faces  P  of  jOOl} 
are  parallel  to  the  best  (pearly)  cleavage ,  and  the  axis  of  F  is 
parallel  to  the  edge  {Fx\  x  l>eing  lOl.  The  crystals  are  always 
placed  so  that  the  normal-angle  001  a  01 0  is  leas  than  90" :  in  alhite 
it  is  86*  24',  in  anorthite  85'  50'.  The  angle  between  the  positive 
directions  of  the  axes  of  Z  and  7  is  greater  than  90%  varying  from 
94"  5'  in  ftlbite  to  93"  135'  in  anorthite.  In  albito  the  faces  7*  IllOj 
and  /{tiOJ  take  the  place  of  the  prism-faces  m  of  orthoclase;  in 
anorthite  and  the  other  felspars  the  letters  T  and  I  are  interchanged, 
7' being  ]110}  and  /jllOj.  The  other  faces  given  in  the  following 
figures  are  lalmlled  and  have  the  same  symbols  as  the  crystals 
discussed  in  Chap,  xi,  Arts.   17  and  27. 

68.  AlbxUJaiv,  Tuin-faee  J/ (010).  Twins  according  to  this  law 
are  very  common  in  all  the  plagioclaHtic  felspars,  and  are  scarcely 
ever  absent  in  crystals  of  albite,  with  the  exception  of  those  of  the 
variety  known  as  pericline :  the  law  is  therefore  called  the  afbite- 
law.  If  now  a  crystal  Itko  Fig.  520  is  bisected  by  a  plane  parallel 
to  M,  and  if  the  half  to  the  right  is  turned  through  180*  about  the 
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noi-mal  to  M  and  the  two  portions  are  then  united  in  the  plane  of 
section,  the  ideal  twin,  Pig.  521,  is  produced.  In  this  twin  we  have 
no  overlapping  of  portions  in  the  combination  plane,  for  the  figure 
made  by  the  plane  of  section  is  bounded  by  pairs  of  equal  parallel 
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lines,  so  that  the  figure  is  self-congraent,  t.e.  exactly  fits,  after  it 
has  been  turned  through  180"  nbout  the  normal  to  its  plane. 
Fig.  521  gives  a  good  representation  of  a  doublet  of  oligoclase ;  but 
in  albite  the  thickness  of  the  twin  perpendicular  to  the  faces  M  is 
much  less  in  proportion  to  the  other  dimensions^  and  tho  twinning 
is  often  rei)eated.  The  pairs  of  faces  /*,  x  and  y  (when  present) 
which  meet  at  the  upper  end  of  the  vertical  axis  include  re-enintut 
angles,  the  opposite  pairs  equal  salient  angles.  Tlie  angles  are 
P^P  =  V12',  xA«=7'20'  and  ^Ay  =  4''41'.  Notwithstanding  the 
small  difference  in  the  angles,  the  pt^arliiieas  of  the  faces  P  renders 
it  easy  to  distinguish  them  from  the  others  ;  and  they  can  often  be 
recognised  by  the  directions  of  the  cleavage-flaws,  which  traverse 
the  crystals  parallel   to  P, 

Fig.  522  represents  an  intercrossing  doublet  of  albite  from 
Roc  Toomd  in  Savoy  which  was  first 
described  by  Rose  (PtHfg.  A  nn.  ex  xv, 
p.  456,  1865).  The  faces  indicated  by 
letters  only  are  /|130(.  ^|lTO(,  y|lll(, 
o'  {II IJ.  In  these  twins  the  faces  P  make 
re-entrant  angles  on  opposite  sides  of  the 
centre,  and  the  faces  y  salient  angles ; 
further,  the  largely  developed  faces  M 
are  traversed  by  narrow  troughs  bounded 
by  faces  y!  The  twin  is  composed  of  four 
portions  separated  by  the  combination- 
plane  and  by  the  plane  th  rough  the 
trouglis  perpendicular  to  J/,  adjacent  por- 
tionii  being  in  twin-orientation. 

By  breaking  the  crystal  along  the  pearly  cleavage  Pj  a  fragment 
shown  in  Fig.  523  was  obtained.  Rose 
found  that  tho  angle  between  the  cleavages 
changed  at  the  troughs  from  a  re-entrant 
to  a  salient  angle.  The  cleavage  p^jrtiona 
labelled  P  are  parallel,  and  so  ai*e  thoHti 
labelled  P. 

Twinning  according  to  the  albite-Iaw  is 
often  repeated,  giving  rise  to  polysyntlietic 
twin-lamellro  of  varying  thickness.  A  second 
semi-revolution  of  180°  alwut  the  same  Hne 
Ings  any  face  to  its  original  position.     Henoe 
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of  alternate  Umellfie  will  be  pftrallel,  and  faces  of  the  same  form  will 
iu  eijuubly  developed  twm-cryt«t4iU  always  meet  in  the  combination- 
planes.  The  presence  of  such  twin-lamellze  can  be  often  detected 
in  cleavage-fragments  of  the  plagioclastic  felspars  by  the  presence 
of  a  series  of  parallel  strite  due  to  the  alternating  salient  and 
re-entrant  angles  at  which  the  pearly  cleavages  of  the  several 
portions  meet.  8ach  striie,  when  present,  sen'e  as  a  means  of 
distinction  lietween  these  minerals  and  orthoclivse  ;  for  in  the  latter 
the  uonual  to  (010)  is  a  dyad  axis,  and  the  face^  010  A  001  arc  at 
90"  to  one  another. 

Kven  when  the  above  test  fails,  polysynthotic  twinning  according 
to  this  law  can  1>e  often  recognised  by  examining  a  thin  cleavage* 
flake  parallel  to  F  between  crossed  Nicols;  for»  except  in  the  cue 
of  some  ftpeciniens  of  oligoclase  and  andeaine,  the  directions  of 
extinction  in  the  twin-lainellaj  of  the  clejivjige-flake  are  inclined  to 
the  combination-plane  at  very  appreciable  angles. 

69.  Ttoin-face  P  (00\),  Fig.  524  is  a  sketch,  which  serves  to 
show  the  unequal  development  of  the  faces 

and  individuals  in  a  twin  with  twin-face  (001) 
of  the  green  variety  of  microcline  called  Ama- 
zon-stone from  Pike's  Teak,  U.S.A.  The  figure 
is  a  plan  with  [/',-T/]  perpendicular  to  the 
paper,  and  is  made  in  the  same  way  as  the 
plans  of  the  Baveno-twins  of  orthoclase, 
Figs.  507 — nlO.  Owing  to  the  close  approxi- 
mation to  90*  of  the  angle  P  /\M — the  value 
adopted  by  Dea  Cloizeaux  being  89°  45' — 
the  feices  M  and  M^  are  practically  co- planar, 
the  theoretical  angle  l>eing  30'.  The  edge 
[y'y]  ia  interrupted  by  a  dimple  having  for  sides  faces  parallel  to 
I  and  T.  A  portion  of  the  rotated  individual  projects  on  one  side 
beyond  the  plane  M^  of  the  other;  and  at  the  irregular  line  the 
crystal  is  attached  to  a  frtigment  of  another. 

Crystals  of  pericline  twinned  according  to  this  law  have  been 
obtiorved,  the  tacea  M  on  the  diS'erent  portion^)  of  the  twin  being 
inclined  to  one  another  at  angles  of  V  12^. 

70.  Twin-aocu  XX ^  =  [100].  The  twin  of  microcline.  Fig.  524, 
may  like  the  similar  twin  of  orthoclase,  Fig.  504,  be  referred  to 
XX ^  as  twiu-axid.     Iu  ttiiti  cane  it  shuuid  be  regarded  aa  composed 
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of  two  like  portions  of  separate  crvHtalK,  and  the  fiice**  (HOI  and 
10)  meeting  in  the  combination-plane  l>elong  to  different  forms. 
OB  I  would  meet  a  face  T,  and  a  face  z  of  {1^0}  would  meet  a 
y  of  {ISOJ.  The  faces  Af  and  ^^  would  be  exactly  co-planar ; 
the  traces  of  I  and  T,  z  and  /  in  the  plane  XO  V  would  not  be 
accurately  congruent.  The  crystals  are  loo  irregular  and  the  faces 
too  uneven  for  such  minute  differences  to  l>e  determined. 

A  twin  of  andesine  having  -V-^^  for  twin-axis  has  been  described 
by  vom  Rntb.  His  drawing  of  the  twin  has  a  fairly  close  resem- 
blance to  that  of  orthoclase  shown  in  Fig.  .'i04,  }iut  several  additional 
forms  are  given.  The  composite  faces  Af  are  co-planar  ami  the 
fioMses  P  parallel;  whereas^  if  the  twin-axis  were  the  normal  (001), 
the  faces  M  would  meet  in  the  combination-plane  at  an  angle  of 
7''  32'.  The  angle  between  the  axes  of  -V  and  V  is  89'  59',  so  that 
the  traces  of  /{110[  and  7^{ltOJ  in  thi.s  plane  make  practically  a 
rhombus,  and  after  a  setnirevolution  aVxiut  A'X  a  face  I  meets  a 
face  T  ia  a  line  lying  in  the  plane  X(fY  as  combination-plane. 
A  twin  of  pericline  having  XX^  for  twin-axis  and  /*(001)  for 
bination-plane  is  given  by  Des  Cloxjseaux,  but  it  generally  occurs 
iated  with  the  albite-law  in  complex  twins.  In  the  simple 
twin  the  faces  M  are  co-planar,  but  the  traces  /  and  T  in  the  plane 
XOY  will,  after  a  semi-revolution  about  A'JT^,  be  inclined  to  one 
another  at  angles  of  2"  59' ;  tliere  iu  therefore  a  certain  amount  of 
overlapping.  If  this  overlapping  is  avoided,  then  combination  must 
take  place  along  a  plane  inclined  to  the  base  in  a  manner  similar  to 
that  described  under  tho  pericline-Iaw. 

71.  Twin-iixxji  ZZ^\^^\'\\  cornbination-jylane  (010).  This  twin 
occurs  in  several  of  the  felspars,  e.g.  in  anorthitc  and  andesine  from 
Japan,  and  it  is  fairly  common  in  albite,  although,  from  the  continual 
occurrence  of  twinning  according  to  the  albite-law,  its  recognition 
in  this  last  mineral  is  often  difficult.  Tlie  doublet  according  to  this 
law  of  the  ideal  crystal,  Fig.  520,  will  so  nearly  resemble  Fig.  521 
that  the  ditference  is  not  perceptible  in  a  drawing;  for,  taking  the 
elements  of  albite  adopted  by  Dana,  the  angle  ^0/'=26'42'  and 
20x^  24'  10'.  But  the  re-entrant  angles  at  one  end  and  the  equal 
salient  angles  at  tho  other  are  each  made  by  a  face  /*  and  a  face  x 
of  different  individuals.  When  the  faces  are  wide  enough  to  be 
distinctly  seen,  their  difference  of  lustre  makes  it  easy  to  dis- 
criminate between  thorn,  and  therefore  to  determine  the  twin-law. 

35—2 
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Another  e&ny  test  for  distinguishing  between  twins  according 
this  and  the  albite-law  is  afforded  by  the  cleavage-cracks  which 
frequently  traverse  the  crj'stala  of  albite.  When  these  cracks  occi 
and  the  crystal  is  sufficiently  translucent  for  us  to  get  the  reflexion*] 
from  them  of  light  traversing  the  crystal,  the  cleavages  are  perceivi 
to  cross  one  another  at  angles  of  52°  58'  in  this  twin,  whilst  they  arej 
parallel  in  the  albite-twiu.  This  latter  test  often  proves  an  albite 
twin  to  consist  of  several  lamellae  united  together  sucoesaively 
according  to  the  albite  and  the  present  laws.  When  faces  y  are 
also  present,  portions  of  the  individuals  overlap  in  a  manner  similar 
to  that  observed  in  the  Carlsbad-twins  of  orthoclase. 


Peridine-law.     Ttvinr^Kcis  TY^  =  [010], 

72.  This  twin — called  after  the  variety  of  albite  in  which  the 
faces  i'jOOl}  and  a;(101|  are  largely  developed — will  be  best  under- 
stood if  the  corresponding  twins  of  anorthite  represented  iu  Figs. 
526,  528,  and  529  are  first  described.  The  Vesuvian  crystals  of  anor- 
thite, having  smooth  and  bright  faces,  admit 
of  accurate  measurement ;  and,  though 
variable  in  habit,  generally  show  the  forms 
in  Fig,  525.  The  crystals  and  twins  of 
anorthite  are  described  by  vom  Rath,  in 
two  classical  memoirs  (Pogg.  Ann.  cxxxvni, 
p.  449.  1869;  cxLvii,  p.  22,  1872),  from 
which  the  figures  have  been  copied  with 
slight  modifications.  The  forms  shown  in 
Fig.  525  are  given  on  p.  l."»9,  and  the 
positions  of  their  poles  and  the  axial  points 
in  Fig.  121,  p.  158.  We  need  only  to 
know  that  P  is  {001|,  J/jO10|,  /{110[,  r{lTO}.  JljlOO}; 
that  the  elements  and  angles  are : 

a  lb  :c= -63473  :  I  :  -55007. 
JfP=85*50',  PA  =  63*5r,  hM^&Tff,  lT^br2Q\  rj/,=6r 26-8'. 

Suppose  two  crystals  like  Fig.  525  to  be  placed  iu  similar 
positions  and  to  be  bisected  by  planes  parallel  to  the  bnae.  If  now 
the  upper  halvfa  are  united  in  their  planes  of  section,  after  one  of 
them  has  been  turned  through  180"  about  YY^t  with  this  axis  io 
common,  a  twin  is  produced  in  which  the  faces  M  to  the  right  make 
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a  salient  angle  with  one  another,  and  those  to  the  left  a  re-entrant 
angle.  An  actual  twin  of  this  kind 
Is  shown  in  Fig.  526.  If  the 
lower  halves  are  united  in  a  similar 
way,  the  twin  produced  haw  the 
re-entrant  angle  l)etweeii  tho  faces 
M  on  the  right  and  the  nalient 
angle  on  the  left.  Tho  two  mo- 
difications resemble  thp  similar 
modifications  of  the  Carlsbmi-twin 
of  onhoclasG  ;  and,  like  them,  the 
pairs  of  twins  composed  from  the  same  two  crystals  of  anorthite  can 
be  placed  ho  that  they  are  reciprocal  redexions  in  a  vertical  plane 
ZOX:  this  relation  can  be  fairly  well  seen  by  comparing  the  twins 
shown  in  Figs.  528  and  529. 


Fio.  520. 


73.  Th«  rhombic  secdori.  Any  plane  through  YV^  of  Fig.  530 
meets  the  two  paira  of  faces  I  and  7^,  produced  beyond  J/  to  meet 
in  vertical  lines,  in  a  parallelogram  having  VF^  for  one  diagonal 
and  for  the  other  a  line  OJi  in  the  plane  20X  which  contains  the 
vertical  edges  ['7^.  If  the  piano  of  section  is  -V'O)',  the  two 
diagonals  are  XJ[^  and  YY,,  the  angle  between  them  1)cing  the 
crystal-element  y ;  and  the  parallelogram  is  BXBX^  marked  by  the 
continuous  lines  /  and  7^  in  Fig.  527. 
When  this  parallelogram  is  turned 
tlirough  ISO'about^/^^jitia  bi-ought 
into  the  position  shown  by  the  inter- 
rupted lines.  The  traces  M  parallel 
to  OX  cross  one  another  at  an 
angle  XOA',  =  2y- 180° ;  and  the 
pairs  of  traces  I  and  T^,  *kc.,  do 
not  exactly  fit.  An  actual  twin. 
Fig.  526,  having  XOY  iov  combination-plane,  has  been  observed  in 
anorthite.  In  Figs.  526  and  527  the  overlapping  of  the  parallelo- 
grams and  of  the  individuals  in  the  twin  has  l>ecn  considerably 
exaggerated  so  as  to  show  with  distinctnean  the  lack  of  oougruence. 
But,  generally,  the  individuals  meet  without  any  overlapping,  as  is 
Been  in  Figs.  528  and  52D  showing  actual  twins  of  anortliite.  The 
traoe  of  the  plane  of  section  on  M  and  the  parallel  diagonal  OH  in 

plane  XOZ  must  then  be  at  right  angles  to  KK,,  for  such  a  lino 
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is   the   only  one  which  retains  the  same  direction  after  a  semi- 
revolution  about  yy,'     Now  the  parallelogram  liaving  its  diagonak 
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at  90*  is  a  rhombus,  and  the  plane  of  section  through  FF  in 
which  the  traces  I  and  T  are  all  equal  is  known  as  the  plane  of 
the  rhombic  section  of  the  plaginclastic  felspars.  The  pericline-Uv  is 
thei*efore  that  the  twin-axis  i»  yy,,  and  that  coiubinatioa  takes 
place  in  the  piano  of  the  rhombic  section.  We  proceed  to  determine 
the  position  of  this  plane. 

Let  Oli^  in  Fig.  530,  bo  porpendicular  U»  OT,  and  the  plane  ROy^tt 
that  of  the  rhombic  section.  About  0  aa  centre  dewcribe  a  Kiibere,  niMting 
OR  and  the  axes  at  /?,  X  and  Y.     Then  from  the  spherical  triangle  XR  f, 

coeRy—ciiB  RXo(»Xy+tiinRXain  A'l'coa  AA'K 
But  A  fiXr«  A  PM,  and,  R  V  being  90%  cos  R  r=0 ; 

.-.  wiRX=-iAnXrco»RXy^-UDycoaPM. 
Also  sin  XrR=»iu  RXain  ^AT— sin  RX^n  PM^ 

gives  the  inclination  of  the  plane  to  the  base  (001).    lutruduciug  the 
y  and  /"JT  given  for  anorthite,  we  find 

AflA*=16''r,  and  AA*ra=16'68'. 
The  angles  of  albite  are  \ery  variable  and  the 
values  i»f  y  and  PM  to  be  used  for  any  par- 
ticular crystal  are  very  imcertaln.    If  the  values 
adopted  by  vom  Rath  for  thduse  from  Schmim 
are  Uken,  viz.  y-^T^\'^'  and  /'J^-fl6'30'; 
then  /?A'=3r29-4',  and  ATA =31' 25-6'.     If 
Dana's  values,  y=88"8li'  and  /'J/=80'24',  are 
taken  ;  then  RX='iT  17-6'  and  XTR^^T  U'. 
If  Breitliaupt'a  angles  for  i>ericline,  vis. 
7=89"  13-3'  and  PM=%^''AV\ 
then    RX=  13*  12-3'  and  XYRr=  13'  11'. 
From  the  cases  given  above  it  U  seen  that, 
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tangent  of  an  angle  of  nearly  00*  changes  very  rapidly  for  ^tnall 
eDt8,  tho  angles  HS  and  XVR  vary  much  more  widely  tbau  tho 
elements  of  the  cryHtAl. 


Whilst,  moreover,  the  angle  a  =  TOZ  is  in  all  tlie  felsparfl  >  90' 
(varying  from  93°  13'  to  94' f>'5')  tho  angle  y  is  lens  than  90'  in 
alhit€  and  ^eater  than  90'  in  aaorthite.  Ut^ncc,  if  a  plane, 
passing  through  YY^  in  Fig.  530,  is  turned  about  YY^  from  the 
piisition  ZOY  to  XOY  and  then  to  /^pV^  the  angle  which  tho 
front  half  of  the  line  of  interseeUori  with  the  plane  ZOX  rnakea 
with  OY  diminishes  continuously  from  a>90°  to  its  supplement. 
The  angle  becouie«  90'  only  when  the  plane  coincides  witli  that  of 
the  rhombic  section.  But  in  albite  y  ~  XOY  U  le-ss  than  OC  ;  and 
the  line  OR,  where  A ^01"=  90",  lies  between  OZ  and  OX:  the 
plane  of  the  rhombic  section  is  then  inclined  Uy  /'(OOI)  on  the  same 
side  as  j^(lOl).  In  anorthite  y  is  greAter  than  90'',  and  the  line 
OH  at  90*  to  01'  must  lie  between  OX  and  OZ^ :  the  plane  of  the 
rhombic  section  is  inclined  to  P  on  the  same  side  as  f  (201).  Since 
the  combination-edge.H  in  inost  of  the  twins  of  anortliite,  and,  as  far 
aa  can  Ije  judge<i,  in  all  those  of  pericline,  are  congruent,  the  edge 
[ il/^]  in  which  the  faces  M  meet  is  parallel  to  OH :  the  edge  is 
therefore  in  albite  inclined  to  the  edge  [^^1']  >"  ^  direction  lyiug 
between  [/-"J/]  and  [j^-l/J,  and  in  anortliite  it  is  incHneiJ  the  other 
way  so  as  to  lie  lietween  [Z*^'/]  and  \tM~\.  The  former  direction  is 
sometimes  iudicjited  by  affixing  a  plus  sign  to  the  angle,  and  the 
latter  by  affixing  a  minus  sign.  Thus  in  albite  the  angle  between 
the  edges  [MM]  and  [/*.l^],  computed  respectively  from  the  values 
of  y  and  F.\f  given  in  the  preceding  paragraph,  is  +31°  29*4', 
+  27°  17-5'  and   +  Ur  12-3'  ;   in  am.rtliite  it  is  -  16"  I'. 

In  albite  y  is  Icsa  than  90  ,  in  anorthite  it  is  great-er  than  90°, 
and  it  has  l^een  shown  that  tho  position  of  OR,  and  therefore  of  the 
parallel  edge  [^1/^],  depends  mainly  on  the  value  of  y.  Hence,  if 
for  the  inteniiedjate  felsjuirs  the  angle  y  changes  more  or  less 
regularly  with  the  chemical  composition,  the  angle  [/^i/]  A[..l/'^] 
will  serve  as  a  means  of  discriminating  between  them.  Thus 
vom   Hath   was  led,  by  observation   of  stria:  on  the  face  ..1/  of  a 

stal  of  eamarkite,  to  think  that  an  error  hod  been  made  in 
phicing  it  near  Jinorthite.  The  stria*  on  M,  due  to  polysynthotic 
twinning  according  to  this  law,  are  inclined  to  [/'J/]  at  an  angle 
of  about  +  4*,  and  «uch  an  angle  req^uires  y  to  be  less  than  90*  and 
;that   the  suljstance  should  be  an  oligocUse,  not  far  removed  from 
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albite.     Analyrtis  confirmed  this  surmise,  for  the  mineral  was  foand 
to  contain  61*9  of  silica  and  only  4-45  of  calcium  oxide. 

Knowing  the  angles  A/*,  Px  of  the  fetsparSf  it  is  easy,  from  the 
enharmonic  ratio  of  four  tautozonal  planes,  to  calculate  the  indicAs 
of  pOHsible  faces  which  are  approximately  parallel  to  the  plane  of 
the  rhombic  section.  In  albite  sach  a  face  will  require  a  different 
symbol  for  values  of  y  differing  by  small  increments.  The  plane 
can  therefore  have  no  place  amongst  possible  crystal-faces  of  the 
substance.  In  anorthite  the  face  (307)  is  inclined  to  P  at  an  angle 
of  15*  59'5';  and  it  may  be  that  this  approximation  to  the  position 
of  a  possible  crystal-faoe  with  fairly  low  indices  accounts  for  the 
great  uniformity  of  the  trace  on  M  of  the  rhombic  section  in 
crystals  of  this  substance. 

74.  The  twins  of  anorthite  sometimes  inteitnt>ss  as  shown 
Fig.  531,  so  that  the  faces  U  make 
re-entrant  angles  at  Ixith  ends. 
This  figure  shows  clearly  the  enan- 
tiumorphous  chantcter  of  the  pair 
of  doublets  which,  being  formed 
from  two  8in)plo  crystals,  have, 
like  the  doublets  in  Figs.  528 
and  529,  re-entrant  angles  M f\M 
only  at  one  end.  The  twin,  Fig.  531, 

can  be  composed  by  bisecting  in  the  plane  XOZ  two  such  doublets, 
and  uniting  in  thu  plane  of  section  the  portions  to  the  extreme  right 
and  left ;  t.e.  the  portions  on  the  left  may  bo  composetl  of  upper 
parts  on  the  left  of  two  like  crystals,  and  the  portions  on  the  right 
of  lower  parts  on  the  right  of  the  same  crystals.  A  similar  inter 
crossing  twin  with  salient  angles  Mf\M  at  both  ends,  tho 
possible,  has  not  been  observed. 
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75.  Pericliive.  The  twins  of  pericUne,  when  both  ends  can 
be  perceived,  are  seen  to  be  always  intercrossing  doubletn  similar 
to  that  of  anorthite,  Fig,  531,  and  the  angles  Mt\M.  &re  invariably 
ra-enirant.  The  general  habit  ia  fairly  well  given  by  Fig.  531,  but 
tho  trace  of  the  combination-plane  on  M  is  inclined  the  other  way 
to  the  edge  [J/^/'J.  Further,  the  combination  along  the  rhoml 
■Motion  does  not  seem  to  be  vety  regular,  as  is  shown  in 
sections  Figs.  632  and  533.  The  fii-st  shows  the  natural  face,  m 
which  the  exact  division  between  tlie  twinned  individuals  is  pi 
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iked   by  a  dc|X)sit  of  albite   substADce   on  the  pericline-twin. 
533  shows  the  appearance  of  a  section  of   the  same  crystal 
obtained  by  cleavage  parallel  to  M. 
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76.  The  twinning  in  often  repeaUnl,  giving  rise  to  Htriw  on  the 
!i8  J/,  I  and  T.     Such  \%  the  origin  of  the  striie  sJiown  traversing 

the  faces  i/,  /,  I  in  Fig.  525.  The  lines  of  interrupted  atrokes 
indicate  twin-lamellro  according  to  iho  albite-law,  and  vom  Rath 
observed  that  the  laiuoUic  of  different  kinds  never  internoct-ed  one 
another  in  crystals  of  anorthite. 

The  crystals  of  microcline  are  traversed  by  numbers  of  extremely 
thin  lamellw  which  ci-oss  one  another  nearly  at  right  anglew.  The 
lamellae  of  one  series  are  parallel  tu  [/'J/]  and  are  combined  accord- 
ing to  the  albite-law.  The  others  are  due  to  twinning  parallel  to 
I'y^,  combination  taking  place  parallel  to  a  plane  making  a  very  con- 
siderable angle  with  the  base.  The  direction  of  extinction  on  the 
pearly  cleavage  /*  is  +  15"  30'.  Honce  a  cleavage-flake  parallel  to 
this  face  shows  between  cros8B<l  Nicols  a  characteristic  division 
resembling  a  grating  which  is  due  to  the  tine  lamellae  extinguishing 
the  light  in  different  azimuths. 

77.  TliO  views  as  to  [>seudo-cubic  symmetry  projwimded  to  eipbiin 
the  common  twins  of  orthoclaso  receive  conwideraltlc  conlinnation  from  the 
laws  of  twinning  ob«»rved  in  the  plagiochi^tic  fol.<4iMirH ;  for  the  ^mglen  lieiiig 
nearly  the  same  in  all  the  rcls|>an4f  we  have  a  Hitnilar  nppn^xinuitiun  to  a 
tetragonal  zone  in  the  cleavage-zone  \PM\  and  its  axis  XX,  is  one  of 
pseudo-tetnul  symmetry.  Than,  e  being  (021)  and  « (021),  wr  bive  in  all>ite 
tfP-43MO'  and  n/^=46*^46';  in  anorthite  ef/'=42'38-6'  and  n/'»46"46'. 
The  relations  of  the  |«irtii:le»  about  the  normal  to  i^(OlO)  and  aliout  the 
isono-axis  YY^  may  Iwth  be  considered  to  be  nearly  the  same  as  those 
alKHit  a  true  dyad  aris ;  and  sugge.it  a  reiison  for  the  occurrence  of 
twiiming  al)out  both  the-*o  axes, ».«.  according  to  the  albito-  and  pericline- 
laws.    Several  crystaUographor:*  indeed  regard  urthoctase  and  microclitic 
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tn  lie  morrly  x-Yirieticw  of  tho  HAmo  ftnnrthic  minnral,  and  the  fonncr  lo^ 
A  mimetic  twin  composed  of  ultra-microsc4>pic  b^mcUie  which  arc  combii 
according  to  tbo  alUte-  and  pencLiue-UwH.     Again,  the  nonnal  tu  (001)  M 
a   pseudo-dyad  axis,  and   is  the   twin-axis  adopted   in    microclina    We 
have  also  tMrins  of  microcline,  and  very  rarely  of  albite,  which  may  be 
referred  to  tho  same  law  as  tho  Bavcno-twin  of  orthocUse,  i>.  twin- 
((>21)  or  (021):  in  microcline  it  makoH  little  difference  whether  theti 
face  is  e  or  n,  or  whether  the  twin-axis  is  XX,  with  a  rotatiuu  of  90*; 
in  albite  and  the  other  fcUp&ra  there  would  be  considerable 
aocf^trding  to  the  twin-axis  and    rotation   adopted.      In   &ct  trtxa  Hie 
theoretical  viewa  mider  discussion  throe  twins  are  possible,  (i)  a  twin  in 
wliieh  tf  is  the   twin-face,  (ii)  a  twin  with  n  for  twin-fooe — U»th  with  « 
rotation  of  180° — and  (iii)  a  twin  in  which  A'.V,  is  the  twin-axi»  with  *n 
angle  v»f  rvrfjition  of  90°.     Further,  a  8eci>nd  notation  of  90'  alxHit  the 
psoudo-tctrud  axis  A' A',  gives  the  twin-law  in  andcaino,  &c     Agaiit,  tbe 
&cea  Jf,  I  and  T  are  nearly  at  60^  to  one  another,  and  the  rerticat  uw     i 
ZZ^  is  a  pseudo-triad  axis:  hence  we  have  an  explanation  of  the  twins 
with  this  line  for  twin-axis. 

Ttcin-axis  a  line  ill  a  /ace  perpendicular  to  one  of  it*  edgat. 

78.  A  twinaxia  of  this  kind  has  boon  pro(K>sod  as  the  twin-axis  uf  the 
pericline-Iaw,  and  for  certain  complex  twiiis  of  albite  and  anorthite ;  Aod 
single  instances  of  its  oocurrencc  in  labradorite  and  cyanite  have  also  been 
given.  The  line  has  no  crystallographio  significauco  fnr  it  is  neither  a 
xonc-axis  nor  the  normal  of  a  possible  fiice  ;  and  it  in  dithcult  to  under- 
stand how  such  a  lino  civn  have  so  important  a  relation  to  tho  cr^'stailine 
structure. 

Kaywer  (Pogff.  Ann,  xxxiv,  p.  ll»9,  1835)  projwisod  the  line  in  the  bft« 
(001)  perpendicular  to  the  edge  [PM]  for  the  axis  of  semi- revolution  in  tho 
|»erichne-twin  ;  he  adopter!  this  line  as  the  twin-axis  rather  than  [/"xj^  JT,, 
for  ho  (KirLMjived  that  tho  combination-edge  [MJ[]  must  with  the  latter  twin- 
axis  Vieiriclimvl  ti^thc  edge  [fi/j  at  an  angle  ^  oomputoil  from  Bi*eitbaupt*s 
measurements  to  be  13"  12  3'  (see  Art.  73),  in  order  that  the  iudividtialfi 
should  meet  in  congruent  edges.  He  points  out  that,  in  spite  of  the 
ini|>orfccti<in«  of  the  fiices  M  on  the  crystals  of  periclino,  the  oombination- 
©dgo  is  on  the  whole  parallel  to  [/M/],  and  that  this  is  tho  more  apjiarent 
the  more  i>erfect  the  face.  CousotitiiJiitlyi  since  the  factts  M  me«t  in  con- 
gruent edges  parallel  to  the  edges  [MP]  of  the  two  individuabs  and  the 
faces  P  are  parallol,  the  twin-axis  must  be  a  line  in  P  i>or|x;ndicuIar  to 
[P^f]>  Koso  {Pogff.  /Iftu.,  cxxtx,  p.  1,  1866)  adopts  Kayscr'a  twin-axiis,  but 
ixjints  out  tliat  the  ct)mbin;ition-odgfl  is  not  often  pamltel  U>  [PM\  and  thiit 
it  is  always  in  a  direction  intermediate  between  [/*Af  J  and  [Jfx] :  his 
careful  dnvwings  servo  indeed  to  strengthen  tho  argument  in  favour  of  [/*x] 
lis  twin-iisiJH.  Kayscr  supiwrts  his  view  by  the  fact  that,  in  the  twins  of 
otigoclaso  from  Arondal  in  Norway,  the  combination-edgo  is  parallel  to 


[/'JT).  We  have  already  nhown  in  Art.  73  that  the  angle  tft  cbauges 
rapidly  for  very  Ktnall  iucremeutj^  of  y,  and  it  follows  that,  since  y  i»  very 
nearly  90'  in  the  crystals  of  oligocla»e  and  andcsiiie,  the  (X-vmhiDation-edge 
18,  in  their  twins,  sulwtantially  |»arallel  to  [  PjV].  Further,  the  twinH  of 
annrthite  according  to  the  pericJino-law  were  unknf»wn,  and  the  eWdonco 
supplied  by  the  well-marked  inclination  of  the  combination-edge  to  [i^M~\ 
was  wanting.  Seeing  then  tliat,  except  when  the  faces  M  meet  in  a  jagged 
line  indicative  of  combination  along  a  very  irregulai*  siu^ace,  the  direction 
of  the  combination- edge  is  generally  in  conformity  with  that  required  for 
congmenco  with  [P.c]  aa  twin-axia,  and,  further,  that  Kayscr  himetclf  insiata 
on  the  identity  of  the  law  of  twiiming  in  the  Heveral  fclH|jar»,  we  must 
reject  his  interpretation  of  the  law,  and  adopt  VV,  as  the  twin-axis. 

In  the  complex  twins  of  albite  and  rtimrthite  we  may  possibly  have  to 
deal  with  lamellsB  twinned  according  to  dificreut  laws ;  and  the  presonce  of 
an  extremely  thiji  lamella  twinned  on  one  side  according  to  the  albito-law 
and  on  the  other  tiido  accx>nling  Uy  the  CarlalKid  law  (extending  tins  term 
to  embrace  the  pbigitxrlaHC-twinft  described  in  Art.  71  wliich  luive  [001]  for 
twin-axis)  will  give  rise  to  a  corapot^itc  crystal,  one  {portion  of  which  seems 
to  lie  turned  through  180"  about  a  line  at  right  anglea  to  the  two  axes  of 
the  Hcparato  laws.  For,  b;  Eulcr's  theorem,  successive  rotations  of  180" 
about  two  lines  at  right  angles  to  one  another  are  equivalent  to  a  single 
semi-revolution  alxiut  a  line  i^erjiendicular  t*»  the  two  firwt  axes.  In  a 
complicated  group  and  in  an  ill-developed  crystal,  the  presence  of  a  thin 
lamella  can  easily  escape  detection. 

Too  little  is  known  of  the  crystals  of  labradorite,  to  justify  the  accopfcance 
of  a  twin-axis  which  is  neither  a  noniial  nor  a  zone-axis ;  mid  more 
eajiecially  as  the  siMjcimen  it**elf  to  which  .such  a  twin-axis  haw  been  ascribed 
did  not  admit  of  accurate  determination. 

In  cyanito  the  crystal- el  en*  en  ts  are  not  caiwible  of  determination  with 
great  pi'ecision,  and  {KxHsibly  differ  slightly  from  one  crystal  to  another. 
In  this  mineral  the  edge  [etc],  Fig.  118,  p.  155,  is  an  accepted  twin-axis, 
combination  taking  place  parallel  to  (100).  The  angle  lietween  the  edges 
[tic]  and  [ait]  is  very  nearly  &0^ ;  the  value  computed  by  vom  Rath  varying 
from  90°  0*  to  90*5',  that  by  Profes-sor  Bauer  l^eing  90"  23'.  Hence,  with 
the  latter  angle  and  [a-c]  as  twin-axis,  the  prism  faces  of  the  rotjited  indi- 
\-idual  arc  slightly  out  of  the  zone  formed  by  the  fixed  individiuil,  and  this 
was  obticrved  to  be  the  case.  But  in  a  single  insUmce  {Zeitsch.  d.  IkuUch. 
ffeoi.  (Jcs.  X.TX,  p.  306f  1878)  the  faces  of  the  pri.sms  of  both  individuals 
were  found  to  Ije  exactly  in  one  zone.  Profo*H<ir  Riuer  therefure  inferred 
that  rcitation  had  taken  place  alxjut  the  line  at  90'  to  [ab]  of  Fig.  IIH  ;  this 
axis  of  rotation  making  with  the  edge  [ac]  tiu  angle  of  23',  Cunsidering 
the  uutnwt  worthiness  of  the  angles  on  twin -crystals,  as  indicated,  for 
instance,  by  the  apparent  coincidence  of  the  faces  o  and  x  in  the  twin 

else,  Fig.  514,  tlic  evidence  ani>plied  by  this  observation  is  in- 
or  the  acceptance  of  the  twin-axia. 
- 
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On  the  method  of  determining  the  poeition  of  the  twin^xit, 

79.     The  method  empldjed  to  determine  the  position  of  the  twin-&xi» 
and,  when   the   portions  are  juxtaposed,  of  the  combination- plane  will 
de[>ond  on  the  development  of  the  crystal ;  and  in  m&uj  caaea  the  Uw  ii 
(icrceivud  without  difficulty.     Thus,  after  the  student  has  examined  a  fov 
twiiinod  ocUvhcdra  of  spinel,  he  will  easily  recognise  the  same  twiu-ljiw  in 
the  case  of  octahedral  cryntols  of  other  suhstoncea.     The  general  method 
to  be  followed  may  be  given  as  follows :  (i)  Determine  the  crystalfuruis 
present  on  oaoli  ptrtion  ;  and  by  nioasurcment  the  elements  of  the  cryafcil 
and  the  symlxib*  of  the  faces,     (ii)     The  potritions  of  the  like  faces  on  the 
two  portions  haWng  been  determined,  the  student  muRt  consider  rDiutd 
what  Une  one  jjortion  must  bo  turned  through  180°  to  bring  like  faicea  into 
coincidence  or  parallelism.     The  ]}orception  of  the  direction  of  the  twin- 
axis  is  much  aided  when  certain  faces  or  edges  on  the  two  portioos  are 
eeon    to   be   parallel   to  one  another,  or  to  be  coincident   in   direction. 
I^iii)     A  semi -revolution  of  a  normal  about  any  origin-line  brings  it  again 
•into  the  plane  containing  the  nonnal  and  axis  of  rotation,  and  the  Utter 
'bisects  the  angle  between  the  initial  and  final 
p<wition8  of  the  normal.   Thvis,  if  TT*  in  Fig.  534 
is  a  twin-axis  with  an  angle  of  rotation  of  180* 
and  P  and   P'  are  the  [loles  of  corre»i>onding 
faces,  then  a  Hemi-revolution  alxiut  TT'  brings  /* 
to  p\  the  opposite  extremity  of  the  diameter 
through  P\  and    ^TP=^Tp.     Also  M  being 
the  |X>int  midway  Ijetween   V  and  P\  the  arc 
J^7'=90'.     So  far  as  these  two  fooe«  are  oon- 
ccrnod  the  axis  may  equally  well  be  the  diameter 
through  T  or  M.    U^  however,  the  angle  between 
any  other  two  corre8pt>nding  polos  Q  and  Q\  not 
in  a  zono  with  /'  and  P\  is  also  meusurod,  the  position  of  TT'  is  fixed. 
Fnr    T'Q—  T'q  ^  T(^'.      If  the  twin   is  combined   along  a   plane   per- 
pendicular to  the  twin-axis,  then  P  and  Q'  are  known  iK)les  belonging  to 
one  individ\ial.     These  being  projected  in  the  way  usual  for  a   simple 
crystal  of  it^  system,  the  position  of  T  can  be  found  by  the  consiructioa 
given  in  Chap,  vii,  Art.  19  ;  and  its  relation  to  the  axes  of  the  crystal  can 
be  then  determined. 

If  T'  and  Q  belong  to  one  individual,  then  the  triangle  TPQ  is  knovm, 
and  can  l)e  projected  in  the  way  given  for  the  previous  case,  and  the  point 
T  determined. 

In  a  juxtaposed  twin  the  relations  of  the  individuals  to  the  oorabination- 
plano  muHt  l»o  rccogniaed  in  order  to  deterinino  the  twin-aiia  ;  and,  exce])t 
in  the  anorthio  system  as  already  illustrated  in  the  discussion  of  the  peri- 
cline-law,  seldom  present  any  serious  difficulty. 
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ANALYTICAL   METHODS   AND   DIVERS   NOTATIONS. 


1.  Several    of    the    problcma    examined    in    the    preceding 
laptera,  and  a  few  which  were  then  oinitUid^  are  capable  of  simple 

ktment  by  the  methods  of  co-ordinate  geometry. 

2.  To  find  the  equation  o£  the  origin-plane  (see  p.  35)  parallel 
to  a  face  {hkl). 

Let  the  co-ordinate  axes  OX,  OYj  OZ,  Fig.  535,  be  parallel  to 
uiy  three  odgetj  of  the  crystal  which  are  not  parallel  to  one  plane. 
Let,  also,  a,  6,  c  be  three  finite  lengths  giving  the  distances  from  the 
origin  at  which  OXy  OY,  OZ  are  respectively  met  by  a  definite  face 
of  the  crystal.  Let  any  other  face  {hkl)  meet  the  axes  at  points 
n,  Ky  L,  so  that  OU  =  a-rh,  OK^b^k,  OL  =  c-rl-^  h,  k,  I  being 
rational  numbers. 
I  Then  the  equation  of  the  face  is 

I 


OU     OK 


OZ 


=  1. 


Replacing  the  intercepts  by  their  values  in  terras  of  the  paror 
leters  and  indices,  we  have 


a        o        c 


(1)- 


Now  a  parallel  face  will  meet  the  axes 
points  /?',  A",  L\  where 
\H'  =  p.On^pa-rh;  OK'^p.OK=ph^k; 
OL'^p,OL=pc^L 
The  equation  of  the  plane  U'K'L'  is 

y     .     *    _i. 


OW     OK'     OL' 
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which,  after  the  introduction  of  the  values  of  0H\  kc.,  becomes 


I*      1.1/     J* 
a       be 


(2): 


an  equation  only  difTering  from  ( 1 )  in  the  constnnt  term. 

When,  however,  the  plane  p&ases  through  the  origin,  equation 
(2)  must  l>e  satisfied  by  the  values  a:  =  y  =  z  -  0 ;  .'.  p  =  0. 

Hence,  a  plane  through  the  origin  parallel  to  the  face  (fJcl)  is 
given  by  the  equation 


A-^A^  +  i- 
a       b       c 


(3). 


This  plane  will  1^  called  tlie  origit^-j^ane  {/ikl). 

Since  the  angles  measured  by  the  goniometor  give  only  the 
relative  directions  of  the  faces,  and  the  computations  into  which 
these  angles  enter  are  not  concerned  with  the  actual  distances  of 
the  faces  from  the  origin,  it  follows  that  all  the  angular  relations 
between  the  faces  of  a  crystal  will  be  the  same  as  those  of  the 
origin-planes  parallel  to  them.  ^ 

3.  To  tind  the  equations  of  the  streught  line  through  the  origin 
parallel  to  two  non-parallel  face-s  (h^hji),  (hjc^) ;  i.e.  of  their 
zone-axis. 

The  equations  of  the  two  origin-planes  are  : 

a         0         c 

But  for  the  line  of  intersection  the  two  equations  must  be  satisfit 

by  the  same  values  of  x,  ^  aud  z ;  hence  the  equations  of  the  xoi 

axis  are 

a;  y  s 

If,  as  in  Chap,  v,  the  diflTerences  of  the  products  of  the  ind 
occurring  in  the  denominators  of  (4)  are  called  the  zone-indices, 
expressed  by  u^t  I'lat  Wa',  then  equations  (4)  can  be  written 


aUa      bVit^CWa ^  ^ 

This  line  is  drawn  by  constructing  a  parallelepiped  having  fori 
edges  in  the  axes  of  A",   }'  and  ^  lengths  equal  to  aUn,  6ru,  cN^nri 
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tively.     The  diftgonal  07*  through  the  origin  is  the  zone-axia 
»f,a]  :   and  any  three  numbera  in  the  ratios  aU^  -  fti'ia  •  cW^ 
may  be  called  its  direction-Tat ws. 


be 


in  a 


^H     4.     To  find    thfl   condition    that   any  face  {hkl)  ahall 
^Bime  with  the  two  faces  (AiA*,^,  (''a^Vi)- 

}  From  the  definition  of  a  xoue  (p.  1)  tlte  line  of  intersection  of 

I      the  faces  (/ii/:,^),  (fi-J^^)  must  Ijc  parallel  to  the  face  (AX:/).     Hence 
the  origin-plane  [hkl]  mu»b  contain  the  zone-axis  [hJcJxy  hJsjL^y  the 
I     equations  of  which  are  given  in  (4)  and  (5). 
^^      Hence  the  equations 

r     mi 

eq 

wi 


a 


itfW? 


0, 


a:    ^    y  g 

must  both  be  satisfie<i  by  the  same  valuejt  of  x^  y  and  £. 

Introducing  the  ratios  for  x^  y  and  z  given  in  the  latter 
equations  into  that  of  the  plane,  we  obtain  the  required  cuuditiou; 
whicli  is 

A£/ia+ Ak,j+  /fcTia^O (6). 

This  is  the  relation  which  in  Chap,  t^  Art.  B,  we  designated  as 
Weias's  zone-law.  It  was  there  pointed  out  that  it  can  be  written 
as  a  determinant,  involving  the  indices  of  the  three  faces  in  an 
exactly  sinjilar  manner. 

5.  To  show  that  the  plane  containing  two  zone-axes  is  parallel 
to  a  possible  face. 

Let  [UiyiWi],  [tfsKalt's]  be  the  zone^xes,  and  let 

a        h       c 

the  origin-plane  containing  them. 
The  zone-axen  have  the  equations 


X 

aUi 

X 

aUn 


by. 


z 
z 


K  the  origin-plane  i/iicl)  passes  through  the  zone-axes,  the  values 
X,  y,  z  which  satisfy  each  of   the   equations  of   the  zone-axes 
satisfy  that  of  the  plane. 
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Hence  replacing  x:y:s  in  the  equation  of  the  plane  by  thnr 
values  given  in  the  equations  of  the  Kone-axee,  we  have 
Atf,  +  kVt  •»-  IWi  =  0, 
Ai/,  +  ki^  +  Iw^  =  0. 
.  h  k  l_ 

Therefore  A,  k  and  I  are  all  conunenaurable  numbers ;  for  i/„  ri, 
Ac.,  being  zone-indices,  are  commen«urahle.  The  plane  ia  therefore 
l>araUel  to  a  possible  face,  for  the  equation  is  of  the  fonn  given 
in  (3)  and  the  indices  A,  k  lUid  I  are  rational. 

The  origin-plane  may  be  written 

(ir,ir,-  >r,r,)|  +  («',(/,- u.ir,) |  +  (tf,r,- hUy)\^ 0 (8). 

As  stated  in  Chap,  v,  the  indicea  of  a  face  common  to  two  zones 
[«!>',«',]»  [Ujl'jM'j]  are  obtained  from  the  zone-indioes  by  the  name  rule 
as  that  by  which  zone-indices  are  deduced  from  the  indices  of  two 

non-parallel  faces. 

6.  To  change  the  axes  of  reference  to  another  set  of 
axes,  so  that  [(/iKiH^J  becomes  0X\  [UsK^H',]  (wcomes  07\  and 
[UjKalv,]  1>ccomes  OZ' \  supposing  the  parametral  face  (111)  to  retain 
the  same  indices. 

Let  the  parametral  face  (HI)  meet  the  new  axes  at  the  points 
A\  B\  C  respectively.  Now  the  equations  of  the  parametral  face 
and  of  the  axis  [(/iKiM'i].  referred  to  the  original  axea,  are 


a     b     c 


W; 


(10). 


as    ^  y   ^    s 
atf,      6k,      cW^ 

The  co-ordinatofi  of  the  point  A\  Fig.  536,  are  obtained  by 
introducing  the  ratios  of  x-.yiz  from  the  latter  equations  into  that 
of  the  plane.     Let  them  be  x\  y\  z':  then 


a      0       c 


1 


cWi 


(11). 


l       l/i  +  K,  +  Wi       W,  +  K,  +  Wi 
The  new  parameter  OA'  on  OX'  is  the  diagonal  of  the  parallele- 
piped OVA'Z,  having  for  edges   along  the  original  axes  the  eo> 
ordinates  x'  -  /iV,  y  =  OV,  %  =  NA', 


TRANSFORM ATTON  OF   AXES. 


The  co-oi'dinates  of  B'  aud  C  ar«  obtained  In  an  exactly  HimiUr 
manner  by  combining  equation  (0)  with  those  of  each  uf  the  axes 
[tfaf-jW:,],  [UiKaWj]:  the  co-ordinates  may  be  represented  by  (j*"y"s") 
and  {x"'y"'z")  respectively.  The  parameters  OB'  and  0'"  are  the 
diagonals  of  parallelepipeds  having  tbeflc  co-urdinatea  ff>r  edges. 


frj^r 


Fio.  636. 


?t  a  face  [KleT)  meet  the  original  axes  at  FT,  K,  L;  and  the  new 
mes  at  //',  K\  L' ;  and  let  its  new  symbol  be  (h'k't). 

When  referred  to  the  original  oxch,  the  ei^uation  of  the  face  ia 


a        o        c 


(12). 


find  the  cfhordinates  of  the  point  H'  in  which  the  face  meets  the 
w  axis  0X\  we  must  combine  equation  (12)  with  {K')-      I^et  the 
rdinatcfl  of  tf'  be  j;„  y,,  Si,  then 

fh  —  -^  ti'j  ^- 1  -  . 

ac,        y,  _  »!  a  b         c  1 


a 


TTcv^TTwl 


(13). 


By  combining  (12)  with  the  equatiooH  of  the  axe^  Oy\  02\  similar 
expressions  are  obtained  for  the  co-ordinates  of  K\  JJ  in  which 
the  face  meets  these  axes.     But  the  new  indices  are : 

A'  =  OA'  ^  On\     k'  -  OB'  -  0K\     V^OC'^  0L\ 

id  by  similar  triangles  OxK'N,  OH'F^  we  have 

OA*  :  OH'^A'N  :  N*F  =  z'  :  i,  =  y'  :  y,  =«'  :  x,, 


/.  from  (11)  and  (13)  V 
Similarly,  k' 

I' 


^  _hu^  +  kv-i  +  lWi\ 
ffa  +  y,  +  w. 


(14). 
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Tn  the  alwve  tmnsftjrmfttion  the  axes  0X\  0Y\  OZ'  arp  not 
uecessarily  zone-axes ;  for  any  lines  through  the  origin  may  be 
represented  by  equations  of  the  fomi  employed  in  (10)^  and  the  lines 
will  only  he  pnRsi)>le  zone-axea  when  the  indices  I/,,  i',,  ^c,  are  ail 
oommensurable. 

In  a  similar  manner  equations  of  transformation  can  be  obtained 
in  whidi  the  symbol  of  the  parametral  plane  is  also  changed. 
Th«  etjuations  have  V»een  found  in  Chap,  viii,  Art.  20,  on  the 
assumption  that  the  new  axes  are  zone-oxcH,  and  itave  the  same 
form  whether  this  is  the  case  or  not. 

7.  To  show  that  the  face-indices  are  rational  ordy  when  the 
axes  of  reference  are  zone-axes. 

Tn  the  transformation  given  in  Chap,  viii,  Art.  20,  the  new  axes 
were  /one-axes,  for  the  formulie  were  obtained  by  means  of  an- 
harmonic  ratios  which  involved  face-  and  zone-indices ;  those  being 
all  neceftsarily  commonsumble  numbers.  The  new  indices  were 
therefore  also  commensurable.  But  in  the  analysis  given  in  the  lost 
Article,  the  new  axes  may  bo  any  lines  whatever;  and  they  will 
only  be  possible  zone-axes  when  the  ratios  t/|  :  Kj  :  Ifji  kc,  are  all 
commensurable.     For  uthor  lines  these  ratios  will  be  irrational. 

From  the  fii*st  of  equations  (14)  we  have 

(V-A) tf,  +  (V -A)  K,  +  (V- 0*^1=0 (15) 

The  original  axes  are  supposed  to  be  zone-axes,  and  for  a  poasible 
face  the  indices  A,  A,  I  are  then  rational  (Chap,  iv,  Art.  9).  Tf  in  (15) 
A'  is  rational,  the  coefficients  of  </,,  Kj,  Wx  are  all  rational,  and  the 
ratios  Ux  :  W^  and  Yi  :  Wi  must  also  be  rational.  For  t-ake  any  other 
pos.**ibIe  face  {pqT\  and  suppose  it  to  become  (p'q'r)  when  referred 
to  the  new  axes ;  p\  q\  r'  being  also  supposed  to  be  ratiouaj.  Re^ 
placing  the  face-indices  in  (15)  by  those  of  the  new  face  ;  we  have 

0»' -P)  W.  +  (P  -  7)  l-i +  (/-»•)  If,  =  0 (16). 

Solving  equations  (15)  and  (16),  we  find 


(K  -  k)  {p-  -r)-(h'-[)  {p-  -  q)     (K  - 1)  (p- 


p)-(V-A)(p'-r) 
(17). 


(K--h)(p'-q)-(h--k)(p--py 

The  numbers  in  the  denominators  of  (17)  are  all  rational :  therefore 
</,,  K),  M^i  are  also  rational,  and  the  axis  OX'  is  a  potisiblc  zose-ojcis^ 
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Henoe  if  ibe  face-indioes  referred  to  the  new  axes  are  to  be 
rational,  the  new  axes  must  be  poflsiblc  zone-axes. 


r 


8.     To  find  the  value  of  the  auharnionic  ratio  of  four  tautozonal 
faces  in  terms  of  their  indices. 

Ijet  OTy  Fig.  537,  he  the  line  of  intersection  of  four  origin-planes 
TOP,,  TOP^,  TOP,,  TOP^,  parallel  respectively  to  the  four  tauto- 
zonal   faces  (A,A,/,),   (A^Va),    ihJ:J^),   (h^kj^\   no  two  of    which   are 
parallel.  Let  the  origin- planes  meet 
the  plane  through  0  perpendicular 
to  OT  in  the  lines  OP^,  OP^,  OP^, 
OP^-j  and  the  plane  XOV  in  the 
lines  0L,,0L,,OLi,0L^.  Through 
any  point  T  on  the  zone-axis  draw 
a  plane  T'/'iP^  panillel  to  OX,  and     y  ,^ 
let  it  meet  OY  in  K  and  the  origin 
planes  in  the  straight  lines  TL^l\^ 
TL^P,.  TLJ",,  TL,P,,  respectively.  p„   687_ 

Two  pianos  necessarily  intersect  in 

a  straight  line,  so  that  the  points  /*,,  P^y  /'j,  P^  are  co-linear;  and 
so  are  the  points  JT,  ^,,  L^^  Z,,  i*.  Then  using  the  symlxjlical 
notation  for  the  anharmonic  ratio  given  in  Chap,  viii,  Art.  !J,  and 
O  {L^L^L^L^  to  represent  that  of  four  lines  meeting  at  a  point  0  we 
have 


(^i^.^.^*l  = 


sin  P,0/*,     sinP^O/'a 


I\P, 


P.P. 


sin  PfiP^     sin  P,0P^     P,P,     P,P,' 

where  PiP^,  <kc.  are  the  lengths  on  the  line  /^i/*^  intercepted  between 
the  several  planes.  The  relation  between  the  sines  of  the  angles 
and  the  corresponding  lengths  on  Pii\  can  be  ejisily  proved  from  the 
known  properties  of  plane  tHangles,  in  a  manner  similar  to  tliat 
adopted  in  proving  a  corresponding  relation  in  spherical  triangles  in 
Chap,  viii,  Art  19. 

In  a  similar  manner  we  can  Rhow  that  the  A.R.  of  the  intercepts 
on  a  line  is  equal  to  that  of  the  pencil  of  four  lines  drawn  to  any 
point  whatever  lying  outside  the  line.     Henue,  we  have 

{PJ\J\P,)  --  T{P,P,P.P,]  =  T{L,L,L,L,\. 

LjL^  =  KI^  —  A  Z^, ;  L^L^  —  KL^  —  KL^ ;  &c. 
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The  Muea  OL^,  0£,,  &c.  are  given  by  the  following  eqimtmns 
for  OL,,  A,?  +  Jfe»|^0,  s  =  0 


,.    0/.„  ^***i^  =  0,  «^0 


OA,  A.?>A,|  =  0.  z=0 


A  0 


0,     2  =  0 


{18). 


Moreover  the  line  A'i,  ...A*  is  parallel  to  OA',  and  the  lengths  K!^, 
KL,,  Ji:c.  are  the  ordinatea  x  in  eqnationji  (18)  when  y  Ib  made  eqail 
to  OAT. 


-ffZ,,  =  -^*|OA';  A'i^,  =  -"^OA;  Jra 


6A, 


n  p  p  p  I  _  ^i^a  .  ^4^«  _  KLt-KLj     A"/.,  -  AZ>4 


-!«(^--' 


A|A:,  -  kjt^      hjc^  -  k,h^ 


(19). 


9.  To  find  the  angles  which  a  line  PQ  makes  with  the  axes  in 
terms  of  On  direction-ratios  «,  y,  g;  also  the  length  intercepted 
between  any  two  [xjints  the  co-nrdinaU's  of  which  are  given. 

Let  a,  )8»  y  be  the  angles  YOZ,  ZOX,  X0\\  respectively;  and 
let  A,  /i.,  V  be  the  angles  which  tQ  makes 
with  the  luces  of  JT,  Y  and  Z.  Construct 
the  parallelepiped  J'i\lQAf,  Fig.  538, 
having  for  edges  PL,  PM,  PN  parallel 
to  the  axes  and  PQ  for  diagonal.  Then 
PL^e.PQ,    PM  =  LF^/.PQ, 

PK=FQ=g,PQ (20). 

Again,  if  7*  is  supposed  to  be  a  fixed   •^' 
point  {iJG^i^)  and   Q  the  moveable  one 
(£ey«),  the  equations  of  PQ  are 
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(21). 


J 
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Now  the  orthogonal  projection  of  /Y^  on  the  axis  of  X  is  etjual 
to  the  Bum  of  the  orthogonal  projections  ou  the  same  axis  of  the 
lines  PL,  LF  aud  FQ. 

B      Hence,      PQ  oos  \=^PL  +  LP  coay+ FQ  am  P\ 
^Hnmilarly,  by  talking  the  orthogonal  projections  of  I 

^■the  same  line»  un  tJie  axes  of  Y  and  Zy  we  have        )■ (22). 

P  PQGoafL  =  PLcwy  +  LF+PQi30sa 

J  PQcosv^  PL  cos^  +  A^cos  a  +  FQ 

Inti-oducing  into  (32)  the  values  of  PL,  LF  &nd  FQ  from  (20),  we 
have 
[  cos  X  =  c  +j'cos  y  +  y  cos  y3  ;\ 

^^^^v  co6/i  =  eoosy+f-t-g  cos  a;[  (23). 

^^BP  oos  I'  «  «  COR  p  4-ycos  a  +  f^.  ) 

^P      The  angles  X,  /t,  v  are  therefore  known  in  terms  of  the  direction- 
ratios  e,/,  (/  and  the  angles  between  the  axes. 

Again,  since  the  sum  of  the  orthogonal  projections  of  the  lines 
PL,  LF  and  FQ  on  PQ  is  equal  to  PQ,  we  have 

I  PQ  =  PL  GOB  K-^-LF cos fi  +  FQcoHv (24). 

Introducing  t!»o  values  given  in  (20)  aud  (23),  we  have 

»!=«(«  +/C08  y+gC09p)  +/(«  cos  y  +/  4-  ^  cos  tt) 
+  g  (e  cosj3  +/co8  a  +  y) 
=  «■+/* +  ^  +  2/^oo8a+2j^ecoa^+2«/ cosy (25). 

If  the  three  eijviations  in  (22)  ape  multiplied  renpectively  by  PL^  LF 
aud  FQ,  and  the  equations  are  then  added,  we  have 

^  PQ  (PL  cos  X  +  LF  cos  f*,  i-  FQ  cos  v)  =  (from  (24))  PQ^ 

H  =  PL^  +  /./•«  +  FQ*  +  2LF.  FQ  cos  a  +  2FQ .  PL  cos  p 

^m  +2PL.LFcosy. 

H     But,  PL^x-x„   LF^y-y,,   FQ  =  z-z,\ 

W'-'  /'<?»=  («:-^)"  +  (y-y3)'+(«-«iy+2(y-y,)(z-5,)cosa 

+  2(s-Si)(:c-a;,)eo8^+  2  (aj  -  .r,)  (y  -  y,)cofly (26). 

^F      10.     To  find  the  dircctiun-ratioH  ^f,i)  in  torni8  i>f  the  angles  which 
the  line  makea  with  the  axcH. 

Multiply  the  second  equation  of  (2.'>}  by  oosrtcosjti,  and  the  third  by 
ousyc<>8a,  and  add  the  products  tu  the  tirst  e<|Uiition ;    then 

I  cos  X  +C08  fi  cos  a  cos  /3  +  co»  ¥  cos  y  COB  «  =  c  (I  +  2  ccwt  II  cos  fi  cosy) 
+/(C08  y  +  cos  a  cos  (3  +  COM  y  COS*  a)  -h  (/  (COS  j9  +  C08^  a  COS  ^8  +  cos  y  COS  a). 
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.,..(27«). 


Again,  multiply  the  firet  equation  of  (23)  hy  cos' a,  the  HoeoDd  bj  0087 
and  the  third  hy  oo8j3,  aud  add  the  reHultlug  e^uatiouH;   tbeu 

COS  X  cos' a  +  CU8 /*  COS  y  +  008  »  COS /9  s=  «  (cos*  a  +  COB* /3  +  008*  >) 

+/(C08*  a  OCe  y  +  OOfl  y  +  COS  a  COa  &)-hg  (oOft*  a  COS  )3  +  COR  a  COS  y  +  COB  0), 

Subtract  the  second  equation  from  the  first,  uud  we  have 
e(l-cos'a-coa'0-oo0*y+8coaaoos^oosY)»0^(BA7) 

=  COB  X  sin'  a + cob  /*  (oo«  a  coa  0  -  co»  y )  +  cos  >  (cos  y  cos  a  -  cob  j3).  .  .(87). 
This  equation  gives  the  directioD-ratio  9  in  termiD  of  the  angles  which 
the  line  niaken  with  the  ases. 

By  a  similar  process  the  direction*rati<.ts/and  g  can  be  shown  to  be 
/y=cos/i8in*/9  +  oooi'(cos/9coay-coBa) 

+ COB  X  (cos  a  coa /3  -  coa  y) 
^^  =  cos  ar  BID*  y  +  cos  X  (coa  y  cos  a  -  OOfl  j9) 

+  00a  /I  (cos  fi  COS  y  -  CO0  a) 
where  N*  is  written  for  l-oos*a-coe*/9-coe*y+2ooaacoe^oo6y. 

But  from  (26),  «cosX+/oo8^+^ooar»l; 

.'.  from  (27)  and  (27«) 

coaX  (cosXain^a  +  ooe;i(ooBao08^-co6y)+coe  v  (oosy  ooaa-ooaiS)} 

+ ooe /i  {ooe  ^  ain^  ^ + &c.  I  +  006  V  {cos  r  ains  y + &c}  =  A^ 
collecting  the  terms,  we  have 

cos*  X  sin*  a  +  cos*  p,  sin*  ^  +  coe*  v  sin'  y + 2  oos  ^  cos  r  (ooe  fi  coe  y  -  ooe  a) 
+  SoosircoaX(co8yooaa— ooa^)+SoosXcos^  (coa  o  C09  ^  -  ooe  y) 

=  l-006>a-coB*y3-O0B*y  +  Scosa0Os^006y (28). 

Equation  (28)  gires  a  relation  connecting  the  anglea  which  any  line 
makfu  with  the  azoa. 

When  the  axes  are  rectangular  oosa— coh/3— oosy^O,  and  equation 
(28)  becomes  co«>X+cos*>*+co8»r='l (»). 

11.  To  find  the  angle  $  between  two  lines  the  direction-ratios 
(f/g)  and  (lifif')  ^^  which  are  known. 

Let  PQy  Fig.  53i^,  be  one  of  the  lines  having  the  direction-ratios 
e^  y,  g,  and  making  the  anglce  X,  /i^  f  with  the  axes;  and  let  fQ' 
be  the  second  line  having  the  direction- ratios  «',y*,  g'  and  making 
with  the  axes  the  angles  X',  ft',  r\ 

Take  on  PQ  any  definite  length  /'Q,  and  with  PQ  as  diagomd 
construct,  as  in  Art.  9,  a  parallelepiped  having  PL,  PM,  PX  for 
edges  pantilel  to  the  axes,  their  lengths  are  given  by  equations  (20). 
Let  them  all  be  now  projected  orthogonally  on  the  second  line  P^Q. 
The  projected  lengths  are : 

PQ  COB  6,  PL  cos  k\  PM  COB  ^'  and  PN  oos  k*. 
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Now  tbo  orthogoDAl  projection  of  PQ  is  equal  to  bbe  sum  of  thoae 
of  the  three  others.     Therefore 

PQco^e^PLcmX  ^  PMci»fi  -^-PNci^^v (30). 

And  from  ( 23),  cos  X'  =  e'  +f  coa  y  +  y'  cob  fi ; 

and  similar  expressions  for  cosfi',  cos  v. 

Introducing  thoHe  vatueB,  and  those  of  PL^  ikc,  given  in  (30)  into 
equation  (30),  we  liavo 

coa  B  =  e(e  +/*  oos  y  +  </'  coa  )9)  +/(«'  cob  y  +/*  +  g'  coe  o) 

+  g  («'  coa  fi  +f  oos  a  +  y') 

=  «'  ■¥//'  +  S^  +  <Jg'  +  sf)  cos  a  +  (ff(i  +  eg')  cos  p 

+  («/'+/*)oo«>' (31). 

When  the  axes  are  rectangular,  equation  (31)  reduces  to 

CMB^ee'-^/f'  +  gg' (32). 

Again,  from  (31)  we  can  show  that 
8in«  tf=X  (/^' -(;/)*  am^  a  +  22  (coa  i3  cosy  -  cos  o)((/tf' -  ey')(e/-/ir'),.,(33) ; 
where 

2C/^-^)«8in«o-(/i^-SEr)«ain«a+(^fl'-«^6in»^+(er-/c7«hi»y; 
and        S  (oos  ^  cos  y  -  oos  a)  (ys*  -  eg")  («/*  -/«') 

=  (coB^  008  y  -  cos  a)  (</«'  —  eg')  («/*  -/**) 

+(co8y  cosa  -  cos^j)  («/* -yy)  (jir' -it;") 

+(co8  a  coe  ^  -  coe  y)  (// -^/)  (^fl' -  #/). 

12.  To  find  in  terms  of  x,  y,  z  the  equations  of  the  normal  OP 
to  a  face  (hkl). 

Let  the  normal  Ije  tuclined  to  the  axes  at  angles  X,  ft,  r.  Then 
from  equationn  (I)  of  Chap,  iv, 

a  008  A.  _  d  coa  ft  _  ccosi^ 


OP  =  p  = 


(34). 


k  I     

If  a  parallelepiped  is  constructed  with  edges  in  the  axes  and  OP 
for  diagonal,  similar  to  that  made  in  Art.  9  with  PQ  as  diagonal^ 
then  the  equations  of  the  last  Articles  apply  to  the  normal  and  to 
the  angles  X,  /i,  v.      Hence,  if  P  liiis  tlie  co-ordinates  x,  y,  s, 

OP  co8X  =  a:  +  ycoey  +  »co8^,  \ 


I*.  I  «t  I  » 
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Introducing  these  values  in  (34),  we  havp  for  the  equations  of 
the  normal  to  {hJcl) 

a{x  +  ycoay  +  3C08^)  _  &(xco8y +  y-f  scona) 
h  "  * 


I 


(36). 


When    the   axes   are    rectanguhitr,  cos  a  ~  co6  fi  =  cos  y  ==  0,   and 
the  equations  oE  the  normal  become 

ax      l^t/      ez  r 

"A  "  *  ~7  /V      ^«       /» 

V  a«  **■  fr«  "^  ^ 
where  r  is  the  distance  of  any  |>oint  P  (x^  y,  z)  from  the  origin. 


.(37), 


13.  To  tind  the  angles  A,  ft,  v  which  the  normal  to  a  face  {hkl) 
makes  with  the  axe±i  of  reference,  and  also  its  direction-ratios  gfj]  y 
in  terms  of  the  indices  A,  k,  I  and  of  the  angles  between  the  axes ; 

and  hence  the  angle  $  between  any  two  nonnals. 

For  the  uormal  OP=p  (sjiy)  wc  h;ivo  from  equations  (34)  and  (23), 


COS  X  =jj  - = ff +/co8  y  +  jf  cos  j3^ 

COS  fi^p  j=#C09y +/+^ciWo 


coev^p  -^ffOOe^+Zoosa+y 

c 


(38). 


Introducing  the  firnt  values  of  cosJk,  cos  ft,  cosr  into  (27)  and  (27*),  we 
Iiavo 

A*V=/)|-  sin*  a  +  7  fco8aco8^-coB'y)  +  -  (ci:is-ycoau-cu«^)[  \ 
N*/=  p  |-  (coaocoH^-cc)«y)  +  T  Kin*/i  +  -  (ooH/3cOfly-CCMa)[  [...(Sft). 

/i^=:p  |-(co«yCOAa-C083)  +  T{c08^00Sy-COffa)  +  -tnn*y>/ 

From  (25),  (38)  and  (39)  the  value  of  p  can  now  bo  determined  :  it  ia 
given  by 

iV*-r/>*=-  |-»in*a  +  T(c08acos/9-c«sy)  +  -  (ctwy  OOflo- OOB^)J +&c 


=2  — j8in'n+2S  |-(co8/3co«y-oo»rt). 


(40); 


where 


W  A>  k*  P 

2    _«in*fl  =  — .«iii*n  +  ri«in*3+  -shi^y, 
rt*  a*  b'  c*         ' 
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2  r- (<»6/3c08y-C08a)  =  T-  (coe^coay— COfla) 


bo 


be 

+  -  (coByoo8a-co8j3)  +  -i  (co»aco8/3— coa-y). 


Introducing  the  value  of  jp  into  equatioru  (38),  we  have 


oosA  = 


7a»  kt  "  *^ 

*/  r  —J  sin*  a +  22  ^(c06/3ci)Sy-coHa) 


be 


.V 


COS/A! 


nAI 


8m'a+&c. 


COairss 


brf> 
I  N 


,..(41). 


Let  /7,  be  the  normal  on  any  other  face  (A^i;/,) ;  tbeu  from  (30)  mA  (34) 

^6=^P.~-^/P,i'^9P/i (42). 

Hence  fi-om  (39) 

=;  -i  J-  8in'a+r(co'*acosH-coHY)  +  -  (cos  v  cos  a- cos  S)}- 

pp^  a\a  h  '      c^       '  'J 

+  T  |-(co«aoo8  3-coH'y)  +  T  Hiui'j3+-  (co«/9co8y-co8a)> 


+  -W-(c08-yCO«a-COfi^)+T(cOB/9cOfl-y  — COSa)+-  mn'yl- 


2  —^  siu*  a +2  '    J      '  (^^'^  ^  *^*^  y  ~  ^^***  ") 


(43). 


Therefore,  iiitroducing  the  vahie«  of/J  and  /?,  from  (40), 

CO8  0  = 

2  -V«">    "+2  — S ^(ct)H3COST  — C«8a) 
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where 


-j»in'o  +  22f-(co»/3c'o«y  — co«a)    js -y«in''a  +  22-jr^'(c*08(3cosy-cosa)y 

(«): 

AA,    .    ,  AA,    .    .       ,  ^^,    •    aa   ,  ^^    •    !i 

2— if  am' a  =    ymn^'a  -f  Wmn"^ +  -^'ttMry, 
a^  d'  b^  c"  " 


a        ^        I ^(C0«3cosy  —  COSa)  =—7-; — i(c0tt/3CO8y-COHo) 


H — ^ '  (008  y  008  a  -  cos  0)  +     '— r —  (coa  a  cos  ^  -  cos  y). 
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14,     To  tind  cos  ^,  cos  X,  cos  /i,  cos  v  of  the  laut  Ai-ticle 
of  the  facc-iudioes  and  the  angles  a ,  ^^,  y,  between  the  poles  ^1,  B 
and  C  of  the  axial  planes. 

To  obtain  the  required  expreatiiuiui  we  have  to  replace,  in  the  expi 
tjf  Art.  13,  sin*  a,  &c.  hj  their  equivalent*  in  terms  of  a,,  (9,,  y^ 

From   the   |Jolar   trianglcM  J^VZ  and  ABCf 
Kig.  &30,  wc  Imvc 

rZ'^a^w-A,  ZX^fi-=ir-B,   XV^y^it-C; 
BC^a,^w-A\  CA=fi=n-r,  AB^y,  =  w-Z. 
Prom  the  tnangle  ABCj 
co«i  a,  =- GOB /i,  OOB  y,  +  si  n  j3,  sin  y,  cos  ( ^  a:  fT — a). 


.    COB  as  - —    ■  -  -    ■ ■ ; 

sm  fi,  amy, 


Fio.  539. 


and       6Ui*  a  =  1  -  COS*  a  =  ^ ^-^^ -/^—^ — — ^ 

«in*/9,Km*y, 

_  l-C06*0,-COS^j3,  — 00a*y^-fgcOBq,008j3.COBy^ If* Sin* a,  ^ 

sin^jS.sin'y,  ~  ain*  a,  sin^  ^,  sin' y^  * 

where         iV/=i  1  -  co»'  a^  -  coe*^,  -  ooe'y, +3  ooa  o,co8^,  cosy,. 
.  ,-  JV,*8in»a 


Similarly, 


81D*0< 


sin'  a,  sin'  ^,  sin"  y. 


8m*v  = 


*V»8in» 


y_^ 


'    siu'a,ain'^,sin'y, 


.A^ain,  from  the  triangle  A'  VZ,  we  have 
cos  3  cos  y  -  cos  a  =  -  sin /9  si  n  y  cos  JT = ain  3  si  n  y  cos  o, 

==  (from  (45))     — ?~^ — ^r  ,^^^   - — ^' ; 

•     1    1  a    N}s\ny,»ia  oleosa 

similarly,  cob  v  cos  a  -  cos a=  —4—s — ''  «  ,    .  « — ' 

■"  '  fiin*  o,  Bui*^,  sm*  y, 

^*Bina  Hinfl  cos* 

COeaCO8^-0OBy  =  — ^-3 •    *^     •    4  . 

'       Bin*  a,  sin' ^,  sin*  y,     ' 

IntrfKliieing  into  (44)  the  values  of  sin'o,  ooe^ cosy -cos a,  Ac;,  givvn 
(45)  and  (46),  we  have 

oos^  = 

S-^'sm*a^+2  — ^p;—  8m3,smy^ooea, 

/  |x-jsii|i'(i,  +  22.  rtin;:<^Hiiiy^oo8ii  I  Js-^ 8in*o,4-2S^'ian^,ainy 

^47X 
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Again, 

^/^  «=  1  -  2  cos*  «  +  2  ooa  a  cofl  ^  COB  y  =:  ain*  ^  am' y  -  (cob  3  cos  y  -  cos  «)■ 


=(frt>m  (4S)  And  (46))-  -.-, '      .  ,     -   •  /       Tj^^^- 

^  ^     '         ^     "     bin*  a.  HID*  j3,  Bill*  y,     sin*  a,  am*  fi,  sio^  y, 


iV< 


(48). 


Bm*ri,sin';3,sin'y, 

htroduoing  the  vahieA  of  N,  Hin'o,  coH^cosy-ooao,  atid  those  of  the 
il&r  fittctors  iuto  equations  (41),  we  have 

a  0, 


C06X  = 


/  2  -J  sill*  d,  +  21  r-  ain  $^  sin  y, 


cos  a. 


co«^ 


coav= 


J^%^'^. 


+&C 


N. 


x/^a^"*-' 


+  &C. 


...(49). 


15.  To  find  the  equation  of  an  origin-plane  perpendicular  to  a 
ne-oxis  OF  having  the  direct  ion- ratioa  au^  bv^  cw. 

Let  the  zone-asia  make  angles  X,  /i,  v  with  tho  axfts.  and  let  it 
meet  the  perpendicular  plane  at  distance  OP  -  p  at  th«  point  /*, 
Fig.  54rO;  in  this  plane  tiike  any  point  7' (a;,  y,  =),  and  draw  the 
coordinatefl  TF^  FM  panUlcl  reHpectivoly  to  OZ  and  OX. 

Then,  since  TP  is  perpendicular  to  OP^  the  sum  of  the  pro- 
jectiona  of    OM,  MF,  FT  on   OP  is 

E       equal  to  OP. 

I  .'.   p  ~x cos k  +  y  cos  fi  +  z cos v  ; 

I       and  the  parallel  origin-plane  is 

^H  z  coa  k  +  y  008  /i  +  s  cos  v  =  0. 

J^^       Introducing  from  (23)  the  values 

I       of  cosX,  &,Q,f  in  terms  of  the  diruction- 

ratiofl,  we  have  Fiu.  540. 

X (att  +  bvcoay  +  cW cos p)  ■\- y  (aU cosy  +  bv  +  cw oos a) 

+  2(atfco8/3  +  6rcoso-fciy)  =  0  ..  (60). 

16.  To  find  the  condition  that  a  zone-axis  should  bo  perpen- 
dicular to  a  possible  face. 
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If   tbe  plane  given   by    (^)   i»   parallel    t«>   n    faoo   (A/17), 
CDe£cieBt«  of  ^  y,  s  tn  (5)  and  (50)  must  be  prnjH^rttoual.     Heu< 

m{ini*h90(»y*rwcoRfi)      6  (atf  cos  y  +  6r  +  CM' cos  a) 


r(atfC08j94'&rco6a4'  eir) 


(61). 


I 


Tlir  ttaoe^indicos  tf,  r,  V  being  integers,  h,k,l  can  only  be  integfM 
ia  Tvj  special  cmaes;   and  a  loiie-axis  is  not,  as  a  rulu,   perpeu- 
dkndar  to  a  possible  £»oe.     We  shall  give  a  few  of  the  exceptional 
cases  in  which  the  sooe-axis  is  a  possible  nonnsl.  ■ 

i     In  the  cnfaio  system,  ereiy  aooe^xis  in  pi*rpendioulur  tij  a 
puSBibfo  isoe;   for  asftac,  and  oosa^oos^- cu6y-(i; 

•    *=*=! 
"  If  ~  r     ir' 

Hence  tbe  sone-axia  [uvw]  is  perpendicular  to  a  face  {u¥W). 

iL     In   the   teU«gonal,   rhomVkohedral    and   htucagonal    systems 
everj-  aooe^xis  perpendicular   to  the   principal   axis  (p.    112) 
perpendicular  to  a  possible  face. 

Thus,    in    tbe    rbomliahedral   system   a  =  ^ - y,   and   n  ^b  •• 
Equations  (ol)  then   become 

* ^  k  ^ i 

tf  +  <r^ir)«osa"r-t-(ir-t-tf)oosa     w-¥{u^f)c(Ma 

For  the  principal  axis,  i$  =  f=W,  and  h     k  .  i. 

When  the  zone-axis  is  in  the  equatorial  plane,  it  may  be  tak< 
tu  be  the  intersection  of  a  face  {jtqr)  with  (IH).     But  the  ii 
of  this  lone  are:  tf=7-r,  r  =  r-|i,  ir^^-y. 

Equations  (53)  then  become 

A  * i 

,~y-9+(y-|>)006«* 
I 


...(53). 


y-r-f  (r-9)oosa 


r-^  +  (/>  — r)oosi 

h  k 

"  r-p 


7-r     r-p     p-9 

the  phiue  (AjU)  is  therefore  a  possible  face. 

A  sonenms  having  any  general  position  in  tliese  systetna  and 
the  three  other  systems  is  not  perpendicular  to  a  possible  face, 

iii.     We   have   already   proved    that   a   plane   of   symmetry 
perpendicular   to  a  xone-oxis^   and    that   an   axis   of  symmetry 
even  d^ree  is  perpendicular  to  a  possible  fao«L     Tbe  student 
easily  verify  this  for  (say)  (010)  in  the  oblitjuc  system. 
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Some  proposiliona  relating  to  the  rhovdtoh^lrol  system. 

17.     To  find  the  equations  of   the  faces  of   the  fundamental 
^omljohodron  and  of  the  pinakoid,  taking/=  V^^f  ~  3  f<»r  parameter 
the  Millerian  axca. 

Let  Fig.  541  represent  a  section  of  the  rhombohedra  R  and  mR 
the  plane  2  containing  OJT,  VM 
id  the  triad  axis,  and  U»t.  us  adopt 
same  letters  and    notation  that 
ire  adopt<^i    in    Chap,   xvi   in    the 
;uH8iun  of  cIjvhs  III.      IjCt   V^l  the 
>Iar  face-diagonal  of  (100)  nii-i  t  OX 
*;  and  let  OV  h^  thr  linear  element 
e  measured  on  the  principal  axis. 

From   the  similar  trianglea    VOsy 

'  09'.  V^ii^OV'.  VV=\  :2. 
From  the  relationn  established  in 
Chap.  XVI,  Art.  31,  K^  -  2  VM^  3. 
.•    0»-  F,.l/-3=/...(53). 
Bat  the  face  of  the  fundamental 
rhombohedron   tlirnugh    Vft   is  pirallel    to  the  axes  of    }'  and  Z. 
Hence  the  equation  of 

(100)  ia  x=f\ 


(010)   „  yV  (54). 

(001)     „    2=/ 

Again,  taking  the  face  (111)  through  T,  its  equation  in 

a:  +  y  +  «  =  3/. (55); 

for  it  meets  the  axis  OX  oX  X,  where  OX  =  V^M^  3/J  and  similarly 
it  meets  the  axes  of  Y  and  Z  at  distances  3/ from  the  origin. 

18.     To  find  the  equations  of  the  faces  of  \hll\  =  -niR  (p.  378). 

We  shall  suppoHe  the  faces  of  all  rhoiubohedra  to  be  drawn 
through  pairs  of  the  points  A^  A^^  Jic,  of  Fig.  542  in  which  the  faces 
of  the  fundamental  rhombohedron  H  jlOOJ  rneftt  the  dyad  a.ves.  As 
shown  in  Cliap.  xvi,  these  points  coincide  with  the  points  S,  S,  &c., 
of  the  figures  of  rhorabohedra  and  tsciileiioliedra  of  class  JII. 

The  face  (A/^)  of  the  rhombohedron  mi?  has  for  its  equation 
hx -^  ly -k- h  =  if 
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where  /  is  an  arbitrary  constant,  which  is  determined  when  the  tue 

passes  through  a  known  point  or  line.    Now  thiB  face  meets  the  fhot 

(100)  in  the  line  A'A^^  lying  in 

the  equatorial  ptane^  t.^.  In  the 

origin-ptune    parallel    to    (HI). 

But  (100)  is  given  by        x=/, 

and  the  origin-plane  (11 1)  by 

ar-^y  +  z  ~  0 (56). 

Introducing  the  values 

which  satirtfy  those  two  equations 
into  that  of  the  face  (fUl)j  wc 
have 

Tlie  equation  of  the  face  (A/7) 
passing  through  A'A^^  is  therefore 

/*x  +  /(y  +  «)=(A-/)/ 
similarly  (Ihl)  is  Ay  +  /  (x  -i-  s)  =  (A  -  /)/, 

(Uh)  .,   A*+/(x  +  y)  =  (A-0/ 
To  find  the  parallel  faces,  we  have  only  to  change  the  sign  of  the 
constaut  term.     Thus 

(AH)  is  Aar  +  /  (y  +  z)  =  (/  -  A)/ 


(57). 


m 


19.     To  find  the  relation  between  the  equivalent  symbols 
and  fnJit  and  the  length  of  an  edge  of  the  rhombohedrun. 

Let  the  face  (kll)  passing  through  A'A^^  meet  the  triad  axis  OV 
at  P".  where  0  P*  =  nw. 

Now  the  CO  ordinates  of  F  at  a  distance  c  on  the  triad  axis  are 
seen  from  equatiomi  (54)  and  (65)  to  be  (/,/,/);  and  the  equations 
of  the  triad  axis  are 

x  =  y^z  =  tj. (58); 

t^  being  an  arbitrary  constant  depending  on  the  distance  of  tho 
point  frou»  the  origin.  For  the  point  F*  lying  in  (A//)  the  values 
of  ic,  y  and  z  given  hj  (58)  must  satisfy  each  equation  in  (57) ; 

.-.  t^(h  +  2l)  =  k-l (69X 

Again,  the  apex  F"  being  at  vi  times  the  distance  OF,  then  by 
similar  triangles  the  co-ordinates  of  T**  are  (fnf,  n^f^  t/i/).  Hence  in 
(58)  for  the  point  r%  t^  =  n*. 
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The  two  values  of  /,  corresponding  to  F"*  mast  be  equal, 

I  •■•"•  =  A^/ <««)• 

This  iH  the  same  equation  as  (33)  of  Chap,  xvi,  Art.  35.  When  m 
is  negative,  the  rhombohedron  is  said  to  be  an  inver$e  one,  and  is 
denoted  by  -  m/f. 

Again,  since  the  polar  edges  join  T"*  to  the  points  M  in  the 
equatorial  plane;   and,   Figs.  541  and  542, 

OM^  205-2«cos30'*-rt^3 (61). 

Also  (?r-  =  OF.  =  mc. 

I  /.   F'"ir'=:r«ir*=3anm"c» (62). 

But  the  orthogonal  projections  of  the  edges  of  the  rhombohedron 
on  the  triad  axia  arc  all  equal.  Thcj  coigns  X  lie  therefore  on  hori- 
zontal lines  parallel  to  OM,  OJ/',  «fcc.  through  the  points  of  triaection 
of  F"  F„.     By  similar  triangles  r^AT,,  V^OM^  Fig.  541,  we  have 

Hence,  Fig.  351, 

20.  To  6nd  the  length  of  a  line  OP  to  any  point  (or,  y,  2),  and 
ezpreaaions  connecting  the  parameter  /  and  the  angle  a  between 
the  axes  with  the  linear  cleuientfi  c  and  a. 

From  equation  (26)  we  have,  by  making  ^  -  y  ^  o,  for  the  length 
of  any  line  PQ 

+  («-«J(a:-x,)  +  (a:-ccJ(y-yJ}...(64). 
Hence,  making  x^  =  y^  =  z^~ 0,  we  have 

OP^  =  a^  +  y'  +  2'  +  2  COS  a(ys  +  zx  +  xi/) (65). 

Therefore,  since  K,  where  OV==c,  has  the  co-ordinates  (/t/r/)* 
we  have 

OF''  =  c*  =  3/'(I-i-2co8a) (66). 

But  fi*om  the  right-angled  triangle  OF^J/,  Fig.  541, 

F,i/»  =  c»  +  3a*=(from  (53))  9/* (67). 

,\  from  (66)  and  (67),  3c»  =  (c*  +  3a«)  (1  +  2  cos  a) ; 

«^  2«»a  =  ^' (68). 


Jl 
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The  $eai4noh^dron  {hkl)  r  mHu  (p.  387). 

21.     To  6nrl  tho  (*quation8  of  tlie  faces  of  the  scalenohedron  |4H| 
The  ecjuatioa  of  the  face  (hJcl)  is 

hx-^ky  -^tz  —  tf', 
i  depending  on  ih(^  dtfitnnef;  of  the  faoe  fiiun  iU&  ori^n.      Tte  val 
can  be  fouml  when  the  (&ce  is  taken  to  pass  through  M',  Fig.  542, 

Now  M'  i.s  the  point  in  which  (100)  nieet^  An  origin-lino  whid 
\\&H  in  Uie  equatorial  piano  (56)  and  is  parallel  to  (010).  It 
ccMinlinat^s  are  tliei*eftire  given  by  x  ^/,  y  -  0,  and  j-  +  y  +  »  ^  0 
and  they  may  be  expressed  shortly  by  (/,  0,  -/). 

Introducing  these  co-orditintes  into  the  equation  of  (A^/).  we  hav 

(A-/)/=//;  andr  =  A-/. 
Similarly  the  face  (hlk)  is  given  by 

Ax  +  /y  +  Jb  =  <y : 

where  t^  in  found  by  drawing  the  face  throuj()i  A^,  the  co-ordinatei 
of  which  are  (/,  -/,  0). 

.-.  (h-l)/=ij;  and  (,-/*-/. 
The  e(|uation8  of  all  the  other  faces  can  be  shown  to  have  the 
form,  the  coethcientH  of  x,  y  and  s  being  taken  in  the  two  cyclical 
orders,  the  constant  Usmi  remaining  unchanged.    We  therefore  hava 
for  (AjtO,  hxi-kt^  +  h  =  {h-l)/ 
„    {M),  hx  +  ly  +  kz^(h-l)/ 
„    (A/A),  kx  +  ly  +  hz  =  {h'l)/ 


(69). 


The  piirallel  faces  passing  through  A^^  A",  &a  are  obtained  by 
changing  the  sign  of  the  constant  term. 

22.     To  Und  the  equations  and  length  of  the  median  edge  XX^. 

This  edge,  Fig.  351,  is  the  interaection  of  the  faces  (AjC7)  and 
(lih);  and,  by  Art.  3,  the  zone-axis  has  the  symbol  [A,  A -t- f.  A]. 
Since  the  edge  passes  through  ^  (/,  0,  -/),  S'  in  Fig.  351  being 
the  same  point  as  il'  in  Fig.  542,  its  equations  are 

-A  "A  +  i"  -A 


THE   RHOMBOHEDRAL  SCALEKOHEDRON. 
where  p  is  the  distance  fnini  ^  f)f  any  point  (as,  y,  3)  on  the  ecige, 

i^«  =  2A'  +  (A  +  /)*  +  2coso)**-2/fc(A  +  /)l <71). 

Introducing  into  (71)  the  value  of  2cosa  from   (68),  we  have, 
ince  c'  +  3a'  -  9/^, 

y/V  =  (c'  +  3a«)  J2A=»  +  (A  +  /)»[  +  (3c»  -  3o*)  jA^  -  2^  (A  +  /)| 

=  3««  (X-»  +  2/fe  (A  +  /)  +  (A  +  O'l  +  c" !  4Jt»  -  4ifc  (A  +  /)  ■»-  (A  +  /)«( 

=  (A  +  A  +  0M3«' +  «**«'} (72); 

.here  ^^  TTkTt (^^>- 

Now  the  edge  meets  the  face  (ihi)  in  the  coign  A,  and  for  X  the 
trdlnates  x,  y^  z  in  (70)  niuHt  satisfy  tlie  equation  of  the  face 

lx  +  hi/  +  kz=-{h-l}/. (7-J). 

The  corresponding  length  of  ;>  ia  5'X :  it  is  most  easily  found  by 
inltiplying  the  nuTnei*ator  and  denominator  of  the  iirst  term  in  (70) 
by  it  those  of  the  second  by  A  anfl  cjf  the  third  by  fc,  and  then  adding 
:the  numerators  and  a)so  the  denoii>inarors. 

Hence  for  p  =  S'A,  we  have 

p  =  l*k     l{x-/)  +  Ay^A(«+/)  ^ Ix-j-hy  +  kz+fj/c-l) 
'  ^      "      -tt  +  A(A  +  0-A'      ~      (A-A)(A  +  -t  +  /)  ' 

-  /from  (74))  iLA)/±li^  -  ^)  -  _  _/  /75^ 

-  »'^  =  A-Ar/=<'--  (72))  ^^^'^ (76). 

The  minus  sign  in  (75)  ariKes  from  the  fact  that  X  ia  the  lower 
coign  of  the  edge;  a  plus  sign  ia  obtained  when  \^  in  (l-fJ)  is  taken. 
In  (60)  it  was  seen  that  the  edge  of  the  rhombahedron  mR 
IB  given  by  J  JZa^  +  ot*c*.  Hence,  equation  (73)  gives  the  value  of 
f»  for  the  auxiliary  rhombohedron  7aR.  It  is  the  same  as  that  given 
in  (60)  of  Chap.  xvi. 

23.     To  find  n  of  mRn  in  terms  of  A,  A,  l. 

By  the  methc>d  of  construction  given  in  Chap,  ivi,  Art.  40,  the 
apex  V*  is  at  distnnce  nOV^  =  ?nnc  from  the  origin,  7/1  having  the 

uc  37 
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viiluc  givun  in  (73);  and,  the  apex  being  un  Uie  triad  axis,  its  eo-i 
oniinates  art>  found  by  similar  triangles  to  be  (m^i/l  mn/*,  inn/). 

Introducing  tliese  into  the  equation  of  one  of  the  fact^s  (69), 

we  have 

(A  +  *  +  /)mn/=(A-/)/; 

h-l      1       „         ,....      k-l 


n  = 


h-^k  '\- 1  m 


(from  (73)) 


h-U^l 


(77)- 


Equations  (73)  and  (77)  ai*o  those  ulroady  Found  in  Chap.  :ivi, 
for  the  conversion  of  tho  Millerian  nyndwl  \fikl\  of  the  .seal enohed run 
to  the  corresponding  Nauniannian  symbol  mRn.  By  a  flight  trans- 
formation, thoy  suffice  also  to  determine  A,  k,  and  /,  when  the 
Naumannian  symbol  is  given.  When  m  is  negative,  both  the 
scalenohedrou  and  the  auxiliary  rliombohedrou  mR  are  said  to  be 
inverse. 

24.  The  trapezoKedrofif  a  {hkl\.  To  find  the  length  of  the 
median  edge  '2S^y. 

Geometrically  the  trapexohedron  a  j/iA/J   con&isU   of   the    three 
pair.H  of  faces  of  the  scalenohedron   {AX^}  which  pass  through  the 
alternate  median  edges  interchange- 
able by  rotation  about  the  triad  axis. 
The  faces  arc  therefore 

hkl    Ikk    klh     Tkh    III    Ihl 

One  pair  of  the  faces  which  are 
common  to  the  trapezohedron  and 
scalenohedron  l>eing  supposed  to  pass 
through  S',  F"  and  K,,  the  equations 
of  the  median  edge  ^y  are  the  same  as 
those  given  in  (70)  for  S'X.  This  e<ige 
has  in  the  trapezohtxlnm  to  be  ex- 
tended to  meet  (Jchl),  Fig.  .'543,  at  y  ; 
and  the  length  is  found,  in  the  same  way  as  that  of  ^X,  by  multi- 
plying the  numerators  and  denominators  of  the  tirtit,  second  and  third 
terras  of  equations  (70)  by  i,  A  and  /respectively. 


I 


Therefore 
P^^y  ^-k{x-f)-hy 


:,  ^ 


* 


y  =  - 


A  +  A-S; 

h-k 


J* 

h-k-k-^l 


(h-l)/^/(k-l) 

(*-A)(A+;t+/) 


(from  (76)) 


A  +  A^2i 
h~k 


^X,.„(7S). 
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If  2^  and  2tj  are  the  angles  over  the  obtuse  and  acute  polar  edges 
of  the  scalenohedron  \hJcl\,  then  from  equation  (74)  of  Chap,  xvi, 

k  —  l  _  sin  £ 
h  —  k     sin  i;  * 

.•.S',  =  (l.2i=J)8-X.(l.2:i°{)«-. (79). 

This  is  the  relation  (90)  used  in  p.  413  for  drawing  the  tmpczo- 


Hexagonal  axes. 

25.    The  correlation  of  the  four  axes  to  which  hexagonal  and  rhombo- 

bedral  crystals  arc  nften  referred  is  fully  given  in  Ohftp.  ivil,  Arts.  5 — 14. 

We  shall  therefore  assumo  Millcr'H  (100)  U*  l>c  (OlTl)  in  hexagonal  8ynlbc^lH. 

Then  a  and  c  being  the  jiaramctcrM  on  the  cqiintoriJil  and  princijuU  axes, 

let  (hkil)  bo  the  h^uiIkjI  uf  a  face,  wliicli  in  Millerian  notation  w  (AH). 

I  Aa  already  stated  in  Chap,  xvil,  the  fourth  axis  is  sufjerfluoiis  when 

I       we  reqviire  to  determine  the  sKine-indi<'^M,  the  atiliannonic  ratifi  o{  four 

tauti:i2ona1  f*vce.s  or  othL^r  relations  lietwcon  tlio  faoe^  M\i\  (nlj^'es.    The  faow 

are  therfifore  rcfcrre<i  U\  three  axe«  0X^  OY,  artd  (>Z  ;  whcni  the  first  two 

&XO&  are  inclined  to  one  another  at  an  angle  of  120^  and  are  peri>eDdicular 

i      to  the  principal  axis  OZ.     Heaoe  the  equation  of  tlie  &ce  (hlcil)  is 


h-+k^+I  -■- 
a        a        e 


(80): 


the  constant  /  de^^endiiig  on  the  distan<!e  ftt>ni  thr-  nrigin.    The  equation  of 
the  parallel  origin-plane  is 


a       a       e 


(81). 


26.    To  find  the  fomiuln  of  transformation  from  Miller's  to  hexagonal 
notation. 

Miller's  {hi-f)  l>cooming  (hkil),  we  have  to   find   the  intercepts  niftde 
by  ijikl)  on  the  hexagonal  axes  O  \\  06^  0^\  ^^'.     Keferred  to  Millorian 
I      axes,  the  equations  of  those  lines  are 


for   OV 


f  ^  y  ^  «  ^ 

Iff     V3/'(l+3co8ci) 
0       -/    7      V2/*(l-coaa) 


J     ^      -f     V2/^(l-c08o) 


/    /     0      VS/'Ci-c^a) 


(from 

W)f 

.& 

a 

-^ 

a 

Pjn 

a 

j 

....(83) 
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pyP,t  Ac.  being  the  distances  of  any  points  on  the  lines  from  the  origin  ; 
and  from  (66)  and  (68) 

2/»(l  -  co«a)=/»(2-  ^^;^)  =^i^.='"- 

If  now  the  values  of  x,  y  and  z  which  satisfy  each  line  are  introduced 
into  the  Millerian  equation  of  the  face 

we  find  the  intercept  made  on  each  of  the  hexi^nal  axes. 

Hence  multiplying  the  numerator  and  denominator  of  the  first  term  in 
each  of  equations  (82)  by  A,  those  of  the  second  by  it  and  of  the  third  by  /, 
we  have 

/)7  OV*     hx+ky+lz^    h-l   • 


on 


(83). 


(84). 


^^'  a         {l-k)f    ~l-k 

Y  p.,  _  hx-\-ky-\-lz  _h-l 

"         ^'»  a  "     {h-l)f    ~K^l 

nil  p„,     hx-^-hy+U     h-l 

^^'  a  ~    {k-h)f   ~i-k     , 

The  intercepts  0  K",  p,,  p^,,  p,„  are  in  the  ratios 

c-~\  :  a-^h  :  a,-rk  :  a„-ri. 

1 __h^        V_       j_ 

••    k+kJrl~l-k^h^l'"  k-h 

These  are  the  equations  found  in  Chap,  xvii,  Art.  10. 

Each  term  in  (84)  is  equal  to  ;^.  .  >-_ /  .  l_7*    ^'"^^^ ^^^ denominator 

of  this  last  expression  is  zero,  the  nimiorator  must  be  so  too ; 

.-.  h+k+i=0 (86). 

27.    To  find  the  equations  of  the  six  faces  of  r  (hkil). 

Let  the  pole  P  of  {hkt)={\i\si\)  be  so  situated  that  Pr<IV<Ft^' ; 
r,  r',  r"  being  the  poles  (100),  (010),  (001)  respectively ;  and  let  the  face 
pass  through  d'  at  distance  a  on  OK,  then  its  equation  referred  to  X,  K 
and  /  is 

a       a       e 

t  being  determined  from  the  condition  imposed  on  the  position  of  the  face. 
But  the  hexagonal  co-ordinates  of  y  on  X,  Y  and  Z  are  (0,  a,  0). 

.-.  k=/; 
and  the  equation  of  the  face  is 

h^+k^  +  l*-k (86). 


FACES  OF   A    HEXAGONAL    PYRAMID. 


rutatiun  of  60°  uoiifiter-clockwiHe  brings  OX  to  OU^,  OY  to  OX,  and  a 
on  OU,  to  OY.     F\irther,  the  first  face  intercepts  a-ri  on  OU,^ 
i=  —  (h  +  k).     Hence  the  new  position  of  tJie  fiico  in  given  hy 

a       a        c 

iBut  this  is  ft  faoo  of  the  hexagoiiAl  pyramid  puaaing  through  the  [wint  on 
OX,  at  dUtauce  -a  from  the  origin. 


a 


■t.,  and  r=V. 


I" 


The  equation  of  the  face  is  therefore 


a       0 


(87): 


the  face-symbol  is  (kihl). 

A  second  rotation  in  the  name  direction  brings  the  original  face  into 
the  position  of  one  having  the  symhol  (ihkl) :  its  equation  is  found  in  the 
e  way  and  itt 


a       a       c 


rising  the  process,  the  successive  faces  are 


(88). 


k:^  +  i.{  +  l*=U 
a        b       c 


(kihl), 

u 

(lEid),    -i^-h?  +  l-=k 
^       "         a       b      c 


eqiLationa  of  the  six  facoa  iiamllol  to  the  above  six  faces  Are 
by  changing  the  sign  (tf  tho  i^»uHt(i,nt  term  k.  The  equations  of 
lix  Ikoes  of  the  diliexagonal  pyrauiid  luiving  the  first  throe  indices  in 
the  opposite  cycliojvl  tirdcr  are  found  in  the  same  way :  they  also  have  the 
same  constant  tcmi  k. 

The  problems  solved  in  Arts.  22-24  by  the  aid  of  Millorian  axes  can 
now  be  all  solved  in  hexagonal  notation. 


I 


Graaemann^s  method  of  axial  representation. 

28.  Orassmann  suggoatfid  a  diffi^rfint  iiiethod  of  axial  re- 
resentation,  by  whicli  the  ditliculty  of  following  in  the  imagination 
the  various  cumbinatioEis  uf  planes  cuuld  be  to  a  cuiisiderable  extent 
overcome.  With  this  object  he  tiiok  for  axes  three  normals  not 
lying  in  one  plane ;  and  for  the  parametral  ratit>8  he  took  tho 
edgee  along  the  axial  normals  of  a  purallelepiped  which  has  for 
diagonal  a  fourth  nornml  not  lying  in  a  plane  with  any  two  of  the 


I 


582 


ANALYTICAL   METHODH. 


axial  normaln.  The  Bjstcm  of  plaucs  can  then  bo  roplaced  by 
ByHtom  of  noroials  or  niys^  as  lie  termed  them,  all  emanatinfi  from 
the  origin.  The  direction  of  each  of  these  rays  can,  like  the  par»- 
njetral-ray,  be  given  by  the  diagonal  of  a  parallelepiped  which  has  its 
edges  in  the  axes  ;  the  edgett  Ix^ing  rational  aiultiplea  of  those  of  the 
parametral  panillolepiped.  Ttiis  system  of  rays  served  in  Chap,  vii 
as  the  basis  of  tlie  representation  of  a  crystal  by  the  stereographic 
pny**cLion.  The  analytical  method  to  which  this  axial  representation 
gives  rise  has  never  been  seriously  employed  in  the  solation  of 
problems.  Miller  gave  a  short  account  of  it  in  1868  (Proc.  Carnb, 
PUil.  Soc.  11,  p.  75,  1868) ;  and  it  affords  an  elegant  method  for 
establishing  many  of  the  general  relations  discussed  in  Arts.  2—20 
of  this  Chapter. 

29.     To  find  the  et^uations  of  a  ray. 

Take  in  Fig.  044  for  Grassmann's  axes  the  normals  OA^  OB, 
OC  to  the  facra  wliich,  in  the  ordinary  representation,  are  the  axial 
planes  I'OZ^  ZOX  and  XOY-^  and  let  the  current  co-ordinates  on 
OA,  OH,  OC  be  denuteil  by  X,  y,  2.  Further,  let  the  face  (111) 
be  perpendicular  to  the  pararaetral-ray  0(7,  and  let  the  edges  of  the 
parallelepiped  which  has  for  diagonal  a  definite  length  on  this  ray 
be  represented  hy  a,  bt  C, 

Then,  from  the  statement  of  the  method,  any  other  ray  ia 
given  by 

X  _  /^      / 
Ka~  kbic 


I 


(89); 


where  h^  k  and  /  are  any  integers,  one  or  two  bat  not  all 
of  which  may  be  zero. 

These  equations  are  of  the  fonn  given  in  Art.  3  for  a  zone-ax^ 
But  in  Art.  tC  it  was  shown  that  a  normal  can  only  in  very  special 
cases  coincide  with  a  zone-axis.  Tlie  ray-parameters  B,  b,  C  are  not 
therefore  commensurable  multiples  of  the  face-parameters  a^  h^  e 
measured  on  zone-axes  OX,  OT,  OZ. 

30.  To  find  the  relations  which  connect  the  ray-parameters  and 
the  face-parameters,  when  the  same  faces  are  used  in  tho  de- 
termination of  the  axial  representation  and  the  parametral  ratios. 

Let  UrasHinann's  axes  OA,  UB,  OC^  Fig.  544,  and  the  cor- 
responding zone-axes  OX,  OY,  OZ  meet  a  sphere  deeoribed  about  0 
OS  centre  in  the  points  A,  Ji,  C  and  -Y,  X,  Z.  Then  tho  triangles 
AJiC  and   XYZ  are   polar   triangles  (Chap,  xi.  Art.  C) ;   and  the 
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am  of  lines  is  fully  determined  wlion  the  aidea  of  either  triangle 
known.     If  the  axial  faces  (100),  (010),  (001),  of  which  A,  /?, 

and    C   are    the    respective    normalH,   are 

present,  and  if  the  angles  over  their  edge-a 

are   raeaHurable,    then    the   sides   of   ABC 
I      are  given  by  direct  observation. 

Let  P  be  the  pole  of  a  face  (^XV),  so 
^that  the  nwlius  0/*  is  given  by  equations 
^■B9).     On  OP  take  any  point  Hj  having 

when    referred    to   OrasHniaun's   axes   the 

coordinates  (a,  /,  z);  and  draw  the  ordinates 

BQj  §^ parallel  to  the  normals  OB  and  OA. 

Let  OQ  meet  the  circle  AC  in  Lj  and  describe  the  great  circle  liPL. 

Since  the  great  circles  [jIC]  and  \_BP'\  pasw  each  t[iruugh  two  poles, 

their  point  of   intersection    i>   is   a   poKsible   pole  which    has   the 

symbol  (AG/).    G  is  the  pole  (HI)  corresponding  to  parameters  a,  6,  c 

on  the  zone-axes  OX^  OY^  OZ,  and  to  df  b,  c  on  the  normals  OA, 

KB  and  OC. 
From  the  geometry  of  the  Hgure, 
2     ON     sin  NQO     sin  LOA 
X~NQ 


Fio.  Ui. 


miLOC' 


sin  QOy 

since  NQ  is  parallel  to  OA. 

And  from  the  spherical  triangles  f^BA^  LBC^ 

sin  LA  __  sin  PBA  sin  A  B 
sin  LC  '  sin  PBC  sin  BC 

[n  Chap.  XI,  Art.  22  it  was  shown  that 


(90). 


^\nPBC=-»\nPBA. 


sin  PBA  sin  AB     al  sin  AB 


sin  PBC  sin  BC     ch  sin  BC 


h  sin  BC 


z 

/ain 


(by  symmetry)  j^-j^..(ai). 


These  equations  are  identical  with  (80),  if 

gfl          hb    _    00 
sin  BC     sxnCA     hinAB 

By  the  relatiuns  of  the  pular  triangles,  the  trigonometrical  ratio 


(92). 


5N4  ASALYTIOAL  HETHODa 

can  lie  replaced  by  their  eqaivalenta  in  terms  of  the  sides  or  s^gles 
of  the  triangle  XYZ\  thas 

aa  hb  oC 


sin  YZ     sin  ZX     sin  XF 


(9n 


Hence  if  a,  6.  e  satisfy  the  above  equations,  the  normal  OR  is  the 
dtagiHial  1^  a  parallelepiped  which  has  edges  in  OA^  OB,  OC 
resipectively  proportional  to  Aa,  kb  and  Ic. 

31.    To  find  the  origin-plane  containing  two  rays. 
From  Art.  30  it  fitllows  that  the  origin-plane 


ami  the  ray 


A-  +  Jtf +/-  =  0 (93), 

a        b        c  ^    '' 


ha-kb~lc • (^*) 

arp  fi^r  all  possible  valaee  of  A,  4;  and  /  at  right  angles  to  one  another. 
Since  equations  (92)  and  (92*),  which  connect  the  parameters  in  the 
two  systems  of  axes,  involve  these  parameters  in  an  exactly  similar 
iiuuiner>  it  f^Ulows  that  the  plane  (referred  to  Grassmann's  axes) 

i/-  +  r{+ir-=0 (95) 

a      b      c  ^    ' 

is  |vr)HMHlicular  to  the  zone-axis  (referred  to  zone-axes) 

-   =^-  =  -  (96). 

aU      b¥      CW 

This  can  U*  t\4sily  pn.»vetl  from  (89). 

For  let  two  fiwes  (/*,jC-,/,),  {hjej^)  have  for  zone-axis  the  line  which 
h*is  the  symlx»l  [u¥w]  j^ven  in  Art>  3.  Then  (96)  are  the  equations 
of  the  zontMixis. 

Now  the  ray  perpendicular  to  the  face  (A^it]/,)  is  at  right  angles  to 
[urtr].  ami  so  is  the  ray  perpendicular  to  (A^X^/i).  The  plane 
ootitaining  tht*$e  niys  is  therefore  perpendicular  to  the  zone-axis 
[UYWI 

Tlie  ray  (AjX-,/,)  is  given  by 

aA,     bki     c/, ' 
and  the  ray  (A,X*,/^  by 

X         /    _  / 
ahi~  bkt~  di ' 
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The  origin-pl&ne  contuining  these  two  rays  in 
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<A.^-;.AjJ  +  (/A-V,)^  +  (AA-A,A,)^^0  (97). 

liB   latter  plane  is  that  of  the  zone- circle  containing  tho  poles 
tautozorml  faces:  as  wa8  shown  in  Art.  16,  it  is  not  generally  a 
Ible  face. 


Wns^s,  yawmann^s  and  l^vjf's  notcUioiu. 

32.  Crystallogniphers  have  represented  tho  forms  of  crystals  in  aeveral 
ways,  and  the  Millorian  notatiun  U  not  even  yet  universally  ivdopttnl ;  hut, 
with  hardly  aa  exception,  cry»talIographera  who  still  use  other  Hymbola 
now  give  the  Millerian  tqiiivaleuta  albo.  We  bball  briefly  indicate  the 
principles  of  three  uf  the  mo»t  iuiix^rtaut  notations. 

33.  WeiiB  represented  a  face  by  its  intercepts  on  tho  axon.  Aisaum- 
ing  tho  axes  to  bo  tho  wioie,  the  Milleriaxi  nymbol  is  found  by  dividing 
by  the  coramon  multiple,  and  writing  tho  deuoioinntora  (exprcHaed  as 
iutt^^ers)  in  the  order  of  tho  axes  -V,  J'  Z.  In  the  lioxagonul  system 
four  axea  wore  used,  and  the  further  tranafonnation  given  in  Chap,  svu, 
Art.  10|  has  to  bo  uAod  if  Millerian  axes  are  adopted.  WeiHH's  notatiou  is 
used  in  Rammclsbcrg'H  Handbuch  d.  KrysL-Phys.  C/temiej  18B1 — 2. 

34.  Naiuuanii  Hought  to  make  the  bymlfol  indicate  tlic  BbajK?  of  the 
form,  and  nmde  it  dej>Gnd  on  the  characteriatic  holohedral  fonn  of  the 
syMtem.  Thus  in  the  prismatic  system  he  takes  as  fundatnental  pyramid 
P  tlint  which  has  its  apices  A,  B  and  C  at  distances  a,  h  and  r.  on  the  axes 
of  A',  y  and  Z.  Every  other  pyramid  is  suppciscd  to  l»c  drawn  through 
A  or  B  on  the  axes  of  A'  and  K,  when  its  intercepts  are  given  (i)  by 
a:  nb  :  me,  uf  (ii)  by  na  :b  :  j/u:.  The  pyramid  (i)  he  rBproscnts  by  mPn, 
(ii)  by  mP/t,  Tho  tirat  iudcx  «*  gives  tho  intercept  on  tho  vertical  axis 
OZ,  The  letter  P  Ls  affected  with  the  long  or  short  sign  acconliug  as  tho 
second  index  n  refers  to  the  raakro-axiw  0}'  or  the  brachy-axis  OX.  By 
giving  to  m  and  n  the  special  values  oo  and  0,  all  tho  special  forms  of  tho 
system  can  be  represented.  In  the  tetragonal  and  hexagonal  systems  P 
carries  no  sign,  for  the  horizontal  axeu  are  interchangeable  and  the  para- 
meters equal 

In  the  cubic  system  P  is  replaced  by  0^  for  all  the  parameters  are  equal, 
and  the  fundatncntAl  pyramid  is  an  octahodron. 

In  the  obbque  sy.stem  the  BJimo  metiuxl  is  employed,  but  when  the 
index  n  gives  tho  intercept  on  the  inclined  axis  OX  a  stn>ko  is  drawn  slant- 
wise across  /*,  aud  when  it  refers  to  OJ^  a  horizontal  stroke  is  drawn 
[      acroBB  it;  it  is  left  unmoclitied  when  the  indices  h  aud  k  are  equal.    To 
^^eprosent  pinakoida  (iMi)  a  minus  sign  must  be  }^lju:ed  Iteforo  the  symlMil, 
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if  the  fooe,  meetuig  OX  od  tho  positive  side  of  tbo  origin,  meets  OZ  od  tbe 
segative  aide ;  and  a  similar  artiJioe  ba«  to  be  adopted  iu  ivpreueutuig  Um 
dificrent  four-faoed  forma  which  ««  may  caII  pllnthoids^ 

In  tbe  anorthic  ayvtem  P  is  aflbcted  with  the  loDg  and  shnt  aigM 
and  with  daahen  pSaoed  on  varionia  aidofi  of  it  which  serve  to  indicate  tfas 
directiuoa  in  which  the  intcfxiepts  ou  the  several  axes  are  uoaeured.  Tbe 
perplexing  arrangement  of  tbeee  various  modifications  in  tbe  oblique  And 
anorthic  sTBtems  noden  the  sjmboLs  ill-adapted  for  tbe  purpose  thejr  «en 
intended  to  serve. 

,  Xaumann's  notation  in  the  rfaombohedFoI  system  has  been  aheMlf 
explained  in  Chap,  xvi ;  and  its  utility  for  comprehouding  tbe  reUtioiv  oC 
and  for  drawing,  soalenuhedra  and  rbombohedra  was  there  demonstnted. 

3S.  Levy's  notation,  still  uaed  by  French  crystallographers,  is  bikseii 
OD  tbe  modifications  of  the  edges  and  coigns  of  a  parallelepiped  or  of  » 
bexagoaal  prism  which  may  be  regarded  as  Haiiy's  phiiiitivt*  furo]. 
According  to  the  system  tbe  primitive  forms  ore  a  cube,  a  tetragotuU  prum 
lerminated  by  the  baae,  a  rhombic  prism  terminated  by  a  pin&kuid,  a  rhoiu- 
bohedron,  a  hexagonal  piism  and  pinakoid,  an  ol>lique  prism  terminated 
by  a  pinakoid,  and  an  anorthic  iMraUeleptped. 

Tbe  anorthic  parallelcpipud,  fn>m  which  all  the  others  (save  the 
bexagonal  pnuu)  are  derived  by  making  certain  of  tho  angles  and 
edges  equal,  has  four  difierent  coigns  deuot«d  by  the  vowels  a^  e,  i^  ^^ 
d  being  that  at  the  back  of  tbe  upper  £eu»  ;  three  different  faces  />,  at,  i 
(from  tho  word  primitiM);  and  alx  pairs  of  different  edges,  four  h^e^d^J 
in  the  base,  and  two  g  and  A  verticil.  Tbe  l>ack  edges  of  the  upper  face 
meeting  at  a  ore  6  and  c,  6  being  to  the  left ;  the  front  edges  are  d  and  /. 
Again,  h  and  d  meet  at  e  on  the  left,  c  and  /  at  t  on  the  rigbL  The  vertical 
edges  are  measured  downwards,  h  passing  through  a  aud  o,  g  through  e 
and  i  Any  face  ia  denoted  by  the  intercepts  measured  on  the  edges 
meeting  at  the  coign  which  it  modifies,  these  lengths  being  indicated  by 
indices  attached  to  the  corresponding  edges;.  Thus  the  fiice  r(^-ll)  of 
uorthite  modifies  the  coign  «  at  which  6,  d  and  y  meet ;  aud  tlkc  intercepts 
are  iu  the  ratios  6-^2  ;  d-r^  ;  $-^\ :  the  face  is  given  by  6' V*</^ 

Tbe  parametral  length  on  a  vertical  edge  (^  or  A  is  that  intercepted  by- 
some  definite  face  (arbitrarily  chosen)  which  is  paraUel  to  one  of  the 
diagonals  of  tbo  base.  Thus  x  (101)  of  Fig.  \t\  may  be  taken  to  give  the 
parameter  in  anorthitc :  it  modifioa  the  coign  a  aud  may  be  drawn  through 
the  diag^jual  «i,  when  it  has  tbo  intercepts  6,  e  and  A  ;  it  is  represented  by 
a*.  Thti  faoey(30l)  may  bo  dravm  through  the  same  diagonal  to  modify 
[^the  same  coign  a  aud  to  meet  h  at  distance  th.     It«  iutervopts  are  6,  c 

or  h-^%  c-r-%h\  and  it  is  represented  by  a^''.  Any  other  face  paralld 
modifying  a  may  be  given  by  fc-=-a,  c-Mt,  A-=-»;  it  is  represented  by  a*^. 
If  a  fiice  in  tbe  saiuu  zone  modifies  the  coign  o,  it  is  represented  by  o''* ; 
tbe  intercepts  being  t/-rn,  /-th,  A-m.     Thus  o»'»  is  tbe  faoo  1(201)  of 
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120.  tn  the  Bome  way  a  face  through  the  other  diagonal  ao  inter- 
tting  on  ^  a  length  nff~z  ia  reproftonted  hy  e*'"  or  i''*,  according  as  it 

lifiee  the  coign  on  the  left  or  on  the  right;  for  instance,  (t(021)  of 
igB.  120  and  121  is  0^  and  n(02])  is  e^/*. 

Tlie  face  is  also  roprceontod  hy  a  single  letter  and  index  z/n  when  it  ia 
parallel  to  and  m^HliGou  the  edge  to  which  the  letter  is  attached.  If  the 
edge  is  iu  the  luise,  s  givea  the  intercept  uu  the  vertical,  and  n  on  a  h&HA\ 
edge.  ThtiH  m(lll)  of  Fig.  120  ia/'«  p(IU)  is  c»>»,  and  generally/""  has 
the  intorcepta  d-^n  and  h~s  on  the  edges  mooting  /  at  o.  Similarly  for 
all  ttie  other  basal  edges.  When  the  modified  edge  ia  one  of  tlxe  vertical 
edges,  the  symbol  is  A'^*  or  y"^*  if  the  face  is  to  the  right  of  the  observer  ; 
it  is  ''*A  or  "''^  if  to  the  left ;  tfjx  being  always  greater  than  uuity.  Thiis 
/(130)  of  Figs.  120  and  121  is  gr';  for  its  intercepts  arc  ('^2, /■^l  and 
^-j-0,  since  a  line  through  o  bisecting  the  edge  c  meets  the  diagonal  ciattho 
centre  of  gmvity  of  the  triangle  aio.     Similarly  z(130)  is  »^. 

With  the  iutrodiictioD  of  planes  and  axes  of  symmetry  some  of  the 
Angles  and  edges  Iwjcomo  equivalent,  and  fewer  different  symlols  are 
needed.  Since  the  synilwb*  denote  forms,  it  is  always  neoessary  to  know 
the  aystom  and  clasH  of  the  crystal  to  iKircoivc  the  character  of  tho  form. 

Although  the  s^Tubol,  such  as  6*"  rf^'g'*'*,  resembles  Millerian  intercepts 
a-rA,  6-j-jf",  c~l,  the  iudices  iu  tho  two  notations  are  only  iu  exceptional 
cases  the  stime.  For  MiUei-'s  axes  of  X  and  i"  are,  as  a  nUe,  parallel  to  the 
diAg<^nals  of  the  base  of  Levy's  itamIlole|iii)ed,  -\'-V,  being  [>arallel  to  ao  and 
>'}'  to  tft".  The  ci>iivor«ion  of  L^'vy's  syniliola  tct  Millerian  involves  therc- 
fore  a  transformation  of  axes  in  all  systcmH  except  tho  cubic  and  rhouibo- 
hedraL 

In  the  rhombohedral  system  tho  parallelepiped  becomes  the  funda- 
mental rhombohedron  p  ;  the  two  apices  are  denoted  by  a,  tho  median 
coigns  by  «,  the  [xilar  edges  by  &,  and  the  median  edges  by  d.  Assuming 
the  »ame  fundamental  rhomlxihedron,  //  is  [ItX)f  ;  and  a  face  of  any  form 
Is  given  by  intercepts  which  are  (i)  6'  *6'  *6''',  or  (ii)  b^^d^^d^\  according 
as  the  face  modifies  an  apex  or  a  median  coign. 

L  In  tho«e  forma  tho  intercepts  are  the  Mime  as  Miller's,  for  wo  may 
suppoee  the  origin  Ut  Iw  shifted  to  tho  fti)ex.  ilenco  6'*6*'*6^'  is  {hil},  all 
the  indices  being  i»o«itive.  An  obtiwe  rhombohedron  [Ml\  is  a*',  and  it 
is  direct  or  inverse  according  as  A  J/ :  aHs  jlU},  A  face  (AO/)  parallel  to 
a  polar  edge  is  6*'^;  the  form  is  a  scalenohedron,  except  when  h  =  l  or 
A  =  2/;  in  the  fonner  case  6*  is  tho  rhumbohednm  (101),  in  tho  latter 
6*  is  the  hexagonal  bipyramid  J201}. 

ii.  In  6"*rf'*f/'^  the  Millerian  indices  are  numerically  the  same,  but 
the  signs  of  one  ur  two  of  the  indices  have  to  be  changed  aoomling  to  tho 
coign  modified  by  tho  face  If  the  face  ts  that  of  a  direct  sctdonohedron 
modifying  the  coign  /i.  Fig.  545,  it  meets  the  edges  V^fi,  ^^^^  ^,  at 
distances  6-i-A,  d-i-k^  d~-l  respectively.     Supi)oso  tho  origin  to  be  at  F,, 
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Ami  tliG  faoo  to  bo  Rhiflod  to  a  point  betweeu  \\  nud  /i,  where  the  intercfpt 
Dic'jisiU'eti  fruiu  \\  is  b—h.  Id  its  now  ptxaitiou  tlic  f«cti  meets  V^fi!  mmI 
V^fi,"  produced  boyoud  V,,  ».«.  on  the  negative  sides  of  the  oiigiu  ;  and  ita 
Bvmbnl  in  {/til}^  where  h~t-l>0.  The  pole  lion  in  the  AphericAl  triaugle 
ra'a^^  of  Fig.  546.  When  therefore  the  »cAlenohcdra  are  direct  and  the 
aui)enor  fooeti  miKlify  inferior  mediau  coiguti  of  {100),  b^^d^*d^  ta  [hil\* 


Fio.  646. 


Lei  now  a  Huperior  nice  d*^*b^*d^'^  ntcet  a  superior  median  coign  n'  {vu.y) ; 
it  belungs  to  a  direct  or  inverse  Bcalcnohedron  according  as  its  pole  bea  in 
the  spherical  triangle  ra,jc  or  in  a„om^  of  Fig.  646.  When  the  face  ia 
sliiftod  tto  UH  bo  meet  the  axGH  afc  diHtauooa  from  the  origin  V,  equal  to  the 
intercepts  on  the  parallel  odgee  meeting  at  ^,,  the  AliUeriiU)  svinbol  is 
{/til\  where  h-/t-\'C>0.  The  direct  form  ia  diatingnished  from  the 
invenw  by  writiug  the  intercept  6^  fint  or  Uat*  A  particular  case  is 
given  when  the  f&oe  pawsoM  through  a  polar  face-diagonal,  when  the 
symbol  c/^ *&'(/'  is  abbpoviateJ  to  e^,^  equivalent  to  {hil}.  When  the 
intercepts  on  the  median  edges  are  equal,  the  form  in  a  rhoinbohedron 
f*  't=  [/iUj ;  it  in  direct  or  inverse  accordiDg  as  A  -  2^  JO.  When  the  Caoo  i» 
luirallel  to  a  median  edge,  the  form  ia  given  by  </^'  and  is  the  aune  m 
J/tO/}.     The  ivirticulai'  caacM  a*  and  d^  are  the  hexagonal  prisma  [311 }  luid 
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CHAPTER  XX. 


ON    GONIOMETERS. 


1.  The  angles  of  crystals  are  measured  by  instrumenta  called 
tniometers,  of  which  there  are  several  kiiitla  in  use. 
The  cmitact- goniometer  invented  by  Carangeot,  and  used  by 
Rom^  de  I'lsle  and  Haiiy,  ia  still  employed  for  the  approximate 
measurenient  of  the  angles  of  large  crystals,  and  more  especially 
when  the  faces  are  rough  or  deficient  in  lustre,  or  the  crystal  ia 
attachefl  to  a  large  piece  of  matrix.  The  eafiential  part  consists  of 
two  flat  utrtiight  bars— often  called  limbs  (/,  I*  of  Fig.  547)— of  st+wl 


btnn  oonni^kHl  by  a  pin  «nd  screw  k.     One  e<3ge  s  of  each  Imr  is 
accurately  straight;    and   these  edges  are   placed   in    contact 
with  the  two  faces  the  angle  between  which  is  required.     If  the 
limbn  ai-e  also  perpendicular  to  the  edge  in  which  the  face."*  in- 
tersect, the  angle   l>otweeii   them   ia  the  Euclidean  angle  and   its 
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supplement  th&t  between  the  nornifils  (Cliap.  ii,  Art.  2).  To  secure 
Aocumto  contact  the  cryntjil  and  UinVw  arft  held  lifttww^n  t}»e  eye 
and  the  light ;  and  when  the  limbs  are  correctly  adjusted,  the 
screw  is  tightened  and  the  linabs  carefully  removed  from  the  faces. 
The  limbs  arc  now  placed  on  a  graduated  circle  or  semicircle  in 
the  centre  of  which  the  pin  fits,  uud  the  included  angle  is  read  off. 
The  circle  may  he  divided  to  degrees,  half-  or  quarter-degrees.  But 
to  give  correct  readings  on  the  circle  tlie  continuations  of  the  bars 
must  be  cut  down,  us  shown  in  Fig.  547,  to  straight  edges  which 
are  radii  of  the  circle  and  necessarily  parallel  to  the  edges  $  placed 
in  contact  with  the  crystal-faces.     Or  one  limb  may  be  90  adjusted 
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that  its  central  line  passes  through  the  zero  of  the  scale  as  slu 
in  Fig.  548.     The  edges  at  which  readings  are  mode  are  usually 
bevel  Jed  to  a  thin  edge. 

To  be  able  to  measure  the  angles  between  faces  partly  en- 
veloped by  matrix  or  other  crystals,  slots  are  made  in  the  ban  «• 
shown  in  the  figuroH,  and  the  bam  are  sloped  to  pointn  at  the  ends 
placed  in  contact  with  t!ie  crystal.  The  bars  being  shortened,  their 
ends  can  be  introduced  into  shallow  cavities,  and  their  tips  brought 
into  contact  with  the  faces. 


2.  The  reJlexlon-g<miom£ieT.  In  1809  Wollaston  (PhU.  Tram. 
1809,  p.  253)  invented  this  goniometer  by  which  the  angle  betwf 
the  normals  of  two  faces  is  determined  by 
the  reflexion  of  a  well-defined  signal  ;S'  (say) 
from  each  face  in  succession  \  and  all  modern 
goniometers  suitable  for  accurate  measure- 
ment depend  on  the  laws  of  refiezion.  Thus, 
BUppoeo  Fig.  549  to  represent  a  section  of  a  Fxo,  549. 
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ital  by  n  plane  per|ieiKiiciilar  to  the  edges  of  tautozona!  facen ; 
let  the  signal  iS',  lying  in  the  plane  of  section  to   the  left  of 

face  AB,  be  reflected  from  AB  in  a  fixed  direction.  The  incident 
»d  reflected  rays  both  lie  in  the  plane  ABC\  and  the  normal  OjV, 

^cts  the  angle  lietween  them.     If  ON^  is  supptJHed  to  be  equal  to 

'*,,  a  rotation  about  0  through  A  A'^i  OjV,  -  A  CUE  brings  the  face 
RC  exactly  into  the  position  of  AB^  and  S  will  be  reflected  frf»m  BC 
in  the  tixed  direction.  A  secund  rotuition  tlirough  A'jOjV^  brings  the 
face  CD  into  the  position  of  AB^  and  S  iv,  reflected  from  CD  in  the 
fixed  dir(>ction  ;  and  so  on  for  all  the  faces  in  the  zone.  If  then 
0  is  in  the  axis,  perpendicular  to  a  gnuluated  circular  disc,  which 
can  be  turned  about  tliis  axis,  the  angles  N^  ON.^^  N^  ONj,  Ac. 
between  the  face-nonnala  can  be  determined.  The  ^^raduated 
circle  may  be  either  vertical  or  horizontal,  and  the  iustrument  i« 
accordingly  known  as  a  veriical'cirde  or  hvriz&tU^xi-cirde  goniometer. 
We  shall  flescribe  one  of  each  kind  now  in  common  use. 


The  axis  O  hiui  been  supposed  to  he  equall}-  diHtiint  from  the  faces, 
and  then  the  angles  turned  tlmiugh  are  accimitely  equal  t<i  those  between 
the  uiimiala.  But  if,  na  in  tho  figfire,  O  is  unet]ual1y  distant  from  AB 
and  BCf  a  rtitation  about  0  through  NfiN^  brings  BC  parallel  ta  AB 
but  not  into  coincidence.  If  then  S  is  at  a  short  distance  fmm  the 
crystal,  tho  angle  of  incidonce  on  BV  in  its  u^w  imsition  is  less 
than  that  on  AU^  and  the  reflected  ray  is  not  in  the  fixe^i  dii-ection.  If 
OiVjj  is  loss  than  OA',,  thecrystfil  must  not  be  tiu'ncd  quite  s*)  far,  and  we 
get  an  error  in  the  meaHured  angle  dne  tt>  dcftxtivo  contering.  If  OS^ 
is  equal  to  ON^f  the  total  angle  NfiN^  is  doterminod  with  accuracy,  for 
CD  IH  brought  into  w>iucidence  with  AB.  Hiince  in  the  mcoaiuximont 
of  NfiNyy  where  we  have  an  increase  in  tho  radius,  an  error  is  made  of 
the  opposite  kind  to  that  made  in  mejwuring  jV/>iV.^.  Tho«e  errors  dis- 
ap]>ear  if  .S'  is  at  a  very  great  diHtance,  or,  as  it  is  shortly  Rxprcs-sed,  at 
infinity :  the  rays  falling  on  the  crystal  from  S  are  then  all  parallel,  and  the 
angles  of  incidence  on  the  successive  faces  are  eqtuvl  when  the  latter  are 
brought  int'i  iwirallcl  iwwitions.  Tho  error  of  centering  is  therefore  eliminated 
hy  the  use  of  a  very  distant  tiignal.  It  can  also  be  eliminated  by  bringing 
each  edge  into  tho  axis  of  the  instrument  Thtui,  if  tho  crystal  is  tunied 
about  B  through  the  angle  CBE~  N^ON^^  BC  is  brought  into  tho  con- 
tinuation of  AB^  and  the  portions  of  the  faces  used  in  reflecting  the 
signal  are  those  near  B.  To  get  NfiN^^  the  crystal  must  be  displaced  so 
aa  to  put  C  in  the  ceutro,  and  so  on  for  all  the  angles  in  the  zone.  The  use 
of  signals  at  a  short  distance  from  the  crystal  has  therefore  serious  dia- 
advantagea  Consequently,  when  considerable  distances  cannot  be  secured, 
>llunatora  giving  parallel  rays  arc  used. 
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The  verlicuir-circU  ^tmiometer. 

3.  The  instnimont  ahown  in  Fig.  550  was  designed  l>y 
Profeiaor  Miera  {Min.  3fay.  ix,  p.  214,  1891).  The  circul&r  disc  L, 
graduated  on  t\u>  ndgo  in  lmlf-<legre<»,  is  Hcrcwod  to  the  axIa 
which  is  Accurately  tittod  in  a  buah  in  the  vertical  portion  of  fiie 
stand.  Tlio  stand  renU  on  levelling  HcrewH,  by  means  of  which  the 
axle  can  \m}  plucnd  ht)ri20n tally.  The  vernier,  reafling  to  minuteA, 
is  engnived  on  the  edge  of  a  disc  F,  which  is  fixed  to  the  stand; 
and  the  two  diHcs  L  and  V  are  kept  in  contact  by  a  circular  steel 
spring.  C  lAA  screw  which  claropfi  L  to  V,  and  IJ  is  a  slow  motion 
Kcrew  for  the  purpose  of  tine  adjustment.  The  axle  and  disc  L  are 
rotated  by  the  milled  head  Ji. 


Fio.  5&0. 

The  erynial-hohifir  consists  of  (a)  a  bar  of  metal  bent  at  right 
angles,  (b)  a  quadrantal  arc  turned  by  an  axis  Q,  and  (c)  a  second 
axis  of  rotation  R  at  right  angles  to  Q,  (a)  One  arm  of  the  bent 
bar  is  forked  and  slidfts  on  the  disc  L  aiv>nt  a  screw  which,  with  the 
aid  of  a  washer,  clamps  it  firmly  to  L  when  the  crystal  has  been 
adjusted:  this  movement  is  usch]  to  centre  the  edge  or,  approximately, 
the  middle  of  the  crystal  when  the  latter  is  small  (6)  In  a 
bush  at  the  end  of  the  bent  Ijar  remote  from  L  the  axis  Q  works, 
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and  it  is  rigidJy  attached  to  the  quadrantal  arc.  Rotation  about  this 
axis  brings  the  image  of  S  from  a  crystal-face  into  coincidence  with 
that  of  *9  seen  in  the  mirror  (Art.  4).  (c)  The  secc»ad  axis  H  (a  stout 
pin)  works  in  a  bush  at  the  other  end  of  the  quadrantal  bar,  and 
gives  rotation  about  an  axis  at  right  angles  to  Q.  Flotation  about 
a  brings  the  image  of  ^S*  iii  a  second  crystal-face  (one  as  nearly  as 
possible  at  90"  to  the  first  is  the  l>est  to  take)  into  coincidence  with 
that  of  »S'  in  tlie  niiiTor.  The  crystal  is  attached  by  stiff  wax  to  a 
small  plate,  which  rests  in  a  slit  in  H ;  or  when  very  small,  tho 
crystal  is  stnck  on  a  pin  by  a  solution  of  shellac  in  alcohol  and  the 
pin  fixed  to  H  in  any  convenient  way.  After  tlie  odge  has 
been  brought  by  the  axes  Q  and  A'  into  parallelism  with  the  axis, 
the  crystal  is  centered  accurately  by  sliding  the  holder  in  the  slot  on 
the  disc  L. 

To  test  the  centering  the  following  simple  apiMiratua  may  bo  used. 
A  vortical  knitting-needle  is  sup]iorted  on  a  stand,  and  carriers  a  cork 
which  moves  stiffly  on  it.  Through  the  cork  a  second  nocdic  posses 
hifrv£AM\Ui[\y^  the  eml  of  which  is  br^iught  close  to  tlie  crystal  edge.  Tho 
disc  and  cryHtiil  are  then  turned  through  180°.  If  tho  edge  is  not  in  tho 
centre,  it  will  descriiic  a  .semicircle,  and  in  tho  second  iMwition  will  lie 
separated  from  the  needle  by  double  its  distance  from  the  centre.  The 
cork  Ls  then  moved  so  as  to  bring  tho  noedle  half-wa)"  to  the  edge,  and  the 
cryst^d-edge  is  moved  by  a  truuslaiiciu  of  the  huUlcr  along  the  slot  until  it 
is  close  to  the  needle.  The  o|icration  in  re]K;atcd  mitil  tho  edge  remains 
doae  to  the  needle  during  tho  whole  of  a  revolution. 

4.  7'he  sigji/xls.  To  give  the  bright  signal  S  a  diamond-shaped 
hole  is  cut  in  a  IxHird,  which  is  placed,  with  a  diagonal  of  the 
diamond  liorizontal,  across  tho  lower  p»irt  of  a  window  at  the 
opposite  side  of  the  room  to  that  occupied  by  the  goniometer- table. 
On  a  stand  outside  the  window  a  mirror  is  placed,  which  reflects 
the  brightest  portion  of  the  sky  and  directs  tho  tight  tlirnugh  the 
hole  on  the  crystal :  a  heltostat  und  screens  for  regulating  the  in- 
tensity of  tho  light  may  b*;  used   innteatj. 

For  the  faint  signal  2  a  white  horizontal  line  on  the  wall  below 
the  bright  signal  may  be  used,  bat  it  is  inconvenient.  A  small 
mirror  of  blackened  glass  is  therefore  attached  to  the  stand  of  the 
goniometer;  and  the  faint  signal  is  the  image  in  this  of  a  narrow 
alit  cat  in  a  board,  which  is  placed  across  the  upper  part  of  tho 
window  with  tlio  slit  horizontal. 

T/ie  mirror.  On  the  cylindrical  axis  A  of  the  stand  a  tube  E 
defl  which  can  be  clamped  to  il  in  any  desired  position  by  the 
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fiorewliMwl  *!.  To  K  another  tube  F  w  fixwi  at  right  angles,  in  wliifb 
A  cylintlvr  oirrying  the  mirror  can  nVule  with<iut  rotAtion.  It  i« 
cUmpod  Uy  a  screw-head  hidtlen  behinr)  tlie  mirror.  The  mirror 
inclined  at  a  onnvenieDt  angle  is  Httac)ie<]  tu  tlu^  end  of  tlie  cyUudtu- 
by  a  screw  hnWug  a  capstan  heiul,  muI  vau  he  tumeil  into  »nf 
position  round  the  cylinder  F.  It  should,  by  rotation  round  i\>f 
axis  Af  be  first  placed  .so  that  the  image  of  S  is  seen  iienr  Ut« 
1>c»ltom  and  tUat  of  2  nejir  Uif  top  by  an  observer  looking  ocrow  tbr 
crystal.  The  mirror  in  adjuMted  so  as  to  reflect  the  bright  signal  S 
in  n  plane  pandle]  to  L^  and  is  then  securely  damped  by  the 
capstan-head  //.  When  once  adjusted  the  mirror  should  as  lar  t 
portsihle  be  left  in  the  same  place.  The  crystal  is  easily  brought 
into  the  plane  of  reflexion  by  moving  the  plate  carrying  it,  aw»y 
from  or  towards  the  disc  L,  To  lie  able  to  adjust  the  crystal 
aoeurately,  the  imAge  of  S  sfinuM  bo  visible  in  the  ntirror  when 
the  observer  looks  across  the  cryetal.  The  image  of  ^'  Is  sometimes 
used  aa  Booond  signal  S,  but  such  a  use  has  many  grave  diaadvan- 
lages  and  is  quite  unnecessary. 

6.  AdjutttnienU.  The  plane  of  reflexion  through  the  cryiital 
mUHt  be  panilhO  to  tlie  disc  L  and  vertical.  It  is  desirable.,  though 
not  essential,  that  the  plane  of  reflexion  should  be  perpendicular  to 
the  faint  signal  and  therefore  to  the  window. 

i.  A  line  in  a  vertical  plane  through  j^  perpendicular  to  the 
window  is  traced  as  accurately  as  possible  on  the  table.  Tlie 
goniometer  is  then  placed  on  the  table  so  that  the  crystal  ia  in  Uie 
vertical  plane  through  this  trace,  and  the  disc  L  very  nearly  parallel 
to  it.  Tjct  the  average  distance  of  the  crystal  from  />  lie  n  mm.  A 
cardboard  is  now  attached  to  the  window  having  two  narrow  parallel 
slits  in  it  2n  mm.  apart.  One  alit  is  placed  accurately  in  the  position 
of  the  vertical  diagonal  of  the  rhombus  forming  the  bright  signal  .S, 
the  otiier  2n  mm.  to  it«  right,  with  regard  to  the  observer.  If  the 
surface  of  £  is  a  bright  smooth  plane  the  image  of  the  slit  covering 
S  is  seen  by  reflexion  in  it ;  and  when  the  disc  is  correctly  adjusted 
the  image  in  L  should  exactly  cover  the  other  slit  seen  by  direct 
vision  across  the  edge  of  £.  But  since  the  disc  seldom  givee  a 
distinct  image,  a  plate  of  blackened  glass  is  cemented  to  it  by  wilx 
at  some  convenient  position  near  the  edge ;  the  wax  being  suflicientJy 
plastic  to  enable  us  to  adjust  the  plate  at  right  angles  to  the  axis 
by  gentle  pressure.  By  slightly  moving  the  goniometer  (the  crystal 
being  maintained  in  the  vertical  plane  through  tho  trace)  the  image 
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glass  is  brought  to  cover  the  second  slit  seen  directly.  The 
tiflc  is  then  turnwj  through  180°  \)y  the  milltMl  head  li,  and  the 
coincidence  of  the  imago  and  second  slit  is  tested  by  looking  over 
the  opposite  edge  of  tlie  dise.  Any  divergence  is  halved  by  shifting 
the  goniometer.  The  glass  is  then  preaae<i  until  tJie  inmgeji  l)ecome 
coincident;  and  the  disc  is  tl»en  turned  biick  to  its  original  position, 
and  the  coincidence  of  the  images  again  tested.  The  divergence, 
if  any,  in  halved  by  a  change  in  the  direction  of  the  goniometer- 
axiH,  and  the  remainder  corrected  by  again  pressing  the  glass ; 
the  disc  is  now  turned  through  180",  and  the  adjustment  testecL 
The  process  is  repeated  until  the  imagu  always  coincides  with  the 
second  stit  as  the  disc  A  in  turned,  when  the  plarte  of  reflexion 
through  the  cryHtnl  ih  piirallf^l  to  that  of  L.  A  strong  rod  iH  now 
screwed  to  the  table  pressing  gently  against  the  milled  heads  of  the 
two  levelling  screws  to  the  left ;  so  that,  when  once  adjusted,  the 
goniometer  am  l>e  immediately  put  in  position  by  bringing  these 
milled  heads  into  oontnct  with  the  rod. 

ii.  A  i>orcelain  dish  full  of  clean  mercury  is  now  placed  on  the 
floor  so  that  the  signal  S,  still  limited  tti  the  narrow  slit  in  the 
card,  is  seen  by  reHexion  in  the  mercury  by  an  observer  looking 
acmes  the  crystal.  If  the  crystal  has  bright  parallel  face^ — for 
instance,  a  good  cleavage-fragment  of  cjdoito — we  proceed  by  means 
of  the  axes  of  mtation  of  tlie  holder  to  bring  the  image  of  the  nlit 
from  one  of  the  faces  into  coincidence  with  that  seen  in  the  mercury. 
The  crystal  is  now  turned  by  means  of  the  milled  head  B  through 
180°,  when  the  image  of  the  slit  from  the  parallel  face  should 
coincide  with  that  in  the  mercury.  If  the  image  is  displaced  to 
the  right  or  left  the  axis  is  not  horizontal,  and  the  levelling  screws 
must  be  turned  until  the  deviation  is  halved.  The  remaining  half 
is  corrected  by  rotating  one  of  the  axes  of  the  holder ;  and  the 
crystal  is  then  turned  so  as  to  bring  the  image  from  the  original 
face  into  coincidence  with  that  in  the  mercury.  Any  deviation  is 
again  correctetl  in  the  same  way,  and  the  process  continued  until 
the  adjustment  is  correct.  The  £irst  adjuHtment  must  now  again  be 
tested,  and  any  error  produced  by  the  levelling  must  be  corrected 
by  the  process  described  undei-  (i).  The  two  proces-scs  have  to  be 
carried  out  alternately  until  the  goniometer  is  adjusted. 

iiL  The  mirror  on  A  is  now  adjusted  so  that  the  images 
from  the  crystal-faces  (known  from  testing  by  reflexion  from 
mercury  to  l)e  ail  in  a  vertical  plane  i*araltel  to  L)  coincide  with 
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the  image  of  S  reflected  in  the  oiiiror.  The  matrument  ia  dow 
reaAy  for  use;  and  with  careful  handling  it  will  remain  ia  gcxl 
adjasttnent  for  a  considerable  time^  The  adjustments  should 
however  be  occaoionaUy  tested ;  and  any  defeuts  oorrected  in  the 
manner  described  onder  (i),  (ii)  and  (iii). 

6.  Measuring  a  cryttaL  A  freehand  sketch  of  the  crystal  U 
made,  and  if  necessary  two  or  thrve  from  different  sides.  Hie 
faces  are  lettered  in  any  way  deeiii<Hl  convenient,  and  any  markft 
on  the  faces  noted.  Such  examination  ^Hll  generally  enable  the 
observer  to  perceive  the  symmetry ;  and  this  can  be  tested,  if  the 
crystal  is  tranalacent,  by  examining  the  directions  of  extinction 
lietwcen  crossed  Nicols.  The  observer  then  judges  of  the  xonea 
which  it  is  desirable  to  measure-  The  crystal  is  now  attached  to 
the  plate  by  stiff  wax  with  one  face  of  the  zone  to  bo  measured  as 
nearly  as  possible  parallel  to  the  plate.  The  plate  is  then  attached 
to  the  holder  in  such  a  way  tliat  the  crystal  is  in  the  plane  of 
reflexion  and  one  edge  is  nearly  in  the  direction  of  the  axis.  The 
crystal  is  then  turned  by  the  milled  head  B  until  the  image  from 
the  face  parallel  to  the  plate  is  seen  near  that  of  *y  in  the  niirrq^^fl 
By  turning  the  milled  he4id  Ji  the  two  images  are  brought  inl^B 
coincidence.  The  crystal  is  now  turned  by  means  of  B  until  the 
image  of  .S'  from  another  face  (preferably  one  nearly  at  90°  to  the 
first  face)  is  seen  near  that  from  the  mirror.  The  two  images  are 
bn>ught  into  coincidence  by  rotation  of  the  screw-head  Q»  This 
adjustment  generally  affects  the  first  one^  and  the  first  face  bos  to 
be  again  adjusted  ;  and  the  process  is  repeated  until  both  faces 
are  accurately  adjusted.  The  images  of  H  from  all  the  other  faces 
in  the  zone  can  by  rotating  L  be  then  brought  in  succession  to  oo 
that  in  the  mirror. 

The   edge   to   be   measured    is   now  to  be   centered,  or  if 
crystal  is  very  small  its  middle  point  is  put  us  nearly  as  possible 
the  axis.     The  adjuKtment  of  tiie  zone  must  lio  checked,  and  ai 
slight  error  caused  by  the  change  of  position  of  the  holder  on  the 
disc  L  corrected.     A  screen  is  then  interposed,  which  cuta  off  all 
light  from  the  mirror  except  that  from  the  faint  signal. 

The  crystal  and  L  are  next  turned  by  means  of  B  until  the 
image  from  an  easily  recognised  face  is  bisected  by  the  faint  signal. 
The  corresponding  angle  is  rood  off,  and  recorded  against  the  letter 
u.se<l  to  denote  tlje  particular  face :  any  peculiarity  of  the  image, 
such  as  its  l>eing  double  or  elongated,  being  noted  at  the  same  time. 
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Distinctly  double  image.s  slioultl  be  separately  determined.  The 
disc  and  cryst^d  are  now  turned  until  tlio  image  from  the  next  face 
is  bisected  by  the  faint  signal,  and  the  corresponding  angle  entered 
below  the  first  one.  Tf  tho  crystal  ih  not  re-centered  for  eAch  e<lxo, 
the  process  is  continual  witliout  interruption  until  the  first  reading 
18  again  obtained.  The  diU'erence  between  eacli  pair  of  successive 
reathngs  gives  the  angle  between  tho  corresiK>nding  faces. 

7-  Tlie  author  gave  in  the  Proceedings  of  the  Camb.  Phil. 
Soe.  iVf  p.  243f  1882,  an  analysis  of  tho  error  due  to  defective 
centering  which  shows  that  tho  error  can  never  exceed  half  tho 
angle  Hubtended  at  either  signal  by  the  extreme  positions  of  the 
edge  when  the  readings  are  made.  If  the  signals  are,  as  at  Cam- 
bridge, at  a  dist/ineo  of  alxiut  7*25  metres  from  tho  crystal,  a  dis- 
placement of  the  edge  through  4  mui.  will  not  cause  a  greater  error 
than  r  in  tho  reading.  The  error  arising  from  defective  adjustment 
of  the  zone,  or  of  a  slight  deviation  from  7>onality,  is  one  of  the 
second  oitler,  and  is  inappreciable  within  ttie  limits  which  occur  with 
an  instrument  which  only  reads  to  minutes. 

The  faces  of  few  crystals  a^lmit  of  nieasureraent  to  half-minutes ; 
and,  in  passing  from  one  crystal  to  another,  divergences  tjuite 
beyond  those  due  to  errors  of  centering  are  continually  met  with 
in  the  angles  l»etween  conesponding  faces.  Considerable  experience 
and  juflgment  is  needetl  in  seli^cting  the  angles  to  be  used  in  the 
compuUition  of  elements  and  the  theoretical  angles. 

A  fixed  telescope  supplied  with  cross-wires  may  be  used  to 
determine  the  positionH  of  the  images  from  successive  faces,  and 
may  replace  the  mirror  and  faint  signal.  Vertical-circle  gonio- 
meters provided  with  a  telescope,  with  ur  without  u  collimator,  are 
fairly  common  ;  but  the  adjuHtments  of  tho  telescope  nt^cessary  for 
ita  axis  Ui  lie  striclly  in  the  plane  of  reflexion  are  sumt^what  trouble- 
some:  they  are  made  with  two  plates  of  ghiss  in  the  way  de^crihed 
in  Art  10.  The  telescope  may  however  bo  employed  in  conjunction 
with  the  mirror,  when  it  merely  serves  to  f<KU8  the  two  signals  and 
to  givn  the  position  of  the  faint  one  when  it  is  conceuled  behind  thu 
crystal.  The  necessity  for  very  careful  adjustment  of  the  telescojto 
is  then  avoided. 

L  The  horizonial-circlc  gonioTneler, 

8.  Fig.  bbi  represents  a  vertical  section  through  the  axis  of 
the  goniometer,  Model  ii,  made  by  lierr  Fuess  of  iJerlin  to  whose 
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courtesy  I  nin  indebted  for  this  figure  and  for  Figs.  547,  548,  552, 
aud  553.  The  stand  consisU  of  a  Uiick  luotal-plutu  o  supported  on 
three  legs  winch  ar^  proWded  with  lovplling  screws.  The  axis  con- 
sists of  three  concentric  conical  shells  fitUnl  the  one  within  the 
other,  and  working  in  a  oomcal  bash  in  the  plate  o.  The  outer  cone 
h  carries  a  circular  disc  d,  to  which  are  fixed  the  verniers  and  the 


standard  B  wliich  carries  the  observing  telescope.  The  verniers  are 
at  opposite  extremities  of  a  diameter  and  road  tt)  3t)".  The  cone  6 
is  clamped  by  the  screw  a,  so  tliat  the  telescope  and  verniers  can  be 
ftx*xl  in  any  convenient  iMwilion.  For  One  adjustment  in  determin- 
ing refractive  indices  a  slow  motion  screw  is  att«*u'hed,  the  head  of 
which  is  just  visible  behind  the  leg.  The  second  conical  shell  e  fits 
into  6  and  carries  the  graduated  disc  f.  This  cone  terminates  in 
the  milled  rim  g  for  turning  the  axis.  The  cone  «  and  gradtmted 
disc  are  clamped  by  the  screw  ^,  and  the  corresponding  slow  motion 
screw  is  just  visible  Iwhind  tlio  leg.  Tlie  third  cone  h  works  within 
e  and  is  useful  for  turning  the  crystal  during  mljustment  without 
turning  the  graduated  disc :   it  ends  iu  the  milled  head  i  and  is 
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clamped  to  tho  cone  e  by  the  scrow  /.  Within  A  is  a  cylindricfil 
steel  axis  which  carries  tlie  crystal -holder;  it  terminates*  at  the  lower 

'  end  in  a  screw  working  in  k^  sit  »rraiiged  tliat  the  crystal  can  be 
raiser]  or  lowered  for  the  purpose  of  bringing  it  into  the  centre  of 

^^the  illuminated  field. 

^H  9.  The  ciyjtUU-holflcr  consiHts  of  two  plane  slides  m  and  tn  at 
^Bight  angles  to  one  another  and  two  arrangements  for  circular 
^^notion  in  planes  also  at  90°  to  i>ne  another.  A  moveiuent  of 
translatiun  fur  centering  the  edge  can  be  given  to  the  slides  m 
and  in  by  screws  a  and  a'.  To  m'  is  attacheil  a  'felly'  r  having 
on  its  inner  (concave)  8ide  a  groove  in  which  a  plate  t  of  equal 
curvature  and  with  toothed  edge  can  move.  Motiuu  is  given  to 
the  plate  by  the  screw  Xj  the  thread  of  which  works  in  the  Uwthed 
edge  of  L  Any  line  in  the  plane  of  (  can  be  therefore  inclined  to 
the  vertical  at  any  desired  angle  within  the  range  of  the  felly. 
On  t  is  fixed  a  similar  arrangement  of  felly  and  toothed  pfaU?, 
which  gives  circular  motion  in  a  plane  at  nght  angles  to  thu  first. 
The  centres  of  tho  two  circular  motions  arc  nearly  coincident  and 
lie  at  a  short  distance  aUive  the  plate  w  which  carries  the  crystal. 
This  holder  can  Iw  used  with  the  vertical-circle  goniometer  de- 
scribed in  Art.  3,  but  here  the  back-lash  in  the  screws  rt,  x,  Ac. 
which  cannot  l>e  prevented  after  the  instrument  has  been  used  for 
some  time  renders  the  holder  untrustworthy  (Dauber,  I'o^,  Ann. 
ciii,  p.  107.  1858). 

10.  The  collimator  in  carried  on  a  fixed  standard  Cj  and  its  axis 
can  be  adjusted  by  screw.s  above  fi  perpendicular  to  the  axis  of  the 
gonionu'Uir.  With  it  different  forms  of  signal  can  be  used,  the  most 
useful  being  one  formed  by  two  circular  plates  which  have  their  centres 
on  opposite  sides  af  the  slit  and  very  nearly  touch  in  the  centre  of  the 
field.  For  determining  refractive  indices  a  straight  slit,  like  that  of 
a  8i>octro«cope,  should  be  used.  The  slits  can  be  ilUmiinated  in  any 
convenient  way  ;  e.(j.  for  measuring  a  crystJil,  by  an  incandes- 
cent burner,  and  for  refractive  indices,  by  a  Uunsen's  burner  flarao 
coloured  by  sodium,  lithium,  itc. 

The  observing  LeIescoiHS  carried  by  U  and  attached  to  the  cone  e 
is  suppli*id  with  several  eyo  pieces  for  use  under  different  circum- 
sUmces  uf  definition  and  brightness  nf  tho  images.  The  telescope 
should  im  focuHKed  on  a  very  distant  4jbject,  and  tho  collimator  can 
then  bo  easily  adjusted  so  as  to  give  practically  parallel  rays.  The 
axes  Off  the  telescope  and  colliinator  should   intersect  accurately  in 
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tho  mm  of  Um  gonicNDOtar,  and  for  Uik  mijveitaieKit  Uie  obeerrer 
to  tmst  BMinl/  to  the  skill  uul  are  of  the  maker.  A  &ligbi 
deviataon  of  the  mam  firom  Um  oeiMe  pUae  is  of  no  eaueqaeBflt 
ivofvided  both  {mmb  through,  and  mr»  pei^endicttiar  to,  the  gooi»- 
aeter-axifl.  The  aocoxate  adjiutiaeiit  oi  the  cross-vireft  aod  teienopi 
n  ooe  to  be  made  by  the  obeerrer.  For  thin  porpoae  amali  aatwt 
pmm  throu^  the  eye-pieoe  which  aliow  a  limited  change  of 
of  the  ring  hokiiog  the  crueft-wireB  to  be  made. 

Two  {4*tei  of  gkaa  with  panllel  mdm  are  used  ti*  .-i>lju.st  the 
One  a  (etjr)  ia  «4itMt«d  Uka  a  ccjiital  on  the  goiuomt.«ter,  Ibe  utfaor 
placed  in  fnmt  of  the  eye-pieoe  of  the  telewaope  at  45'  U>  its  &zia  and  aenii 
the  light  uf  a  lamp  down  the  tdesot^ie,  thua  iUuminating  the  crueit-wirai. 
The  croaB-wireB)  having  been  fint  focoBMsd  for  dktinct  vmioii  hy  the  ej«- 
pieee^  and  the  plate  a  are  now  adjtuted  ao  that  the  image  of  the  wins 
icAected  roooeaaiTelj  fnim  the  two  sidoH  of  a  are  superposed  on  the  vim 
themaelves.  When  this  ia  the  case,  the  Axia  of  the  telescope  ia  perpeo- 
dicolar  to  that  of  the  goniometer ;  and,  if  the  telescope  w  adjusted 
infinity,  the  cni»-wirBH  are  not  o^atated  from  their  Iniage  by  any  ditt^i 
ment  of  the  eye  or  lamp. 

Aa  shown  in  the  figure  a  small  lens  can  be  Rlipped  in  front  of 
the  objective:  it  converts  the  teleecope  into  a  microeoopo  which 
enables  the  obeen'er  to  see  and  center  the  edge  of  the  crystal  *. 

11.  To  adjust  a  crystal  requires  some  practice;  and  it 
adrtsable  to  attach  the  crystal  to  the  plate  a  so  that  the  edge 
^be  adjusted  is  as  nearly  as  the  eye  can  judge  perpendicular  tu 
The  plate  ttbuuld  then  be  put  in  its  place  with  one  of 
crystal-faces  parallel  to  one  of  the  plates  t  or  t,  and  thtui 
Bcrew  V  nhould  be  tightened  so  as  tu  keep  the  crystal  rigiflly  fix 
on  the  holder  By  turuing  the  crystal  round  until  the  light  falls  on 
the  faces  nearly  at  a  grazing  incidence  and  looking  with  the  naked 
eye  nearly  in  the  line  of  the  colliiaator,  the  observer  can  sw* 
[images  near  that  in  the  collimator  and  can,  by  the  circular  motiu 
iring  them  approximately  into  the  plane  of  retlexiou  of  the  insi 
ment  so  that  they  can  enter  the  observing  telescope.  The  crys 
is  then  centered ;  and  the  two  images  correctly  adjusted  by  the 
aid  of  the  cross-wires  in  the  telescope.  When  adjusted,  the  edge  is 
re-centered ;  the  angle  is  measured  and  the  readings  are  recorded 
in  the  way  already  described. 

'  For  deUiled  iuatruolionfl  as  to  tlie  method  of  sdjtutiug  the  goniomoter, 
oross-wires  and  eignals,  the  reader  is  referred  to  Die  OplUche  InstrumenU  der 
Firma  R.  Fue*$  by  C.  Leisa,  18if9,  and  to  a  memoir  by  Professor  Webeky  in  the 
ZfiUch./.  Kriftt.  it,  p.  d-15,  18^. 
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12.  When  the  crystal  to  bo  moasurcd  is  small  atid  the  facos  nuincroua,  it 
JH  difficult  to  identif)-  the  facoa  so  as  to  ooimecfc  accunitely  tho  ineaauroinfiiitH 
in  Dim  zonu  with  thc>8o  in  anotbor.  Whoii  one  guod  »)nu  hou  bcon  tnuiuiurod 
with  the  vertical -circ^le  goiuometcr  of  Art.  3,  it  is  [KJSitiblo,  by  judicious 
movomcota  of  tbo  pUto  in  tbo  slit  in  li  and  i:>f  tho  axes  ft  and  (^  (tho 
crystal  ronuuniiig  tixcd  on  the  plate),  to  adjust  a  fresh  :cono  which  contains 
A  known  face  of  tho  Hnit.  For  tbo  image  nf  the  bright  signal  from  a  face 
at  some  distaDc«  out  of  tbo  tirt^t  isono  can  be  readily  found  by  looking 
across  tbo  crystal  wben  thu  light  falls  on  the  face  ncirly  at  grazing 
incidence.  When  tbiu  zone  has  l>oeii  meusiu^,  a  Himihu'  manipulation 
of  the  plate  and  of  tho  axes  H  atid  (^  will  oiuvble  tbe  uliserver  to  adjust  a 
tbird  zone  C4>ntaining  a  second  known  ftuxs  of  each  of  the  two  zoneH.  A 
triauglo  Ijeing  thus  obtained,  tbe  tbroe  measured  zones  can  bo  correctly 
projected  hi  a  stereogram  (Cbap.  VII,  Arts.  15,  19  and  20),  i'roceodiiig  m 
this  manner  from  zone  to  zone,  the  angles  can  bo  mea»tirod  and  tbe  poles 
projected,  and  the  crystal  scjlved.  The  method  is  lnlx)rious  ;  and  errors 
may  bo  made^  esi>ecially  if  tho  work  baa  to  bo  intemipted.  Such  stnall 
cryHtols  should  bo  attached  to  a  Hue  piu  by  a  uolution  of  shoHac. 

To  overcome  tbe  difficulty  of  idontihcation,  gouiomoterH  with  two 
and  throe  gradimted  circles  bavo  been  ititnxluced.  Miller*  iu  1H74 
attached  a  small  vertical -circle  goniometer  to  tho  tlisc  uf  a  horizon  tal-cu'cio 
one,  in  such  a  way  that  tho  crystal  (attiu^hed  to  tho  holder  onoo  for  all) 
lay  iu  tho  iuterBeetiun  of  tbe  axes  of  tbe  two  goniometers.  Goniometers 
with  similar  vombinutious  uf  horizontal  luid  vertical  circles  were  ia  188!) 
and  I8ya  designed  by  Professors  von  Fedorow*  and  V.  Ooldschmidt*,  iuid 
by  llerr  C/apski*. 

13,  Fig.  552  rtipre^ents  tbe  theodolite-goniometer  (Model  li,  b)  made 
by  llerr  Fu*  sf*.  On  tho  axis  of  tho  horizontal  circle  moves  tire  plate  />, 
which  on  one  aide  carries  the  sumdard  A'  for  the  supjxirt  of  tbe  voi-tical 
circle  and  oii  tbe  other  side  a  coiinterpoiwj  (/.  At  tho  upper  end  of  A'  is  a 
oonical  bush  in  which  lits  tho  axis  of  a  vertical  gnuluated  disc  to  which 
tbo  crystal  is  attached  by  tbe  holder  described  in  Art.  9.  Tho  axes  and 
graduated  discs  are  similar  in  construction  to  those  of  tho  horizontal -circle 
goniometer,  Fig.  051.  The  central  steel  ajtis  with  the  cry sbd- bolder  can 
be  taken  out  of  the  horizuntal  axis,  and  can  be  fixed  in  the  vertical  axis  at 
a  ;  tho  mBtrumeut  can  then  bo  used  as  a  single  uirele  gouiomoter. 

*  After  hie  death  an  account  of  the  method  and  of  the  uutiuiKhed  work  was 
published  by  tbe  author  in  the  i^roceedinyt  of  the  Camb.  Phil.  Soc.  iv,  p.  23ti, 
18ti2 :  an  abstract  alao  in  XdUck.  f.  Kryst.  vu,  p.  610,  1882. 

»  ZeiitcU.f.  KryMt.  xxi,  p.  574, 1893;  Proc.  o/Min,  Soc.  o/St.Pet4sr»burg,l»S9, 

*  Ibid.  XXI,  p.  210,  181)3. 

*  Zeitsch,  J.  Inttr.-Kundc  xiu,  p.  1,  1893. 


TUttMlOUTV-OOMIOllKnB. 


MM  povfMBa  vilB 


Hfto  ooIHowior  C  ^u.u  ...-^rv-ing  tdcnoope  ^  «rB  siniiUr  to 
doacribed  in  Art  10.  Hey  on  both  carried  od  the  auae  fliaodAzii,  and 
their  Msm  are  incUned  to  one  axwtfaer  at  an  an^e  of  60*.  The  liest  fitrm 
«f  ^pwl  is  aoe  gmi^  lines  of  U^  as  indicated  in 
Fig.  553 ;  and  the  most  adTantageoos  wnj  of  illumi- 
nating the  aignal-diac  o  is  to  place  hefbre  it,  as  sfaowu 
in  F^  559;  a  total-refleKion  prism  p  which  senda  the 
Gghi  of  an  incandeBcent  burner  along  the  axiu  of  the 
Hub  boiiHr,  if  pUoed  above  the  gouio- 
also  to  mamiDAtc  the  circlea  and  verniers 
when  readings  are  taken  ;  but  ite  light  umat  he  cat  off 
bjr  a  screen  from  the  obaerrcr  and  all  the  iiiHtnuui^tt 
save  tlie  prism,  whilst  the  image  of  a  face  i»  a^justod  on  the  cnaas-wira 

The  steel  axis  with  tho  crystal- holder  ha\'ing  boeo  plaood  in  the  tkx\»  of 
the  boriaontal  cinzle,  the  telescope  and  croi»-win»  are  udjuBtcd  \>j  twu 
plates  of  glaas  in  the  waj  deacnbed  in  Art.  10.  liy  turniug  the  hDnzmita] 
circle,  the  signal  from  the  colliniAtor  con  be  reflected  fmrn  the  ndjiuied 
glarvs-pUto  into  the  leleact^Mii  iuid  the  ctillimator  adjuHteit.    Thc^  steol  Alia 
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uow  tmn»fnrroH  U>  the  axis  of  the  vertical  circle,  and  tho  glaHs-plato 

in  a^]juNb(Hl  so  aa  t«i  su|)erjKiHe  the  imago  of  tlie  cnws-winw  on  the  wires 

Ivos.    The  axia  is  then  turned  through  180",  when,  if  it  i«  pcriKjn- 

to  that  uf  the  tinriKuutal  circle,  there  should  ho  no  (4>i)n?ciuUe 

ilAcorueiit  of  tho  image  of  the  cRM8-wiro«.     If  there  in  an  appreciable 

>laccmcnt,  the  screw  fattening  A*to  />  miut  lie  liMtHuned,  and  a  strip  or 

of  tin-foil  inacrtod  l)ctwtvn  Eaud  I)  mm  ha  to  halve  tho  error.     When 

screw  \a  tightened  and  the  gUusi  re-at^UHtul,  the  image  of  the  oroHS- 

should  retain  the  same  jKwjitiou  however  the  plate  and  vertical  circle 

tiirned  about  the  horizontal  axis. 

The  cryBtal  being  fixe<l  to  the  crytttal -holder,  the  only  adjustment 
needed  m  that  of  centoring ;  but,  to  avoid  truubloHome  calciUationa,  it  ir 
adTisable  to  adjust  some  conHpicuous  fiujo  (tho  re/erefuv-/ace)  parallel  to 
the  vertical  circle,  for  thu  readings  on  tho  horizontal -circle  cau  be  then, 
hy  Prob,  I  of  (*bap.  vn,  directly  marked  from  the  centre  along  diametral 
circlefi  of  a  stereogram.  Tho  readings  of  the  vertical  circle  are  measured 
off  on  the  primitive  (tho  equator),  starting  ftT>m  any  oiio  of  tho  diametral 
zoncH.  The  adjustment  of  tho  reference -face  is  made  by  placing  a  plate  of 
glass  with  parallel  faces  in  front  of  the  tolescojM)  eyo-pieco,  and  aooding 
down  the  teloBcope  a  beam  of  light,  which  illuminabeti  the  croes-wiree. 
The  observer  can  then  bring  the  image  of  the  cross-wires  reflected  from 
the  face  into  coincidence  with  the  cross-wires  themselves.  By  turning 
the  horizontal  axis,  the  ]i.'irallelism  of  the  face  to  tho  plane  of  the  vertjcal 
circle  is  tested,  and  any  error  can  bo  quickly  corrected. 

Tlie  crystal  being  luljusted,  tho  hurizuutal  axis  is  turned  till  one  of  the 
edges  of  the  refereuco-faco  is  vortical.  Tho  vortical  circle  is  then  cUmiied 
and  the  reading  taken.  The  vertical  axis  is  now  turned  ao  im  to  pliux)  tho 
images  of  all  the  faces  in  tho  vertical  zone  successively  on  tho  cross- wire  of 
the  toloBcopc.  The  corrosixniding  readings  of  the  horizontal  circlo  give  the 
distances  Iwtwocn  polos  on  diametral  zones  of  tho  stereogram.  AnothoT 
edge,  ]X)8siblo  or  actual,  of  the  roferoncu-faco  is  now  placed  verticidly  by 
means  of  the  horizonUd  axis,  and  tho  readings  for  tho  new  z«>iio  taken  in 
the  same  way  as  for  the  first,  and  so  on.  Tho  x^oles  are  placed  on  the 
storet^p^n  in  a  manner  similar  to  that  in  which  places  are  marked  on 
a  map  when  thoir  latitude  and  longitude  arc  known;  Urn  horiz<»ntal  circle 
giving  the  co-latitiido,  aitd  tho  vortical  circle  the  longitude.  Tho  intor- 
foci&l  angles  have  to  lie  computed  from  a  knowledge  of  the  arcs  along 
meridians  and  tho  anglwt  l>ctwoen  these  meridians,  i,i\  diftbrenc^w  of 
longitufle.  The  «phorical  triangles  are  generally  oblique-angled,  and  are 
fiiX]UGntly  disadvantageous  fur  giving  accurate  values  of  tho  third  side. 
Further,  to  prove  that  three  or  more  facos,  through  tho  polos  of  which 
a  great  circle  can  bo  tlntwn,  are  truly  tiutozonal  involves  troublesome 
compntJition  of  tho  remaining  angles  of  tlie  oblique-angled  triangles;  the 
only  zones  established  by  direct  observation  being  tho  diametral  zones 
to  whiufa  tho  rcferoncG-faoe  is  common. 
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14.  nrmAmtU  gnmummu.  To  obn*te  the  neoeaBtiy  for  tbae 
miMfiiiftrtofy  oompiiUtioDi;  umK  abo  to  giw 
hf  dxnet  obaerr&tion  Kr.  0.  F. 
idjr  ilnugiiwl  s  thirje  t  ifde  goniotncteg  (ifvL 
1800V  TIm  dpcte  mi«  a  boriaootal  drde  caUed  jl|  &  Ttftkal 
Wn  ih»  mtkal  ctrcie  in  Pi^  552,  jukI  a  third  oin^ 
to  B  in  Um  anw  way  m  B  is  to  J  ;  i.c.  the  axis  of  C  is 
to  that  of  B.  Eaefa  of  thcM  cireles  can  1:«  cbmped 
ia  iMtfyidad  wHli  a  alow  motion.  The  aiia 
•f  J  »  parfno&nlAr  to  the  aim  of  the  coUunatur  and  teleaoope,  and 
paMBB  throvg^  the  poinK  o^  inteneodaa  ol'  than  am  (the  optic  oeutre), 
throogb  «1iich  the  aim  of  i?  aod  C  ■faoald  alK>  paaa 

Tbm  ujutol  boUcr  is  €aiTi«d  od  the  axia  of  C,  ami  us  of  the  type 
Jagiibeil  m  Art.  9 ;  the  1 1  jilal  is  attocbed  to  it  in  any  coDvenient  way. 

Tbt  gfwtiMlinwi  an  so  aiiaugffi  that  A  reada  0^  a  when  a  plane 
|w>alH  to  B  nAaoto  the  sigDal  en  the  ORns-wire  of  tho  telencope ;  and 
B  made  aW  (T  <X  wh«a  the  axis  of  C  is  rorticsL  Any  indox-enon 
i  \m  deteffsiaed,  and  aUovaooe  made  for  th«in  iu  taking  the  readings. 
The  axis  of  C  being  rertiad  and  A  and  B  being  both 
at  O'O',  an  edge  of  the  rv/Wemof-Joatf  is  adjusted.  Aefiu-aethiasoiM 
the  gaoioowter  may  be  reguded  as  a  single-circlo  one^  baring 
the  axis  VHtkal  bttt  directed  downwacds.  The  iuterfaciol  angles  in  this 
are  then  gmo  fay  the  wwjinge  of  C  and  are  recocded  in  s  column 
lafaeUed  C.  These  nkesaaieinenta  baring  been  recorded,  C  is  damped 
the  imegn  from  a  definite  fiMse  ia  on  the  croa»-wire,  this  ttux  being 
from  the  aRaogemeDt  of  the  inatrunient,  parallol  to  the  disc  B.  By 
-lotating  Bf  the  axis  of  each  aooa  to  which  this  face  is  oomnion  can  be 
lawight  into  the  rertical,  iLs.  into  parsBeUsm  with  the  axis  of  A.  VtThen 
the  Mliortinent  of  one  of  these  sooes  is  {leHect,  the  circle  B  is  damped,  Aud 
the  oyatol  with  the  drctes  B  and  C  is  turned  abmit  the  axis  of  .1.  The 
,  difieKenooB  of  the  readinpH  of  A  give  the  intofSKJal  angles  in  the  adjusted 
aone^  and  the  difltoeooa  of  the  readings  of  B  gires  the  angle  between  this 
'vooe  and  that  of  iefci«w.e>  Ail  the  zones  to  whicb  the  &oe  piuullel  to  /f  is 
oumuwu  can  be  nimilnriy  determined.  Wbeu  these  have  lieen  nwiuiiired, 
another  boe  of  the  relieienoe-ai>iM)  is  brought  into  par»UeU»m  with  B ;  and 
'then  all  the  aones  to  which  it  is  commoo  are  dot^mined  in  the  same  way. 
The  intevfiuaal  anglos  of  all  the  fiioes,  and  the  angles  Iwtwecn  the  several 
Bones  osn  be  thus  determined,  except  when  one  of  the  circles  B  and  C 
intervene  between  the  exy^tal  and  the  telescope. 

To  obviate  the  unsteadiness  to  which  the  instrumeut  is  liable,  the 
circle  C  may  be  made  very  small  and  the  holder  described  in  Art  3  osed. 
C  may  be  graduAted  to  1'  or  S",  which  will  suffice  for  the  identification  of 
the  CsoQs  in  the  raferenoe-aona  For  the  angles  in  this  xone  can  be 
dxmratoly  measurod  by  J,  when  the  lune-axis  ia  truly  vertioaL 
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